35

The Condensation of Continuants.

By Tuomas Muir, LL.D.

1. Rather more than twenty years ago, in a note on this subject,
it was shown to the Edinburgh Mathematical Society (Proceedings,
II., pp. 16-18) that a special form of continuant, viz., one with
univarial diagonals, could be expressed by means of a similar con-
tinuant of much lower order. A new mode of proving this theorem,
which has lately been hit upon, has unexpectedly led to the discovery
that the peculiarity in question is not confined to this special form,
but characterises continuants of any form whatever.

2. Taking first a continuant of odd order, viz.,
a, b

-1 a b .
-1 a, b

-1 a, b, . . |, or K, say,

-1 a5 b
~1 a b
-1 a

and multiplying it by a,a,’as’a, in the form

1
~ba; @, o
1
by aa; gy

1 . .
~ba; aa, a;

. . . 1
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we obtain
a, .
-1 ‘a0

. -,
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b, —bb.ay

3

-1 |aaa;| b,

-a;

. a;

- bbsa

-1 jaaem;| b

. a-

where |[a,0;(, |aa0;], |aaa;| are coaxial minors of K, ,, viz.,

a b .
-1 a, b,
& . -1 Az 1,

Qg
-1

b, .
a; b,
-1 a,

3

~1 a;

This seven-line determinant, however, is evidently resolvable into

a0, .

consequently there results

K, ra0,=

|@a,m;!

-,

| @,
Qs

- buba,

I 0,0

—-ay

bib,

|,

an;

as b
-1 a4
- bpb,a;
l a;Aa; | 3
b.h;
|| |

(D)

When the given continuant is K, ,,,; its co-factor on the left is

a,... a4, , and the continuant on the right is of the nth order.

3. For the case where the given continuant is of even order, no
separate investigation is necessary, for, putting a,=1, ;=0 in the

preceding result we have

K, i aa;=

the want of symmetry

result
K, am,=

|y,
@,a;

b.b;
| @0

a,

S

bb,

| s

(1I)

in which at once suggests the alternative

|,
a,

0,b,
|a.asn,]

.,

bb,

| ausa] I
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Putting in this last each of the a’s equal to « and each of the
b’s equal to — be we obtain
K ¢ga?l= |28 =bec b
x x(x®-2bc) b
2 x(x? - 2bc):
and therefore in the notation of the paper of 1884
Fb, o, e, 6)= |2°-bhe b*

¢ at- 2be b

& & - 2be

= F(b® a7 - 208, &, 3) + beF(b? o* — 20c, &, 2).

4. Since from (II') we have

Kipaoa= | i;a,| bb, .
Vooa, Jeaa,]  bb,
‘l . a, |aaal by
I an, |,
it follows on putting a;=1, b,=0 that
K, ;'aoa,= | |ma,!  bb,
e, laoe| b,

(II1)

agr, |aa:05) bgbs

ay ' Aol l

which is an alternative to (I).

5. If now we take identities which give the equivalent of an
even-ordered K, say K,,, and the equivalent of the differential
quotient of this with respect to a, viz, the first identity of the
preceding paragraph and the identity

Koygram= | |aa,) byb,
Tty laazay|  bby
a, |aa"'7as| s
we obtain at once by division
! b bbya Iv).
a!. al+—1_ _b_2 =|a’la’.'|_‘aia3a:|_ 3v4! b5b8aga4
a + - b N aaag | —
o F +-t | aioat] [@ora|
8
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The corresponding identity in which the number of a’s is odd is
most readily got as before by putting in this a;=1, 5,=0.

Substituting x for each of the odd-numbered a’s and 1 for each
of the even-numbered we find

b, b5,
r+ 1 +E b, x x+bz+b3-_&_
z + = &+ by + by -
1+ -, b,
. _'.T

—a result said to have been first published in 1860 by Heilermann
(Zeitschr. f. Math. u. Phys. V. pp. 262-263).

bybs
2+ b + b,

6. Again since we also have
Ko @00, = | |aa,a5]  bobs
a,as ’ AyByy ’ b,bs

LA l a50e; ‘ beb;

s |aza,|
and
K, 5 aa;= [ asaﬂsl b,bs . !
a0, e b,
7} |a7a8l
it follows by division that
b.by0,a
@y = |a,a,a,| ~ Ay
8K3,s ‘ 1% 3! |a3a,‘a§| - l~l 5 bsbﬂs (V)
Pt

—that is to say, we can now express as a continued fraction not
only the ratio of K to 9K/da,, but also the ratio of K to 3*°K/0a, da,.

Further, since

Kis_Kis Koo
K38 '2,8 K.')' 8,
we deduce
b b
ag a,+ai+gz_ ¢12+a—2+ b
2 a; + +ﬁ_ ’ s - +'aT7
ag s
bybyayas
= | @ _———— .
|| o] — -, b V')
@ |
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7. From (IV) by putting each of the &’s equal to 1 we have

+ -}— 1 = (aya,) -
i Ay +— e (azasaq) - ek Ay

ag+ -, (“4‘15“6)‘(“‘07“ )
R) = .

where (a,a,), (a,85a,), ... are now “simple ” continuants. This has a
special interest when the continued fraction on the left is the
representative of a qua,dra.tic surd. Knowing, for example, that

1 1 1 1
V13= 3+

+T+14+1+ 6 +.
we conclude from it that

The convergents to the former continued fraction are
3, 4, 3}, 3%, 33, 328, 323, 34%,...
and to the latter
4, 3%, 329, 343, ...
the rth convergent in the second case being the same as the 2rth
convergent in the first.
The process of condensation may, of course, be continued
indefinitely. In the case of ~13 the next result in order is
Jig-l1 36 144 1014 144 334
3 - 426 251 - 226 — 476 — 51 —...

where the 1st, 2nd, 3rd, .. convergents are the 4th, 8th, 12th,...
of the original continued fraction.
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