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ABSTRACT. We establish sharp upper bounds for shifted moments of quadratic Dirichlet L-function under the generalized
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1. INTRODUCTION

Moments of families of L-functions have been an important subject of study in number theory for their deep arith-
metic implications. Building on the connections with random matrix theory, conjectural asymptotic formulas, due to J.
P. Keating and N. C. Snaith [11], are available for moments of various families of L-functions. More precise predictions
on the asymptotic behaviors of these moments with lower order terms are conjectured by J. B. Conrey, D. W. Farmer,
J. P. Keating, M. O. Rubinstein and N. C. Snaith [3].

In [21], K. Soundararajan developed a method that makes attainable the predicted upper bounds for moments of
L-functions under the generalized Riemann hypothesis (GRH). This strategy was further refined by A. J. Harper [6]
in obtaining sharp upper bounds for moments of L-functions conditionally. Subsequent works on upper bounds for
moments of families of L-functions using the above approach of Soundararajan and Harper include [2,4,15-19, 22, 23].
Note that, rather than focusing only on moments of L-functions at the central point, most of the above-mentioned
works investigate shifted moments of L-function at points on the critical line. In fact, as pointed out in [2,22], this will
allow one to understand the correlation between the values of L-functions on the critical line. Moreover, it is shown
in [15,23] that these shifted moments can be applied to obtain bounds for moments of character sums. In particular,
B. Szabé [23, Theorem 3] proved, via the above approach, that for any real k > 2, any large integer ¢ and y € R with
2<y<q'/?
2k

2
<, p(q)y*(logy) k1"

2.

xEX;

> x(n)

n<y

Here X denotes the set of primitive Dirichlet characters modulo ¢ and ¢(g) Euler’s totient function.

Another interesting application concerns with moments of quadratic Dirichlet character sums. In this case, a conjec-
ture of M. Jutila [10] asserts that for any positive integer m, there are constants c1(m), ca(m), with values depending
on m only, such that

(1.1) Z ‘ Z X(n)‘Qm < (31(7’71))(Ym(10g)()C2(m)7
XES(X) n<Y

where S(X) stands for the set of all non-principal quadratic Dirichlet characters of modulus at most X.

In [9], Julita established (1.1) for m = 1 with ca(m) = 8. This was later improved to by M. V. Armon [1, Theorem
2] who showed that we can take co(m) = 1. Other related bounds can be found in [13,24].

In [5], the authors confirmed a smoothed version of the above conjecture of Jutila under GRH, applying upper bounds
on moments of quadratic Dirichlet L-functions. More precisely, we showed that for large X, Y and any real m > 1/2,

* (84) n ‘2'” m m(2mt1)
(1.2) Sy (n)W(Y) < XY™(log X) .
d<X n
(d,2)=1

Here > " stands for the sum over square-free integers through out the paper, W is any non-negative, smooth function
compactly supported on the set of positive real numbers and x(®? denotes the Jacobi symbol (ﬁ). Note that (see [20])
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2 P. GAO AND L. ZHAO
the character x84 is primitive modulo 8d for any positive, odd and square-free d.
The aim of this paper is to prove an unsmoothed version of (1.2). To this end, we first apply the above-mentioned

approach of Soundararajan [21] with its refinement by Harper [6] to extend the results in [6,17]. This establishes the
following sharp upper bounds on moments of shifted quadratic Dirichlet L-functions.

Theorem 1.1. With the notation as above and the truth of GRH, let k > 1 be a fized integer and ay,...,ar, A fized

positive real numbers. Suppose that X is a large real number and t = (t1,...,t) a real k-tuple with |t;| < X“. Then
S L2 it D) | D12+ it )|
(d,2)=1
d<x

<X (log X) (et +-ed )/

< ]I ‘c(lﬂ'(tj —t) + long)

1<j<I<k

aja;/2 aja;/2 a']z./4+a]-/2

)

‘§(1+i(tj+tz)+log1X)

I1 ’((1 + 20t + L)
; 7 log X
1<j<k

where ((s) is the Riemann zeta function. Here the implied constant depends on k, A and the a;’s, but not on X or the
tj ’s.

In order to apply Theorem 1.1 in practice, one often needs to estimate the Riemann zeta function involved there.
For this purpose, we apply (2.3) in Theorem 1.1 to readily deduce the following restatement of it.

Corollary 1.2. With the notation as above and the truth of GRH, let k > 1 be a fized integer and aq,...,ar, A fized

positive real numbers. Suppose that X is a large real number and t = (t1,...,t;) a real k-tuple with |t;| < X*. Then
DL (G it xXCN)| LG it x0)[*
(d,2)=1
d<x

< X(log X)@it-+al/ T g(lt; — tu) 5@/ 2g(Jt; + )= @/2 T g(2t5))5/ 44572,

1<) <I<k 1<j<k
where g : R>o — R is defined by
log X, ifv <1/log X or x> eX,
(1.3) g(xz) =1 1/z, if 1/log X <z <10,
loglogz, if10 <z <eX.
Here the implied constant depends on k, A and the a;’s, but not on X or the t;’s.

As an application of Corollary 1.2, our next result lends further credence to Jutila’s conjecture.

Theorem 1.3. With the notation as above and the truth of GRH, for any integer k > 1 and any real number m
satisfying 2m > k + 1, we have for large X, Y and any e > 0,

* 2m
(1.4) Su(X,Y) = Y ‘ S ) (n)‘ < XY™ (log X)Emke),
d<X n<Y
(d,2)=1
where
(1.5) E(m,k,e) = max(2m? —m +1,(2m — k)?/4 +2m + 1 + £,2m? — 2mk + 3k? /4 +m — 3k/4 + ¢).
In particular, we have for m > (v/5+1)/2,
(1.6) S (X,Y) < XY™ (log X)2™ ~m+1,

The bound in (1.6) follows from (1.4) by setting k = 2 there and noting that E(m,k,e) = 2m? — m + 1 for

m? —m — 1 > 0. Moreover, Holder’s inequality yields that for any real number n > 1,

Spn(X,Y) < X180 (X, V)

The above together with Theorem 1.3 then implies that S,,(X,Y) < XY™ (log X)O(l) for any m > 0, upon choosing
n sufficiently enough.

2. PRELIMINARIES

In this section, we cite some results needed in the proof of our theorems.
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2.1. Sums over primes. We reserve the letter p for a prime number in this paper. We have the following result
concerning sums over primes.

