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Abstract
Let d and n be positive integers such that n>d + 1 and 7y,..., 7, integers such that 7, <--- <T,.
Let Cy(t1, ..., 7,) CR? denote the cyclic polytope of dimension d with n vertices (1,73, ..,79),
(T, Tﬁ, e 'rff). We are interested in finding the smallest integer y, such that if 7. — 7; >y, for
1 <i<n, then Cy(ty,...,7,) is normal. One of the known results is y; <d(d + 1). In the present
paper a new inequality v, < d? — 1 is proved. Moreover, it is shown that if d > 4 with 73 — 7, = I, then

Cy(t1,...,T,)1is not very ample.
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1. Introduction

The cyclic polytope is one of the most distinguished polytopes and played the essential
role in the classical theory of convex polytopes [2]. Let d and n be positive integers
such that n>d + 1 and 7y, ..., 7, real numbers such that 7 <---<1,. The convex
polytope Cy(7y, . .., T,) which is the convex hull of the finite set
{(‘1'1,‘1'%,...,‘1"11),...,(7',,,T2 ...,TZ)}CRd

n°

is called a cyclic polytope. It is known that C4(7y, . .., T,) is a simplicial polytope of
dimension d with n vertices. The combinatorial type of Cy(71, ..., T,) is independent
of the particular choice of real numbers 7y, .. ., 7.
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The present paper is devoted to the study on infegral cyclic polytopes. A convex
polytope is called integral if all of its vertices have integer coordinates. The integral
convex polytope has established an active area of research between combinatorics and
commutative algebra [4, 9].

Let, in general, P C RY be an integral convex polytope, define P* ¢ R¥*! to be the
convex hull of all points (1, @) € RM*! with @ € P and let Ap = P* N ZN*! denote
the set of integer points in $*. Let Z5, denote the set of nonnegative integers and
Qs the set of nonnegative rational numbers.

We say that P is normal if

ZsoAp = ZAp N Qo Ap.
Moreover, P is called very ample if the set
(ZAp N Qs0Ap) \ Z>0Ap

is finite. One of the most fundamental questions on integral convex polytopes is to
determine whether a given integral convex polytope is normal [6].

On the other hand, we say that an integral convex polytope P C RN has the
integer decomposition property if, for each m=1,2, ... and for each « e mP N ZV,
there exist ay, ..., a, belonging to PNZ" such that « =a; +---+a,. Here
mP ={ma : o € P}. If P has the integer decomposition property, then # is normal.
However, the converse is false. For example, the tetrahedron 73 C R3 with the
vertices (0,0,0),(1,1,0),(1,0,1) and (0,1, 1) is normal, but cannot have the
integer decomposition property because (1,1,1)€273. If PcR? is an integral
convex polytope of dimension d with Z(P* N Z%*!) = Z4*!, then P has the integer
decomposition property if and only if # is normal. Lemma 2.6 says that every integral
cyclic polytope P C R? satisfies Z(P* N Z¥*1) = Z4*!, In particular, it follows that
an integral cyclic polytope is normal if and only if it has the integer decomposition
property.

Let, as before, d and n be positive integers such that n >d + 1. Given integers
Tiy..., Ty, With 7y <--- <71,, we wish to examine whether Cy(ty, ..., 7,) is normal
or not. Thus our final goal is to classify the integers 7y,...,7, with 1y <--- <7,
for which Cy(ty,...,7,) is normal. Even though it seems to be rather difficult to
find a complete classification, many fascinating problems naturally arise. As a first
step toward our goal, we are interested in finding the smallest integer y, such that if
Tip1 — T; = 7yq for 1 <i<n, then Cy(1y, ..., T,) is normal. Since the lattice length of
each edge conv({(ty, .. ., T;j), (Tjs v s T;l)}) of Cy(ty, ..., T,) coincides with |r; — 7],
it follows immediately from [3, Theorem 1.3(b)] that y; <d(d + 1). In the present
paper a new inequality y; < d”> — 1 is proved (Theorem 3.1). Moreover, it is shown
that if d > 4 with 73 — 7, = 1, then Cy(7y, . . ., T,) is not very ample (Theorem 4.1).

A brief overview of the present paper is as follows. After preparing notation,
terminologies together with several lemmata in Section 2, a proof of Theorem 3.1
is achieved in Section 3. Section 4 is devoted to showing Theorem 4.1. An algebraic
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aspect of integral cyclic polytopes including toric rings of integral cyclic polytopes
will be studied in the forthcoming paper [5].

2. Preliminaries

In this section, we prepare notation and lemmas for our main theorem.

