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Abstract

In this paper we consider the optimal dividend strategy under the diffusion model with
regime switching. In contrast to the classical risk theory, the dividends can only be paid
at the arrival times of a Poisson process. By solving an auxiliary optimal problem we
show that the optimal strategy is the modulated barrier strategy. The value function can be
obtained by iteration or by solving the system of differential equations. We also provide a
numerical example to illustrate the effects of the restriction on the timing of the payment
of dividends.
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1. Introduction

Since it was proposed by [7], the optimization of dividend strategy has become a classical and
important problem in actuarial science. This problem is usually phrased as the management’s
problem of determining the optimal timing and size of dividend payments in the presence of
bankruptcy risk. There is a vast literature on this topic. In most it is assumed that the insurer
can choose any time to pay the dividends, or the dividends can be paid continuously, and the
ruin (stopping the business) occurs whenever the surplus is negative. However, in practice, it
is more reasonable that the dividends can only be paid at some discrete time points rather than
continuously, and an insurer with a negative surplus may continue his/her business as usual
until bankruptcy takes place. To capture these features, Albrecher et al. [1], [2] assumed that
the surplus process can only be observed at random times. Then ruin can only occur and the
dividends can only be paid at these random discrete observation times. With the assumption
that the surplus process is observed at the arrival times of a Poisson process, Albrecher et al.
[1] showed that the optimal strategy is a band strategy if the surplus process is modeled by
a general Lévy process, and the optimal strategy reduces to the barrier strategy if the surplus
process is a diffusion or the compound Poisson model with exponential claims.

Recently, Albrecher ef al. [3] proposed the gamma-omega model, which extends the diffusion
model in two ways. First, if the surplus x is negative, the probability of bankruptcy within dr
time units is w(x)df, where w(x) > 0 is the decreasing bankruptcy rate function defined
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on (—oo, 0]. Second, the dividends can only be paid to the shareholders at the arrival times
of a Poisson process with rate y > 0. They studied the optimal barrier strategy, and Wei and
Wang [13] proved that the optimal barrier strategy they obtained is indeed the optimal strategy
among all the admissible dividend strategies under the gamma-omega model.

In this paper we consider the diffusion model with regime switching. We mainly consider the
case where the dividends can only be paid at the arrival times of a modulated Poisson process
(a Cox process) as in [3], and ruin is still defined as in the classical risk theory, i.e. the company
is ruined and has to go out of business whenever the surplus is negative. In [3] and our paper,
the surplus processes are observed continuously, but we restrict ourselves to the case where
the dividends can only be paid at some random discrete times. From this point of view, the
problem considered in our paper is similar to [12].

Under the diffusion model with regime switching, the optimal dividend strategy was studied
by Sotomayor and Cadenillas [11] and Jiang and Pistorius [8]. While Sotomayor and Cadenillas
solved this problem with two regimes by the standard method, i.e. guessing a candidate
optimal solution and then verifying its optimality, Jiang and Pistorius solved a general case
by following a different method. They constructed the candidate value function by directly
employing a dynamic programming equation, proved that the value function is the fixed point
of a certain contraction operator which is given with the initial data, and derived an explicit
iterative algorithm to calculate the value function, which decouples the different regimes such
that at any stage one-dimensional control problems are solved. In contrast, to prove that the
value function is the fixed point of a contraction operator, we modify the procedure in [8] by
constructing a sequence of functions that converges to the value function. Then we study the
functions of this sequence by an auxiliary optimal problem which depends on only one regime.
With such a sequence, we do not need to find priori bounds for the value function (or the
initial data of the contraction operator), which is required in [8]. The idea of introducing such
a sequence was motivated by Bayraktar and Ludkovski [5] and Davis [6, pp. 188-204], who
considered the optimal control problem under piecewise-deterministic processes. In fact, by
this method, we reduce the original problem to a Markov decision process (MDP) (we thank
the referee for pointing out this fact, as well as Remarks 3.1 and 3.2), which was also used
in [1]. Similar to [8] and [11], our optimal strategy is still the modulated barrier strategy.

The remainder of the paper is organized as follows. In Section 2 we present the model and
the problem. In Section 3 we introduce a sequence of functions that converges to the value
function, and prove the dynamic programming equation. The original problem is also reduced
to an MDP. In Section 4, in order to study the sequence constructed in Section 3, we study an
auxiliary optimal problem which is the one-stage problem of the MDP. In Section 5 we return to
our original optimal problem. We show two ways to obtain the value function and the optimal
barrier levels.

2. The model

Suppose that {J ()};>0 is a homogeneous, irreducible, continuous-time Markov chain taking
values in a finite set J = {1, 2, ..., K} with generator Q = (gi;j)x xk, Where —¢g;; = ¢q; > 0
fori € J. Let X;(t) = it + o;W(t), where u;,0; > O foralli € J, and {W(#)};>0 is
a standard Brownian motion which is independent of {J(¢)};>0. The surplus process of the
insurer is given by

K
X =x+) fo 1(s(s)=iy dXi(s),
i=1

where x > 0 is the initial surplus.
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When the state of the Markov chain is i € J, we assume that the dividends can only be paid
at the arrival times of a Poisson process with rate y; > 0. Considering dividends, the surplus
process (still denoted by {X (¢)},;>0) is given by

K
Xt =x+Y fo 1= dXi(s) — D),
i=1

where D(¢) is the cumulative dividends until z. Let {N;(¢)};>0 be a Poisson process with
intensity y; which is assumed to be independent of {J(#)};>0 and {W(¢)};>0. Then we can
write

K ot
D(t) = Z/o 7($) Ly (s)=iy dNi(s),
i=1

where the process {7 (s)}s>0 determines the amount of dividends paid at the jump times of the
Poisson processes {N;(t)};>0, i € J.

