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On the metric dimension of circulant
graphs

Rui Gao, Yingqing Xiao, and Zhanqi Zhang

Abstract. In this note, we bound the metric dimension of the circulant graphs C,, (1,2, ..., t). We shall
prove thatif n = 2tk + ¢ and if t is odd, then dim(C, (1,2, ...,t)) = ¢ + 1, which confirms Conjecture
4.1.1 in Chau and Gosselin (2017, Opuscula Mathematica 37, 509-534). In Vetrik (2017, Canadian
Mathematical Bulletin 60, 206-216; 2020, Discussiones Mathematicae. Graph Theory 40, 67-76), the
author has shown that dim(C, (L, 2,...,t)) <t + [%1 forn = 2tk + t + p,wheret > 4iseven,1 < p <
t +1,and k > 1. Inspired by his work, we show that dim(C, (1, 2,...,t)) <t + l%J forn =2tk +t+p,
where t >5isodd,2< p<t+1l,and k> 2.

1 Introduction

Let G = (V(G), E(G)) be a simple undirected connected graph. The distance d(u, v)
between two vertices 1 and v in G is the length of a shortest path between these two
vertices. For an ordered set W = {wy, ..., wy } of k distinct vertices of G, we refer to the
k-tuple r(v|W) = (d(v,w1),d(v,w3),...,d(v,wy)) as the metric representation of a
vertex v with respect to W. The set W is called a resolving set of Gif r(u|W) = r(v|W)
implies that u = v for all u, v € V(G). A resolving set containing a minimum number
of vertices is called a metric basis of G, and its cardinality the metric dimension of G,
denoted by dim(G).

Motivated by the problem of uniquely determining the location of an intruder in a
network, Slater introduced the notion of metric dimension of a graph in [9], where the
resolving sets were referred to as locating sets. Harary and Melter also introduced the
idea of the metric dimension of a graph in [5]. It was proved that the metric dimension
is an NP-hard graph invariant [8] and has been widely investigated in the last 55 years
and it also has applications in many diverse areas [6, 7].

This note is devoted to the study of the metric dimension of circulant graphs.
Let n, t, and aj,a,,...,a; be positive integers so that 1< a; <ap <---<a; < [gJ
The circulant graph C,(a;, a3, ..., a;) consists of a vertex set {vq,v,...,v,-1} and
an edge set {vivimj :0<i<n-1,1<j<t}, where the indices are taken modulo .
The numbers ay, a,, .. ., a; are called generators. We restrict our attention to special
kinds of circulant graphs, i.e., the circulant graphs C,(1,2,...,t) with consecutive
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generators. In [1], Borchert and Gosselin studied the metric dimension of C,(1,2)
and C,(1,2,3), and obtained that for n > 6,

4, for n =1 mod 4,

dim(C,(1,2)) =
(€:(1.2)) {3, otherwise,
and that for n > 8,

5, for n =1 mod 6,

4, otherwise.

dim(Cy(1,2,3)) = {

In [3, 11], the authors studied the metric dimension of C, (1,2, 3,4), and obtained that

for n > 20,
6, for n=0,1,7 mod 8§,
dim(C,(1,2,3,4)) =45, for n=2,3,5,6 mod 8,
4, for n =4 mod 8.

For the results concerning dim(C,(1,2,...,t)) with arbitrary integers ¢ > 5, the
reader may refer to [2, 4, 10, 12].

We shall assume throughout this note that n = 2tk + r, where ¢ > 4, k > 2, and
2<r<2t+1. Whent <r<2t+1, we mayalso assume n = 2tk + t + p, where 0 < p <
t + 1. It is known that the distance between two vertices v; and v; in C,(1,2,...,t) is

((R))] d(vi,vj):mjn{|r|i;j|“,|rn_|;_j|“},

and that the diameter of C,,(1,2,...,t)isd =k +1.