First of all, we review some fundamental facts on cyclic polytopes. Let d and n be
positive integers such that n >d + 1. It is convenient to work with a homogeneous
version of the cyclic polytopes, hence, throughout the present paper, we consider

Ci(z1,...,7y) instead of Cy(ty,...,7,). For n real numbers 7y, ..., 7, with 7, <
Soe<T,, We set

v,-::(1,‘1',-,‘1'1.2,...,‘1',‘-1)€]RdJrl forl <i<n.
In other words, Ci(t1, . . ., T,) = conv({v; : 1 <i <n}) c R™!. Unless stated otherwise,

we will always assume that the indices are ordered as 7} < - - - < 1,. See [10, Ch. 0] for
some basic properties of cyclic polytopes. We will use a well-known characterization
of their facets. (See, for example, [10, Theorem 0.7].)

Let [n] :={1,...,n}and let us say thata set S C [n] forms a facet of C(7y, ..., 7,)
if conv({v; : i € §'}) is its facet.

ProrosiTioN 2.1 (Gale’s evenness condition). A set S C [n] with d elements forms a

facet of C(ty, ..., 7,) if and only if S satisfies the following condition: if i and j with
i< jarenotinS, then the number of elements of S between i and j is even. In other
words,

2|#keS|i<k< ]},

where #X stands for the number of elements contained in a finite set X.

Henceforth, we will assume that 7y, . . ., 7, are integers.

Let A;j :=7; — 7; for i, j € [n]. The proof of Proposition 2.1 yields a description of
the inequality of the supporting hyperplane defining each facet. Let S = {ky, ..., k;} C
[n] and consider the polynomial

d .
Z CS,,'tl = l_[(l - T,').
i=0 ies
Then all d vectors vy, . . ., Vg, vanish by the linear form
d
oy 3Rd+1 > (Wo, Wi, .o, Wg) B Z Cs.,iWi eR,

i=0

thus it defines the hyperplane spanned by them. Note that we index the first coordinate
by 0. Hence, if the set S forms a facet ¥ of P* = CZ(T], ..., Ty), then oy is the linear
form defining ¥, which means that o-g(x) > 0 if x is in £* and og(x) =0 if x is in F.
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For every je€[n]\ S, we have o5(v;) = [],cs A;j. This has a useful implication, that
is, if we write a vector x € Z9*! as x = 2uies Aivi + A;v; with rational coeflicients A;,
then the denominator of A; is a divisor of [],cs A;j, because os(x) = A; [1ies Aij is an
integer.

We introduce a special representation of cyclic polytopes which is sometimes

helpful. Write the vectors vy, . . ., v, as row vectors into a matrix, namely,
2 d
vy | S T S o
V2 1 o T% - Tg
=1. . e 2.1
2 d
Vn 1 7w, 7, ... T,

Lemma 2.2. The aforementioned matrix can be transformed to the following matrix by
using a unimodular transformation:

1 0 0
1 A 0
I A A13Ar3
) . 0
d . 2.2)
I Avger ArgaiDoger ... l—[Ak,d+1
k=1
.
1Ay Ao, [ A
k=1

In particular, the convex hull of the row vectors of this matrix is unimodularly
equivalent to Cy(7y, ..., Ty).

A proof of the above lemma is essentially the same as a proof of the well-known
Vandermonde determinant identity. Note that Lemma 2.2 is valid for any ordering of
the parameters 7, . . ., T,, that is, any ordering of vy, ..., v,.

Let us identify a special case where the polytopes are indeed unimodularly
equivalent.

Lemma 2.3. An integral cyclic polytope Cy(t1,...,7q) is unimodularly equivalent
to C(=Ty,...,—T1). Moreover, for any integer m, C(7y,...,74) is unimodularly
equivalent to C(ty + m, ..., T, +m).

Proor. The replacement 7; — —7; corresponds to a multiplication with —1 in every
column of (2.1) with an odd exponent. This is a unimodular transformation. The
second statement is immediate from Lemma 2.2, because the matrix (2.2) depends
only on the differences A;; = 7; — ;. O
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We define a certain class of vectors which we will use in what follows. Let
S ={i1, ..., 14} C[n] be a nonempty set, where i; < - - - < i;. Then we define

q
(_1)k+1
P L,
P H/eS\m i Tiesvi 1Al

where by =v;, when ¢ =1, thatis, #§ = 1. If § is small, we will sometimes omit the
brackets around the elements, thus we write, for example, b;; = by; ;. However, the
vector does not depend on the order of the indices.

ExawmpLE 2.4. Let us write down bg for small sets S. Assume that 1 <i< j<k<[<n.

