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BOCHNER’S THEOREM AND THE HAUSDORFF
MOMENT THEOREM ON FOUNDATION
TOPOLOGICAL SEMIGROUPS

M. LASHKARIZADEH BAMI

Introduction. One of the most basic theorems in harmonic analysis on
locally compact commutative groups is Bochner’s theorem (see [16,
p. 19]). This theorem characterizes the positive definite functions. In
1971, R. Lindhal and P. H. Maserick proved a version of Bochner’s
theorem for discrete commutative semigroups with identity and with an
involution * (see [13] ). Later, in 1980, C. Berg and P. H. Maserick in [6]
generalized this theorem for exponentially bounded positive definite
functions on discrete commutative semigroups with identity and with an
involution *. In this work we develop these results, and also the Hausdorff
moment theorem, for an extensive class of topological semigroups, the
so-called “foundation topological semigroups”. We shall give examples to
show that these theorems do not extend in the obvious way to general
locally compact topological semigroups.

In Section 2 of this paper, we prove a version of Bochner’s theorem for
the w-bounded, continuous, positive definite functions on a foundation
topological semigroup with a continuous involution and a Borel measur-
able weight function w. Next, in Section 3, we study the spectral theory of
operator-valued transformations on weighted foundation topological
semigroups. We devote Section 4 to a brief discussion on the semisimpli-
city of some certain commutative weighted measure algebras. Finally, in
Section 5, we develop the Hausdorff moment theorem on foundation
topological semigroups.

1. Preliminaries.

1.1. Foundation topological semigroups. On a locally compact semigroup
S, the collection L(S) of all . € M(S) (the algebra of the bounded Radon
measures on §), for which the translations x — X*|u| and x — |u|*X of |u|
are weakly continuous, form an interesting analogue of LI(G) of a locally
compact group G (c.f. [2, 3, 4] ). A topological semigroup S is said to be
foundation if S coincides with the closure of

U{supp(u):p € L(S) }.
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As well as from topological groups and discrete semigroups there are
many examples of foundation semigroups, for example, S|, the semigroup
with underlying space the subset [1, 3] X [1, 3], of R? and multiplication
defined as follows:

(a, b)(c, d): = (min(ac, 3), min(ad + b, 3))

for all a, b, ¢, d € [l, 3], and, S, with the underlying space also
[1, 3] X [1, 3], but multiplication defined by

(a, b)(c, d): = (min(ac, 3), min(bc + d, 3))

for all a, b, ¢, d € [1, 3], whenever both S| and S, are endowed with
restriction topology of R? are foundation semigroups. For more details see
[18]. It is also easy to see that S; = [0, 1] with the restriction topology of R
and multiplication defined by xy: = min(x + y, 1) forall x,y € [0, 1]is a
foundation semigroup. For further examples we refer to [18] and the
appendix B of [17].

1.2. Weighted measure algebras M(S, w) and L(S, w). A real-valued
function w on a semigroup S is said to be a weight function if w(x) = 0 and
w(xy) = w(x)w(y), for all x, y € S. A complex-valued function fon § is
said to be w-bounded if there exists a positive constant k such that

[f(x)| = kw(x) forall x € S.

In Theorem 4.6 of our earlier paper [12] we proved that for a locally
compact semigroup S with a Borel measurable weight function w such that
w(x) > 0 for all x € S, wand 1/w are locally bounded (that is; w and 1/w
are bounded on each compact subset of S), M(S, w) the space of all
regular Borel measures p on S such that wlu| € M(S) with the norm,

lull, = [, wal,

can be identified with the dual of the Banach space (S, w) the space of
all Borel measurable functions f on S such that f/w € %(S) (see
Definition 1.3) with the norm,

I/l = sup{ |f/w(x)|:x € S},

via pairing

Sy =wf) = [gf(x)du(X)

for every p € M(S, w) and f € (S, w). It was also proved that M(S, w)
with the convolution product * given by

Jereaw s e = [, [, rooducom )
(v € M(S, ), [ € (S, w))
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becomes a Banach algebra. Furthermore, for every w-bounded Borel
measurable function f and every p, » in M(S, w) we have

(D ﬁf(x)d(“ *)(x) = [qfsf(xy)du(x)dv(y).

Moreover, L(S, w), the space of all measures p in M(S, w) such that
wlul € L(S), is a two-sided ideal of M(S, w) which is also solid in
M (S, w), in the sense that; given u € Z(S, w) and v € M(S, w) such that
v is locally absolutely continuous with respect to p (that is; |v| (F) = 0 for
every compact subset F of S with |u| (F) = 0), then » € L(S, w). The
algebra M (S), the space of all measures in M(S) with compact supports,
and L (S)(= Mg(S) N L(S)) are w norm ( lloll,,) dense in M(S, w) and
L(S, w), respectively. We also recall from Lemma 4.8 of [12] that if S is
foundation and f'is a w-bounded continuous function on S such that

[q f(x)dux) = 0 for all p € L(S, w),

then f vanishes identically on S.

Throughout this paper we shall assume that w is a Borel measurable
weight function such that w(x) > 0 for all x € §, and that w and 1/w are
locally bounded.

Definition 1.3. A (not necessarily bounded) complex-valued function x
on a topological semigroup S is said to be a semicharacter if

x(xy) = x(x)x(y) foreveryx,y € §.