Suppose that all the stochastic processes mentioned above are defined on the filtered
probability space (2, ¥, P), where ¥ = {¥;, ¢t > 0} is generated by {X (t)};>0 and {J (#)}/>0
and satisfies the usual conditions. Denote by E, and E, ; the expectations conditioned on
{X(©0) = x} and {X(0) = x, J(0) = i}, respectively.

We say that a dividend strategy {7 (s)}s>0 (for convenience, we also write 7 for short) is
admissible if it is F-adapted and 0 < 7w () < X(t—) for + > 0. Let IT be the set of all
admissible strategies. With a strategy m € II, let 7, := inf{t > 0: X () < 0} be the time
of ruin. Without loss of generality, we assume that X (#) = 0 for r > 7. Given the initial
surplus x and initial state i, the expected value of the discounted dividends until ruin is given
by

K o,
Ve (x,0) = Ex,i[Z/ e A 1{J(s)=k}7T(S)de(S)],
0
k=1

where A(s) = ZLK=1 f(; 1{y (=i} 8; dt, with §; > 0, is the discount rate at state i fori € J. The
objective function is

V(x,i) = sup Vp(x,i), i=12,...,K. 2.1

mell

It is easy to see that V' (0,i) = 0 for all i € J. The problem of the shareholders is to specify a
dividend strategy w* € I such that V (x, i) = V= (x, i) foralli € J.

3. The dynamic programming equation

In the following, we adopt bold letters to denote vector functions of the form
v(x) == (v(x, D), v(x,2), ..., v(x, K)).

When we use ‘<’ or ‘>’ between two vectors (or vector functions), it respectively means that
‘<’ or ‘>’ holds for each element. Also, we denote by 0 the zero row vector with K elements.
Let £o = 0 and

Cpi=inf{t > gy J (1) £ J(1—))}, neNT,
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1.e. {, is the nth jump time of the Markov chain {J ()};>¢. For a test function v(x), define the
functional operator as

Mo(x) ;= (Mv(x, 1), Mv(x,2),..., Mv(x, K)),

where

T A1
Mu(x, i) == sup E; U e % (s) AN (s) + e TN Y(X (1 A 21, T (T A ;1))].
0

mell
From the definition of M, we have the following lemmas.
Lemma 3.1. Ifvi(x) > vy (x) then it holds that Mvi(x) > Mvy(x) for all x > 0.

Lemma 3.2. Forall x > 0, let Uy(x) = 0 and Uy, 1 (x) = MU, (x) for n € N. Then, for each
i €], {U,(-, D)}nen is an increasing sequence of functions.

Proof. Note that Uy (x, 1) = sup,cry Eci[ ™" e %7 (s) dN; ()] = 0 = Up(x, i) for all
x > 0andi € J. The result follows from Lemma 3.1.

Forn € N, define I1,, = {mw € I1: 7 (s) = 0 for s > ¢,} to be the set of all the admissible
strategies that pays no dividend after the nth jump of the Markov chain {J (¢)};>0. Let V,,(x, i) =
Supyem, Vr(x, i).

Lemma 3.3. Forall x > 0, we have V,(x) = U, (x) foralln € N.

Proof. Obviously, we have Vy(x) = Up(x) = 0. Let us assume that V,,(x) = U, (x), and
show that V;,11(x) = Up1(x).

First, we will show that V,11(x) < U,4+1(x). For any ¢ > 0, there exists a strategy
7 € I1,41 such that

Vi (x, 1) = Vg1 (x, 1) — €. (3.1

Define a strategy 7 € I1,, by setting 7 (¢) = 7w (¢t + t A 1) for ¢ > 0. By the strong Markov
property we have

~ K o
Ve (x,i) =Eyxi| Y fo e () 1y ()=k) de(s)]

—k=1

Tx A1
=E,, f e Y57 (5) AN (5) + e T NDV (X (1 A1), T(Tr A £1))
0

Tx A1
<E,; /0 e-‘SfSn(s)dNi(s)+e—3f<’ﬂ“l>vn<X(rnAm,J(fﬂm))}

T A1
=E,, / e % 1 (s) dN; (s) + e 5 TNDUL (X (17 A L1), T (T A 1))
0

< Upii(x. ). 32)

It follows, from (3.1), (3.2), and the arbitrariness of &, that V,,;1(x,i) < Up4+1(x,i) for all
x>0andi €.
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Second, we will show that V,1(x) > U,4+1(x). For any ¢ > 0, there exists a strategy
7’ € I such that

T/ A1
Uns1(x,1) < Ey; [ / e ' (5) dN; (s) + e 1 MDY (X (1 A L1), T (Trr A ;m]
0
+85

and there exists a strategy 7" € I, such that V,(x,i) < Vg, (x,i) forany x > Oandi € J.
Now we can construct a strategy 7 € I1,4 by taking the strategy 7’ before 7, A {1, and then
following strategy 7r”. Thus, by the strong Markov property we have

T/ A1
Ups1(x,i) <Ey; [ / e %57/ (5) AN; (s) + e 5@ NV (X (70 A 1), T (T A ;1))]
0
+¢
‘[ﬂ/A{]
<E.; [ / e %5 (5) AN (s) + e 5 T MOV (X (10 A €1), I (T A m)]
0

+ 2¢
Vz(x,i) + 2¢
Var1(x, i) + 2e.

IA

Thus, from the arbitrariness of ¢, we have U, 4+1(x,i) < Vy41(x,i) forallx > O0andi € J,
which completes our proof.

Remark 3.1. Note that M can be interpreted as an MDP operator of a positive MDP, and
our original problem boils down to solving an MDP. The following results are standard (see,

e.g. [4]).
Lemma 3.4. It holds that lim,,_, oo U, (x,i) = V(x,i) forany x > Q0andi € J.

Proposition 3.1. The value function V is the smallest solution of the dynamic programming
equation V.= MYV such that V > 0, i.e.