Here, we set forth our notation and terminology. Let W and V be subsets of vertices
inG=C,(L2,...,t), where V consists of at least two vertices. A vertex w is said to
resolve a pair of vertices u and v if d(u, w) # d(v,w). W is said to distinguish V if for
any pair of distinct vertices u and v in V, there exists a vertex in W which can resolve
u and v. It is easy to see that if W can distinguish V(G), then it is a resolving set of G.
Vertices V41, Visas - - . » Vies With consecutive indices are called the consecutive vertices.
The outer cycle of the circulant graph is a spanning subgraph of G in which the vertex
v; is adjacent to exactly the vertices v;,; and v;_;. When r = 2, the unique vertex that
has distance k + 1 from w will be called the opposite vertex of w, and is denoted by w,
and we can then define W' := {w : w ¢ W} for the vertex set W.

2 Lower bounds

This section deals with the lower bounds for dim(C,(1,2,...,¢)). In [2, 10], the
authors have shown that when 3 < r < tand n is sufficiently large, dim(C, (1,2, ..., t))
has a lower bound of ¢.

Theorem 2.1  ([10, Theorem 2.3]) Let n = 2tk + r where3 < r < t,and n > t* + 1. Then
dim(C,(1,2,...,t)) > t.

Theorem 2.3 improves their result. We begin with the following lemma.
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Lemma 2.2 Suppose that r = t, and that 2 < x < t. If a vertex set W can distinguish x
consecutive vertices, then the cardinality of W is at least x — 1.

Proof  Withoutloss of generality, assume that W can distinguish V.= {v,v,,..., v, }.
Let W, be the intersection of W and V, and p the cardinality of W;. We can assume
p < x -2, and then assume V\W; = {v;,...,v;_,}, where i} <--- < i,_,. It follows
that W\W, can distinguish x — p — 1 pairs of vertices (vi,,vi,)s---» (Vi,_,»Vi,_,)-
Suppose w; € W\W) can resolve (v;,,v;,,,) for each such j, then it can resolve two
consecutive vertices in the v;; — v; , path of the outer cycle, say v i and v i1 Since

r = t, and since the distance between v;, and v on the outer cycle is no more than
t -2, it follows from equation (1.1) that d(v,-l:wj) =d(vis,wj) == d(vi;,wj),
and thus none of the pairs (vi,vi,),...,(vi,,,vi;) can be resolved by w;. A
similar argument shows that none of the pairs (vi,,,vi,,,)-..>(Vi,_,,»vi,_,) can
be resolved by wj. Therefore, any vertex in W\W, resolving one of the pairs
(Viisviy)s -+ > (Viy_,1» vi,_, ) cannot resolve the other, implying that W\ W, consists of
at least x — p — 1 vertices, and so (W) > x — L. ]

Theorem 2.3  Let n = 2tk + t where t is odd. Then dim(C,(1,2,...,t)) >t + 1

Proof Let W bearesolvingset of the graph C,, (1,2, ..., t). Suppose on the contrary
that (W) = t. We can assume vy € W.

Let us first show that W n {v;_s, Vi sk  # @ holds for each vertex v; € W. Suppose
on the contrary that there exists a vertexv; € W with W n {v;_y, vj. 4« } = &, since the
circulant graph C,(1,2,...,t) is vertex-transitive, and we may take j = 0. Let p > 0
be such that v,,_g,v,_1,...,v,_, all belong to W while v,,_,_; ¢ W, and let ¢ > 0 be
such that vo,vy,..., v, all belong to W while v4,; ¢ W. It is easy to see that p + g <
t =1 Set Wi = {Vu_psVu_ps1s- .. Vq}. Then there is a vertex w € W\ W, that resolves
Vn_p-1and vy If p+q =1t —1, then W consists of at least ¢ + 1 vertices, leading to
the contradiction. Suppose now that p + q < t — 2. One can verify that there are two
consecutive vertices v; and v;; in the v,,_,_; — v44 path of the outer cycle, which can
be resolved by w. By symmetry, we can assume n —t+1<i<n-1.