Lemma 2.2. Let x > 2 and o > 0. We have, for some constant by,

(2.1) ;;:loglogx%-bl—#O(b;:C),
(2.2) Z logp =logz+O(1), and
p<z
loglogz + O(1) ifa <1/logx or a > €%,
(2.3) ZMzlog\C(l—I—l/logx—l—ioz)\—|—O(1) < qlog(1/a) + O(1) if 1/1logzx < o < 10,
p<z p loglogloga+ O(1) if 10 < a <e”.

The estimates in the first two cases of (2.3) are unconditional and the third holds under the Riemann hypothesis.

Proof. The expressions in (2.1) and (2.2) can be found in parts (d) and (b) of [6, Theorem 2.7], respectively. The
equality in (2.3) is a special case given in [12, Lemma 3.2] and the other estimations can be found in [23, Lemma 2]. O

2.3. Smoothed character sums. We now define for any integer d,
1
(2.4) A =T1(1-5,)
P

As per convention, the empty product is 1 and the empty sum 0. We observe that A(d) > 0 for any d.

We write O for a perfect square of rational integers. Our next result is for smoothed quadratic character sums.

Lemma 2.4. Suppose that ® is a non-negative smooth function whose support is a compact subset of the positive real
numbers. With the notation as above and k € R with k > 0, for any positive even integer n,

(2.5) Z AR () ED () (%) =3 X(Sd)(n)q)(%) —0.
(d,2)= (d,2)=1

If n is an odd positive integer, then

d
(2.6) (d§2: Ad) D o)
~ X H 1 A(p)~* H A(p)~Fy\ 1 1/24e, 1/44e
=on=0®(1)% (p2)=1 (1=5) 1+ =) = vin (1+ 55— +ou(x e,
* d = 2X p 1/2+4e,1/4+e
(2.7) (d§)2)_: 1x(8d)(n)‘1’<x) = %D‘I’“)@H (1) + o /e,

where 6,—0 = 1 if n is a square and §,,—o = 0 otherwise.

Proof. The relations in (2.5) are valid trivially, as (3% (n) = 0 if n is even. Moreover, (2.6) and (2.7) can be established
obtained in a manner similar way. Thus we shall only prove (2.6) here. Let u(n) denote the Mobius function. The
Mellin inversion gives that the left-hand side of (2.6) is

(2.8) Z A(d 4y (n )(I)(%) :L‘/X(s)(n)( Z A(d)—kujl(sd)x(d)(n))$(S)Xsd8.

21
) (d,2)=1

Recall that the Mellin transform f(s) with s € C for any function f is defined by

and that repeated integration by parts yields that for any integer £ > 0,

~ 1
(2.9) D(s) <« A+
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Now we transform the integrand in (2.8) via the formula,

WZ)_I ADTH O _ (p,l;l_l (1+ A(p);k()) 105, () )Pato)

where L™ (s, x) denotes the Euler product of L(s,x) with the primes dividing n removed and

rr= 1 (- (2)p)(1s 4020 5))

(r.2)=1 P
Note that P,(s) is analytic in the region R(s) > 3.

We now shift the line of integration in (2.8) to the line R(s) = 1/2 + ¢, pasing a simple pole at s = 1 for n = 0. The

residue is
k

S0 T1 (1 D)0 227 10 227)

(p,2)=1 pln
The convexity bound (see [8, exercise 3, p. 100]) asserts that for 0 < R(s) <1,

L(s, (ﬁ) ) < (n- (14 |s])) AR/ 2+,

Now, this, together with (2.9), implies that the contribution from the integration on the new line can be absorbed in
the O-term in (2.6). This establishes the lemma. O

2.5. Upper bounds for quadratic Dirichlet L-functions. Let A(n) denote the von Mangoldt function. We cite
the following result for log |L(o + it, x®?)| from [15, Proposition 2.3].

Lemma 2.6. Assume the truth of GRH. Let o > 1/2 and t be real numbers and define log™ t = max{0,logt}. For any
primitive Dirichlet character x modulo q, we have for any x > 2,

) x(n)A(n) logz/n  logq+log™t 1
. < - — .
(2.10) log |L(o +it, x)| < %; T 1 s T o log o s o( 1ng)

Proof. It 0 > 1/2+ 1/logz, then we apply [15, (2.8)] by setting so = o + it there and note that the contribution from
terms involving F) (so) is negative. This leads the exponent of o + it on n in the denominator of the summands on the

right-hand side of (2.10). If 0 < 1/2 + 1/logz, then we set g = 1/2 4+ 1/logx in [15, Proposition 2.3] to obtain the
exponent of 1/2 4+ 1/logx for the afore-mentioned n. Thus the proof is complete upon combining the bounds. O

We apply the above lemma and argue as in the proof of [23, Lemma 3] to deduce the following bound for sums of
log | L(o + it, x(8)| over various t.

Lemma 2.7. Let k be a positive integer and let QQ,a1,as,...,ax be fived positive real constants, x > 2. Set a :=
ay + -+ ag. Suppose X is a large real number, d any positive, odd and square-free number with d < X, 0 > 1/2 and
t1,. ..t be fired real numbers with |t;| < X9. For any integer n, let
1 k
h(n) =: 53‘%( Z amn*”m).
m=1

Then, we have, under GRH,

k
Z am log | L(o + ity, x5)|

(2.11) " (84) 2. (8d) (2
2 hpx®p)  logz/p T hp” )X (p%)
- p1/2+max(0—1/2,1/10gx) logm p1+2 max(c—1/2,1/logz)

log X
log

+(Q+ 1a

+0(1).
p<zx p<zl/2

We note that

) @)X (p*) > h(p?) -y h(p?)
p1+2max(071/2,1/10gz) - pl+2max(071/2,1/loga:) p1+2max(071/2,1/10gz)

p<al/2 p<zl/2 p<zl/?
(2.12) pld
h(p?) 1
=< Z p1+2max(071/2,1/10gm) +az%
p<ai/? Pl
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Using the inequality x < —log(1l — z) for any 0 < x < 1, we see that the last expression above is

- h(p?) ! 1
(213) - Z p1+2max(071/2,1/10gw) a az Og(l - %)
pld

p<al/?

Upon applying (2.4), (2.12)—(2.13) in (2.11), we immediately deduce the following simplified version of Lemma 2.7.

Proposition 2.8. Keep the notations of Lemma 2.7 and assume the truth of GRH, we have

k
Z am 1og |A(d)L(o + ity,, xBD)|
(2.14) m=1

hp)x®D(p)  logz/p h(p?) log X
=2 Z p1/2+max(071/2,1/10gz) log + Z p1+2max(o—71/2,1/logw) + (Q + l)a log © + O<1)

p<w p<azl/2

We also note the following upper bounds on moments of quadratic L-functions, which can be obtained by modifying
the proof of [6, Theorem 2].