T N
V(x,i) = sup EU le‘Sisn(s)dNi(s)—i-e‘Si(T”M')V(X(Tn/\Q),J(rn/\gl)):| (3.3)
0

mell
forallx > 0andi € J.

Remark 3.2. In general, for positive MDPs, it is not true that a maximizer of the right-hand
side of (3.3) yields the optimal strategy. Let V be the value function studied in [8]. Then
there exists a constant ¢ > 0 such that \7(x, i) < x+cforalli € J. Note that the set
of admissible strategies II in this paper is a subset of that considered in [8]. It follows that
Vi(x,i) < V(x,i) <x+cforallx € [0,00) and i € J. Fori € J, define b(x, i) := 1 +x and
the operator

Tov(x, i) 1= sup By ;[e 5 N0y (X (tp A 1), J (T2 A 0]
mell

Considering a strategy w < I1, let

t
Y()=x+X;(t) — f (s)dN;(s) 3.4)
0
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and let 7; be the time of ruin of {Y(#)};>0. For any constant &6 > 0, denote by 7(f) an
independent exponential random variable with mean 1/6. It holds that (Y (¢), t < 7; A n(gi))
is in distribution equal to (X (¢), J(0) =i, t < T, A {1). Itis easy to see that

T
Tob(x,i) = sup Ex [ f e OIS " giib(Y (s), j)ds]
mell 0 .
J#i
o
<E, [/ e Ot g (1 4 x + pis + 03 W(s)) dS]
0

-4 (1+x+ Hi )
8 +qi i + Wi

Thus, by iteration we have lim,_, 7,'b(x, i) = 0, which implies that the maximizer of the
right-hand side of (3.3) always gives the optimal strategy (see, e.g. [1] and [4, p. 209]). From
the last equation we can see that §; > 0 is a crucial assumption.

4. The solution to U, (x)

From Section 3 we know that the value function can be obtained by iteration. However, to
do this, we need to show what U, is when U,, is given. This is the problem studied in this
section.

4.1. An auxiliary optimal problem

To solve our problem, we restrict ourselves to a special class of vector functions.
Definition 4.1. We say that a vector function u(x) € D if
(1) u(0) =0, and u(-, i) € C([0, 00)) is increasing and concave for each i € J;
(ii) forany 6 > 0, lim,_, o e u(x,i) = 0 foreachi e J.

For a function # € D, we consider the auxiliary optimal problem

M(x,i) := sup My (x,i), 4.1

mell

where
Tr A1
My (x,i) = E[ /0 e (s) AN; () + e %MDY (X (T A 1), T (T A ;“1))}.

From the general theory of stochastic control, we consider the Hamilton—Jacob—Bellman (HJB)
equation

2
o
max {TZm”(x, i)+ pim'(x, 1) = (i + qi + yi)m(x, i)

0<a<x

+yz~[M(x—a,i)+a]+2q,~ju(x,j)} =0 4.2)
j#i

for the optimal problem (4.1), where m’ and m” are the first- and second-order partial derivatives
with respect to x, respectively.
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Theorem 4.1. Fori € J, let m(-,i) € C%([0, 00)) be a nonnegative function. Assume that
m(x, i) satisfies the HIB equation (4.2) for all x > 0. Then

1) m(x,i) > M(x,i) forall x > 0;

(i) if, in addition, m(x, i) = My« (x, i) for some ©* € I1, w* is an optimal dividend strategy
for problem (4.1) and M (x,i) = My (x, 0).

Proof. (i) Considering a strategy 7w € II and recalling {Y (¢)};>¢ defined in (3.4), for any
u € D, we have

Ti
My (x,i) = sup E, U Lis<pgy € 27 (s) dN; (s)
0

mell

i .
+ 1pn@n<u) e 8’”("’)Zq%’u(Y(n(qi)),J)}
j#

Ti Ti
= sup E, U e~ CitaS 7 (5) dr Ny (s) +/ e~ Citans Zqiju(Y(s),j)dsi|.
0

mwell 0 i
Let a and b be real numbers satisfying 0 < a < Y(0) = x < b < oco. Define 7, := inf{r >
0:Y(t) <a},p :=inf{t > 0: Y(t) > b}, and 1, = T4 A Tp. Applying the Itd formula to
e 'm(Y (1), i) yields

e~ CiFa ATy (Y (1t A Tap), 1) — m(Y (0), ©)

IN\Tgp 1
= / e“f*‘ﬁ”[—(ai + gm(Y (s), i) + pim' (Y (s), i) + Eo?m”(Y(s), z')} ds

0
IATap

+ / e~ G (Y (s—) — 7 (s), i) — m(Y (s—), )] dN;i(s)
0
I ATab

+/ e Gita)sgm/ (Y (s),i) dW(s) forallt > 0.
0

Since m(-, i) satisfies (4.2), we have

IN\Tgp IN\Tgp
/ 67(8i+qi)s7'[(s) le (S) + / e*(ai‘l’%’)f quju(Y(s), ]) ds
0 0 J#i
< —e G 1y (Y (1 A Tap), 0) +m(Y(0), 1) 4+ Z1(t A Tap) + Zo(t A Tap), (4.3)

where {Z1(t)};>0 and {Z2(t)};>0 are local martingales defined by
t
Z\(1) = / e~ O i/ (Y (s5), i) AW (s),
0

t
Zo(t) = / e~ G [ (Y (s—) — 7 (s), i) + 7 (s) — m(Y (s—), I)](dN; (s) — y; ds).
0

However, the stopped processes {Z1 (t A T4p)}>0 and {Z2(f A T4p)}s>0 are martingales. Recall
that m (-, i) is nonnegative. Taking conditional expectations of both sides of (4.3) yields

IATap
m(x,i) > E, [/ e~ OGita5 7 (5) AN (5) +/
0 0

IN\Tap
e GtaT N " g u (Y (s), j)ds].
J#i
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Letting a — 0 and b — o0, we obtain 7, — 7; and 7, — oo. Then 7,, — t;. Also, letting
t — oo and applying the dominated convergence theorem, we obtain

T Ti
m(x,i) > Ey |:/ e*(5i+qz')sn(s) dN; (s) +/ e~ Gitqi)s Zqiju(Y(s), J) dsi|
0 0 J#i
= M, (x,i).

