L))

Check for
updates

Proceedings of the Royal Society of Edinburgh, page 1 of 16
DOI:10.1017/prm.2024.33

Torsion in classifying spaces of gauge groups

Masaki Kameko

Department of Mathematical Sciences, Shibaura Institute of Technology,
307 Minuma-ku Fukasaku, Saitama-City 337-8570, Japan
(kameko@shibaura-it.ac.jp)

(Received 30 December 2023; accepted 29 February 2024)

We determine when the integral homology of the classifying space of a PU(n)-gauge
group over the sphere S? has torsion.

Keywords: classifying space; torsion; cohomology; gauge group

2020 Mathematics Subject Classification: 55R40

1. Introduction

For a topological space X, we say X has torsion if its integral homology does.
Let G be a compact connected Lie group. The cohomology of the connected Lie
group G, its loop space Q)G and its classifying space BG has been studied by many
mathematicians after the pioneering works of Hopf, Bott and Borel. The loop space
QG has no torsion. The classifying space BG has torsion if and only if G does.

Let P — X be a principal G-bundle over a paracompact space X. Then, there
is a classifying map f: X — BG. The group of bundle automorphisms covering
the identity on X is called the gauge group G(P). The classifying space BG(P) is
homotopy equivalent to the path-component of the mapping space Map(X, BG)
containing the classifying map f as in [1, 2]. If X = S, since m;(BG) = {0}, the
mapping space Map(S!, BG) is path-connected and it has torsion if and only if G
does. If X = S?, since mo(BG) might not be zero, the mapping space Map(S?, BG)
may not be path-connected. The path-component that contains the trivial map
is homotopy equivalent to the classifying space of the gauge group of the trivial
G-bundle over S?, and it has torsion if and only if G' does. However, the situation
is different for other path-components that are homotopy equivalent to classifying
spaces of gauge groups of non-trivial G-bundles.

Let SO(n) be the special orthogonal groups. Classification of SO(n)-bundles over
S? is determined by the Stiefel-Whitney class wy € Z/2 = {0, 1} = mo(BSO(n)).
The path-component of the mapping space corresponding to the non-trivial
Stiefel-Whitney class is homotopy equivalent to the classifying space of the gauge
group of the non-trivial SO(n)-bundle over S2. Tsukuda [5] showed that it has no
torsion for n = 3. Minowa [3] proved that it has no torsion for n = 3, 4 and torsion
for n > 5.
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2 M. Kameko

The special orthogonal group SO(3) could be regarded as the projective unitary
group PU(2) = U(2)/S*. In this paper, we generalize Tsukuda’s result for projec-
tive unitary groups PU(n), n > 2 and determine when the classifying space of a
PU (n)-gauge group over the sphere S? has torsion.

Throughout the rest of this paper, let n be an integer greater than or equal
to 2. The second homotopy group me(BPU(n)) is isomorphic to the cyclic group
Z/n. We identify the cyclic group Z/n with its complete set of representatives
{0, 1, ..., n—1}. Let k be an element in

mo(BPU(n)) =Z/n ={0,1,...,n—1}.

Let us denote by Map, (S, BPU(n)) the path-component of the mapping space
Map(S?, BPU(n)) containing maps in the homotopy class k. Let p be a prime
number. Unless explicitly stated, H*(X) is the mod p cohomology of the topological
space X. The following is the p-local form of our result.

THEOREM 1.1. The following holds for Map,,(S?, BPU(n)).
(1) If n #0 mod (p), it has no p-torsion.
(2) If n=0 mod (p) and k #0 mod (p), it has no p-torsion.
(3) If n=0 mod (p) and k =0 mod (p), it has p-torsion.

As an immediate consequence of theorem 1.1, we obtain the following global form
of our result.

COROLLARY 1.2. The topological space Map,,(S?, BPU(n)) has no torsion if and
only if k is relatively prime to n.

In particular, for n > 2, the topological space Map, (S?, BPU(n)) has no torsion
even though the underlying Lie group PU(n) has torsion.