Lemma 2.9. With the notation as above and the truth of GRH, let k > 1 be a fized integer and a = (ay,...,a), t =
(t1,...,tg) be real k-tuples such that a; > 0 for all i. Set a = a; +---+ag. Then for large real number X and o > 1/2,

Z* ’L(U+it17X(8d))|a1 .,,|L(O-_|_Z'tk,x(8d))|ak <<aX(logX)a(a“)/2.

(d,2)=1
d<x

3. PROOF OF THEOREM 1.1

We remark here that throughout our proof, the implied constants involved in various estimations using < or the
big-O notations depend on a := (ay,--- ,ax) only and are uniform with respect to X. We set a = E?Zl a; and recall
the convention that an empty product equals to 1.

Let @ be a smooth, non-negative function such that ®(z) < 1 for all z and that ® is supported on [1/4, 3/2] satisfying
®(z) =1 for x € [1/2,1]. Upon dividing 0 < d < X into dyadic blocks, we see that in order to prove Theorem 1.1, it
suffices to show that for o = 1/2,

(3.1)
S Lo x| it ) [ (L)
(d,2)=1
<X (log X)(ai+tai)/4
1 a;a . 1 aj;a . 1 (l2~ a;
<TI0 le@itty =)+ )" Ple ity +t) + )" TT e +2it; + )%
1<5<I<k 08 08 1<j<k 08

We shall treat o as a fixed real number with o > 1/2 instead of focusing only on the case of 0 = 1/2 in the most part
of our proof in what follows since we would like to present a proof that is valid for a general o. Of course, Theorem 1.1
follows from (3.1) by setting o = 1/2.

Following the ideas of A. J. Harper in [6], we define for a large number M, depending on a only,

2071 . . M
ap =0, aj:m forallj > 1, J=UJax =1+max{j:a; <1077}

Set P; = (X1, X%] for 1 <j < J. Lemma 2.2 gives that for X large enough,

! - log(1/a;
> L <loglogx =0y 2 g - j < B g

—  log20
(3.2) Peh
' 1
> —=loga;i1 —loga; +o(1) =log20 +o(1) <10, 1<j<J—1.
pEP; 11

Denote [x] = min{n € Z : n > z} for any = € R and we define a sequence of even natural numbers {¢;}1<;j<7 so

that ¢; = 2(eBa_3/4

7 | with B being a large number depending on a only. For any x € R and any non-negative integer
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l, we set

Next, we define three functions h(n, o, z), h1(n, o, x) and s(n, x), totally multiplicative in n, with their values at a prime

p given by
_ 2h(p) _ 4h(p?) _ log(z/p)
(33) h(p’ s x) - apmax(a'fl/Z,l/log z)’ ha (p’ g {E) - a2p2 max(c—1/2,1/logz) S( ,ZC) - IOgJZ
Note that for any integer n > 1,
|h(n,o,z)|] < 1.

Let w(n) denote the multiplicative function such that w(p®) = «! for prime powers p®. Setting = X% in (2.14)
renders that

k 7 2 a;
. 8d a hl(p707X J) —1
(3.4) mzzjlamlogM(d)L(aJrztm,x( >)I§a2/\/11,j(az)+Z Y 2 (Q+ Daag 4 0(1),

=1 pSXQj/Q p
where

h(p, 7, X ) | |
M= (p,o \[)X (p)s(p’XaJ% 1<i<j<7.
pEPR p

We also define the following sets:

S(0) ={(d,2) =1: |aMy,(d)| > %

S(J) ={(d,2) =1: |[aM, 1 (d)] < %, foralll<m<jandm <1< J,

for some 1 <1< J},

/.
but |[aM;i1,:(d)| > fTJr; forsome j+1<I<J}, 1<j<J,

lm
S(T)={(d,2) =1:|aMp, g(d)] < 108 Vi<m< Jh
Now we note that
J 3 3
* d * 10 2[1/(10%a1)] _ / d
(35) S e(g) <2 Y (Grlamy@)) a(4).

(d,2)=1 (d,2)=11=1

des(0)
Let ©(n) be the number of prime powers dividing n. These notations lead to

) ()

(d,2)=11=1

~

(3.6)

a - 103\ 271/(10%a1)] (2[1/(103041)1)!8(71, X)) h(n,o, X) « d
( A ) 2 Vvn w(n) (d%:_lx(Sd)(n)@(X)'

M

~

1 n
Q(n)=2[1/(10%a1)]

pln = peP;

We apply Lemma 2.4 to evaluate the inner-most sum over d on the right-hand side of (3.6) and the observation that
|s(n, X)| <1 for all n appearing in the sum. The contribution from the O-term in (2.7) is

103\ 2[1/(10%a1)] (2[1/(10%a1)])!s(n, X ) |h(n, o, X )|
X1/2+¢ (a ) ; )05 1/4+¢
< I\ 2 zn: Jn win) "
Q(n)=2[1/(10%3a1)]
(3.7) pln = pePy
-103\ 211/(10%a1)] 1 2[1/(10%a1)] 2
1/24e a-10 —(log log X)?/20
<<X/ j(T> <ZW) <<X€(gg)/.
peEP
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Moreover, the contribution from the main term in (2.7) is

a-103 ) 271/(10%a1)]

<<X‘7( 3

max
1<I<g

(2[1/(103aq)])!s(n, X2) h(n, o, X*) p
(3.8) nzz: N w(n) g (p + 1)‘
Q(")|:2£>/(1£;a1)]

Upon replacing n by n? and noting that s(n?, X®) = s(n, X*)2, h(n?,0,X*) = h(n,0,X*)? > 0, 1/w(n?) <
1/w(n), and p/(p+ 1) < 1, we deduce that (3.8) is

a- 103>2(1/(1030¢1)1

2[1/(103a1)))!s(n, X*)2 h(n, o, X )2
. 3 (2[1/( )D!s( )” h( )

<Xj(

max
1<i<g

Q(n)=[1/(10’a1)]
(39) pln = p€P11

0+ 10°\21/00%)] (2[1/(10%a,)])! By, X4 2s(p, X1)2 [1/10%0)
<xJ( 2 ) [1/(10%a)]! 15107 (> P ) '
peP
Now Stirling’s formula (see [8, (5.112)]) implies that
mym mym
. — <m!< — .
(310) (e) _m_ﬁ(e)

Thus, (3.10), together with the observation that s(p, X*) < 1, and (3.3) imply that the last expression in (3.9) is

3 a-103\2M1/(10%a)T /(4]1/(103a1)])\ [1/(10%a1)] 1\ [1/(10%a1)]
(3.11) <XJ /(0% (=) () (> :
p<X 1