If S has an involution * (a map *:S — S such that (x*)* = x and
(xy)* = y*x* for all x, y € §), and x is a semicharacter on S such that
x(x*) = x(x) for all x € S, then x is said to be a *-semicharacter. We
denote the set of all bounded and continuous semicharacters on S by S.
It is clear that if x € S then

x(x)| =1 forallx € S.

The space of all *-semicharacters in S will be denoted by S*. A semichar-
acter x on S is said to be positive if x(x) = 0 for all x € S. We denote by
S, the space of all positive semicharacters in S. If S has a weight func-
tion w, then the spaces of all w-bounded and continuous semicharacters on
S will be denoted by I',. It is evident that if x € T, then

Ix(x)| = w(x) forall x € S.

If S has an involution *, then we denote by I'} the space of all
*-semicharacters in I',. Finally, for a locally compact Hausdorff space X,
we denote by C(X), Cy(X), and Cyy(X), the algebras of all continuous
complex-valued functions on X that are bounded, vanish at infinity, or
have compact support, respectively.
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2. The Bochner theorem for w-bounded positive definite functions on
foundation semigroups with a weight w. In this section, among other things,
we shall prove a version of Bochner’s theorem for the w-bounded
continuous positive definite functions on a commutative locally compact
foundation semigroup S with identity and with a continuous involution *
and with a Borel measurable weight function w such that w(x*) = w(x)
forall x € §.

Definition 2.1. Let S be a semigroup with an involution *. A
complex-valued function ¢ on S is said to be positive definite if and
only if

n

2 ci?/¢(xix/* =0

ij=1
for every finite subset {x,,...,x,} of Sand {c,,...,c,} of C.
The proof of next result is standard.

LEMMA 2.2. Let S be a semigroup with identity 1 and with an involution *.
Then each positive definite function ¢ on S satisfies the following
properties

(i) ¢(s*) = &(s), and $(ss*) = 0, for all s € S,

(i) lo(st*) |* = ¢(ss*)p(t1*), for all s, t € S.

In particular
lo(s) > = o(1)p(ss*), foralls € S,
which shows that ¢ is identically zero whenever ¢(1) = 0.

We now turn to a central lemma concerning the w-bounded continuous
positive definite functions on a topological semigroup with a weight
function w.

LEMMA 2.3. Let S be a topological semigroup with identity and with a
continuous involution *. Suppose that w is a weight function on S such that
w(x*) = w(x) for all x € S. If ¢ is a w-bounded, continuous, and positive
definite function on S, then the formula

Ty = [qu(X)du(X) (b € M(S, w)),

defines a bounded positive functional T, on the Banach *-algebra M(S, w)
Jfor which

(i) Tyw*) = T,k € M(S, w)), and
() T, P = kTyr* p*) (n € M(S, w)),

for some positive constant k.
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Proof. Without loss of generality we may assume that
lp(x)| = w(x) forall x € S.
Then
Ty | = llull, for every uin M(S, w).

Thus, T¢ defines a bounded linear functional on M (S, w). By the use of (i)
of Lemma 2.2, we infer that

Typ*) = Ty(w) forevery p € M(S, w).
To prove that T is a positive functional, that is;
Tyv xv*) =0 forally € M(S, w),

we only need to establish this inequality for all » € M(S, w) which are of
the form /- p where f € Cy(S) and p is a positive measure in M (S, w), by
the w-norm density of My (S) in M(S, w). Therefore we consider
v € M(S,w)withv = f- pwheref € Cy(S) and p is a positive measure in
M(S, w). Since ¢ is w-bounded, from (1) it follows that

T e vy = [ o oo T ).
For simplicity we denote the function (x, y) = ¢(xy*)f(x)f(y) by h. We
then have
() h(x,y) = h(p, x), (x,y €5).

Let K denote the support of f. Then A is continuous on K X K. It is also
obvious that supp(k) € K X K. We now prove that for every positive €, K
can be partitioned into disjoint Borel sets E|, . . ., E; such that E; contains
a point x; with

3) lh(x, y) — h(x;, )’j)l <€

forallx € E;andy € E, for 1 = i,j = [ To establish this we first prove
that for each x € K there exists an open neighbourhood U, of x such
that

€
4 |h(x',y) = h(x, )| <§
forall x’ € U,and y € K. For every x, y € K, by the continuity of s at

(x, y), there exist open neighbourhoods U, ,, of x and V, ,, of y such
that

() (X, ) — h(x, p)| < 3

for all X € U, and )’ € I, . It is evident that for each x € § the

x.y)
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collection {¥/, .;;y € K} is an open cover of K, so by the compactness of
K there exist yy,...,y, € K such that

Let

Uiy
Then U, is an open neighbourhood of x. Suppose that y € K, then

yekl

(v for some j(1 = j = n).