Then
bi=v;,
1 1
bij=—vi— —Vj,
J A[] Alj J

b 1 1 N 1

ijk = Vi — Vj Vi

N AR AN Ay

1 1 1 1

biju =

Vi — Vi
A; inkAiz A A A ,1 AikA kA A Ay

The sign changes are due to a reordering of the indices since A;; = —Aj;. If v;, vj, v, vy
are given in the form (2.2), that is, if

1 0 0]
Vi

Vj _ 1 A,’j 0

VEL ol Ay A i cee el
VO Ay AuAy AyAgAy O - 0

thenb; =(1,0,...,0),b;;=(0,-1,0,...,0),b;% =(0,0, 1,0,...,0)and b;jx; = (0, 0,
0,-1,0,...,0). In general, by, b1y, ..., b1s.4+1 look like (0,...,0,%1,0,...,0)
when vy, ..., vgs are of the form (2.2).

The following proposition collects the basic properties on these vectors.

ProrosITION 2.5.

1. Forany nonempty set S C [n], we have bg € Z¢+!.
2.  LetS c[n]anda,be S witha+ b. Then we have a recursion formula

1 1
bs = —bs\(a + A_bS\{b]
ab

Aba
3. For any distinct d + 1 indices iy, ..., 141 € [n] (not necessarily ordered), the
vectors
bil’ biliz’ bi1i2i3’ s bil"'id+1

form a Z-basis for Z¢+!.
4. If#S >d+2, then bs = 0.
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Proor. The second statement can be verified by elementary computations, using
Ajj+ Ay = Ay for i, j, k € [n].

To prove the first statement, we consider the components of by as rational functions
in 7;,i € S. By induction on #S, we prove the following statement. The components
of by are symmetric polynomials in 7;, i € §, and their coefficients depend only on #S .

If#S =1, then by =b; =v; = (1, 7, 77, ..., 79), thus the claim holds. Now consider
a set S with at least two distinct elements a, b. Let

fj(Ta’ Ti, i€ S)’ fj(Tb’ Ti, i€ S)

be the jth components of bg\s, bs\4, respectively. Then the difference between these
polynomials is zero if we set 7, = 75, hence the quotient

fiGta, 1, 1 €8) = fi(tp, 11, i €S)
Ta —Tp

is a polynomial as claimed. It is obviously symmetric in @ and b. Since we are free
to choose any two elements of S, it is symmetric in all variables. The coeflicients
of the polynomial depend only on #S, so the claim is proven. Note that the degree
of the polynomial decreases by one by taking the quotient. Since the degree of the
components of v; is at most d + 1, we conclude that bs = 0 for #S5 > d + 2.

To prove the third statement, we first note that the vertices v; , . . ., v;,,, are linearly
independent. Take an element x € Z4*! and write it as x= Y A jvi;» By considering

Oi,...i,)(x), we can say that the coefficient 4;,, is of the form
2 k
as1 = =4~
Jj=1 Aijid+1

for an integer k. Thus, x + (=1)%kb;, ;... € Z?*! is a vector in the subspace spanned by
Vi,» ...,V These vectors define a (d — 1)-dimensional cyclic polytope again, so we
can proceed by induction and obtain a representation of x as a Z-linear combination of
thebl-l,biliz,...,b O

i]eeider
We apply this construction to prove another useful fact on cyclic polytopes.

LeEmMaA 2.6. For an integral cyclic polytope P C R? of dimension d,
ZAp = 7.

Proor. First, we notice that ZAp c Z4*! is obvious. To prove the reverse inclusion,
we construct a basis of Z¢*! from d + 1 points in Ap. We choose d + 1 vertices
Vi, ..., Vqs1 of P* and consider the vectors

b, . .,b, +b b, +b +b

ia+1> Yigsn igige1> Yige idigs) ia-1igige1o * * > il
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Let us denote them by c; := ijjl bi, i, for j=1,...,d+ 1. By Proposition 2.5(3),
they constitute a Z-basis of 73+1 Hence, if each ¢ ; 1s contained in #*, then our claim
follows. For this, let us consider the coefficient of a vertex v;, in the sequence of

bid’ bidid+1 s bid-lidid+1 see e bi1~--id+1 .

The coefficient of v;, appears first in b;, _;,.,, where it has a positive sign. After that,
its sign is alternating and the absolute value is nonincreasing since the denominators
increase. Hence, the sum of those coeflicients and thus the coeflicient in c; is
nonnegative. So, ¢; is a convex combination of the vertices of #*. m|

Finally, we discuss the normality of integral cyclic polytopes.

Lemma 2.7. Let P be an integral cyclic polytope of dimension d. If any simplex of
dimension d whose vertices are chosen from those of P is normal, then P itself is also

normal.

Proor. Let vy, ..., v, be the vertices of $*. The proof is by a direct application of
Carathéodory’s theorem (see, for example, [8, Section 7]). Let x € ZAp N Q5o Ap.
Now, Carathéodory’s theorem guarantees that there exist d + 1 vertices v;,, ..., Vi,
of P* such that x € ZAq N Qx0Ag, Where Q = conv({v;, ..., v;,, }). Here we use the
fact that ZAp = Z4*! = ZAq by Lemma 2.6. If Q is normal, then we have x € ZAg,
in particular, x € Z>oAp. This implies that # is normal. O

3. Normal cyclic polytopes
Our goal in this section is to prove the following theorem.

THEOREM 3.1. With the same notation as in Section 2, if A; ;41 > d>—1forl1<i<n-—1,
then P = Cy(ty, . .., Ty) is normal. In particular, y; < d? - 1.