Lemma 2.2 and (3.2) yield that, upon taking B large enough, (3.11) is
(3.12) < Xe0i1/20 _ xo—(oglog X)?/20

We conclude from (3.5), (3.7) and (3.12) that

* d 2
Z @(—) < Xe—(loglog X)*/20.
(3.13) (Dt X
des(0)
Via Holder’s inequality, we arrive at
* a a d
S o+ it ) [ i n©9) (L)
(d,2)=1
deS(0)
(3.14) % d 1/2 % 2, 2, d 1/2
(X () (X o+ i oo i) e ()
(d,2)=1 (d,2)=1
des(0)
Note that by [14, Theorem 6.7], we have for [t;],|t;| < X4 and X large enough,
\§(1+i(t.—tl)+i)]>>min( ! ) > ! .
I log X log X " log(|t; — ti| +4) log X

It then follows from Lemma 2.9, (3.13) and (3.14) that

SN it X)L it X&) ()
(d,2)=1
deS(0)

<X (log X )@+ +ai)/4

1
< |1 ‘C(l—l—i(tj—tl)—i—@) yg(1+i(tj+tl)+@)

1<j<I<k 1<j<k

aja;/2 a;aj;/2 a?/4+a;/2

, 1
H |C(1 +22tj + m)
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Thus we may focus on d € S(j) with j > 1 and to establish (3.1) and it suffices to show that
(3. 15)

Z Z (0 + ita, XY [ - Lo + it x5 |ak‘1’(%>

7=1(d,2)=
dES(J)

<X (log X)(ai++ak)/4

. 1 aja;/2 1 a;a;/2 . 1 a?/4+a;/2
X H }§(1+z(tjftl)+logX (1 +i(t; +tl)+@) H |§(1+2ztj+@) :
1<j<i<k 1<j<k
We shall deal with the sum over j in (3.15) individually, i.e. by working with a fixed j with 1 < j < 7. From (3.4),
a a d
|L(o + ity x| - |L(0 + ity xEV)| ‘o)
7a +1a a*hy(p, o, X% d
<<A(d) exp <%> exp Z T exp ( ZMI’J ) <X>
p<X*i/?
The Taylor formula with integral remainder implies that for any z € R,
n—1 Zj 1 z on 1
z _ t, _ p\yn—1 _ z8(1 _ o\n—1
e _;ﬂ’_‘(nl)!/e<z t) dt‘_‘(n—l)!/e (1-29) ds‘
= 0 0

2|

< max(1,e%) <

n n
iez max(efz,emfz) < @eze‘z‘.
n! n!

This computation reveals that

(3.17) nzj (1+0(| 2 e I))

7=0
We set z = aM,; ;(d), n={;+ 1 in (3.17) and apply (3.10) to deduce that

Ey(aMy ;(d)) = exp (a/\/ll,j(d)) (1 + O(exp(|aMl7j(d)D (W)elﬂ )) |

As |aM ;(d)| < £,/103 for d € S(j), the above simplifies to

B (aMii(d)) = exp (aMu;(d)) (14 O(™).
Hence

exp (aMii(d)) = Bu(aMus(d)) (14 O(™).
Inserting the above into (3.16), we get

&

|L(a+it1,x(8d))|a . |L(a+ztk X(gd))

?
won (D0 en| ¥ SHERE ) (10l ) [T zntosro(§)

p<Xi/? =1 I=1
(Q+ 1a a’hy(p, o, X% d
< exp <% exp Z N T H EZL aMl’] (i) .
p<Xi

Note here, using 1 + = < e® for all z € R and the bounds in (3.19), we get, for some large constant C,
J
1
—¢ —¢
ll;[l <1+O(e ’)) < exp (C’Xl:e l) < exp (Czl: E) <1,

1
where the last estimation above follows by noting that Z 7 converges (being essentially a geometric series).
1
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We then deduce from the description on S(j) and the above that when j > 1,

S Lo+ it XD ’L(Uﬂtk’x(gd))’akq’(%)
(d’2):,1
(3.18) 1e80)

1 2p X)) &
<<eXp <(Q + )a) exp Z a 1(p;lo'a ) Z Sua
@i p<X /2 P u=j5+1

where

] 3 2[1/(1005:1)]_/ d
= 3 [ Buteriy @) - omn@l) ()

(d,2)= =1

We now focus on the evaluation of S, for a fixed u by expanding the factors in S, into Dirichlet series. To this end,
we define functions b;(n), 1 < j < J such that bj(n) =0 or 1 and b;(n) = 1 if and only if Q(n) < ¢; and the primes
dividing n are all from the interval P;. We use these notations to write Ey, (aM; ;(d)) as
Z h(ng, o, X)) s(ng, X ) o)

- N w(ng)

By (aMy;(d) = b (), 1<1< ).

If X is large enough,

J J
(3.19) J < logloglog X, Zﬁj < 4eP(loglog X)3/?  and Zajﬁj < 40eP107M/4,
j=1 j=1
It follows that Ej, (kM ;(d)) is a short Dirichlet polynomial since b;(n;) = 0 unless n; < (X*)%. This implies that

H{Zl Ey,(aM; ;(d)) is also a short Dirichlet polynomial whose length is at most XZLiety < xa0eT 107 M/ by (3.19).
We then write for simplicity that

(3.20) [1E.(aMi@)= > %X(Sd)(n%

=1 n<x40eB10—M/4

where x,, denotes the coefficient of the Dirichlet polynomial resulting from the expansion of the left-hand side of (3.20).
Now (3.19) and the observation that s(n, X%) < 1, together with (3.3), lead to

(3.21) 2y < aXi-1l < XE
On the other hand, similar to (3.6),
(3.22)
( 103 |aMJ+1 W(d )|)2f1/(103a1+1)1
:(a- 103)2(/(10 aj11)] Z (2[1/(103aj11) )1 (ny, X ) h(ny, o, X~ KB (n Z Ynu D (n).
lita o V1 w(n,) T \/TTU

Q(ny)=2[1/(10%0;11)]
P‘nu - pEP_7‘+1

Note that n, < (X@+1)21/(10%1)] < X1/10°  The inequality s(n, X®*) < 1 and (3.3) again, together with (3.10),

reveals

(3.23) yn, < [1/(10%;542)] < X°.