From the arbitrariness of strategy m and the definition of M (-, i), we conclude that m(x, i) >
M(x,i).
(ii) The proof of part (ii) is obvious from (i) and the definition of M (-, 7).

4.2. The modulated barrier strategy

Motivated by [8] and [13], we consider the modulated barrier strategy. Let {77, 7>, ...} be
the times at which the dividends can be paid. Given the barrier level b = (b1, by, ..., bg), the
modulated barrier strategy {nb(t)},zo is an ¥ -adapted process such that (1) = (X(T)) —
bj(’]"i))+ fori = 1, 2, e

To ease notation, let Mp(x, i) = M_5(x, i). We have the following propositions.

Proposition 4.1. Given b, it holds that

M, N (6 b N ATy e it g l
b(-xal)_ylWi (.X) 0 Mb(yal)e dy+ r Mb(blvl)_‘_ i

i i

X 0
i [ Me WP =y £ WO [T e S gute.
0 0 .
J#

X
—fo W x =Y gijuly. Hdy,  0<x<b, 4.4)
J#

and

NE—C) " e dy 4 S 4L
Mp(x, i) =y W; " (x) A Mp(y,)e” " dy + p Mb(bul)—i‘r'

i i

b; X
—yi[fo Mb(y,i)w,-“">(x—y>dy+fb (v — b+ My (bi, i)W (x —y)dy]

o
+ W () /0 e " giju(y, j)dy

J#i
_ /'x Wl_(gi)(x —-y) Zq[ju(y, j)dy, x> b;, (4.5)
0 j#i
where 0; = 6§; + qi + Vi
W (x) = 2 efit — esix’

o =S
andr; > 0and s; < 0 are the solutions of the equation %afr2 + uir —6; = 0.

Proof. Denote by {Yp(t)};>0 and 75 process (3.4) and the time of ruin corresponding to
the modulated barrier strategy b, respectively. Let Y'(r) = x + X;(¢), and let T be the time
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of ruin of {Y'(t)};>0. Let T; be the first time at which the dividend is paid. Then (Y’(z),
t < t An(y)) is in distribution equal to (Yp(¢), t < tp A T1). To simplify the notation, let
fx,i)= Zj# giju(x, j)and g(y) =y — (y — bi)*. Noting that My (0, i) = 0, we have

p AT
Mp(x,i) = E, [ f e~ Citas £(yy(s), i) ds] + Ex[1{7y<gp) €~ 0T (73 (Ty —) — b))
0

+ Ey[1y1y<g €~ 90T My (g(Yp(T1—)), )]
TAn(Yi)
—E, [/ e~ Citas £(y'(s), i) ds]
0

+ EX[I{U(V:‘)ST} e_(5i+4i)’7(yi)(y’(n(yi)) _ bi)+]
+ Ex [y =zy € 00 My (g (Y (0(1))), )]

~E, [ /0 Ty e (V). D) ds} B [ /0 T ey e (V(s) — byt ds}
+%iE [ /O Tz e My gV (5)), 1) ds}
- fow[f(y, D+ iy — b + i My(g(3), D] dy
X /OOO e U PL(Y'(s) € dy, s < 7)ds. (4.6)

From Corollary 8.8 of [9] (or let b — oo in Equation (4.4) of [8], noting that the left-hand side
of their Equation (4.4) should be divided by 6;), we have

o0
/ e P(Y(5) € dy, s < 1) ds = [W (0)e ™ — 12y WO (x — p1dy.  @7)
0

Inserting (4.7) into (4.6) yields (4.4) and (4.5).
Proposition 4.2. The function My(x, i) € C2([0, o)) and satisfies

Uiz " . / . . .
TM” (x,0) + wiMp(x, i) — (& +qi)Mp(x,i) + qu'ju(x, J)=0 (4.8

J#i

for0 < x < b; and

2
fo s
— My G i)+ i My (v, 1) = 0, Mp(x, D)+ vil My (i, §) +x = bil + 3 giju(x, j) =0 (4.9)
J#
forx > b;.

Proof. Noting that Wi(ei)(x) € C%([0, 00)), we know that My(x,i) € C2([0, b;)) and
My(x,i) € C%([b;, 00)). Taking first- and second-order derivatives of (4.4) and (4.5), it is
easy to check that M’ Z (x, 1) is continuous at b;. Furthermore, using

2
il
2

it is easy to show (4.8) and (4.9) (for simplicity, we omit the calculation details).

61" 0:)' 6i
W @) + W ) = 6w (x) =0,
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From Proposition 4.2, if u(x) € D then we have Mp(x,i) € C2(]0, 00)) for all i € J. Since
later we will start with Uy = 0 € I, we can work with u € D N C%([0, 00)) in the following.
For x > b;, it is easy to rewrite (4.5) as

. 2yt
Mp(x,i) = ———
o (ri —si)
bi . . 1, 1
X [/ Mp(y,i)(e™Y —e ") dy + (-e_s’ P —e " ’)Mb(bz,l)]
0 Si ri
2y;e%i* ( U 1 ) ( m)
+ 2 Seih - e ) i x + Mp(b;, i
Uiz(ri _Si) si2 riz i b( i ) 9,'
+ [ (x), (4.10)

where a; = y;/6; and

Iix) = 2(r o) / (e™5 —e_r"y)Zqiju(y,j)dy
! ! J#i

2(eli* — esit) .,
+ f > " giju(y. j)dy.