This paper is organized as follows. In § 2, we show the existence of p-torsion in
Map,,(S?, BPU(n)) is equivalent to the triviality of certain induced homomorphism
in the mod p cohomology. Section 3 recalls the free double suspension in Takeda
[4] and its elementary properties. Section 4 collects some elementary facts on the
mod p cohomology of BU(n). In § 5, we prove theorem 1.1 assuming lemma 5.6 on
an n X n matrix B. In § 6, we prove lemma 5.6.

The author would like to thank Yuki Minowa for his talk on [3] at the Homotopy
Theory Symposium at the Osaka Metropolitan University on 5 November 2023.
This work was inspired by his talk.

2. Torsion

In this section, we show that the existence of p-torsion of a path-component is
equivalent to the triviality of certain induced homomorphism.

Let us fix a fibre bundle BU(n) — BPU(n) induced by the obvious projection
map U(n) — PU(n). We denote the inclusion map of its fibre by ¢: BS' — BU(n).
It is a map induced by the obvious inclusion map S* — U(n) where S* consists of
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the scalar matrices in the unitary group U(n). Consider the commutative diagram
induced by the fibre bundle BU(n) — BPU(n).

Fy ~ Q2BU(n)

Qi BPU(n)

Lk

Mapy, (5%, BU(n)) —— Mapy (S, BPU(n))

Y Y Y

~ BU(n) ~ BPU(n)

Both vertical maps in the bottom-right square are evaluation maps at the base
point of S?, and all maps in the bottom-right square are fibrations. Moreover, all
horizontal and vertical sequences are fibre sequences. In particular, Q2 BU(n) and
Q2BPU(n) are fibres of evaluation maps. Since

Q2BU(n) — Q2BPU(n)

is a homotopy equivalence, the fibre Fy is contractible, and the map F — BS' is
also a homotopy equivalence.
The goal of this section is to prove the following proposition.

PRrROPOSITION 2.1. The following are equivalent.

(1) The topological space Map,,(S?, BPU(n)) has p-torsion.

(2) The mod p cohomology of Map(S?, BPU(n)) has a non-zero odd degree
element.

(3) The induced homomorphism ¢*: H*(Map,,(S?, BU(n))) — H?(F) is zero.

To establish the equivalence of (1) and (2) in proposition 2.1, we use the following
lemma.

LEMMA 2.2. Let X be a topological space. Suppose that the integral homology groups
H;(X;Z) are finitely generated abelian groups for all i, and the rational cohomology
of X has no non-zero odd degree element. Then, the mod p cohomology H*(X;Z/p)
has a non-zero odd degree element if and only if X has p-torsion.

Proof. First, we prove that the assumptions of lemma 2.2 imply that Hojy1(X;Z)
is a finite abelian group for all j. By the universal coefficient theorem, we have an
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isomorphism
H2j+1(X; Q) ~ Extl(H2j (X:Z),Q) ® Hom(Hj41(X;Z),Q).

By the assumption that the rational cohomology of X has no non-zero odd degree
element, we have

Hom(Hz;41(X;7Z),Q) = {0}.

By the assumption that the integral homology groups H;(X;Z) are finitely
generated, Hajy1(X;7Z) is a finite abelian group.

Next, we show that if X has p-torsion, then H271(X;Z/p) is non-trivial for some
j. By the universal coefficient theorem, we have an isomorphism

HY*Y(X;2,/p) ~ Bxt! (Haj (X 2), 2/p) & Hom(Haj41(X; Z), Z/p).

If X has p-torsion, Haji1(X;Z) or Ho;(X;Z) has p-torsion for some j. Therefore,
H?%Y(X;Z/p) is non-trivial.