2a-103[1/(10%a;41)] )2r1/<103a7~+m
eljt
We multiply the Dirichlet series in (3.20) and (3.22) together, keeping in mind that n;,n, are mutually co-prime.
This way, we may write .S, as

(3.24) = 3w Y A NI mye (%)
n<X1/10  (d,2)=1

where |v,| < X¢ by (3.21) and (3.23).
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Lemma 2.4 can be used to evaluate the inner-most sum in (3.24). The contribution from the O-term in (2.6) is

< X1/2+6 Z X€n1/4+6 < X,

ngxl/lo

which is negligible.

It then suffices to focus on what springs from the main term in (2.6). This is

nlvo'aXaj)S(nleaj)aQ(nl) a —1\—1 a-103
<<XH(7”2:D \/’I’Tl w(nl) bl( )171_71[z(l+A( ) ) )(( €j+1

Z (2’—1/(10 O(j+1)-|>!s(nu,Xa“)h(’I’Lu7U,Xa'”) H( +A( ) a —1) 1).

T w(ny,)

)2(1/(103%41)1

X

N, =0
Q(ny)=2 ’—1/(1030‘.7'-%-1)-'
pln, = pEPj 1

plna

Note that []
above is

pim (1HAP)Fp~") ™" < T and h(n,0, X*), h(n,0, X**) > 0 when n = 0. Tt follows that the expression

h(ng, 0, X9)s(ng, X9) a*(m) a - 103y 2M1/(10%a;41)]
<<XH( ZD \/7’7[ w(nl) bl(ﬂl))(( Ej-l—l )
ny

(3.25) " 3 (2[1/(10%aj 1) )5 (nu, X ) h(ny, 0, X‘l"')).
e N w(ny,)
Q(ny)=2[1/(10%a;11)]
plnu = pEP; 11

We evaluate

Z h(ng, 0, X% )s(ng, X)) aHm)

by noting that the factor b;(n;) limits n; to have all prime factors in P; such that Q(n;) < ¢;. If we remove the restriction
on Q(n;), then (3.26) becomes

(3.26) bi(ne)

Z h(nl,U,X“J)s(nl,Xo‘J)aQ(”l)
=0 \/771 w(nl) -

pln=pEeP,

On the other hand, using Rankin’s trick by noticing that 2™ ~% > 1 if Q(n;) > £;, we see that the error incurred in this
relaxation does not exceed

Z 29(7”)_‘31\h(nl,a,X“J‘)s(nl,X“iﬂaQ(”l)
n;=0 \/’rTl w(nl) '

pln=pEP

(3.27)

Note that both the main term and the error term above are now multiplicative functions of n and hence can be
evaluated in terms of products over primes. From Lemma 2.2, the bound |s(n;, X®)| < 1 for all n involved and (3.3),
emerges the following formula,

h(ng, 0, X% )s(ng, X)) Q(n1) 2h%(p, o, X)) s (p, X)) 1
Z ny, o s(ny a H(1+a p,o s°(p —|—O( ))

2
= N wlm) ey 2p p
pln=peh
,o, XY lo 1
fH( (b )+O( gpaer—Q)).
eP 2p plog X%~ p

Here the last expression above follows from (3.3) and the observation that for p < X%,

o logp
s(p, X*) =1 +O<logX0‘J'>'
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SHIFTED MOMENTS OF QUADRATIC DIRICHLET L-FUNCTIONS 11
Apply the well-known inequality 1 + z < e® for any =z € R, we get

I (1 P50 o b b)) <o (5 02 o (12 L))

pER

Similarly, via (3.2), (3.27) is

<27 exp (Y thQ(pzZXa) +o(X (pli;% i 1%)))
p

peEP

It follows that

(3.28)
h(ni, 0, X ) s(m, X7) a®() —ty/ a?h?(p, o, X logp 1
P v a0 < (107 e (32 TR 4 0( 3 (g +39)))

Next, using arguments that lead to (3.11) (the computation here is, in fact, simpler as the inner-most sum over d on
the right-hand side of (3.6) is replaced by 1), upon taking B large enough,

(a : 103)2f1/(1030t.7'+1ﬂ Z (2[1/(103aj1))!s(Mas X ) B(1gy, 0y X )

Ny w(ny,)

< e 10%(Q+1)a/(2a;41)

(3.20) b+t s
Q(ny)=2[1/(10%a;11)]

pln. = pEP;j 11

We conclude from (3.24), (3.25), (3.28) and (3.29) that

(3.30)
J 272 o
~10*(Q+1)a/(2a;41) —01/2 a*h*(p,o, X*) log p i)))
Sy, <e 41 XH(1+O(2 l )) xexp( Z " +0 Z D log X +p2
=1 peUl_, P peUi_, P
_10° a/(2as a’h?(p, o, X% logp 1
w5 SIS0 3 (g *2))
i j
peUi_, P peUi_, P
Note that we have
1
(3.31) > 7 < 1.
PGU{=1 Py
Moreover, by Lemma 2.2,
logp logp
(3.32) > Tlog X~ > Sogxe <L
pelUi_, P, p<X I

Thus from (3.30)—(3.32),

212 )
S e 0@/ o X o (3 STy
peUi_, P

Inserting the above into (3.18) and utilizing the observation that 20/c;4+1 = 1/c;, we uncover that

S Lo+ it ) Lo+ ity ) ()

X
(d,2)=1
desS(j)
: 10(@ + 1a a2h?(p, 0, X% a2hy (p, 0, X
(3.33) <L(J —j)exp <—(Q)> Xexp ( Z L 4 Z L)
& : 2p v 4p
relUi_, P <X /2
1 2h2 Xo‘j 2h Xaj
<o (<L ) xop( y CHROXN), 5 e X))
Qa; . 2p -, 4p
reUio, B p< XTI

where the last estimation above follows from (3.2).
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We now specify o = 1/2 in (3.33) and the observation that |h(p)| < 1 for any prime p to see that

a’h?(p,o, X% 2h(p))? 2h(p))* 2|1 !
> a*h*(p, 0, X%) ) W_ 3 MJFO( > ‘(%(p)) H*—W

)

2 2
(3.34) pelUi_, P, P p<X p<X P p<X b
_ (2h(p))?) logp \ _ (2h(p))?)
N Z 2p +O( Z_plogX%‘)_ Z 2p +0(1),
p<X® p<X©i <X
where the last estimation above follows from (3.32).
Similarly, we have
a*hy(p, 0, X%) h(p?)
(3.35) > i =y =+ 0(),
/2 /2
p<X™I p<X™I
Using (3.34) and (3.35) in (3.33) lead to
(3.36)
. . a . arg (d (Q+1a (2h(p))?) h(p?)
8d 8d
S e e () s (- @5 Y 50
(d,2)=1 ! p<X p<X
deS(j)
Note that
2h(p))? h(p? 2 k
Z ( 2( ) n Z (P°) — Z 5 <(Zajcos (t; logp) —I—Zajcos(%jlogp))
p<x P pex Py x P =1
k k
1
(3.37) = Z " ( Z a? cos?(t; logp) + 2 Z a;a; cos(t; logp) cos(t; logp) + Z a; cos(2t; logp))
p<X j=1 1<i<j<k j=1
1 k k a2
Z (5 Za? + Z aia;(cos((t; +t;)logp) + cos((t; —t;)logp)) + Z (EJ + aj) cos(2t; logp)>,
p<X j=1 1<i<j<k j=1

upon using the relation
1
cos(a) cos(f) = i(cos(a + ) + cos(a — B)).