Now if x € U,, then X" € U, ), and since x € U, and y; € V.
: . ) N Sy Sy
with the aid of (5) we have

lh(x, y) — h(x, Y,')| < 3, and

€

Ihe' ) = hixy) | <

Therefore
, €
|h(‘x’y) - h(X,)’)| < 57
and so (4) is established. From the compactness of K and the fact that the

class {U,:x € K} forms an open cover for K we infer that there exist
Xy, ..., X, € K such that

Now we can easily find a subset {x; , ..., x, } of theset {x,...,x,} and
a collection {E,, ..., E;} of Borel subsets U,, s such that x, € E, for
i =1,...,/ E disjoint from E; for i # j, and

Indeed, for each i = 1,...,/ by (2) we have
€
(6) |h(x",y) — h(x, )| <5
forall x” € E;and y € K. Itis clear that {E; X E;:1 = i,j = [} forms a

partition for K X K. Let (x,y) € K X K. Then (x,y) € E; X E; for some
i,jwith 1 = i, j = [ By (2) and (6) we have
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|/’I(X, y) h(xk, xk)l |h(x Y) - h(xk y)l

€ €
+ |h(y’ xk:) N h(xkj’ xk:)| <5 - E B

From this we get the desired inequality (3) by putting x; equal to X » for
i=1,...,1L

Ppose again we are given € > (. Then we choose a partition
{E;},_, for K into Borel sets such that each E; contains a point x; which
satisfies

M) T = ST | < oy P

forallx € E;andy € E; (1 =i,/ = /). Since E; X E/s form a partition
of K X K, w1th the aid of Fubini’s theorem we have

/S /S FO)F()b(xy*)du(x)dp v )

= 2 Jpp SOOTONS0M)d (@ X ), ).

1=ij=!

Since by (7)
2 g, OT800%)

= f)Go0xx) ld(p X p)(x, y) < e,

it follows that

L fs FE)Tr)d(xy*)dpu(x )dp( )

can be approximated by summations of the form
2 WE,) f (x)mE)T )i ).
ij

By using the fact that ¢ is positive definite we conclude that
Tyv * v*) = 0,

and therefore T is a positive functional.

Now for every p, v € M(S, w) we denote Ty(p * »*) by (p, »). Then
{u,py = Oforall p € M(S, w), and it is also clear that (u, ») is linear in p.
Since ¢ is w-bounded, by the use of (1) and with the aid of Lemma 2.2, we
can easily prove that

(p, v) = (v, p) forall p, v € M(S, w).
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These are just the properties of the Hilbert space inner product which are
needed for the standard proof of the Cauchy-Schwarz inequality. In our
case the inequality is

&) 1w vy [P = (uowy(r vy, (v € M(S, w)).
Since 1(= §,) € M(S, w), from (8) it follows that

1Ty F =1 (. Ty P = (o (T TY = o()T % p*),
for all p € M(S, w). Statement (ii) is obtained by choosing k = ¢(1), and
so the proof is completed.

As a consequence of the above lemma we obtain the following result.

THEOREM 2.4. Let S be a foundation topological semigroup with identity
and with a continuous involution *. Suppose that w is a weight function on S
such that w(x) = w(x*) for all x € S. A complex-valued function ¢ on
S is w-bounded, continuous, and positive definite if and only if there exists a
w-bounded continuous *-representation V of S by bounded operators on
a Hilbert space H such that

o(x) = (VE§ (x €8),
Jfor some £ € H.

Proof. The “if” part is trivial. To prove the converse we suppose that ¢ is
a w-bounded continuous positive definite function on S. Then the
formula

Ty(u) = [gqb(x)du(x) (€ LS, w)),

defines a bounded positive linear functional T, on the Banach *-algebra
L(S, w) which also satisfies the conditions (i) and (ii) of Lemma 2.3.
Therefore, by Theorem 21.24 of [9], there exists a cyclic *-representation
T' of L(S, w) by bounded operators on a Hilbert space H, with a cyclic
vector £ such that

9) Ty = (T& & (ne LS w)).

So, by Theorem 5.4 of [12], there exists a w-bounded and continuous
*-representation V of S by bounded operators on H such that

(10) (T, &) = [s (V& £ydux) (n € L(S, w)).
Now, from (9) and (10) it follows that

(1 /S¢(x)du(x) - fS<Vx5, Edux) (€ LS. w)).

Since both functions ¢ and x — (V£ £) are continuous, from (11) we
have
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o(x) = (V&€ (x €85).
This completes the proof of the theorem.

It seems probable that the above result is true for all topological
semigroups; it is certainly true if w = 1 (see [13, Theorem 3.2]).

A combination of the above theorem (with w = 1) and Theorem 3.4 of
[12] leads us to the following result.

THEOREM 2.5. Let S be a foundation topological semigroup with identity

and with a continuous involution *. Then the following are equivalent:
(1) M(S) is *-semisimple;

(i) L(S) is *_semisimple;

(iii) the set of all bounded and continuous *-representations on S separates
the points of S;

(iv) the set of all bounded continuous positive definite functions on S
separates the points of S.

We shall now prove a theorem which is useful in the sequel.

THEOREM 2.6. Let S be a commutative topologicalAsemigroup with identity
and with a continuous involution *. Suppose that S, with the topology of
uniform convergence on compact subsets of S, is a locally compact
(Hausdorff) space. Let T be a closed subset of S*. If \ € M(T) is such
that

J xeoarco = o0
or all x € S, then A\ = 0.
Je

Proof. Suppose that A # 0. For each x € S we define X on T by
X(x) = x(x) for all x € T. It is clear that A, the algebra generated by the
set {X:x € S}, defines a self-conjugate subalgebra of C(I') which
separates the points of I' and contains the constant function 1. So, 4 is
(L'-norm) dense in L(T, |A|), by Lemma 3.5 of [4]. Let f be a Borel

1
function on T with |f| = 1, dA = fdA| and d]A| = fd\. Put € = EIIAH.