2
}"—S
(l i i

Corollary 4.1. For any u € D, we have
() forany @ > 0, e % My(x,i) — 0 as x — oo;
(i) My(x,i) — a;i +(1/6:) 3, 4; qiju' (00, j) and My/(x,i) — 0.as x — oo.

Proof. (i) Since I';(x) > 0, it follows from (4.10) that Mp(x,i) — 0o as x — oo. Recall
that if u € D then, forany 6 > O andi € J, e %%y (x,i) — 0as x — oo. It holds that

Desix x -
Ii(x) = 2—f e Y " giju' (v, j)dy
o (ri —si)si Jo Z

2efi* L
+ 2—/ e Y Zqiju’(y, J)dy
ol (ri —si)ri Jx Z

zeS,‘X o0 4
_2—/ e_r[nyIij”/(y,j)dy—l— Zq,]u(x 7).
0; (ri —siri Jo i i

Note that
X o0
/ e*S"quiju’(y, j)dy — oo and / e Y Zqzjl/(y, Jdy — 0 asx — oo.
0 J#i x J#i
Hence, by 1’Hopital’s rule,
i p . 1 )
I (x) — ? ;quu (00, j) + 9_1 gqiju(oo, j) asx — oo.

Thus, by (4.10), for any 6 > 0, e %* My (x,i) — 0 as x — oo.
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(i1) Similarly, for any u € D, by ’'Hbpital’s rule,

2esx
I (x) = / N gigu' (v, j) dy

2(rl —5i)

J#
zer,x
2 / rlqut/u (y ])dy
(rl —5i) i
2s;€e5i% o , .
_O'.z(ri—Si)Vi/(; ¢ ryzqi/” (v, j)dy
i i

1 .
— 9—i§qiju’(oo,]) as x — oo.
JFI

Thus, by (4.10), it is easy to see that M (x, i) — a; + (1/6;) le-#i giju' (00, j) as x — oo.
Also,

V4 2Sl S —S;y / .
I/ (x) = perrpnd) AU > qiju' (v, j)dy

J#
2"1 i —riy / .
pr _S)/ > qiju' (v, j) dy

! ! J#
257esi /‘ _r
iy R i
qiju'(y, j)dy

ot —sor Jo ; N

— 0 asx — oo.

From Section 2.1.1 of [10], the solution of (4.8) is given by

XD (e% (x=y) _ obi (x—y))

Y aiju(y, dy, @11

Mp(x,i) = A;e®™ + B;efir _/
| l 0 o} (e = Bi) o

where A; and B; are constants to be determined, and «; > 0 and 8; < 0 are the solutions of
the equation

30777+ r = (i + q1) = 0.

The solution of (4.9) is given by

X 9 (ehi—y) _ gsili—y)
My(x, i) = Cie'i@=bi) 4 p.esit—=bi) _/ ( > Zqiju(y, jdy
bi o/ (ri —si) [

+aix + ¢, (4.12)

where C; and D; are constants to be determined, and

_ piai + yilm(bi—, i) — bil
Si+aqit+vi '
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From (4.12) we have

My(x,i) = Cir}ei®=0) 4 pysPesibi) _ Zq,]u(x J)
G j#i

/x 2(rizerl-(x—y) — S?esi(x—y))

qiju(y, j)dy
C7,~2(’”i —5;) Z Y

J#i
2r; b
= [Cir?— e )] riGeh

2s
+ [Disiz—i—ﬁz%ju(bl,])} siGebi)
J#

) [Siesix/ e~ Sy Z%’ju/()’, j)dy
0

J#

00
4 rieli* / e iy Z%’ju/(y, 7 dy]’
x

J#i

i

2

o (ri — si

where

a,(m—Zq,,u(b,,JH/ DS g (v, ) dy.
J#F bi J#
Since
X o0
sz‘e‘”’“/ e " giju' (y. j) dy +rier""/ eV " giju'(y, H)dy > 0 asx — oo,
0 J#i x J#i
it follows from Corollary 4.1(ii) that
Ci= 2 Ei(bi)
"ok —som
Since Mp(0, i) = 0, from (4.11) we know that B; = —A;. From the smooth-fit conditions,
My(bi—, i) = Mp(bi+.i) and My(bi—, i) = My(b;j+, 1),

we have

»
Ei(bl-)+si“é ’ —a,},

i i Ti i

5 + qi -
A = [s,- = q’hi(bi)—h;<bi)] [Ai(bl-)—
8 +gq MHidi

o (6i+qi)
Di=—4 [Ah(b)—/ Wt (p; — y)%qz]u@])dy} Ci— ==

where h; (b;) = e®b — ePibi and

+q ;
Aty = 52 / WO by — )Y gijuy, j)dy
J#i

bi
Si+qi) .
—/ W) =Y aqijuly, j)dy.
0 .
J#

https://doi.org/10.1239/aap/1346955269 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1346955269

898 J.WELET AL.

Now we consider the optimal modulated barrier strategy, i.e. we want to find the b; that
maximizes A;. For convenience, we define the function

di +qi

i

-1
Aj(b) = [ hi(b) — hﬁ(b)} Ai(b),

where

_ Mmia
Ei(b) +s z% —a.

i

Ai(b) = Ai(b) —

i i

Then the first-order condition A; (b) = 0 implies that

A (b)[ d +‘”h (b) — h;(b):| = A;(b) |:sl d Z"’h b) — hg’(b):|. (4.13)
l
In Appendix A we show that (4.13) admits a root in (0, co). Note that, for any x > 0,
O'A2 "
y’hi (x) + pihi(x) — (8; + gi)hi(x) = 0. (4.14)

It follows from (4.13) and (4.14) that
i+ qi (D) hiih) = a,? 8,+ql Al(b)
6 N 0 2 5,0)

Proposition 4.3. Let b} > 0 be a solution of (4.13). Then M, (b}, i) = 1 and My, (b}, i) <0,
where the ith element of b* is b} .