We now apply (2.3) to evaluate the last expression in (3.37) and then substitute the result into (3.36). Summing
over j, which then leads to a convergent series. This allows us to derive the desired estimation in (3.15) and hence
completes the proof of Theorem 1.1.

4. PROOF OF THEOREM 1.3

4.1. Initial treatments. As explained in the paragraph below Theorem 1.3, it suffices to establish (1.4). To that end,
we note first that by [1, Theorem 1] that we have for any m > 0,

S (X,Y) <Xt
Thus, we may assume that ¥ < X. Let ®y(t) be a non-negative smooth function supported on (0,1), satisfying
Oy(t) =1fort € (1/U,1 —1/U) with U a parameter to be optimized later and fbg)(t) <; U7 for all integers j > 0.
We denote the Mellin transform of & by & and observe that repeated integration by parts (keeping in mind that the

function @g)(t) is supported on intervals with total lengths being bounded by O(1/U) for each j > 1) gives that, for
any integer F > 1 and R(s) > 1/2,

(4.1) y(s) < UP (1 +|s|)~F

Note that Hélder’s inequality implies |z + y[?™ < 22m=1(|z|?™ + |y|*™) for any z,y € C. We insert the function
®y(§) into the definition of S,,,(X,Y’) and obtain that

(4.2) Sn(X,Y) < 3 | Ao () Fm +3

d<X = n d<X
(d,2)=1 (d,2)=1

2m

RCIEE)

n<Y
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SHIFTED MOMENTS OF QUADRATIC DIRICHLET L-FUNCTIONS 13

The Mellin inversion gives that

3 S men ()" =X

/L(s, YCDYY 5P (s)ds
<X = n d<X

(d.2)=1 (d2)=1 @

2m

Observe that by [8, Corollary 5.20], that under GRH, for every primitive Dirichlet character x modulo ¢, R(s) > 1/2
and any € > 0,

(4.4) L(s, ) < lasl°
The bounds in (4.1) and (4.4) allow us to shift the line of integration in (4.3) to $(s) = 1/2 to obtain that

(45 S men(§)[" =37 [ s s

(d,2)=1 (d2)=1 (/2

We split the range of integral in (4.5) into two parts, |S(s)| < X@ and |S(s)| > X9, for some @ > 0 to be specified
later, obtaining that (4.5) is

* -~ 2m
(4.6) <Y / L(s, xBD)Y 5By (s ds) + 3 ( / L(s,x@d))ysqm(s)ds‘
d<X d<X
X ap X a2
(@2=1 155)1<x9 @D=1 o 1> x9

We next apply (4.1) and Holder’s inequality to deduce that, as m > 1/2,

(4.7)

* ~ 2m -~ 2m—1 * 2m |
S [ tsanvedueas] <y ([ [dues)las) [ e[ o).
d<X d<X
Xam (1/2) (1j2) d=X

@D 5(5)>x9 19()|> X 3(s)>x@ 2=
By (4.1),
~ U U
o ‘ d | .
(4.8) / [Botesl < / T e xa
(1/2) (1/2)
IS(s)|>X <9 IS(s)|>X9
Using (4.4),
* * U
S (s x®0) ‘ \% ‘|ds|<< / 3 Jds| - g |ds| < XUX QU
(4.9) Wz 45X Wz X e
s(e)>x° = s()>x° (=
We now set U = X% and Q = 4e. From (4.2), (4.5)—(4.9),
(4.10)
2m
* n
Sn(X,Y) <Y ‘ / L(s, Y®)Y*®y (s ds‘ 3w (1- @U(?)) L O(XY™)
d<Xx . d<X n<vy
(d,2)=1 |S(s)]<X°E (d,2)=1
" 1 om « 2m
m 1 . (8d) (8d) _ o m
S ‘ / ’L(2 Fit,x )’1+ Wdt‘ +Y 1Y (n)(1 @U(Y)) FO(XY™)
d<X (1) d<X 'n<y
(d,2)=1 (d,2)=1

lt|<X°
Theorem 1.3 follows from the following Lemma.

Lemma 4.2. With the notation as above and assume the truth of GRH. We have for any integer k > 1 and any real
numbers 2m >k + 1, > 0,

* 1 2m
(4.11) Z ‘ / ’L(I/Q +it,x(8d))’ = Wdt’ < X (log X)E(m:he)
s, (/2)
(d,2)=1 |t‘SXE

where E(m, k,€) is defined in (1.5).
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Lemma 4.3. With the notation as above and assume the truth of GRH. We have for m > 1,

2m
(4.12) (%;51 ;XW (1 —®y (Y)) < XY™,

The remainder of the paper will be devoted to the proofs of these Lemmas.

5. PROOF OF LEMMA 4.2

Our proof follows closely the treatments in [23]. We deduce from (4.10) by symmetry and Holder’s inequality that
fora=1-1/(2m) + e with € > 0,

+'Lt X(Sd))‘ 2m
L(L +it, &P 7( ‘/ dt‘
‘ / ‘ (G + it XDl t+ 1
[t|<Xe
2m—1 "t 1 . 8d 2m
L(L +it, x|
< —2am/(2m—1) a |2—7
(% > (o e
n<log X+1 n<log X+1 en—1_1
2m—1+e it 2m
n=" 1, - (8d
< ) 62nm< / [L(5 + it ))|dt>
n<log X+1 en—1_1

We need the following result, which will be proved later, to estimate the last expression above.

Proposition 5.1. With the notation as above and the truth of GRH, we have for any fized integer k > 1 and any real
numbers 2m >k +1, 10 < E = X9,
d<X

</|L + it, XSd))|dt> "
(5.1) (d.2)=

<<X((log X)ZmZ*mHEk (loglog E)°™ + (log X)<2m*k)2/4+1E2m(log log £)°™ (log log X)°™)
+ (logX)2m272mk+3k2/4+m73k/4E2m71(log log E)O(l)(log logX)O(l)).