First, consider the case n—t+1<i < n—2. Note that {vi1,Visy2,...,Vs} € Wi,
and that W\({vii1,Vis2,...,vuy U{w}) can distinguish {vy_t,Vy_t+1,..->Vi}s
which consists of i+t+1-n vertices. It follows from Lemma 2.2 that W\
({vis1>Vis2>.. > v} U {w}) hasatleast i + t — n vertices, and therefore f( W) > t +1,
a contradiction.

Next, consider the case where i=n-1. Since w ¢ {v,_1,vo,Vxs}, and since
r =t, it follows from equation (1.1) that vertices v,_;, V4—t+1>...,Vy—1 have equal
distance to w. Hence, W\{vy,w} can distinguish {v,_¢,vy_ts1,...,Vn-1}, and
applying Lemma 2.2, W\{vo, w} has at least ¢ — 1 vertices, and therefore W consists
of at least ¢ + 1 vertices, which is a contradiction.

We have already verified that W n {v;_, v;1 s } # @ holds for each vertex v; € W.
We now claim that |[W n {v;_s, v+ }| =1 holds for each vertex v; € W. Suppose
on the contrary that there is a vertex v; € W with {v;_, vjs } ¢ W, and we may
also take j=0. Then W\{vo, Viks, Vp—k:} can distinguish {Viri1, Virszs -« > Virsr—11>
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and applying Lemma 2.2, W\{vy, Vs, V,—k¢} consists of at least ¢t — 2 vertices, and
so (W) > t +1, a contradiction.

In conclusion, for each vertex w € W, there exists exactly one vertex, say wy, in W
such that w; has distance kt from w on the outer cycle, and we say {w, w; } form a
“pair” in W. It is easy to see that these “pairs” in W are pairwise disjoint. Hence, the
cardinality of W is even, which contradicts the assumption that j(W) = tisodd. m

In what follows, we shall discuss the case where r € {2} U {t + 1, ¢ +2,...,2t +1}.
The following lemma will be needed in the sequel.

Lemma 2.4  Suppose that re {2} u{t+1,t+2,...,2t+1} and that 2<x < t. Ifa
vertex set W can distinguish x vertices which come from a clique of x + 1 consecutive
vertices, then the cardinality of W is at least x — 1.

Proof  Suppose that v;,...,v; come from a clique of x + 1 consecutive vertices,
where i} < i <+ < iy, and suppose that W can distinguish them.

We first deal with the case wherer € {t + L, t +2,...,2t +1}.Let V = {v;, ..., v },
and let W be the intersection of W and V, and p the cardinality of W;. We can assume
p < x —2,and then assume V\W; = {v;,,...,v; _ }, where j; < < ji_,. It follows
that W\ W can distinguish x — p — 1 pairs of vertices (vj,,vj,), ... (Vj,_,.1>Vj,_,)-

We remark that since t +1 < r < 2¢ + 1, if a vertex w can resolve two consecutive
vertices v; and vy, and if w # v;, v;41, then it follows from equation (1.1) that

A(w, Vi) =d(W,viegs) == d(w,v;)
and
d(w, Vi) =d(w, Vi) = = d(W, Visr).
This remark shows that any vertex in W\W, resolving one of the pairs of vertices
(VjitsVjp)s e v o> (Vjo_,> Vj,_, ) cannot resolve the other, implying W\ W, consists of at
least x — p — 1 vertices, and therefore (W) > x — 1.
Let us turn to the case where r=2. Let V' = {v;l, e ,v;x}, and let W, be the

intersection of W and V'. Denote by g the cardinality of W,. We can assume that
p+q<x-2,and then assume V\(W, U W,) = {Vji»...»vj, }, where ji < < j; and
s2x—p—q. It follows that W\(W; U W,) can distinguish s —1 pairs of vertices
(Vjiisvjy)s---» (Vjy»vj,). Similarly, any vertex in W\(W; U W) resolving one of
these pairs cannot resolve the other, implying W\(W; U W,) consists of at least s — 1
vertices, and therefore (W) > x — L. [ ]

The authors showed in [2] that dim(C,(1,2,...,t)) has a lower bound of ¢ + 1 if
re{2yu{t+1,t+2,...,2t}. We provide an alternate proof.