Finally, we show that if H*T1(X;Z/p) is non-trivial for some j, X has p-torsion.
By the universal coefficient theorem, we have an isomorphism

H¥*Y(X;2/p) ~ Ext' (Hy;(X;2),Z/p) ® Hom(Ha;y1(X; Z), Z/p).
Suppose that
HOm(HQjJ,_] (X§ Z)7 Z/p)

is non-trivial. Then, since Ha;11(X;Z) is a finite abelian group, Haj41(X;Z) has
p-torsion. Suppose that

Ext' (H2j(X;Z),Z/p)

is non-trivial. Then, since Ho;(X; Z) is a finitely generated abelian group, Hy;(X;Z)
has p-torsion. Hence, in either case, X has p-torsion. O

Proof of proposition 2.1, (1) < (2). Let us consider the right vertical fibre
sequence

Qi BPU(n) — Map,,(S?, BPU(n)) — BPU (n)

and Leray—Serre spectral sequences associated with this fibre sequence. The Fs-
page of the Leray—Serre spectral sequence for the integral homology consists of
finitely generated abelian groups, and so are the integral homology groups of
Map,,(S?, BPU(n)). The Es-page of the Leray-Serre spectral sequence for the
rational cohomology has no non-zero odd degree element. So the rational coho-
mology of Map, (5%, BPU(n)) also has no non-zero odd degree element. Thus, by
lemma 2.2, Map,(S?, BPU(n)) has p-torsion if and only if its mod p cohomology
has a non-zero odd degree element. (|

Let ¢; € H?(BU(n)) be the mod p reduction of the i*" Chern class. The following
proposition is what we need on the mod p cohomology of Map,, (52, BU(n)) in this
section. Section 5 gives a more detailed description of the generator x in terms of
co and the free double suspension we will define in § 3.
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PROPOSITION 2.3. The following hold.

(1) H*(Map,(S?, BU(n))) has no non-zero odd degree element.

(2) As an abelian group, H?(Map,(S?, BU(n))) is generated by two elements
7 (¢c1) and x such that ¢} (z) # 0.

Proof. Consider the Leray—Serre spectral sequence associated with the middle
vertical fibre sequence

Q2BU(n) — Mapy(S2, BU(n)) — BU(n),
converging to the mod p cohomology of Map,(S?, BU(n)). Then, the Es-page
has no non-zero odd degree element. Hence, the spectral sequence collapses at the

Es-page, and we obtain (1). Furthermore, we have

BY? = HX(Q}BU(n)) ~ Z/p,
B = {0,
B2 = I*(BU(n)) = Z/p{c1).

Hence, we have (2). O

Proof of proposition 2.1, (2) < (3). We consider the Leray-Serre spectral sequence
associated with the middle horizontal fibre sequence

F %5 Map,(S%, BU(n)) — Map, (S*, BPU(n))
converging to the mod p cohomology of Map,,(S?, BU(n)). The mod p cohomology
ring of F' ~ BS! is a polynomial ring generated by a single element u of degree 2.
The E>-page is given by
Ey* = H*(Map,(S*, BPU(n))) ® H*(F).
If the induced homomorphism
"+ H*(Mapy(S?, BU(n))) — H*(F)
is non-zero, the induced homomorphism
" H*(Map,(S*, BU(n))) — H*(F)
is surjective. Then, by the Leray—Hirsh theorem, the induced homomorphism
H*(Mapy,(S*, BPU(n))) — H*(Mapy,(S*, BU(n)))

is injective and, by proposition 2.3 (1), the mod p cohomology of
Map, (S?, BPU(n)) also has no non-zero odd degree element.
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If the induced homomorphism
o*: H?(Map, (82, BU(n))) — HA(F)

is zero, u does not survive to the F..-page. Hence, da(u) # 0 or dz(u) # 0 must
hold. Relevant subgroups of Fs-page are as follows.

Ey? = Z/p{u},

Ey" = {0},

Ey* ={o},

E>Y = H3(Map, (5%, BPU(n))).

Since do(u) € E3' = {0}, we have dy(u) = 0. Therefore, ds(u) # 0. Since Ey' =
{0}, the differential do: Ey' — E3° is zero and we have Ey’ = E3°. Since

ds(u) € E3® ~ H*(Map, (52, BPU(n)))

is non-zero, the mod p cohomology of Map,(S?, BPU(n)) has the non-zero odd
degree element ds(u). O

3. Free double suspension

To describe the generator z of H?(Map,(S?, BU(n))) in proposition 2.3 in more
detail, we use the free double suspension

o H*(Mapy (5%, BU(n))) — H*~*(Mapy (5%, BU(n))))

defined by Takeda in [4]. One may define the free double suspension over any
coefficient groups. We focus on the mod p cohomology. Our definition of o differs
slightly from Takeda’s &J% in [4] but is the same homomorphism.