Most of this section is devoted to proving the simplex case. In fact, once we know
that # is always normal whenn=d + 1 and A; ;1 > d*> —1for1<i<d, Theorem 3.1
follows immediately from Lemma 2.7.

Before giving a proof, we state and prove two lemmas. For the first of these, we
begin by proving the following proposition.

PrOPOSITION 3.2. Let (r1, ra, . . . , ras1) € Q! satisfying
d+1
0<rn<mn<---<rgq <1l and r;=m.
i=1
Then
b < dm
(a) i=1 i S o

(b) Z,j':] Td+2-i 2 %,

for any integer jwith 1 < j<d+ 1.
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Proor. The proof is by induction on j.

First, we show that »; <m/(d +1). Suppose that r; >m/(d +1). Then r;>
m/d+1)forall 1<i<d+1byri<r<---<rg. Thus, m=3Y%'r,>@d+1)-
m/(d + 1) = m, a contradiction. Similarly, we also have r;.; > m/(d + 1).

We now assume that assertions (a) and (b) hold for any integer j* with 1 < j’ < j,
where j is some integer with 2 < j<d + 1. Let d + 1 =kj + g, where k is a positive
integer and 0 <g < j- 1, that is, k (respectively, ¢g) is a quotient (respectively, a
remainder) of d + 1 divided by j. Suppose that 3, r; > jm/(d + 1). Then

J J J
Z Fk=1)j+i 2 Z Fp=2)j+i 2 2 Z 7 >

i=1 i=1 i=1

Moreover, by the induction hypothesis, Zf*k'] = Z?:l rava-i = mq/(d + 1) when
q # 0. Hence,
o« jm_ mgq kj+q
= >k ——+—=m- =m,
m= d+1 7 d+1 " aa 7"

i=1

a contradiction. Therefore, assertion (a) also holds for j. Similarly, we also have

assertion (b) for j, as required. ]
Lemma 3.3. Let d be a positive integer and (r1, 12, . . ., ras) € QU satisfying 0 < ry <
ry <+ <rge1 < 1 and such that 1 r; is an integer greater than 1. Then
{i 3 1} ! (3.1)
T T . .
1<11<12< <u<d+1 — ij - b= d +1

J=1

Proor. Let m = Zf”ll ri. When m>d, we must have r;=1 for 1<i<d+1 and
m=d + 1 by our assumption. Thus, we may assume that 2 <m <d. Let M denote
the value of the left-hand side of (3.1).

First step. Assume that m — 1 > |(d + 1)/2]. Then, by Proposition 3.2, ry + rgy1 >
2m/(d + 1), while r; < 1. Hence,

M>r;+ > 2m 2 ({d+1J+1)> 2 (d+1)—1+ !
FatTan =2 7T 2 g\ T2 a2 )T T

Second step. Assume that m — 1 <|(d + 1)/2] and letd + 1 = km + g, where k is a
positive integer and 0 < ¢ < m — 1, that is, k (respectively, g) is a quotient (respectively,
a remainder) of d + 1 divided by m.

If we suppose that Z’j‘-;(l) Tim+g+1 > 1, then

T
L
=
L
T
L

I< T jm+q+1 < ¥ jm+q+2 <o < ¥ jm+q+m-
J=0 J J

1l
(=}
1l
(=}
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Thus, m= Y% ;> ;1:+q1+] r; > m, a contradiction. Hence,

=~

-1

Y jm+q+1 <1

1l
(=)

J

Third step. If we assume that g #m — 1, that is, 0 < g < m — 2, then Z’;;g Timege2 <
(d-—g—m+1)/(d—q). Suppose, to the contrary, that Z’j‘-;é Fimige2 > (d —q —
m+ 1)/(d — g). Then

k—

[}

k=2 k—

[\

d- q m+1
< ¥ jm+q+2 < T jm+q+3 <o < T jm+q+m+1-

Jj=0 J J

1l
(=}
1l
(=}

Thus, ka;}r)zmq” > m(d - q -m+1)/(d - q). Moreover, since 27+q1+2 =

m— 3" ri, we also have X% 1> (m— 1)m = £ r;)/(d - q) by Proposi-

tion 3.2. Hence,

q+1 d+1 gq+1
B m(d—q—m+1) (m—=1)(m— X2 r)
m — E r; = E ri > d— 7 - 7
i=1 i=q+2

ri,

_ -1 gq+1 z g+1
=m(d Q)_(m )Zzerm_Z
d-q d-q i=1
a contradiction. Here, sincem — 1 <|(d + 1)/2] <(d+ 1)/2and0<g<m -2 <d, we
have m + g <2m — 2 < d + 1, which means that (m — 1)/(d — q) < 1. Thus,

i d-g-m+1
rjm+q+2— - 7 -
J=0 d=q

Similarly, if we assume that ¢ = m — 1, then

=~

-\ d-m+?2

Vipe] < ———.
me d+1

1l
(=)