We apply Proposition 5.1 to see that for any integer k > 1 and any real numbers 2m > k + 1, > 0,

n2m71+5 « e"—1 2m
> e > (/ L(1/2+it,x(8d))|dt)

n<log X+1 d<Xx -1
(d,2)=1
Im—1+e
Z n
e nm
n<log X+1

X ((log X)2m2 —mHLekn (Jog 21) 0 4 (log X)(Q’”_k)z/4Jr1 (log 2n)°™ (log log X )M 2mn
+ (log X)2m2*2mk+3k2/4+m*3k/4(log 2n)0(1) (log log X)O(l)e@m*l)") < X(log X)E(m’k’a).
We now deduce from the above that (4.11) holds, completing the proof of the Lemma 4.2.
Proof of Proposition 5.1. We have by symmetry that for each d,

E 2m 2m—k
(5.2) </|L(;+z‘t,x<8d>)|dt> < / H |L(1/2 + itq, x®) </ |L(1/2 + iu, X8d>)|du) dt,
0

0, Bk “=!

where D =D(t1,...,tx) ={u € [0, E] : [t1 —u| < |ta —u| < ... <|tx —ul}.

3 — 1 1 _ el 1 el —2 =2 pi—1 . N
We set B = [ = iz iex ) Bi = [~ g —togx) U liogx fogxc) for 2 < j < [loglog X| + 10 =: K and

Bk = [-E,E]\U<j<x Bj-
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Observe that for any ¢t € [0, E], we have D C [0,E] C t1 + [-E,E] C U;<j<xt1 + Bj. Thus if we denote
A; = BN (—t1 + D), then (t1 + A;)1<j<k form a partition of D. Using Hélder’s inequality twice to deduce that

2m—k 2m—k
, I .
(fregsmaeom) <( 2a [ )
D

1§]§K t1+.A]‘
2m—k 2m—k—1
S( Z ijk( / IL(L +iu,X(8d))|du> )( Z j(2mk)/(2mk1)>
1<<K .y 1<j<K
2m—k
< Z j2m—k< / |L(% +iu,X(8d))|du> < Z j2m_k\5’j|2m_k_1 / \L(1/2+Z’U,X(8d))|2m_kdu.
1sj<K t1+A; lsj<K t1+A;
For t = (t1,...,t), we write
N k
Lit,u) = > J]IEG +ita, xED)| - [L(S + iu, xED)Pm—F
d<X a=1
(d,2)=1
From (5.2) and (5.3), we deduce
E 2m
3 </|L(l/2+it,x(8d))|dt) < 3 Bk, ekt / / L(t, u)duds
d<X 1<lp<K X
(5.4) @2=1 ° - [0, B* t2+sg
< Z 12mF By, [Pkt / L(t,u)dudt,
1<lo,l1,.. 1<K Clots i
where
Clodrodiy = 1t tou) €[0,E]F T cu ety + Ay, [tivr —u| — [t —u| €8y, 1 <i<k—1}.

We now separate two cases in the last summation of (5.4) according to the size of .

Case 1: [y < K. First, the volume of the region Cy, , ... 1, is < EFelotht+l-1(log X)=*. Also, by the definition
of Cig.1y. 1, and the observation that t;,u > 0,1 < i < k, elo/log X < |t; —u| < |t; +u| < E = X0 g0 that
g(|t1 £u|) < log X -loglog E/e!®, where we recall the definition of g in (1.3). We deduce from the definition of A; that
[ta —u| > [t; — u|, so that E > |ty +u| > [to —u| = |t1 — u| + (|t2 — u| — [t1 — u|) > €' /log X + el1/log X, which
implies that g(|t2 +u|) < log X - loglog E /e™*(0:11) - Similarly, we have g(|t; +u|) < log X - loglog E /e™x(lo;l1,-li-1)
for any 1 < i < k. Moreover, we have Zz;ilﬂtsﬂ —u| —|ts —u|) < |t; — ;] < |t; +t;] for any 1 <14 < j <k, so that
we have g(|t; + t;|) < log X - loglog E/em®(li-li-1) " We also bound g(|2t;]),1 <4 < k and g(|2u|) trivially by log X
to deduce from Corollary 1.2 that for (t1,...,t5, %) € Cigy, 1s_ys

L(t, u)
((2m—k)2+k)/4+(2m—k)? /4+(2m—Fk) /2+3k /4 o(1) £ log X mk log X
<<X(10gX) (IOgIOgE) < H 6max(lo,l1,...,l7;)) < H H emax(l“...7 - 1))
1=0 i=1 j=i+1
k—1 k=1 k
=X (log X)™m+1) (loglog E)°™M exp <— (2m — k)Zmax(lO,ll,...,li) — Z ma N 1))
=0 i=1 j=i+1
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Moreover, |B,| < elo/log X, so that

(5.5)
D ) N / L(t, w)dudt

1<lp<K c
1<l 1<K !

<X (log X)2m =m+1 gk (log log E)°M).

0:l1s sl

k—1 k—1 k=1 &k
% S 2 e ((2m—k— Dig+ Y li—@2m—k)Y max(lo,ly,....,1;) - > max(zi,...,lj,l))
1<lo<K i=0 i=0 i=1 j=i+1
1<ty 1<K
=X(log X)zm%mHEk(log log E)°M.
k—1 k=1 &
X Z 12 exp (— (2m—k)Zmax(lo,ll,...7li) - Z max(li,...,lj,l))
1<ly<K i=1 i=1 j=i+2
1<ty 1 <K
, ( k—1 Zi . kel k ijll
2m*—m+1 mk O(1) 2m—k _ _ s=0°s _ s=1 'S
<X (log X) E¥(loglog E) Z 5 exp ( (2m — k) , ] Z Z e )
1<lp<K 1=1 1=1 j=1i+2

1<ly,.. g1 <K

<X (log X)2m*=m+1 gk (log log E)°M).

Case 2 |y = K. For each 1 < i <k, we have g(|t; £ u|) < loglog E. Also, similar to Case 1, we have g(|t; £¢;]) <
log X /emax(tisoli=1) for 1 < i < k. As [t; —u| < |t1] + |u|, we see that either [u| > 5 or [u| < 5. If |u| > 5, then we have
9(|2u]) < loglog E. We further use the trivial bound g¢(|2¢;|) < log X with 1 < < k, obtaining

k—1
log X
L(t,u) <X (log X)((2m= k)? +R)/443k/4 (100 1og E) O(U(H H Og>

emax(li,....lj—1)
=1 j=i+1

=X (log X )~ k)? /4+k (Jog log E)°OM) exp( Z Z max(l;, ..., - 1))
1=1 j=1+1

If |u] <5, then using [t; — u| < |t; — u| < |t;] + |u| for any 1 < ¢ < k we see that |t;| > 5 so that g(]2¢;]) < loglog E.
Again the trivial bound of g(|2u|) < log X yields

k=1 k&
m—k)?2 m—k)? m— log X
(6,10 <X {log X) G oA am = 4+ n 0o 0 £)°0 (T[] i )
1 j=i+1

<.
I

k—1

Mw

=X (log X)*™ F—2mb+3k° /4t m— 3k/4(log log E)°™M exp ( max(l;, ..., lj_l)).

