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1. Introduction. The purpose of the present note is to give some interesting and simple
identities connected with basic hypergeometric series of the types ,@; and ;@,.
The difference operator

i) LD g1, e>0)

is of much importance in the theory of basic hypergeometric functions and has been used by
many authors : e.g., Heine (1), Rogers (2), Jackson (8) and Hahn (4), etc., in developing the
theory of basic functions. The operator, D in the theory of basic functions replaces the
ordinary differential operator d/dz.

In § 3, T use this operator to obtain some identities involving the function ,@,. In §4,
a bagic generalisation of Gauss’s theorem (extended by Riemann), that any three series of
the ordinary hypergeometric type F(a +1,b+m ; c¢c+n; x), wherel, m, n are integers (positive
or negative) are connected by a linear homogeneous relation with polynomial coefficients, is
given. ’

2. Notation. Let .

@n=1-g)(1-g*) ... 1 —g*+), [q]|<1,
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Also, for the sake of brevity, we will use the notation

a=(g-1), B=(g?-1), y=lg*-D),
§=(¢g-¢-1) and e=(g—*-1).

3. We now prove the following identities :

(i) @)z tyDi(a+n,b; c; )=D"[x*+"1,D:(a,b; ¢} x)],

(i) (c~m)p2 13D (@, b; c—n; z)=D"[2°1 ;P (a,b; ¢; 2)],
(111) (a)n(b)n 2(151(“ +n, b+n ; Mg x) = (c),‘D" [2(151(‘1: b 3 €5 x)]7
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(iv) (c-a)mz*—e
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m=0 (1 - xqm)

@© — pC—0—b+m
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me==

(v) c—n)p o Di(@a—n,b-n; c—n; xgeo0+n)
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1- xqc—a—b+n+m)

(Vi) (¢~ a)nlc—b), IT ¢ WDy (6, b5 chn; age-o-bin)

m=0 {1 —2g™)
1 c—a—b+m
=(¢), D" [ e 0(”“(_1@;@1?‘) :D1(a, b5 ¢; xq“‘““”)] .

To prove the first three we expand the right-hand ,@, in pbWers of z and use the relation
Dzt =(1 - g*)xs-1
term by term.
The last three are variants of the first three in order. They are obtained from the first
three by using the well-known transformation

(1 xqa+b—c+n)
g7 Lot )
n=0 (1 an)
on both sides of (i), (ii) and (iii) respectively to transform the ;@,. The identity (v) is the

basic analogue of the well-known result due to Jacobi (5) for the ordinary hypergeometric
funetion.

2£1(@ 55 0 2)= Dile—a,c-b; c; xgatr~o)

4. In this section I will generalise Gauss’s * theorem for ordinary hypergeometric associated
series by showing that between any four series of the type
[a+l,b+m,c+n; x]
872 d+p,e+s ’

where I, m, n, p and s are integers (positive or negative), there always exists a linear homo-
geneous relation with polynomial coefficients.
To prove this we can easily verify that the difference equatlon satisfied by

3Da(a, b,¢; d,e; x)

is .
{9+ -1)(F +¢*° = 1) —2gotote—d—e+2(F L a}(F + B) (D + )} P =0, ......... (4. 1)
where 9=
Algo, it is easily verified that
1 D+)DP=aD,, , cerrreeriiiiiiiiii e, (4.2)
an
(@ -1} D =(F+g2=1)D, eerriiiiiiiiiierein 4.3)
where @ denotes the function ;P, and :
a+l,b,c; &
¢a+ = 3q§2 d, e; :] 5

with similar abbreviated notations for other associated series.
Now (4.1), with @ ~1 in place of a, can be written as

P+ (@ +g 0~ = 1)+ (e — ) (8 — o) — g HoFemd=e 4 (F + ﬁ) @ +9)}O+¢* -1) D,
=q2(e o} (B =) (gl —1) Dyt it (4.4)
Using (4.2) with a -1 in place of a we get
@2 =) (8 ~2) B = {92+ § (g + @7 ~ @0 — 1) + (e = a) (8 = a) —ageHHe-d-es1
. X(P+B@+MID. e 4.5)

* For similar results for ordinary hypergeometric series see Bailey, Quart. J. of Math., Oxford, 8 (1937),
pp. 115-118.
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Next, replacing ¢ by e +1 in (4.1) and proceeding as above, we get, on using (4.3)
zgl-detaitto(q —e) (B —€)(y —€) Dot '
={D@D +¢'7%-1) gt (P Ga+ Bty —€) +a(B-€) + By —€) +y(x —€) +€%)} €D

Now, by repeated applications of the relations (4.2), (4.3), (4.5) and (4.6) and similar
other relations, together with the use of the equation (4.1), we can express any associated
series -

o a+l,b+m,c+n; x]
872 d+p,e+s

in terms of @, 3@ and $2P. Thus between any four relations of this type we can eliminate
D, 3P and I to get a linear homogeneous relation between four associated series of the type
3P,, with polynomial coefficients.

REFERENCES
(1) Heine, E., Theorie der Kugelfunctionen, I. (1878), pp. 97-125.
(2) Rogers, L. J., Proc. Lond. Math. Soc. (1), 24 (1893), pp. 337-352.
. (38) Jackson, F. H., Quart. Journ. Math. (Oxford) (2), 2 (1951), pp. 1-16.
(4) Hahn, W., Math. Nachrichten, 8 (1950), pp. 257-294.
(5) Jacobi, C. G. J., Werke, VL., pp. 191-193.

MATHEMATICS DEPARTMENT
BeprForp COLLEGE
Loxpox, N.W.1.

https://doi.org/10.1017/5204061850003570X Published online by Cambridge University Press


https://doi.org/10.1017/S204061850003570X