Theorem 2.5 ([2, Theorem 2.7]) Let n = 2tk + r wherer € {2} U {t +1,t +2,...,2t}.
Then dim(C,(1,2,...,t)) 2 t+ 1

Proof It is sufficient to show that any resolving set W of the graph C,(1,2,...,t)
has at least t + 1 vertices. Without loss of generality, we assume vy € W.
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Let us first discuss the case where r € {t +1,t +2,...,2t}. Let p > 0 be such that
Vn—0>Vn-15---»Vn—p all belong to W while v,_,_; ¢ W, and let g > 0 be such that
V05 V1, ..., V4 all belong to W while v4,; ¢ W. We can assume p +q < t — 1. Set W, =
{Vn=p>Vn—p+1>-..,vq}. Then there is a vertex w € W\ W, that resolves v,,_p_; and v,1,
and therefore there exist two consecutive vertices v; and v;,; in the v,,_,_| — v4,1 path
of the outer cycle which can be resolved by w. By symmetry, assume 0 < i < g. Since
r >t + 1, it follows from equation (1.1) that v;,1, vi42, . . . , v+ have equal distance to w.
Hence, W\(W; U {w}) can distinguish {vg.1,...,v;—,}, which consists of t — p — g
consecutive vertices. Applying Lemma 2.4, W\(W; u {w}) has at least t — p — g — 1
vertices, and thus W has at least ¢ + 1 vertices.

The proof for the case where r = 2 is analogous to that for the preceding case. We
first note that the definitions of p and g are changed, that is, let p > 0 be such that
Vn—0>Vn-15- - -»Vn—p all belong to the union of W and W' while Vnop-1 £ WU W’,
and g > 0 such that vy, vy, ..., v, all belong to the union of W and W' while Vg ¢

WU W' Set
W, = ({vn,p,vn,pﬂ, cVgrU {v;,p,v;,pﬂ, e ,v’q}) nw,

where §(W>) > p+q+1. An entirely similar argument shows that there is a ver-
tex w € W\W, that resolves v,_,_; and v,,1, and that W\(W, u {w}) has at least
t — p — q — 1 vertices, implying (W) > t + 1. ]

In [2], the authors have shown that when r = 2¢ + 1, dim(C,(1,2,...,t)) has a
lower bound of t + 2. We provide an alternate proof.

Theorem 2.6  ([2, Theorem 2.17]) Let n = 2tk + 2t + 1. Then dim(C,(1,2,...,t)) >
t+2.

Proof It is sufficient to show that any resolving set W for the graph C,(1,2,...,t)
has at least t + 2 vertices. Without loss of generality, we assume vy, € W. The only
vertices that can resolve v, and v, are

Vi—tsVn-2t> > Vu-dt = Vdt+1>Vdt> Vdt—t>-- > Vt-

By symmetry, we assume v,_,; € W, where p € {1,2,...,d}. We shall consider two
cases.
Case 1 (p < k): The only vertices that can resolve v4¢.; and v 4., are

Vusl-t> Vu+1-2t> - > Vusl-dt = Vde+2> Vdt+1> Vdt+1-t> - - > Virl-

If vy € Wforsomegq € {1,...,d}, one can easily verify that {vo, V441, Vu—p; } cannot
distinguish any pair of vertices in {v;,v2,...,v;}. It follows from Lemma 2.4 that
W\{vo,Vqes1,Va—p:} has at least t—1 vertices, which confirms the assertion. If
Vasi—qt € W for some q € {1,...,d}, it is easy to see that {vo, Vys1-qt Vu—p: } cannot
distinguish any pair of vertices in {v(4_g)¢+1> V(d—q)t+2> - - - » V(d—q+1)t }» and according
to Lemma 2.4, W\{vo, Vy41-q1> Vn—p¢ } has at least t — 1 vertices, and therefore W has
at least t + 2 vertices.
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Case 2 (p = d): The only vertices that can resolve vi;.; and v, are

Viu1-2t> « + +> Varl-dt> Va+i-dt—t = Vkt+2> Vkt+ 1 Vit+l-t> - - -5 V1.