In this section, let X be a simply connected topological space. We denote by
the base points of both S? and X. Let k be a homotopy class in m2(X) and 0 is the
homotopy class in mo(X) containing the trivial map. Let

pry: S% x Mapy (5%, X) — Map, (52, X)

be the obvious projection map. We use the evaluation maps
ev: 5% x Map, (5%, X) — X, ev(s,g) = g(s),
and its restriction to Map,, (52, X) = {*} x Map,(S?, X),
7: Map, (52, X) — X, (g) = g(+),
to define a homomorphism
o: H*(X) — H*?(Map, (5%, X)).

Let us fix a generator of H?(S?) ~ Z/p and we denote it by us. We define o by

ev'(z) — (mopry)*(z) = us ® o(x).
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Let Q2X = 7n~!(x) and denote the inclusion map by tx: Q72X — Map, (S?, X). We
define

ox: H(X) — H*72QiX)

by ¢} o 0. Proposition 3.1 (1) below is nothing but a particular form of proposition
2.1 in [4].

PROPOSITION 3.1. The homomorphism o satisfies the following.

(1) o(z-y) = o(z) -7 (y) + 7 (x) - o (y),

(2) for a cohomology operation O of positive degree, o(Ox) = Oo(x).
Proof.
(1) Since

v (2) - ev'(y) = (ur ® 0(2) + 1© 7"(2) - (uz @ o (y) + L@ 7°(y))
—uy®o(z) - 107 (y)
+1em @) ®o(y) + 1o (@) - 18 (y)
= uy ® (o(2) - 7" (y) + 7(2) - o(y)) + 1 ® (" (2) - 7" (),

Hence, we have
evi(z-y) — (mopry)*(z-y) =uzs @ (o(2) - 7" (y) + 7" (x) - o (y))-
(2) is also clear from the naturality of cohomology operation.

O(ev* () — (m o pry)*(z)) = ev*(Ox) — (m o pry)* (Ox)
=us ® o(Ox),
Oug ® o(x)) = ug ® Oo(z),

since Ous = 0. Hence, we have
0(Ox) = Oc(x). O

Next, we describe the relation between QX and QZX. Let X; V X2 be the
subspace of X1 x Xs defined by

X1V Xy :={(x1,22) € X1 x Xo | 21 =% or 29 = *}.

Let v: 82 — S§%V S? be the pinch map collapsing the sphere’s equator. We use it
to define the addition on m3(X). Let f: S? — X be a map representing k € ma(X)
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and cy: Q32X — {f} the obvious constant map. Using f, we define
pre QX — QX
by
pp(g)(s) = f(s1) it v(s) = (s1,%),
pr(g)(s) = g(s2) if w(s) = (x, ).

The following lemma is a weak form of lemma 2.2 in [4]. We use it to prove
proposition 5.1.

LEMMA 3.2. Let x be an element in H(X). If i # 2, then we have
Wy o k() = Go(x).

Proof. We have the following commutative diagram by the definition of fi.

2 2 vx1 2 2 2 2 Lxepvixi 2 2 2
52 BX s 2 x QX V% x 02X S2 % {f}V 82 x 02X
IxXpy evVev
5% x QX = - X,

where we choose f as the base point of both {f} and Q7X, and the constant
map S? — {*} as the base point of Q2X. Since the reduced mod p cohomology
HY(S? x {f}) =~ H*(S?) is trivial for i # 2, we have isomorphisms
HY (S* x {f}VS? xQ2X) — H'(S* x Q2X)
and desired identity
5o(x) = 11} 0 1 ()

for x € HY(X), i # 2. O

4. Cohomology of BU(n)

In this section, we collect some elementary properties of the mod p cohomology
ring of BU(n) and the induced homomorphism