J
Fourth step. In this step, we prove that

k-1

1
Vimigel T Varl = 1+

d+1°

Jj=0

We assume that 0 < g < m — 2. Suppose, to the contrary, that Z’;;(]) Vimigel + Fae1 <
1+ 1/(d+1). Then $421 rimeger + rast <1+ 1/(d +1) = rgpy <1+ 1/(d = q) = rgn.
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Thus,
1 k-1 k=1
l+—- Tg+1 > Vim+g+1 T VYkm+q = Z Vim+q t Tkm+q-1 =
d-q . :
j=1 j=1
k-1 k=2

v

T jm+q+1-(m—2) + Tem+g—(m-2) = Z ¥ jm+q+3 + T (k= 1)m+q+2-
Jj=0

I
—_

J

Moreover, by the third step, we also have Z§;§ Fimgr2 S (d —g—m+1)/(d - q).

Hence,
q+l1 d+1
m—1 d—g-m+1
m—Zr,-z.Z ri<m—1+ d=q —(m— Drgq +ZT
i=1 i=q+2
q+1

:m_(m_l)rq+l Sm—(q+1)rq+1 Sm—zri,
i=1

a contradiction. Similarly, when ¢ =m — 1, if we suppose that Zl;:1 Fim + Femam-1 <
1+1/(d+ 1), then

k k

> Z Vim + Toanam-1 2 Z Vim—1 + Moem—2 200 2 Vim+2 + Vkm+1
J=1 J=1 J

T
L

1+

d+1

Il
[=}

and 570 rimi1 < (d —m+2)/(d+1) by the third step, so we obtain m= ¥ r; <
m—1+m-1)/d+1)+(d-m+2)/(d+1)=m, acontradiction.
Fifth step. Thanks to the second and fourth steps,

L 1

M> —,
= d+1

k,
Pimigel trar1 2 1+

=0

as desired. O

Lemma 3.4. Let I be an integer with 1 > 2 and iy, . . ., i; distinct integers. We set

JmLA =LA J-1
Hk:l Alklj Hk=1 Alkl,‘.,,] nk:1 Aiki/

Zi(j) = j Pjrit DI
Micsrin; i) Thsksipsjor il [T <k<riors 1Al
for2 < j<I Then, forany2 < j<Il-1,
[T, A, 1
Z(j)= — " pit —Z(j+ 1) - ————Z(j +2)
Hlsksl,kij |Aiki/| Aijij+1 ijije1 Pijijen
+ o (=D Z(D).

1
k=j+1 Sijix
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A proof is given by elementary computations.
Now, Lemma 3.4 says that if Z;(j + 1), ..., Z(l) are integers, then there exists an
integer p; such that Z;(j) becomes an integer. In fact, since

Zi(j+ 1) =+ (DT —
Ljlje1 k=j+1 Biji

P
Z(h = rok

where P is some integer and C = Hiz 1 |Ai |, and the numerator (respectively, the
denominator) of H’ ! 1 Aii;/ Tli<r<ipzj 1Ai;| 1s either 1 or —1 (respectively, C), it is
obvious that there ex1sts an integer p; such that Z;(j) becomes an integer.

Let QcRY be an integral convex polytope of dimension d. In general, when
ZAq =7ZN*1 in order to prove that Q is normal, it suffices to show that for any
a=(ma,...,ay)€ZAg N Qs0Ag = Qs0Ag N ZN*! with m > 2, we find o’ € Q* N
ZN*! and @ € Qx0Aq N ZN*! with @ = @’ + a”. (This is equivalent to proving that
Q satisfies the integer decomposition property.) In particular, when Q is a simplex
since there exists a unique (ry, . . ., ry+1) € Q™! such that @ = Zd | riu; and Zd L=
m, where uy,...,ugy; are the vertices of Q°, we may find (rl, cel dH)eQ‘“l
with Y5 Huy e @ NZV and (7, ..., 7, ) € Q¥ with 5 7y € QuoAg N ZNT!
satisfying r/ + v/’ =r;for 1 <i<d+ 1.