Then there exists a g € A4 such that

/;If— gldi\| < e

j;fd)\ - /;,gdk‘ <

From the fact that

Hence

/r}(x)d)\(x) =0 and
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fl‘ X(x)dA\(x) = 0 for every x € S,

it follows that

fl,gd)\ - 0.

ﬁfdk‘ <e

Thus

Therefore

= I\l = frﬂ»\ <e

This contradiction shows that A = 0, which completes the proof of the
theorem.

Our next proposition shows that when S is considered without
involution and T is chosen to be the whole of S then the above theorem
may fail.

ProPOSITION 2.7. Let S be a commutative topological semigroup such that
S with the topology of uniform convergence on compact subsets of S is a
locally compact (Hausdorff') space. If there exist a x, € S and a point
xo € S such that 0 < |xo(xo) | < 1, then there exists a nonzero measure X in
M(S) which satisfies

[g x(x)dN(x) =

forall x € S.

Proof. 1t is evident that for every x € Sandz € C with Re z > 0, IxI®
again belongs to S. Let

= {x € C:Rez > 0}
N {Z (S C:ﬂ/logIX()(X())l < 1m z < _'”/108|Xo(-\‘0)1}'

Then the mapping z — [xy(xy)I° (z € Q) defines an analytic and

one-to-one function on €. Now, for each z € @, we put x, = [x,|” and we
prove that the function h:z — x,. defines a homeomorphism of Q onto the
subset

h(Q) = {x,:z € Q}

of S. It is clear that 4 is one-to-one. Suppose that (x:,) is a net in A(§)
which converges to X, (2 € ) in compact open topology of S. This
implies that

IXo(x0) I = Ixo(xp) I°.
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Therefore z, — z,. Conversely, suppose that (z,) is a net in £ which
converges to z, € §. Thus (y™) converges uniformly to y, for y € [0, 1].
This shows that (x.,) converges uniformly to X:, on S. Therefore Q
is homeomorphic to h(R). Let C be a fixed circle inside €, and let p denote
the one-dimensional Lebesgue measure on C. We define A in M (S ) by

NB) = w(B N h(C)),

for every Borel subset B of S. It is obvious that A # 0. Since for every
x € 8,z > |xyx)|° (z € C)is an entire function, we have

/gx(x)d?\(x) = ﬁm) x(x)dA(x) = /C [Xo(x) Fdp(z) =
for all x € S. The proof is now complete.

We now include a result, which is of interest in its own right, although
no direct use of it will be made.

ProprosITION 2.8. Let S be a commutative topological semigroup with
identity and with a continuous involution * such that S* separates the points
of S, and suppose that S with the topology of uniform convergence on
compact subsets of S is a Iocally compact (Hausdorff) space. Then S is an

inverse semigroup with x B (x € S), where x ~Vis the inverse of x in
S. if and only if the only A € M(S) with
fg x(x)d\(x) =

forallx € S, is \ =

Proof. Suppose that S in an inverse semigroup such that x* = x ! for
every x € S. Since $* separates the points of S, from Theorem 3.4 of [1]1t
follows that §* = S. Therefore if A is any measure in M(S) such that

fﬁx(x)d)\(x) =0 forallx € 8§,
then A = 0, by Theorem 2.6. Conversely, if for every A € M(&) from

_/gx(X)d?\(x) —0 (x€5)

it follows that A = 0, then by Proposition 2.7, for each x € S we have
x| = 1 or 0. Since S* separates the points of S, from Lemma 3.2 of [1] it
follows that S is an inverse semigroup with x = x*forallx € S.

We now return to our main line of this section in which we shall develop
the Bochner theorem.

THEOREM 2.9. Let S be a commutative topological semigroup with a
weight w. Suppose that T, with the topology of uniform convergence on
compact subsets of S, is a locally compact (Hausdorff') space. Let T'., be a
closed subset of T,. If N is a nonnegative measure in M(T,), then the
mapping ¢ which is given by
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dlx) = ﬁ X(x)dAx) (x € 5),

defines a w-bounded continuous function on S. Moreover, if S has an
involution * and T, € T'¥, then ¢ is positive definite.

Proof. It is obvious that ¢ is w-bounded. To prove the continuity of ¢ we
may (and so will) assume that A # 0. Let x,, be a fixed point of S and ¥,
be a compact neighbourhood of x; and suppose that

k = sup{w(x):x € V,}.

For every positive ¢, by the regularity of A, there exists a compact subset K
of I, such that

MINK) < e/4k.

By the use of Ascoli’s theorem [11, p. 233, Theorem 17], we conclude that
K is equicontinuous. Therefore there exists an open neighbourhood W, of
X, such that

Ix(x) = x(xo) | < €/2lIAll,
forall x € Kand x € W, Let Uy = W, N V. Then for every x € U, we

have

lp(x) — &(xp) | = /,; Ix(x) — x(xp) l[dA(X) + _/,‘,M_\K Ix(x)
— x(xg) ldMx) < eA(K)/2[Nl| + 2kAT\K) < e.
This proves the continuity of ¢. The last assertion is easy to establish.
We now give a useful theorem which generalizes Theorem 4.4 of [4].

THEOREM 2.10. Let S be a commutative foundation topological semigroup
with identity and with a weight function w. Then there exists a one-to-one
correspondence between T, and L(S, w)" which is defined as follows:

(i) for each x € T,, the corresponding h in L(S, w)" is given by

(12) hw) = /;x(X)du(X) (€ L(S, w)),

and
(ii) for each h € L(S, w)" the corresponding x in T, is given by
h(p * X)
(13) x(x) = —— (x € 9),
h(p)

where p is any element of L(S, w) for which h(u) # 0.