¢*: H*(BU(n)) — H*(BS").
Let us fix a generator u of H?(BU(1)) = H*(BS') ~ Z/p. Let
t: BU(1)" — BU(n)

be the map induced by the inclusion map of the maximal torus U(1)™ consisting of
diagonal matrices. Let

Bpr;: BU(1)" — BU(1) = BS*

be the map induced by the projection of U(1)" to its i*! factor U(1), defined
by (z1, ..., z,) — x;. We denote Bpr}(u) € H*(BU(1)") by t;. The mod p coho-
mology of BU(1)" is a polynomial ring generated by t1, ..., ¢, and the induced
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homomorphism

s HY(BU(n)) — H*(BU(1)") = Z/p[t1, .. ., t]

is injective, and its image is the set of symmetric polynomials in ¢4, ..., t,. In par-
ticular, ¢; is defined as the element such that +*(c;) is the i*" elementary symmetric
polynomial in ¢y, ..., t,. Let us define s; by

(" (si) = Zt;
j=1
The map ¢: BS' — BU(n) factors through

BS' % BU(1)" - BU(n),

where ¢ is the map induced by the diagonal map = — (z, ..., x). Since §*(¢;) = u
fori =1, ..., n, we have

¢*(s:) = nu'
and

¢*(c;) = (T;) u'.

We use the following lemma 4.1 to prove proposition 5.5. The corresponding identity
in symmetric polynomials is known as Newton’s identity.

LEMMA 4.1. In the mod p cohomology of BU(n), fori > 0, we have relations

n
Sntit1 + 2 (=1)¢jsnpi g1 =0,
i=1

Proof. Let us define symmetric polynomials hii2,-1, ..., hnpyin. For £=1i+
2,...,n+1, let hgniir1—¢ be the sum of monomials in the polynomial ring
Z/plt1, ..., t,] obtained from t{ty---t, ;1o ¢ by permuting 1, ..., n+j+2—¢
in 1, ..., n. Then, we have

Ver) - (Sng) =V (Snpit1) + Bnga g,
v (¢s) ¢ (Snpit1—j) = Pngiva—jj—1 + hngiv1—j, for 2. < j
<n—1and t*(¢p) - " (Si41) = hiton—1-

Therefore, we have

n
Vsnritt + (=1 Cisniti—g)
J=1

n—1

=" (sntit1) = (F(Snpit1) + hngin) + D (1) (nyiva—jj-1 + Pngiz1—jj)
=2

+ (=1)"hit2n-1 = 0.

Since ¢* is injective, it completes the proof. O
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If p is an odd prime, let

o' HY(X) — HIT2e-D(X)

be the i*" Steenrod reduced power. If p =2, let p! = Sq* and pze_l = Sq21Z for
{ > 2, where

Sq': HI(X) — H/*H(X)
is the " Steenrod square. We define cohomology operations Q, inductively by
Qi =g,
Q=" Q- Qg
for £ > 2. Cohomology operations Qy have the following properties
(1) Qe(x-y) = Qu(x) -y + - Qu(y) for z, y € H*(BU(1)"),
(2) Qut; =t¥ for ty, ..., t, in H2(BU(1)").

With these properties, we have the following lemma 4.2. We will use it to prove
proposition 5.2.

LEMMA 4.2. In the mod p cohomology of BU(n), for £ > 1, we have
Quea = 515, — Speiq.

Proof. On the one hand, since

On the other hand, we have

n . n n 04q ¢ ¢
V(51— Spigr) = (th ) S| =S = ST @)
i=1 j=1 i=1 j

Hence, we obtain the desired identity. O
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5. Proof of theorem 1.1

In this section, we consider the commutative diagram

F —" Map, (5%, BU(n))

BS* BU(n)

We begin with the following refinement of proposition 2.3 (2).

PROPOSITION 5.1. As an abelian group, H?(Map,(S?, BU(n))) is generated by
7™(c1) and o(cs).