Hence, it is enough to show that for any a = Y% ru; € QspAq N ZV*! with

41y > 2, there exists (#/, . .., 7, ) € Q%! such that
d+1 d+1
D=1, 0<r<rforl<i<d+1 and Y ru;ez™".
i=1 i=1

We are now in a position to verify the normality of integral cyclic polytopes in
the case where n=d+ 1 and A;;4; > d*>—1 for 1<i<d. Let P be such a cyclic
polytope. Let m > 2 be an integer and @ an element in ZAp N Qs Ap = QsoAp N 24!
with first coordinate m. Since £* is a simplex of dimension d, there exists a unique

(F1s ..., rae1) € Q%! where Zd | ri=m, such that @ = Zf.l:ll r;v;. Then what we must
do is to show that there exists (], ..., 7/, ) € Q! such that
d+1 d+1
F=1, 0<r<rforl<i<d+1 and ) rvez® (32)

i=1 i=1

First step If there exists r; with r; > 1, say, ri, then we may set r; =1 and
rh,= r.1 =0. Moreover, when m >d + 1, since Z —1 r;=m and r; > 0, there
is at least one r; with 7; > 1. Thus, we may assume that

2<m<d and 0<r;<1 forl<i<d+1.

Second step. By Lemma 3.3, there exist r;,, ..., r;, among (7, . . ., F4+1) such that
p. by | g
lelr,/>1+l/(d+1)and 1r,<1 whereO<r,1£~--§r,~,S1andZSZSd,
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although we do not know whether 1 <i; <---<i;<d+ 1. However, we assume that
OS r < Ti_, < - < ri < 1, thatis,

Let D=d*-1. Thus, |A;j|>D for any 1 <i# j<d+1. We now set e(l) =
(I-1)/Dfor2 <l<d. Thenitis easy to see that (/) enjoys the following properties:

!
2 =eld)>ed—-1)>--->€(2), (3.3)
=D

i1
(l)——+>e(]—1) for3<j<l

In the following two steps, by induction on /, we prove that if Zi.:] ri; > 1+ €(l) and

Ly ri, <1, then there exists (..., r},,) € Q! satisfying (3.2). Once we know

this, we obtain the required assertion from 2 </ <d and 1/(d + 1) = e(d) > €(l).

Third step. Assume that [ =2, thatis, r; +r;, 21+ 1/D, where 0 <r;, <r; <1.
Let p be a nonnegative integer satisfying

+1
P <r, < p
|Ai|i2| |A1112|

Then it is clear that there exists such a unique nonnegative integer p. Let r’ =
p/lAip|, i =1~-r] and r;=0 for any j with j€[d + 1]\ {i1, i2}. Thus, o r=1
and 0<r; <r,. Moreover, since r, <1, we have r; =1-r, >1-r;,>0. In
addition, by r;, + r;, > 1+ 1/D and |A; ;,| > D, we also have

i1

1 +1
ri —rio=r, — 1+ P P P —r, > 0.
1

>—=-r,+ >
] ] Al =D 1Al T (AL
On the other hand, by Proposition 2.2, we may consider v; and v;, as v; =
(1,0,...,0)and v;, = (1, A;3, 0, . .., 0). Obviously, > riv; € Z41.

Fourth step. Assume that [>3. For each j with 2<j</, we define each
nonnegative integer p; as follows. Let p; be a nonnegative integer which satisfies

Pl Pl +1
r,-[

<
H lkll H lkl/
and for 2 < j <[ -1, let p; be an integer which satisfies Z;(j) € Z and

I
pj < P + [z jur 10

—_ <

Tickerpes D)l =7 Tickeips) i,
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where Z;(j) is as in Lemma 3.4. Thanks to Lemma 3.4, if Z;(j + 1), . . ., Z(I) € Z, then
there exists an integer p; with Z;(j) € Z and each p; is uniquely determined by the
above inequalities. Remark that we do not know whether p; is nonnegative except for
pi- However, in our case, we may assume that p,, . . ., p;—; are all nonnegative because
of the following discussions. Suppose, to the contrary, that there is j* with p; <O0.
Let g; € Z>( be a minimal nonnegative integer satisfying

J=1
k=1 Dy

L )
U D) - Z(j +2)

iy

v+
| A,

i

A;

ijije

[Tiskstney 1Biciy

, 1
+ - () ——Z(D e Z
[Tz jri1 Biic
In particular, it follows from the minimality of g that 0 < g; < ]—If€= 41 18] By our
assumption, qj// Hlékﬁl,kij/ IAiki_/'| > rij/ . ThuS,
I
qj I—[k:j/+1 |Ai,/ik| 1 1

ri[<"'sri,-/< < = SDj/_l,

a [Tarcinzy 1Divil  Tlhik<inz 1D, | i:_ll A, |

so Xy, <= j +1)/D/7 From ¥, i, 2 1+ €(l) and (3.3),

5 I—j+1
D > e~ = > 1+ e(f = 1)
j=1
when j° > 3. Hence, we may skip this case by the induction hypothesis. When j = 2,
we have r;, > 1+ €(l) — (I - 1)/D =1, a contradiction.
By using the above p;, we define r{, ..., r/, by setting
Pj
[Th<krinj D]
}"a = 1 _ /

r ifa=1i,

ifa:ijE{iz,...,il},

0 otherwise.