Proof. From (4.11) we know that

2
[(8 +a)+ s }h;(m. .15)

My (5F i) = A (G7R)B7) — f WO r )3 gy, j)dy

J#i
i +qi -
= h; (b*)[ hi(b}) — h; (b*)i| A (b))
i
O
_K) W br = 3) > giju(y, j)dy.

J#L
It follows from (4.15) that
0; A; (bY) + 025 AL (b)) /2
A (B (sipi — O)a;

S . -1
h;<b:‘>[s,- ’;q’ hi(b,*)—hé(b?)} -

i
The above equation yields

0; A; (DY) + o5 AL (bF) /2

*

b} ,
M/* b*, N — _ i W-(8i+qi) b*_ . , . d
p(f' 5 1) i —8)a fo ; (b; y)qu,u(y Hdy
JF#
20; 1 2
=1- ﬁ[Ai(b;‘) - E,(b*)] — —[A ;) — ——&; (b?‘)]
O’l sia; i i Sidi 0, ri
Si+4i
/ WO b — )3 giuly. j)dy

J#i
=1,
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where the last equality follows from

2
o . Y . Y . .
T'W,.(‘S’*‘” ) + W WO () — 8 + g)WOT(x) =0 forx >0.  (4.16)

Thus, it is easy to see that

Ai<b;‘>—h(b*[ / WO (bF — ) Y qijucy. pdy}
JF

Consequently, from (4.11) we have
b? X A
My (b}, i) = Ai (B} (b)) — / WO b — y) > giju(y, j)dy
0 —
J#

2 Z‘h/”(bl )
i j#i

h{ (b}) PG :
=i 1+/ W bf = y) Y qijuly, j)dy
hi(bi) 0 J#i

b
! it+aqi) .
—/ Wt br = y) > i (. ) dy.
0 j#i
Noting that &7 (b}) > 0,

b
! Si+ai) .
/0 WO (pr ) quy,'u(y, j)dy =0,

J#i
and
/ WO () S g (3, jydy = 0,
J#
it is sufficient to show that 4} (b)) < 0. From (4.14) and (4.15), we have
I (h* 2 repxy -1

22 2 -1
=h§(b?>[ 5;"‘A<b)—“—"A<b*)][A(b>+ A(b)] .

1

Noting that A; (b}) <0, A}(b?) < 0, and

* 2 * 8i +ql Gi+qi) g%
80D+ T e = f WOt — ) S giu(y, j)dy

J#i
b¥
! Si+ai) .
_/ WO (br — ) " qijuly, j)dy
0 J#i
8 + 5
7’? ql/ WO b — )3 gy, j)dy

J#i
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U S
’/ WO B — )3 gijuly. j)dy

J#
_ (i 4 s_i)g.(b%‘) + ﬂ(u-s» —6;)
o?ri 0 S g
a; Uiz 2 b Si+ai) 1% ;
=5 5 UO W, (¥ —y) ;‘b‘j“()’v Jdy+ 1}
1

<0,

where the second equality follows from (4.16) and j1;s; — 6; = —o; s2/2 we have i} (bY) < 0,
which completes the proof.

Proposition 4.4. The function My« (x, i) is increasing and concave on [0, 00).

Proof. Define
E(x,i) = My (x,i).
Note that £(x, i) € C'([0, 0)), &(x, i) € C*([0, 00)\{b}}), and satisfies

2
o () + it (1) — (0§ D+ Y g (. ) =0, 0=x =B,
J#
Uiz " . / . . " . *
75 (x, ) + wi& (x, 1) — (6 +qi +yi)é(x, i) + Z%‘j“ (x,j) =0, x > b},
J#i

Recall that Y'(t) = x 4+ X;(t). If Y'(0) = x € (0, b}) then define 7, pr = inf{t = 0:
Y'(t) ¢ (0, b})}. From (4.8), we know that M, (0, i) < 0. Thus, from Propos1t10n4 3 we have
E(Y’(roﬁb;_k), i) < 0. Applying Itd’s formula to e_(‘s +ql)t§(Y (1), 1) yields

E(x,i) = By [ O (¥ (5 ), z)—l—/ i > qiju" (Y'(s), J)dy] <0.
J#i

IfY' 0 =x¢ (b}, 00), define 1+ :=inf{r > 0: Y'(t) ¢ (b}, 00)}. Since u; > 0, we know
that Y/'(c0) = oo. From Corollary 4.1(ii) and Proposition 4 3, we have &(Y’ (rb*) i) <0.
Similarly, applying Itd’s formula to e~ +ai+¥)1£(Y/ (1), i) yields £ (x, i) < 0. Hence, we have
proved the concavity of Mp=(x, ).

It follows from Corollary 4.1(ii) that M, (0o, i) > 0. Therefore, the concavity of My (x, i)
implies that M, (x, i) > 0 for all x > 0, i.e. Mp=(x, i) is increasing on [0, c0).

4.3. Verification of My« (x, i)

In this subsection we verify that the modulated barrier strategy 7" is optimal for the auxiliary
problem (4.1).

From Proposition 4.1, it is easy to see that Mp«(0, i) = 0. It follows from Propositions 4.2
and 4.4 that My« (x, i) € C2([0, 00)) and is nonnegative.

From Proposition 4.3 and the concavity of My« (x, i) (see Proposition 4.4), it is easy to see
that My, (x, i) > 1 for x € [0, b}) and M, (x, i) < 1 for x € [b}, 00). Thus, the maximum

max {Mp+(x — y,i) + y}
O<y=x
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is attained at y = O if x € [0, b}) and at y = x — b} if x € [b}, 00). Now, it follows from
Proposition 4.2 that My« (x, i) satisfies the HIB equation (4.2).