If vy €W for some qe{1,2,...,k}, one can verify that {vo,vgri1,Va_ds}
cannot distinguish any pair of vertices in {vi,vy,...,v¢}. If vy g€ W for
some q € {2,3,...,d}, one can verify that {vo, v, 1-q»Vu_q:} cannot distinguish
any pair of vertices in {V(g_q)e+1>V(d=gq)t+2> - - > V(d=q+1)t)- If Virsa € W, then it
is easy to see that {vg,Vkri2,Vn_q:} cannot distinguish any pair of vertices in
{vn_(,_l), wevsVu—2,Vn-1,v1}, which consists of ¢ vertices coming from a clique of
t + 1 consecutive vertices. If v; € W, then {v¢,v1,v,_4;} cannot distinguish any pair
of vertices in {Vis, Vir+2, Vdress - - > Varse - In both cases, it follows quickly from
Lemma 2.4 that W has at least (¢ — 1) + 3 = ¢ + 2 vertices. The proof is complete. m

3 Upper bounds

This section is devoted to the study of upper bounds for dim(C,(1,2,...,t)). The
following three theorems provide a great deal of useful information about this topic.

Theorem 3.1 ([4, Theorem 2.9]) Let n = 2tk + r where2 < r < t + 1. Then
dim(C,(1,2,...,t)) <t +1

Theorem 3.2 ([10, Theorem 2.1 and Theorem 2.2]) Let n = 2tk + t + p where t and p
are both even, and 0 < p < t. Then

dim(Cp(L,2,...,t)) < t+ g.

Theorem 3.3  ([12, Theorem 5]) Let n = 2tk + t + p where t is even, p is odd, and
1<p<t+1 Then

dim(C,(1,2,...,t)) < t+ pTH

Motivated by the work of Vetrik, we provide an upper bound on the metric
dimension of C,(1,2,...,t), where tisodd and r > t + 2.

Theorem 3.4  Let n =2tk + t + p where tis odd, p is even, and 2 < p < t + 1. Then

dim(C,(1,2,...,¢t)) < t+ g

Proof Let

Wi={vo,vas....via} and Wy = {Vip, Vireos Vkrsas -+ o Vitstep-3 )

where j(W;) = &% and j(W3) = t”;_l. Let us show that W = W; U W is a resolving

set of the graph C,(1,2,...,t). Divide the vertex set of C,(1,2,...,t) into four
disjoint sets:

‘/1 = {VO) V... )Vt}) VZ = {Vt+la Vit2s oo o5 Vit-1> th})

Vs = {th+1> Vikt+2> > Vkt+t+p-2> th+t+p—1}> Vy= {th+t+p, Vikt+t+p+ls-++>Vn-2> Vn—1}~
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We claim that any pair of distinct vertices u € V,, and v € V;, have different metric
representations with respect to W. We need only consider the following six cases,
since in other cases, it is easy to check that vy can resolve u and v.

Case 1 (rp=ry=1): It suffices to prove that no two vertices in Vi\W; =
{vj:j=1,3,...,t} have the same metric representation with respect to W :
{Vkt+2> Vktsa> - > Vikest—1}3 War is obviously a subset of W,. We observe that for
J=13, ..t r(vjilWa) = (k,...,k,k +1,...,k +1), of which the first 17—1 entries
are equal to k, and the other % entries are equal to k + 1, the desired result follows.

Case2(r=rp;=2):Forx=1,...,k—1and j=1,2,...,t, the metric representa-
tion of vy, j € V; with respect to W is

r(Vixsj|Wh) = (x +1,..,x +1,x,...,X).
—_— —

H 5[]
Hence, the only vertices in V, with the same metric representations with respect to

W are the pairs (Vixyj_1, Vixsj), where j=2,4,...,t—land x =1,2,...,k - L Since
Vit+j belongs to W, for each j € {2,4,...,t -1}, and since

d(VikerjsVixrjo1) =k —x+1 and  d(Vierj> Vixej) = k- x,

it follows that W, can distinguish all these pairs.
Case 3 (r; = r, = 3): Note that
i [ ]
H ]
(Ve jlWi) = (k+1,...,k+Lk,...,k) forj=1,2,...,t-1,
r(Viesj| W) = (k+1,...,k+1) forj=tt+1,...,t+p—1

Write u = iy j, and v = Vi, j,. We need only consider the following two subcases,
since in other cases, v;_; € W; can already resolve u and v.