Moreover, if T, and L(S, w)" are identified by means of this
correspondence, then the Gelfand topology and the topology of uniform
convergence on compact subsets of S coincide on T,
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Proof. The result can be obtained from the proof of Theorem 4.4 of [4]
with a slight modification.

Remark. The above theorem shows that for a foundation topological
semigroup with identity and with a weight function w, I', with the
compact open topology is a locally compact Hausdorff space.

We now give a generalization of Theorem 33.2 of [10], with an
alternative proof. This result enables us to prove our version of Bochner’s
theorem.

THEOREM 2.11. Let A be a commutative Banach *-algebra, and A de-
note the set of all nonzero multiplicative linear functionals on A. Suppose
that

A={re Air(x*) = m(x), for all x € A}.

Let p be a positive functional on A satisfying conditions (i) and (ii) of Lemma
2.3 (withp = T,). Then there exists a nonnegative measure A\ € M(4) such
that

(14 pe) = [ ko)

Jfor all x € A. Conversely, every functional of the form (14) is positive and
linear and satisfies (i) and (ii) of Lemma 2.3.

Proof. The proof easily follows by adjoining an identity to A and using
the results given on page 120 of [15], and the integral form of the
Krein-Milman theorem [15, p. 6].

The next result is our main result of this section.

THEOREM 2.12. (The Bochner theorem for w-bounded positive definite
functions on foundation topological semigroups). Let S be a commutative
Jfoundation topological semigroup with identity and with a continuous
involution *. Suppose that w is a weight function on S such that
w(x*) = w(x) for all x € S. Then a function ¢:S — C is w-bounded and
continuous positive definite if and only if there exists a nonnegative measure
Ay in M(T}) such that

(15) 9(x) = fr X)) (x € ).

Moreover, if either w = 1 on S or Ay has a compact support, then A, is
unique.

Proof. The “if” part follows from Theorem 2.9. Conversely, suppose that
¢ 1s a w-bounded continuous positive definite function on S. Therefore,
T,, which is is given by

(16) Typ) = [g(p(x)du(x) (n € LS, w)).
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defines a bounded positive linear functional on the Banach *-algebra
L(S, w), which also satisfies (i) and (ii) of Lemma 2.3. Thus by Theorem
2.11, there exists a positive measure A, € M(A) such that

(17) T¢(.u) = _/; h(“)d>\¢(h)

for all p € L(S, w), where A is the set of all bounded nonzero
*-multiplicative linear functionals on L(S, w). Now, if we apply the
identification formulae (12) and (13) of Theorem 2.10, we see that A is
homeomorphic to I'*, moreover, for every p € L(S, w) from (16) and (17)
we obtain

L¢(X)du(X) = A h(wdAy(h)

- :_ J. xeoduoran 0

= /; f* x(x)dAy(x)dp(x) (by Fubini’s theorem).
By Theorem 2.9 the map

X = Jo XA

is a w-bounded and continuous function, and since ¢ is also w-bounded
and continuous, from the above equalities it follows that

$(x) = ‘[ x(x)dry(x) (x € S).

This justifies the formula (15). If w = 1 on S, then the uniqueness of A,
follows from Theorem 2.6. In the case when Ay has compact support, the
proof of uniqueness of A is essentially the same as part (ii) of the proof of
Theorem 2.1 of [6].

Remark. Let S be the topological semigroup ( [0, 1], min) (with the usual
topology and with the natural involution x* = x for all x € S). Let ¢ be a
continuous nonconstant increasing positive function on S. From Proposi-
tion 7.1 of [5] it follows that ¢ is positive definite. Now, if the Bochner
theorem holds for S, then ¢ must be constant, since $* = {1}. This
contradiction shows that our version of Bochner’s theorem for foundation
topological semigroups fails for this non-foundation semigroup.

3. The spectral theory of w-bounded continuous positive definite
operator-valued functions. In this section we shall give an integral
representation of the w-bounded continuous positive definite operator-
valued functions, in terms of the operator-valued measures on I'¥, on those
commutative foundation topological semigroups with identity which have
a continuous involution *, and a weight function w. For the most parts of
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this section, our notation and definitions will follow the standard lines of
[14]. However, we shall state some of the less well known definitions of
this reference.

Definition 3.1. Let A be a commutative Banach *-algebra, and let H be a
Hilbert space. Then a linear transformation U:4 — B(H) is said to be an
operator-valued transformation of A by bounded operators on H. Moreover,
if U has also the following properties:

(i) U,,+ is a positive operator on H, for every x € A, and

(i1) there exists a positive constant k such that

Ul = kllx|| for all x € 4,
then U is said to be a positive operator-valued transformation.

Remark. The original form of this definition is due to P. H. Maserick
[14]. As that author has suggested, the above definition is that which is
needed there, and which we shall need.

Definition 3.2 [14]. Let S be a *-semigroup, and let H be a Hilbert space.
An operator-valued function ¢:S — B(H) is said to be positive-definite if
foralls,,...,s, € Sandc,...,c, € C, the sum

h

2 4 ,‘Fj‘b(s i) J*

ij=1
is a positive definite operator.