‘We have shown that My« (x, i) satisfies the conditions of Theorem 4.1. Therefore, My« (x, i)
is the value function of the auxiliary optimal problem (4.1), and the modulated barrier strategy
7b" is the optimal strategy.

We can now answer the question raised at the beginning of this section, i.e. what U, 4
is when U, is given. From Corollary 4.1 and Proposition 4.4, we know that if u(x) € D
then Mp«(x) € D, where Mp«(x) = (Mp=(x, 1), Mp«(x,2),..., Mp«(x, K)) and b* =
(b7, b3, ...,bE). Obviously, 0 € D. Thus, from the definition of Uy (x, i), it is easy to
see that U, (x) € Dforn =0, 1, 2, .... Furthermore, when U, (x) is given, U, (x, i) is given
by (4.11) and (4.12) with u replaced by U,,.

5. Back to the original problem

5.1. The general cases

We now consider the original problem (2.1). Since U, (x) € Dforn =0, 1, 2, ..., we know
that V(x) € D as it is the pointwise limit of U, (x). From the results given in Section 4 we
know that a modulated barrier strategy b at some barrier level b = (by, by, ..., b ) will be

a maximizer of the right-hand side of (3.3). Recalling Remark 3.2, such a modulated barrier
strategy is also the optimal strategy of the original problem (2.1).

There are two ways to obtain the value function and the optimal barrier levels. The first
method is to implement the following iteration.

Step 1. Set Up(x) = 0.
Step 2. Find b, 11 by (4.13), and find U, 11 (x) by (4.11) and (4.12).

Step 3. Stop when sup, - ey |Un+1(x, 1) — Uy (x, i)| < &; otherwise, return to step 2, where
& > 0 is the desirable level of accuracy.

The second method is to solve the system of differential equations. From (4.8) and (4.9),

the value function V (x) and the optimal barrier levels b = (b1, by, .. ., bg) satisfy
2
(o
VG D) VG ) = G+ gDV D+ Y iV (x )
J#i
=0 for0<x <b;, (5.1a)

Giz 1 . v/ . . . . Lo . . .
SV G VG i) = 0V (i) 4 il V B D) x = il + ) gV )

J#i
=0 forx > b;, (5.1b)
for all i € J. System (5.1) can be solved with the conditions
V(0,i) =0, (5.2a)
V(bi—, j) = V(bit+, ), (5.2b)
V'(bi—, j) = V'(bi+, j), (5.2¢)
V'bi—,i) =1, (5.2d)
V" (00,i) =0, (5.2¢)

foralli, j € J.
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5.2. The special case with two regimes

In the special case with two regimes, the first method, i.e. iteration, is less efficient than
solving the system of differential equations. So we consider the second method in this
subsection.

Without loss of generality, let 0 < b; < b,. To solve system (5.1), we have to consider the
cases x € [0,b1), x € [b1,D2), and x € [by, 00). Also, we need the following lemma. The
proof is similar to Lemma 3.1 of [11] (see also [14]).

Lemma 5.1. Let ¢y and c3 be two strictly positive constants. The system of equations

of , o5 5 qQ
0= > + urr — (c1 +q1) +q1s, 0= > +/Lzr—(c2+CI2)+T (5.3)

on (r, s) has four real roots (ri, s;), i =1,2,3,4, andri <rp <0 <r3 <ra.

In the following, when we mention the roots of system (5.3), we assume that the r;,
i=1,2,3,4,are arranged asry <1, <0 <r3 <ry.
If x € [0, by), system (5.1) yields

2
o
0= 7‘V”<x, D+ m V', D)= @ +q)Vx, D+qiVix,2),
02
0= 72V”<x, 2)+ paV'(x,2) — (62 + @)V (x,2) + @2V (x, 1.

The solution of the above system of differential equation is given by

Vix,1) = A1 + Ay’ + Aze™ + Age’",
Vix,2) = A1s1€™" + Apspe’?* + Azsze”™ + Agsqe™F,

where (r;, s;), i = 1, 2, 3, 4, are the four roots of system (5.3) with ¢; = §;, i = 1, 2, and the
A;, i =1,2,3,4, are constants to be determined.
If x € [b1, by), system (5.1) yields

2
(o2
0= %V/'(x, D+uV'e, ) =@ +r+gDVx, D+ q1V(x,2)

+yilx — b1+ V (b1, D],
2

(of
0= %V”(x, )+ m2V'(x,2) = (2 + )V (x,2) + ¢2V(x, 1.

The solution of the above system is given by

Vix,1) = Blefl(xfbl) + Bzefz(xfbl) + Bse%(xfbl) + B4ef4(x7b1) +kix + 14,
Vx,2) = Blflefl(x_bl) + Bzfge&(x_bl) + B3§3e;3(x_bl) + B4§4€;4(x_b1) + kox + 1,

where (7;, §;), i = 1,2, 3, 4, are the four roots of system (5.3) with c; = §; + y; and ¢; = 83,
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the B;, i =1, 2, 3, 4, are constants to be determined, and

_ (g2 + 6211
i+ +80)@+8) —qiq’
ky — @1
i +a+8)@+8) —qq’

k1 1+ q1 + 61 7%
I = —[klm F IOk + (Vb 1) — b»] - B2,
Y1 q2 q2

ko +q1+
lz=—[k1m T ) 2k2+7/1(V(b1,1)—b1)]
V1 92

If x € [by, 00), system (5.1) yields
2
o
0= TIV//(x, D+mVED=Gr+y,+q)VeE D+q1Vix,2)

2
o
0= 72‘///()6, 2) + MZV/(X, 2) — (82 —+ Vo +q2)v(x’ 2) + qZV(.X, l)
+ yalx — by + V(b2,2)].
The solution of the above system is given by