Case 3.1 (ji < t, j» < t): In this case, the only vertices with the same metric rep-
resentations with respect to W are the pairs (th+j—1: kaj), where j=2,4,...,t -1
Since W, contains vy, j foreach j € {2,4,..., t — 1}, it follows that W, can distinguish
these pairs.

Case 3.2 (j; > t, j» > t): Recalling the construction of W,, we need only show that
no two vertices in {Viss1j:j=0,2,...,p =2} U{Virrrsp-1} have the same metric
representation with respect to Wy := {vis, Viria, - - - ’th+p—2}; W, is obviously a
subset of W,. We observe that r(vr4j|Wa2) = (2,...,2,1,...,1), j=0,2,...,p =2,
of which the first % entries are equal to 2 and the other p%j entries are equal to 1, and
that all the distances from v, to the vertices in W), are 2; the desired result
follows.

Case 4 (=1, =4): It is not difficult to see that for x=1,2,...,k and j=
0,1,...,t -1, the metric representation of v,,_;y; € V4 with respect to W, is

r(Vioixej W) = (2,0 +1,00 0, x + 1),
[ N —

el

https://doi.org/10.4153/50008439523000759 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000759

On the metric dimension of circulant graphs 335

Thus, the only vertices in V,; with the same metric representations with respect to W;
are the pairs (vVy—_ix+j> Va—tx+j+1)> Where j=0,2,...,t -3 and x = 1,2,..., k. Since
Va—ki—t+j belongs to W, for each j € {0,2,...,t -3}, and since

d(Vn—kt—tJrja Vn—tx+j) =k+1-x and d(Vn—kt—tJrj) Vn—tx+j+1) =k+2-x,

it follows that W, can distinguish these pairs.

Case 5 (r; = 1, r, = 4): The distances from the vertices in V; to vy, are at most k,
and the distances from the vertices in Vj to vi; are k + 1, and therefore v4; can resolve
uand v.

Case 6 (r; =2, rp =4): In this case, it is clear that the only vertices with the
same metric representations with respect to W; are the pairs (vix+¢, Vy—tx-1), Where
x=12,...,k—1 Since

d(th, Vtx+t) =k-x-1 and d(vkt)vn—tx—l) = k_x+2’

it follows that v, € W, can resolve all these pairs. [

Theorem 3.5 Let n =2tk + t + p where t and p are both odd, and 3 < p < t. Then

dim(Cp(1,2,...,6)) < t+ PT‘I.

Proof Let

Wi ={vosvas .. o5 Vit h Wa = {Vi_(421)s Vi(t=3)> - - > Vn2 >
Ws = {th+1, Vit+3s++ > th+p—2}>

where §(W;) = &%, §(W,) = 5%, and §(W3) = p%l. Let us show that W = Wy u W, u
W; is a resolving set of the graph C,,(1,2,...,t). As before, divide the vertex set of

C.(1,2,...,t) into four disjoint sets:

‘/1 = {VO; Vise.. )Vt}) VZ = {Vt+l7 Vi+2s oo o5 Vkt-1> th})

Vz = {Vitst> Viktszs - - Vkt+t+p-2> th+t+p—1}, Vy= {th+t+p) Vit+t+p+ls-++>Vn-2> V1)

We claim that any pair of distinct vertices u € V,, and v € V;, have different metric
representations with respect to W, and only consider six cases.