Proof. Let A\: BSU(n) — BU(n) and X': Q2BSU(n) — Q2BU (n) be maps induced
by the inclusion map SU(n) — U(n). We have the following commutative diagram
by lemma 2.2 and the naturality of cohomology suspension.

H2(Q2BSU(n)) ~2— HY(BSU(n))

g N
H2(Q3BU(n)) ~"— H*(BU(n))
H2(Q2BU(n)) ~"— H'(BU(n))

The top horizontal homomorphism & is the composition of cohomology suspensions
H*(BSU(n)) — H3*(QBSU(n)) — H*(Q*BSU(n))
and it is an isomorphism. Since H*(BSU (n)) ~ Z/p is generated by \*(cz), we have
N*op}odar(ca) =0 (ca) #0.
Therefore, we obtain

or(c2) =t oo(ca) £ 0.

By proposition 2.3 (2), 7*(c1) and o(co) generate H?(Map,(S?, BU(n))). O

Let w € H?(F) = H?(BS') ~ Z/p be the generator fixed in § 4. Let us define
i, f € Z/p by

o' = " 00 (sit1),

Bu =" oo(ca).
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PROPOSITION 5.2. If n =0 mod (p), we have 3 = —ay,e for £ > 1.
Proof. On the one hand, by the definition of 3, we have
©*oo(cz) = fu.
Applying Q,, we have
0 0a(Ques) = (Bu)? = Bu?’.

On the other hand, by lemma 4.2, in the mod p cohomology of BU(n), we have the
relation

Quea = 515yt — Speiq.
Applying ¢* o o, we have
@ oo (Quea) = @ o (s1) @ (spe) + @7 (51) - @ 0T (sp) — @ 0T (spesq)
= nozluplZ + nOépZ—IU/p[ — ozpzupz
= —ap/zupe.
Hence, we have 8 = —a,. a

Summing up propositions 5.1 and 5.2, we have the following proposition 5.3. It
reduces the proof of theorem 1.1 to the computation of ay,.

PROPOSITION 5.3. The following are equivalent.
(1) ¢*: H?*(Map(S?, BU(n))) — H?(F) is zero,
(2) ¢*(c1) =0 and 3 =0,
(3) ¢*(c1) =0 and o, = 0.
Proof. Since H?(Map,(S?, BU(n))) is generated by 7*(c1) and o(c2), (1) and (2)

are equivalent. Under the assumption that ¢*(c¢;) =0, we have n =0 mod (p).
Then, by proposition 5.2, we have

B =—ap.
Hence, (2) and (3) are equivalent. O
By computing ay,, we complete the proof of theorem 1.1.

PROPOSITION 5.4. We have ag = k.
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Proof. Let f: S? — BU(n) € Map,,(S?, BU(n)). By definition, we have
f(c1) = kus.
Let
i;: 8% — 5% x Map,(S?, BU(n))
be a map defined by ¢t — (¢, f). Then, we have
f=evoiy
and
Topryoiy
is a constant map S? — {f(x)}. It implies that
if(evi(c1) = (mopry)™(c1)) = f*(c1) = kuo.
When we restrict i} to H*((S?, ) x Map,,(S*, BU(n))), it is injective. So, we have
ev'(c1) — (mopry)*(c1) = kua ® 1.
Hence, by the definition of o, we have o(c;) = k. O

PROPOSITION 5.5. If n =0 mod (p), we have o, = k.

We use the following lemma 5.6 to prove proposition 5.5. We will prove it in the
next section. Let B be an n x n matrix whose (7, j)-entry is given by integers

- n
b1,'(1)3+1<.)
! j
forl<j<nandb; =1ifi=j+1,b;=0ifi#j+1for2<i<n, 1<j<n

LEMMA 5.6. When we regard the matriz B as an element in SL, (Z/p), the order
of B is a power of p.