Definition 3.3. Let S be a semigroup with a weight function w, and let H
be a Hilbert space. An operator-valued function ¢:S — B(H) is said to be
w-bounded, if there exists a positive constant k such that

llo(x) || = kw(x) forall x € S.

Definition 3.4. Let S be a topological semigroup, and let H be a Hilbert
space. Suppose that ¢ is an operator-valued mapping of S into B(H). If for
every £, 7 € H the scalar-valued function

x = ($(x), m)
is continuous on S, then ¢ is said to be weakly continuous.
The following theorem is the main result of this section.

THEOREM 3.5. Let S be a commutative foundation topological semigroup
with identity and with a continuous involution *. Suppose that w is a weight
Sfunction on S such that w(x) = w(x*) for all x € S. Then an
operator-valued mapping ¢ of S into the bounded operators on a Hilbert space
H is w-bounded, weakly continuous, and positive definite if and only if there
exists a positive operator-valued measure E on T’} such that
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P(x) = ,/l::, x(x)dE, (x € S).

Furthermore, if either w = 1, or for every Borel subset B of T'* the support
of E(B) is compact, then E is unique.

Moreover, ¢ is a w-bounded continuous *-representation if and only if E is
a spectral measure.

Proof. Using the techniques of the proof of Theorem 2.9, we can easily
prove that for each positive operator-valued measure E on I'}, the
mapping ¢ which is given by

(o(x)€ m) = /F X(X)d(E)E, m) (x € S, & € H)

defines a w-bounded continuous positive definite operator-valued function
on S. To prove the converse we suppose that ¢ satisfies the conditions
given in the statement of the theorem. For each § € H the function

dpix = ((x)E, £)

defines a w-bounded continuous positive definite function on S.
Therefore, by Lemma 2.3, T which is given by

Tyv) = /qug(x)du(x) (v € L(S, w))

defines a bounded positive linear functional on the Banach *-algebra
L(S, w) which also satisfies conditions (i) and (i) of that lemma. By
Theorem 21.20 of [9], T; can be extended to a bounded positive linear
functional Tg on (L(S, w) ). the BanacNh *-algebra obtained from L(S, w)
by adjoining a unit u. For every » € (L(S, w) ), and every £ € H, let the
symbol (U, §) be defined by

(Ug &) = Tw).

Then, for each » € (L(S, w) )o § and n € H, (U, 7n) can be defined
through the polarization identity by

ULy = U+, &+ — (U —n), & — 1)
+ UL + i), & + iy — UL — in), & — im).

It is easy to see that U defines a positive operator-valued transformation
of the Banach *-algebra (L(S, w) ),- Therefore, by Theorem 2.1 of [14],
there exists a (unique) positive operator-valued measure E' on A, the
space of all nonzero, *-multiplicative linear functionals on (L(S, w) D
such that

(Ug. )y = /A T(d(EI()E m)
for all » € (L(S, w)),, and all £, 7 € H. From this it follows that
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(U &) = fA T(W(d{E, () £)

for all p € L(S, w) and all £ € H, where A denotes the space of all
nonzero, *-multiplicative bounded linear functionals on E(S, w), and E_is
the restriction of E' to A. Therefore for every u € L(S, w) and every
¢ € H we have

[§¢g(x)du(X) = [\ T(Wd(E()E, £)

- f fs X0 )du()d{(E, (8. £)
(by Theorem 2.10)

B f's‘ fl* X(X)d(E, ()¢, &)du(x)
(by Fubini’s theorem).

Since both the functions

x = o XCOE 8

and ¢; are w-bounded and continuous, from these equalities it follows
that

o) = fr; XCOH(EOf, £

for all x € S and ¢ € H. Now an application of the polarization identity
gives

((x)¢, ) = fr X(x)d(EW()E, m)

for all x € S and all §, 7 € H. The proof of the uniqueness of E is similar
to the proof of the uniqueness of A in Theorem 2.12.

Suppose now that F is a spectral measure. Then it is easy to see that ¢ is
a w-bounded continuous *-representation. Conversely, if ¢ is a w-bounded
continuous *-representation, then by Theorem 2.1 of [12] and Theorem 2.1
of [14], EF is a spectral measure. This completes the proof of the
theorem.

Remark. The above theorem generalizes Theorem 3.2 of [14] and
Theorem 2.6 of [6] which deal with discrete semigroups.

4. The semisimplicity of M(S, w) and L(S, w). In this section we shall be
concerned with establishing a theorem concerning the semisimplicity of
M(S, w) and L(S, w), in terms of I',, for a commutative foundation
topological semigroup S with identity and with a weight w. This theorem
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will provide us with new proofs for some well-known results. We shall first
establish the following lemma.

LEMMA 4.1. Let S be a commutative foundation topological semigroup. If
the set of continuous semicharacters (not necessarily bounded) separates the
points of S then S separates the points of S.

Proof. Suppose that y, z € S with y # z, and let x be a continuous

semicharacter on S such that x(y) # x(z). If |x(y) | # |x(z) |, then we can
choose a positive real number a such that

a(log|x(y) | — loglx(z) |)
is not of the form 2k= for any integer k. It follows from Proposition 4.8 of
[4] that the function x, which is given by

_ Jexplia loglx(x) ) if x(x) # 0
xi(x) = {0 if x(x) = 0

belongs to S and x1(¥) # x;(2). In the case when Arg x(y) # Arg x(z),
then again by Proposition 4.8 of [4] the function x, which is given by

{x(X)/Ix(X)I if x(x) # 0
if x(x) =0

defines an element in S with X2(¥) # x»(z). The proof is now complete.