d+1

In particular, } /7, r/, = 1. By definition of r’ cosh,We have 0< r <rfor2<j<l

r >1— lzr,‘/.ZO. In

Moreover, from ZJ »7i; < 1, we also have ri=1- J 2 7,

addition, from Z RRE= 1 + €(l) and (3.3), we also have

! l

Dj
ry =1 =r, -1+ >e()— ) ri +
B ! Z H1<k<lk¢] |A,k, | Z K Z

= = Tiskstiej 1|

1 1 1
3 L) 3 e el
— — 7| = — 1.
H1<k<l ki j |Alkl,| DJ ! ! =) Hlsksl,k;tj |Aikij| !

> 0.
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Finally, we verify that Zfl;ll rivi € Z%!. Again, by Proposition 2.2, we may consider
Vijs ...,V as follows:
1 0 .. . .. 0 --- 0
v, 1 A 0
Via — 1 ihi3 AilisAizis
Vi -1
1 Ailil AililAizi] Aikil O ' 0
k=1

Hence, it is easy to check that

d+1

Drvi= Y v = (1,202, 23, ..., 2D, 0., 0) € Z*,

i=1 j=1

~

proving the assertion.

Remark 3.5. Since each lattice length of an edge conv({v;, v;}) of P* coincides with
A;j, where i < j, it follows immediately from [3, Theorem 1.3(b)] that # is normal
if Ajiy1 >2d(d+1)for 1 <i<n-1. (We are grateful to Gabor Hegediis for drawing
[3, Theorem 1.3(b)] to our attention.) Thus, our constraint A; ;41 > d*> — 1 on integral
cyclic polytopes is better than the general case, but this bound is still very rough.
For example, C3(0,1,2,3) is normal, while Aj; =Ay3 =A34=1<8. Similarly,
C4(0, 1, 3, 5, 6) is also normal, although Ajp = Ays = 1 and Apz = Azy = 2.

4. Cyclic polytopes that are not very ample

Our goal in this section is to prove the following theorem.

THeEOREM 4.1. Let d and n be positive integers satisfyingn>d + 1 andd > 4. If Aj, = 1
or Ay -1 =1, then Cy(7y, . .., Ty) is not very ample.

We obtain Theorem 4.1 as a conclusion of Proposition 4.2 and Corollary 4.3 below.

ProposiTiON 4.2. Let P = Cy(t1, ..., Tn). If Aoz =1 0or Ay_pn—1 = 1, then P is not very
ample.

Proor. Thanks to Lemma 2.3, by symmetry, we assume that A3 = 1. Consider the set
Aps:={x—-vy:xeP N2

We will prove that the monoid Zs0Aps is not normal, thus there exists a vector
P EZAp3 N Qs Apz = Qs Aps N 7 such that p ¢ ZsoAps. Then, for every integer
k> 1, we have kv3 + p € (ZAp N Q0 Ap) \ Z>oAp; see [1, Exercise 2.23]. Hence, P
is not very ample.
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In the following, we denote the facet of #* spanned by the vertices v;, v;, v; and v,
by ¥iju. Moreover, we denote the corresponding linear form by o7;jx;. Note that every
facet of P* containing v3 also defines a facet of Q5o Ap 3.

The following vector has the required properties:

P = by + bi3s + bi23ss

A12A15 +1 1 1 1 A23A35 -1
B S N N W W ST
A A13A14A 5 JAYS] ASPYACIVALE Ar3 A13A34A35

ApaAys — 1 1

V4 + Vs.
A1aA24A34Ays A15A25A35A45

First, we have p € Z° from Proposition 2.5(1). Then, by the second representation of
p, it is a positive linear combination of the vectors v; — v3, vp — v3, v4 — v3 and vs — v3.
Thus, p € Qs0Ap3. Moreover, since we assume that A3 = 1, the coefficient of vs is
less than —1. Hence, p lies beyond the facet 71,45 which is a facet of £* by Gale’s
evenness condition (Proposition 2.1). Thus, p ¢ Ap3.