Case 1 (r; = r; =1): We need only show that no two vertices in V}\W; = {v;: j =
L,3,...,t} have the same metric representation with respect to W,. Observe that for
j=13,..,tr(vjiWy) = (2,...,2,1,...,1), of which the first ]2;1 entries are equal to
2, and the other t% entries are equal to 1, the desired result follows.

Case 2 (r; = rp = 2): It is easy to verify that, forx =1,...,k—-1land j=1,2,...,¢,
the metric representation of v;,,; € V, with respect to W} is

r(Vexsj|Wh) = (x+1,...,x +1,x,...,x).
[ S N

T
Hence, the only vertices in V, with the same metric representations with respect to
W are the pairs (Vix4js Vixsji1), where j=1,3,...,t—2and x = 1,2,...,k - L Since

https://doi.org/10.4153/50008439523000759 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000759

336 R. Gao, Y. Xiao, and Z. Zhang

Vn_1+; belongs to W, for each j € {1,3,...,t -2}, and since
d(Vn—t+ja Vtx+j) =x+1 and d(Vn—t+ja Vtx+j+1) =x+2

it follows that W5 can distinguish these pairs.
Case 3 (1, = r, = 3): The metric representations of the vertices in V; with respect
to W and W, are the following:
[5] 4-[4]
—_——
r(VierjIW1) = (k+1,...,k+Lk,....,k) forj=12,...,t-1,
r(VierjIW1) = (k+1,...,k+1) forj=tt+1,....,t+p—1,
r(Viesj|Wa) = (k+1,...,k+1) forj=1,2,...,p-1,
r(VieejlWa) = (ks ..k k+ 1,0k +1) for j=p,p+1,....,t+p—1
—_— —

B el
Write u = Vi, j, and v = v, j,. There are two subcases to consider.

Case 3.1 (ji < t, j» < t): In this case, the only vertices with the same metric rep-
resentations with respect to W, are the pairs (vk[ﬂ-, th+j+1), where j=1,3,...,t-2.
If p =t, then W; can already distinguish all the pairs. Suppose now that p <t —2.
In view of the definition of W, it is sufficient to show that (v, s Vits j+1) can be
distinguished by W, for j = p,p +2,...,t~ 2. Noticing that v,z j,1 belongs to W,
foreach je {p,p+2,...,t -2}, and that

d(VZkHjﬂ) th+j) =k+1 and d(Vzkt+j+1a th+j+1) =k,

the desired result follows.

Case 3.2 (j1>t, j» 2 t): In this case, the only vertices with the same metric
representations with respect to W are the pairs (Vi 1+ j> Vkr+1+j+1), Where j = 1,3, .,
P — 2. Since v, j belongs to W for each j € {1,3,..., p — 2}, and since

d(th+t+j>th+j) =1 and d(th+t+j+1,th+j) =2,

it follows that W5 can distinguish these pairs.
Case4(rn=rp=4):Forx=12,...,kand j=0,1,...,t -1, the metric represen-
tation of v,,_ x4 j € V4 with respect to W is

(Vo j W) = (2,0 + 1,00, x + 1),
—_—

L2l
Hence, the only vertices in V; with the same metric representations with respect to
W are the pairs (v,—rx+j-1, Va—rx+j)> Where j=1,3,...,t —2and x = 1,2,..., k. Since
Va1 belongs to W, for each j e {1,3,...,t -2}, and since

d(vn—tx+j, Vn—t+j) =x-1 and d(Vn—tx+j—1: Vn—t+j) =X,

it follows that W, can distinguish all these pairs.

Case 5 (r; = 1, rp = 4): In this case, the only vertices with the same metric repre-
sentations with respect to W are the pairs (v,_1,v;), where j = 1,3,...,t, which can
be resolved by vi41 € Wi.
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Case 6 (=2, rp, =4): In this case, the only vertices with the same metric
representations with respect to W; are the pairs (Viyis, Vo—rx-1), where x =
L,2,...,k — 1. Note that v,_, belongs to W,, and that

A(Vixrt>Vn—2) =x+2 and  d(Vp—tx—1,Vn—2) = X.

Therefore, W, can distinguish these pairs. This completes our proof. ]
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