1

+

=1 j=1

The volume of the region Ck y, ... is < EFtlehittl-1(log X)~*+1 As |Bi| < E, we deduce from the above that

k-1

Z K2k | B |Pmk—t / L(t,u)dudt

1<ly,.. lp—1 <K Crolg s

Jul>5

<X (log X)<2m*k)2/4+1E2m(log log E)°W (log log X)W

X Z exp(Zl—ZZmax SN 1))

1<ly,...lp1<K i=1 j=i+1

<X (log X )@m=R)*/4+1 g2m 165 10g E)°) (log log X)),
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As we have |t;] > 5 for any 1 < ¢ < k when |u| < 5, we see that the volume of the region Cx, ... 1, , when |u| <5 is
< E*. Tt follows that

> KRB / L(t, w)dudt

1<ly,. 1<K

Croly, ety
lul<5
(57) <<X(10gX)2m2—2mk+3k2/4+m—3k/4E2m—1(log log E)O(l)(log logX)O(l)
X Z eXp( Z Z max(l;, ..., - 1))
1<ly,..dxg-1<K =1 j=i+1

<<X(10gX)2m272mk+3k2/4+m73k/4E2m71(log log E)O(l)(log logX)O(l)'
We now deduce the estimation in (5.1) using (5.5)—(5.7). This completes the proof of the proposition. O

6. PROOF OF LEMMA 4.3

We apply the Cauchy-Schwarz inequality to see that

S S ) (1 - ()

2m

d<X 'n<y
(6.1) (d,2)=1
) y 2\ 1/2 ) 4m—2N 1/2
(XX mi-e(F)] ) (XSmO )
@1 " @y=t

It follows from [7, Corollary 2] that for arbitrary complex numbers a,,, for X, Z > 2 and any € > 0, we have

2
S an®Om)| < (X25(X+2) 3 Jamanl
d<X n<Zz mn<Z
(d,2)=1 mn=0

The above with Z =Y, mindful of our assumption that Y < X, leads to

S| S (oo (3)] <o S (e () (- e (2)

d<X

n<Y ni,n2<Y
(d,2):1 nine=0
<<X1+E E 1.
Y(1-1/U)<n1,n2<Y
TLITLQ:D

We evaluate the last expression above by writing n, = dlm%, Ng = dlmg with d; square. The above is

2
<x't Y 3 IR S ((Y/d1)1/2 — (Y- 1/U)/d1)1/2)
(6.2) DY (¥ (1-1/0)/dn) /> Smama < (Y /o) /2 di<Y
X1te X*eYyU—2logy,
< dgy d1U2 < og

where the penultimate bound comes by virtue of the mean value theorem.

Next note that

4m—2

4m—2 4m—2
63 3 |Sam(i-eu(s))] < Xm0 meu(5)
d<x ln<y d<x ln<y d<X 'n<y
(d,2)=1 (d,2)=1 (d,2)=1

We deduce by arguing similar to those from (4.5)-(4.10) that

4m—2

* n m— * . m m—
SIS :X@d)(n)%(y)‘ <yt Y / ‘L(%+zt,x(8d))‘1+ g +O(XY?m,
d<Xx 'n<y d<X

(d,2)=1 @2)=1 (/2

lt|<x*®
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We then deduce from the above and Lemma 4.2 that

(6.4) > N mes ()

d<x 'n<y
(d,2)=1

4m—2
< XY?™ L(log X)OW,

To estimate the first expression on the right-hand side of (6.3), we apply Perron’s formula as given in [14, Corollary

5.3]. Hence
141/ log Y +iY
1 Y?®
S D (n) =— / L(s,X*)*~ds + Ry + Ra,
nsY 27ml+1/1 Y—iy °
(6.5) e ‘ ‘
1/24iY 1/2—iY 141/ log Y +iY
1 1 1 Y?
- — — L(s,x®Y)—ds+ R, + R
o / tomi / tom / (5,X77) 7 ds+ Bi + Rs,
1/2—iY 141/ log Y =iy 1/2+4Y
where
) 1 41+1/ logY + Y1+1/ log Y
(6.6) R < Z min (1, n—Y|) <logY and Ry <K v C(14+1/logY) < logV.
Y/2<n<2Y
n#Y

Here the last estimation above follows from [14, Corollary 1.17]. We now consider the moments of the horizontal
integrals in (6.5). We may assume that Y > 10, otherwise the lemma is trivial. By symmetry we only need to consider
only one of them. Note that we have |Y*/s| < Y'*1/16Y /Y <« 1 in that range and m > 1, which allows us to apply
Holder’s inequality to get

1+1/log Y +4iY 4 9 141/ log Y +iY 4 9
* Ys m— % m—
>, / Lis.x®)—ds| <) ( L(s,x(sd))lldSI)
s
L dE i P
(6.7) 1+1/log Y +iY
<[ I < X(og X)O0.
(ng))il 1/244Y

To get the last bound above, we utilize Lemma 2.9, which gives that for 1/2 < R(s) <1+ 1/logY’, under GRH,

37 1L (s, X B2 < X (log X)O).

d<Xx
(d,2)=1

We treat the vertical integral in (6.5) using Hoélder’s inequality, Proposition 5.1 with k& = 1 and the assumption

Y < X. Thus
1/2+4iY y
« v 4m—2 « |L(l +Zt X(gd))| 4m—2
) (8d) —d Y2m—1 /#dt
d;( / (X ds| - < d;{ t+1

(d2)=1 /2= @2=1 °

e —1

2m—1 ntm2 * 1, 4 (8d) 2
n<log Y +2 ds<X .4
(d,2)=1
<Y1 X (log X)OW (1 Y i D
8] e(dm—2)n
n<log Y +2 n<logY+2

<Y? =X (log X)°W,
From (6.5)—(6.8), we infer

(6.9) 3

d<X
(d,2)=1

4m—2
< Y?m1X (log X)OW,

> X (n)

n<Y
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Finally, from (6.1), (6.2), (6.4), (6.9) and U = X?¢|Y < X, (4.12) is valid. This completes the proof of the lemma.
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