It remains to show that p cannot be written as a sum 3 w; with w; € Apj3.
Suppose that we have such a representation. Then we remark that p has at least two
summands. Consider a facet Fi234. Then 01234(p) = 1/(A15A25A35045)071234(vs) = 1.
Since o1234(w;) 2 0, 01234(w;) = 0 for every summand w; except one. Choose one
wj # 0 with o1234(w;) = 0 and denote it by w. Further, we set w’' := p —w € Z;0Ap3
the remaining sum. By Carathéodory’s theorem, there exist vertices v;,, . .., v;, of P*
and nonnegative numbers A; > 0 such that w’ = Z‘}zl Aj(vi; — v3). Let ig be the greatest
of those indices. Since o1234(W') =1 and o1234(vi,) = Ay, Agi, Az, Asj,, we conclude
that

gL —\
ASTHAVINACTIAVTR

But the vertices v;,,...,v;, and v3 define an integral cyclic polytope, thus the
denominator of the coefficient of v;, has to be a divisor of A;;,A;;,Asi,Asi,. This
is only possible if {i|, iy, i3} ={1,2,4}. Thus, w’ lies in the cone generated by
V1 — V3, V2 — v3, 4 — v3 and v;, — v3. Note that o234(w) = 0 implies that w lies in the
cone generated by v; — v3, v, — v3 and v4 — v3. Thus we can replace the polytope #*
by the polytope Q" whose vertices are vy, . . ., vs and v;,. The reason for doing this is
that we know the facets of Q*. Here, iy =5 is possible.
We consider the representation

iniy4

w=aibz + axbrz + azb13 + asbi234

with integer coefficients a;, a,, as, a4. This is possible from Proposition 2.5(3). Since
w is in the cone generated by v —v3;, v, —v3 and v4 — v3, we have a; =0. Now
consider a facet ¥1,3;, of Q". We compute

1

A Asi, = ApgAyy, — 1.

1
o123i,(p) = A_%(AMA“ - DAy, +
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Moreover, 023;,(W) = —asAs;,. From 0 < 0123;,(w) < 0123i,(p), we conclude that 0 <
—a4 < Ayyg — 1. Here we used the fact that a4 is an integer. Next, consider a facet $5345.
We compute 0'2345(W) =azA14A15 + agA5 and 0'2345(p) =A;pA15 + 1. As before, we
conclude that 0 <a3A4 + a4 <Ajp,. However, these two constraints can only be
satisfied by a3 = a4 =0, because Ajg4 = Ajp + Ays and Ajs > 1. Finally, we consider
a facet F134;,. By computing 0134;,(W) = a2A12A2 Ay, and 0134, (p) = A12A2 A, — 1,
we conclude that a, = 0. But this means that w = 0, in contradiction to w # 0. O

Using this proposition, we also obtain the following corollary.

CoroLLARY 4.3. Let P =Cy(ty,...,T,), where d > 5. If there is some i with 2 <i <
n — 2 such that A; ;41 = 1, then P is not very ample.

Proor. We prove this by induction on d.

When d =5, let F; =conv({vy, vi, Vis1, Vis2, Vissz}) for 2<i<n-3 and F,, =
conv({v,—4, Vu-3, Vu—2, Vu—1, v }). By Gale’s evenness condition, each ¥; is a facet of
P*. When A; ;41 = 1 for some i with 2 <i <n — 2, it then follows from Proposition 4.2
that ; is not very ample. Thus, P itself is not very ample either. (See [7, Lemma 1].)

Nowletd >6.For2<i<n-—d+2, we set

_Jeonv({vy, vi, ..., Viva-2}) when d is odd,
conv({vi_1, Vi, ..., Vira—2}) Wwhend is even.

Again, Gale’s evenness condition guarantees that each ¥; is a facet of £*. When
A1 =1 for some i with 2 <i<n -2, since each facet is also an integral cyclic
polytope of dimension d — 1, either #; or F,_,+> is not very ample by the induction
hypothesis. Therefore, P is not very ample. O

In the case where d = 2, it is well known that there exists a unimodular triangulation
for every integral convex polytope of dimension two. Therefore, integral convex
polytopes of dimension two are always normal.

In the case where d = 3, exhaustive computational experience leads us to give the
following conjecture.

Consectur 4.4. All cyclic polytopes of dimension three are normal.

Moreover, by computational experience together with Proposition 4.2, we also
conjecture a complete characterization of normal cyclic polytopes of dimension four.

ConsecTur 4.5. A cyclic polytope of dimension four is normal if and only if
Ay3>2 and Ay, >2.

By considering the foregoing two conjectures and Theorem 3.1, the following
statement seems natural to us.

ConyecTurRE 4.6. If P = Cy(71,...,7,) is normal and P’ = Cy(7}, ..., 7,) satisfies

7. —7i 2 Ajjforall 1 <i< j<n,then#" is also normal.
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Finally, we also state the following conjecture.

Consecturk 4.7. If an integral cyclic polytope is very ample, then it is also normal.

Actually, it often happens that a very ample integral convex polytope is also normal,
that is to say, the normality of an integral convex polytope is equivalent to what it is
very ample. Hence, the above conjecture occurs naturally. On the other hand, it is
also known that there exists an integral convex polytope which is not normal but very
ample. See [1, Exercise 2.24].

(7]
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