Xa(x) =

THEOREM 4.2. Let S be a commutative foundation topological semigroup
with identity and with a weight function w. Consider the following
Statements:

(1) M(S, w) is semisimple;

(ii) L(S, w) is semisimple;

(iii) T',, separates the points of S;

(iv) S separates the points of S;

(v) ]:(S) is semisimple;

(vi) M(S) is semisimple.

Then, we have that (1) implies (ii), (i1) implies (iii), and (i) implies (iv);
moreover, (iv), (v), and (vi) are equivalent. Furthermore, in the case when I,
contains a semicharacter x such that x(x) # 0 for all x € S, then all the
above statements are equivalent.

Proof. It is trivial that (i) implies (ii). That (ii) implies (iii) follows from
Theorem 2.10. By Lemma 4.1, (iii) implies (iv). By Theorem 3.6 and
Theorem 3.7 of [4], (iv), (v) and (vi) are equivalent. Therefore to complete
the proof it suffices to show that (iv) implies (i) in the case I, contains a
semicharacter x with x(x) # O for all x € S. Without loss of generality we
may assume that x(x) > O for all x € S. Thus w/x is a weight function on
S. In order to establish the theorem we shall first prove that M(S, w/X)
1s semisimple. Let 0 # » € M(S, w/x). Then by Lemma 3.5 of [4], |S|
the algebra generated by S is dense in L' (S, |7| ). Applying the same
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argument as in the proof of Lemma 3.3 of [4], we infer that there exists a
semicharacter p € § such that

/p(x)dv(x) # 0.

It is clear that p € T,,,. It follows that the map h which is given by

h(p) = 'LP(X)dM(X) (n € M(S, w/x))

defines a bounded multiplicative linear functional on M(S, w/x) with
h(v) # 0. Thus M(S, w/x) is semisimple. Now, it is easy to see that the

mapping
D:M(S, w) > M(S, w/x)
which is defined by

D) = xup (L€ M(S,w))

gives an isometric isomorphism of M(S, w) onto M(S, w/x). This
completes the proof of the theorem.

As a consequence of the above theorem we obtain a new proof for the
following two well-known results. The second of these seems to be known
previously only for continuous w.

CoROLLARY 4.3. Let (Z+, +) be the additive semigroup of nonnegative
integers with a weight function w > 0. Then, INZ+, w)is semisimple if and
only if (w(n)''™) converges to some positive real number a.

Proof. Suppose first that I"(Z+, w) is semisimple. Since
MNZA+,w) = L(Z+, w),

from Theorem 4.2 it follows that I'  separates the point of Z . Therefore
there exists a x € I', with x(1) # 0. Since

inf{w(n)!"":n € N} = lim w(n)"”

(see [8, p. 16] ), we have
lim wn)'"" = a = [x(1) .
Conversely, suppose that

a = lim wn)"" > 0.

n—o00

Let ® be a positive real number such that exp(®) = a. Then the
mapping
n—exp(—n®) (n € Z,)
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defines a semicharacter x in I',, with x(n) # O for all n € Z . Therefore
by Theorem 4.2, ll(Z+, w) is semisimple.

CoroLLARY 4.4. Let (R, +) be the additive topological semigroup
consisting of the nonnegative real numbers with the usual topology. Then the
weighted convolution Banach algebra Ll(R+, w) with the convolution
product:

(f* g)x) = fof(x —ngdt (f. g € Ll(R+’ w), x € R})

. 1
is semisimple if and only if lim — — log w(t) is a real number.
t

/00

Proof. The proof is similar to that of Corollary 4.3.

5. The Hausdorff moment theorem for commutative foundation topolog-
ical semigroups. The Hausdorff moment theorem has been studied
extensively in the case of certain classical semigroups and discrete
commutative semigroups (see Section 3.3 of [7] ). In this section, we shall
develop this theorem on commutative foundation topological semi-
groups.

Definition 5.1. On a commutative topological semigroup S with identity
1, for each n € Z (the set of nonnegative integers), define the operator
A, on the space CR(S) of continuous real-valued functions inductively
by
Bof(x) = f(x)

and
Anf‘(x; h], PR h") = An_]f(x; h], P hn—l)
- An—lf(x}ln; hy, oo hy )
(f € c®S); x, hy, ..., h, € S). A function / € CR(S) is said to be
completely monotone if and only if

Af=0 forallneZ,.

Remark. 1t is easy to see that every x € .§'+ i1s completely mono-
tone. Moreover, if f is completely monotone on S, then 0 = f(x) = f(1)
(x € S).

Definition 5.2. Let S be a commutative topological semigroup, and let 4
be a subalgebra of M(S). Suppose that F is a linear functional on 4. For
each n € Z, we define A, F inductively by

AF(p) = F(p) (n € A),

and
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AF vy, ...,v,) =40, (F(pvy,...,v,_))
- Ar;*lF(p‘ * Vs Vi e ’anl)
(w, »,...,v, € A). The linear functional F is said to be completely

monotone, if for everyn € Z .,
. =
AF(p;v,...,v,) =0
whenever u, »|, ..., », are probability measures in A.

The next theorem will enable us to prove the Hausdorff moment
theorem for commutative foundation topological semigroups.