Vix,1) = Cle;' (=b2) | Czefz(x*bz) + C3673(x*b2) + C4ef4(x7b2) + /;1)6 + il,

Vi(x,2) =Ci5; e1x—b2) + C2§26;2(x_b2) + C3§36;3(X_b2) + C4§4e;4(x_b2) + Isz + [2,

903

where (74, 5;), i = 1,2, 3, 4, are the four roots of system (5.3) with¢; = y; +6;, i = 1,2, the

C;,i=1,2,3,4, are constants to be determined, and

[ qa1v2 +yvi(y2 + g2+ 82)
N+ +8Dn+q+8) —qq’
[ @Y1+ +q1+8)

MA@+t +8) —aq’

gt}

QIM2k2+(V2+C]2+52)M1k1+C]1V2(V(b2 2)—b)+y1(y2+q2+82) (V(b1,1)— bl)

1+q1+81) (2+q2+82)—q192

i = @ik +(1+q1 8D ko +qy1 (V (b1, D=b) 4y (i +q1+8D) (V (h2,2)— bz)

(Y1+q1+381) (y2+q2+82)—q192

The constants A;, B;, C;, i = 1,2, 3,4, and the barrier levels b; and b, can be obtained

from the conditions in (5.2).
Example 5.1. We choose all the parameters except y; as in [8], namely,

w1 = 0.06, o1 = 0.24, q1 =2, 61 =0.04,
n2 = 0.08, oz = 0.30, q2 =3, 82 = 0.05.

Using the FindRoot function in MATHEMATICA®, we calculated the optimal barrier levels
for different y;, i = 1,2. The results are given in Table 1. (When y» = 10 and y; =
50, ..., 500, the results show that b; > by, so we do not list them here.) The value (1.050,
1.070) for y; = y» = oo is taken from [8]. We can see that both the optimal barrier levels
monotonically increase when the y;, i = 1, 2, increase, and they convergence to the case with

y1 = y» = oo. This is consistent with the arguments of [3, p. 50].
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TaBLE 1: The optimal (b1, by) for different y;, i = 1, 2.

Y1
10 50 100 200 500 00

10 (0.9959, 1.0059) — — — — —
50  (1.0062, 1.0338) (1.0264, 1.0405) (1.0323, 1.0417) (1.0367, 1.0422) (1.0408, 1.0426) —
100  (1.0081, 1.0418) (1.0274, 1.0480) (1.0333, 1.0490) (1.0376, 1.0496) (1.0417,1.0499) —
200  (1.0090, 1.0477) (1.0279, 1.0535) (1.0337, 1.0545) (1.0381, 1.0551) (1.0421, 1.0554) —
500 (1.0096, 1.0532) (1.0282, 1.0586) (1.0340, 1.0600) (1.0383, 1.0602) (1.0424, 1.0605) —
00 — — — — — (1.050, 1.070)

)2

Appendix A

In this appendix we show that (4.13) admits a root in (0, 00). Since h'(x) > 0, (4.13) is
equivalent to

0 I (b)

1

A

o W (A1)

A (D) [Si bt () ] = Ai(b) [s,' Sitai M (b)}

Let

Fb) = A;(b)[s,- i +qi hi(b) 1] B A,-(b)[s,- S +q N (b)]

6, h(b) 0 (b
Obviously, f(b) is continuous. From Sections 7 and 8 of [3], we know that
hl(bo) 8 +gi

1

’

Wi(bo) 6
where s
1 : 1 — o
by = nf m2t—2 5,
o —pfi o oi—pi ri—Pi

1

Noting that the left-hand side of (A.1) is positive, i/ (b)/h;(b) is increasing and A;(b) < 0,
we have f(0) > 0. To estimate f(c0), we can write

f(b) = Fi(b) — F2(b) — F3(b) — Fa(b),

where
Fib) — 2(si (8 +qi)/6; — Oli)ea,-b[<si 8i +qi hf(b) B 1) 3 l(si 8 +qi h,/ (b)ﬂ
al.z(oe,- —Bi) 0; hi(b) o 0; h,‘(b)
b
x/ e—aiyzqz'ju/()’»j)dy,
0 J#i
Fy(b) = 2(si (8 + qi) /6 — ﬁi)eﬁ"b[<si 8 +qi hi(b) B 1) B i(s,- S +4qi h,/ (m)}
o? (i — Bi) 0;  h;(b) Bi 0; h;(b)
b
X / e Py " qiju (v, ) dy,
0 J#
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Ry = S (50D ) (o2 hé’(b))}
R AT A\ 6 R

1 1

o0
« f ei(b=y) Z%ju/(y, Hdy,
b J#i

nia; Si+qi hl(b)
Fb) = (522 — g ) (s - :
4®) (s’ o “’)(S’ 6 Wb

Note that h; (b)/ h}(b) — 1/a; and k) (b)/h};(b) — a; as b — oo. Since

b
—w : 1 .
/ e E giju'(y, j)dy < p” E giju'(0, j),
0 J#i Ly

by I’Hopital’s rule,

wb| (8 +aqi hi(b) 1( 8i+q hiD)
el si— = 1) —(si——— — = — 0,
6 h(b) o 0 hib)

so we have F1(b) — 0 as b — oo. Recalling that u € DD, we have
b
eh / e S iy (v j)dy < eﬁ"b(Z qiju(b, j) = Y qiju(0, j))
0

J#i J#l J#
—0 asb— oc.

Thus, F>(b) — 0 as b — oco. Recalling that

o0
/ 1=y E giju'(y, j)dy > 0 asb — oo,
b —
J#i

we have F3(b) — Oasb — oco. Since h/(b)/ h}(b)isincreasing and s; u; —0; = —0?s?/2 < 0,

we have 5
F4s(b) — (Si% —a,)(si l;_ql —ai) >0 asb — oo.
i i

Thus, we have

f) — —<Si% —ai><si% —ai> <0 ash — oo.
1 1

Then, by the continuity of f(b), (4.13) has a root in (0, 00).
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