Proof of proposition 5.5. By lemma 4.1, in H*(BU(n)), we have
Snti+1 + Z(_l)jcj3n+i+1fj =0
j=1
for ¢ > 0. Applying ¢* o o, we have

it 4D (=1) 67 (¢)) - g u T+ (=1) 9" 0 0(es) - @ (Supijr1) = 0.
j=1 j=1

Since ¢*(Sn+i—j+1) = 0, we obtain

n
O™ Y (<167 (e5) - i u™ I =0
j=1
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n .
Furthermore, since ¢*(¢;) = ( _>uj , we have
J

- (N
Optg + Z(—l)J (j)an+ij =0.
Jj=1

Thus, we have
- n
Qngi =Y (1) (j)a"*” ’
=1

Qp 147 = Qp—1+4i,

Qi = 0144

Therefore, put these identities together in matrix form, using the n x n matrix B
that we just defined, we have

[e77 s Op—1+44 Op—1
= B — ... = BZ+1

A1t Qg Qo

for i > 0. By lemma 5.6, the order of B as an element of SL,(Z/p) is a power of p.
Hence, for some positive integer ¢, we have

e =g = k.

i
By proposition 5.2, we have ¢ = —3 = ;. Therefore, we obtain ay, = k. O

Proposition 5.7 below is immediate from proposition 5.5 and it completes the
proof of theorem 1.1.

PROPOSITION 5.7. The following holds.
(1) If n 20 mod (p), then ¢*(c1) # 0,
(2) If n=0 mod (p) and k # 0 mod (p), then o, # 0,
(3) If n=0 mod (p) and k=0 mod (p), then ¢*(c1) =0 and o, = 0.

6. Proof of lemma 5.6

In this section, we deal with unimodular n x n matrices. Unless otherwise clear
from the context, matrix entries are integers. What we do in what follows is to find
the transpose of the Jordan matrix similar to the matrix B in § 5.

PROPOSITION 6.1. There is a unimodular n x n matriz A such that A~ BA = D
where (i, j)-entry d; j of D isd; j =1 ifi=j ori=j+1 andd;; = 0 if otherwise.
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We prove this proposition by giving such a matrix A explicitly. Before we do it,
we complete the proof of lemma 5.6.

Proof of lemma 5.6. By proposition 6.1, we have

B=ADA™'.
The matrix D belongs to the subgroup U, of SL,(Z/p) consisting of lower triangu-
lar matrices whose diagonal entries are 1. The subgroup U, is a p-group. Therefore,
the order of D is a power of p. Hence, the order of B is also the power of p. O

Now, we prove proposition 6.1 by defining A explicitly.

Proof of proposition 6.1. Let A be the n x n unimodular upper triangular matrix
whose (i, j)-entry is given by
n—1i
aw» = n 7‘7‘ .

We show that (7, j)-entries of BA and AD are equal to (";i?l) for1<i<n,1<
Jj<n.

Recall that B is the n x n unimodular matrix whose (i, j)-entry is given as
follows: For i = 1, 1 < j < n, the (1, j)-entry of B is given by

bij = (1) <?>

and, for 2 < i< n, 1 <j < n, the (¢, j)-entry of B is given by

b, =1 ifi=j+1,

b;; =0 otherwise.

(1) For 1 < j < n, the (1, j)-entry of BA is given by
J
b1ear,;
(—1)+1 n\ (n—1{
l n—j

n! . (n—20)!
(n=20) (n—7HlG -0

n
E biear; =
(=1

&~
=

M)~

~
Il
-

(_1)€+1

M-

~
Il
—

n! 4!
(n—3)l (-0

(71)Z+1

M-

~
I
—
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J .
)
— n—7j)\t
()G
n—7j —~ /
n
n—j
_(n—1+1
= e
For 2 < i< n,1<j<n,the (i, j)-entry of BA is given by

n
Z bigaej = bii-10i-1,
(=1
= Gi—1,
_(n— i+ 1
= nei )
(2) For 1 <i<n,1<j<n,the (i, j)-entry of AD is given by
n
Zai’fdl,j = aijdjj+ a;j+1dj415
=1
= @ij + Qi
n—1 n—i
) R )
n-—y n—7j— 1
_(n— i1+ 1
= nei )

It completes the proof of proposition 6.1 O
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