THEOREM 5.3. Let S be a commutative topological semigroup with identity,
and let K denote the set of all completely monotone linear functionals F on
M(S) with ||F|| = 1. Then K is convex and weak *-compact in M(S)*, the
dual space of M(S). If F is an extreme point of K, then

F(u*v) = F(wF() forallp,v € M(S)
and F(p) Z 0 for all nonnegative measures p in M(S).

Proof. It is obvious that K is convex. That K is weak *-compact follows
from Alaoglu’s theorem. Let F be an extreme point of K. In order to prove
that

F(u = v) = F(u)F(v) foreveryp, v € M(S),

it suffices to establish this equality for all probability measures u, » in
M(S). For each v € M(S) we define F, by

F(p) = F(p*v) (p € M(S)).
One can easily prove that for eachn € Z
A(F = F)w vy, ...,v) =0, (F(u vy, ...,p, p);
(W, vy, ...,v, € M(S)).
Therefore F — F, is also completely monotone. Thus we have
(18) 0 = F(p * v) = F(»), for all probability measures p, v € M(S),
and
0= (F— F)u*p) = (F— F)p.
for all probability measures p, v, u, € M(S).

Putting = 1 in the above inequality and using the fact that F(1) = 1, we
obtain

(19) 0= (F— F)u) = F() — Fo) = 1 — F(»),
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for all probability measures p;, and » in M(S). To prove that
F(p * v) = F(uF(v) for each pair of probability measures p and v we
consider three cases. Firstly, suppose that F(v) = 0. Then

F(p*v) =0 = F(WF(@),
by (18). Secondly, suppose that F(¥) = 1. Then

(F — F)um =0,
by (19). Thus,

Fu*v) = F() = FO)F().
Thirdly, suppose that 0 << F(v) << 1. Then we write
F—F, F,

= - — + F .
F=(l F(V))1 F(v)+ (D)F(V)

From (19) it follows that (F — F)),; _g, € K, and (18) implies that
F,,r also belongs to K. Since F is an extreme point, it follows that

F = F, . Thus

v

F(WF®@) = F(p * »).

That F(p) = 0 for all 0 = p € M(S) is trivial. The proof is now
complete.

THEOREM 5.4. (The Hausdorff moment theorem for commutative
foundations topological semigroups). Let S be a commutative foundation
topological semigroup with identity 1. Then a function [ on S is continuous
and completely monotone if and only if there exists a unique nonnegative
measure Npin M(S ) such that

flx) = f§+ X)) (x € S).

Proof. The “if” part follows from the fact that each x € Ky 4 1s com-
pletely monotone and that >\f = 0. To prove the converse we suppose that f
is a completely monotone and continuous function on S. Thus
0 = f(x) = f(1) for all x € S. Without loss of generality we may assume
that f(1) = 1, because the case f = 0 is trivial. Let K denote the set of all
completely monotone linear functionals F on M(S) with ||[F|| = 1. By
Theorem 5.3, K is convex and weak *-compact. Define 7ron M(S) by

() = /;f(X)dM(X) (€ M(S)).
Then 7, € M(S)* and lI7]l = 1. It is also easy to see that

N R S /sx...xs AJdp X vy X ... X »p,)

(n+1)-times
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for all probability measures p, »,,...,», in M(S). Since f is completely
monotone, it follows that 7,is a completely monotone functional on M(S).
Thus 7, € K. Now, from the integral form of the Krein-Milman theorem it
follows that 7is the barycenter of a regular probability measure A, which
is supported by the closure of the extreme points of K. From Theorem 5.3
and Theorem 2.10 we infer that the closure of the extreme points of K is
homeomorphic to a closed subset of .§‘+. Therefore, if we regard A, as a
measure on S, then we have

7f () = [e+ AO00AN (0 (1 € L(S)).

Hence

/;f (x)d(x) = [e+ fsx(x)du(X)dAf(x)

= /s [@* X()dA(Odu(x) (v € L(S)).

Since

x = Jas x(G)dA(X)

is continuous by Theorem 2.9, and f also is continuous, it follows that

Jx) = /§+ x(x)dAe(x) (x € S5).
The uniqueness of A, follows from Theorem 2.6.

The above theorem will allow us to give an easy proof for the following
well-known Hausdorff moment theorem for R .

CoroLLARY 5.5. (Hausdorff moment theorem for R, ). Let R be the
additive topological semigroup of nonnegative real numbers with the usual
topology. Then a function f on R is continuous and completely monotone if
and only if there exists a nonnegative measure )\f in M([0, 1]) such that

1
f(x) = /0 rdi (1)
forall x € R .

Proof. The result follows from Theorem 5.4 and the fact that the
mapping

[0, 1] = (R} )4
which is given by
t—y, (1 €[0,1]) with §,(x) = r*(x € R}).

defines a homeomorphism of [0, 1] onto (R, ).
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PROPOSITION. Let S be the topological semigroup ([0, 1], min). Then a
real-valued function f on S is completely monotone if and only if it is
nonnegative and nondecreasing.

Proof. The proof is straightforward.

Remark. The above proposition shows that the Hausdorff moment
theorem fails in the same way as Bochner’s theorem, for the non-
foundation topological semigroup § = ([0, 1]), min).

Questions. (a) Let S be a commutative foundation topological semigroup
with identity and with a weight function w. Is is true in general that M(S)
is semisimple if and only if I',, separates the points of S?

(b) In the Bochner’s theorem (Theorem 2.12) is the representing
measure A, always unique?
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