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Abstract Kobayashi—Ochiai proved that the set of dominant maps from a fixed variety to a fixed variety
of general type is finite. We prove the natural extension of their finiteness theorem to Campana’s orbifold
pairs.

1. Introduction

In [KO75], Kobayashi and Ochiai proved a higher-dimensional generalization of the
finiteness theorem of De Franchis for compact Riemann surfaces. Namely, for X and Y
smooth projective varieties over C with X of general type, the set of dominant rational
maps Y --*» X is finite. In this paper, we prove a generalization of the classical finiteness
theorem of Kobayashi—Ochiai for dominant rational maps in the setting of Campana’s
orbifold maps (Theorem 1.1). The notion of orbifold pairs (also referred to as C-pairs
[KPS22]) was introduced in [Cam04, Cam11] and has already been shown to be fruitful
in, for example, the resolution of Viehweg’s hyperbolicity conjecture [CP15].

Let k£ be an algebraically closed field. A variety (over k) is an integral finite type
separated scheme over k. A Q-orbifold (over k) (X,A) is a variety X together with a
Q-Weil divisor A on X such that all coefficients of A are in [0,1]. If A =" 1;A; is the
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decomposition of A into prime divisors, we say that m(A;) := (1 —v;) ! is the multiplicity
of A; in A. If all multiplicities of a Q-orbifold are in ZU{cc}, we say that (X,A) is a
Z-orbifold or simply an orbifold.

A Q-orbifold (X,A) is normal if the underlying variety X is normal. Moreover, a
Q-orbifold (X,A) is smooth (over k) if the underlying variety X is smooth and the support
of the orbifold divisor supp A is a divisor with strict normal crossings. This means that
every component of suppA is smooth and that étale locally around any point of X, the
divisor supp A is given by an equation of the form z;---x, =0 for some n < dim X. (At
this point, let us note that we follow Campana and employ the term “orbifold” in the
less conventional sense of the word. Thus, a “smooth orbifold over k” does not refer
to a finite type separated smooth Deligne-Mumford algebraic stack over k with a trivial
generic stabilizer nor its coarse moduli space. What we refer to as an orbifold is nowadays
also referred to as a C-pair.)

Let (X,Ax) be a normal Q-orbifold and (Y,Ay) be a Q-orbifold such that Y is locally
factorial. In this case, we define a morphism of Q-orbifolds f: (X,Ax) — (Y,Ay) to be
a morphism of varieties f: X — Y satisfying f(X) ¢ suppAy such that, for every prime
divisor E C suppAy and every prime divisor D C supp f*E, we have tm(D) > m(E),
where t € Q denotes the coefficient of D in f*E; the local factoriality of Y ensures that
E is a Cartier divisor, so that f*F is well defined. Note that, equivalently, we can require
that t — 14+ vp > tvg, where vp and vg are the coefficients of D in Ax and of F in Ay,
respectively.

If X is a normal variety, we identify X with the orbifold (X,0). If X and Y are varieties
such that X is normal and Y is locally factorial, every morphism of varieties X — Y is
an orbifold morphism (X,0) — (Y,0).

A Q-orbifold (X,A) is proper (resp. projective) if the underlying variety X is proper
(resp. projective) over k. A smooth proper Q-orbifold (X,A) is of general type if Kx + A
is a big Q-divisor, where Ky denotes the canonical divisor of X. If A =0, we recover
the usual notion of a smooth proper variety of general type. If the multiplicities of A
are all infinite, then (X,A) is of general type if and only if the smooth quasi-projective
variety X \ A is of log-general type. Finally, if X is a smooth proper variety of nonnegative
Kodaira dimension, D is a strict normal crossings divisor, and m > 2, then the orbifold
(X,(1—L)D) is of general type if and only if X \ D is of log-general type.

m

Theorem 1.1. If (Y,A) is a smooth proper orbifold pair of general type and X is a
normal variety, then the set of separably dominant orbifold morphisms X — (Y ,A) is
finite.

We prove a more general result in which we consider rational maps X --»(Y,A); see
Theorem 5.4 for a precise statement.

Theorem 1.1 (or, actually, its more precise version Theorem 5.4) generalizes Kobayashi—
Ochiai’s finiteness theorem for dominant rational maps to a projective variety of general
type in characteristic zero (take A to be trivial and k of characteristic zero) [KO75]. It also
implies Tsushima’s extension of Kobayashi-Ochiai’s theorem to varieties of log-general
type (take the multiplicities of A to be infinity and k of characteristic zero) [Tsu79].
Moreover, we also obtain the finiteness theorem of Martin-Deschamps and Menegaux for
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separably dominant morphisms to a proper variety of general type (take A to be trivial
and k of arbitrary characteristic) [MDLMT78], as well as Iwanari-Moriwaki’s extension of
Tsushima’s result to characteristic p [IM07]. Finally, we obtain a new proof of Campana’s
extension of De Franchis’s theorem for one-dimensional smooth proper orbifold pairs of
general type; see [Cam05, §3].

The theorem of Kobayashi—Ochiai can be made effective in the sense that one can give
effective upper bounds for the number of dominant maps from a fixed variety to a fixed
variety of general type; see [BD97, Hei05, NP07]. It seems reasonable to expect that one
can obtain similar effective statements in the orbifold setting.

One part of the Green—Griffiths—Lang conjecture predicts that every complex projective
hyperbolic variety is of general type. In particular, the theorem of Kobayashi—Ochiai
suggests that a similar finiteness statement for dominant maps should hold for projective
hyperbolic varieties. Such a finiteness result for projective hyperbolic varieties was, in
fact, already conjectured by Lang in the early seventies (see [Lan74]) and proven by
Noguchi [Nog92] (see also [Suz93]) in the early nineties.

We stress that, conjecturally, a complex projective variety is of general type if and only if
it is “pseudo-hyperbolic” (i.e., there is a proper closed subset ACX such that every entire
curve C — X2 lands in A). The analogous finiteness statement for dominant maps to a
pseudo-hyperbolic projective variety is currently not known. In particular, its extension
to Campana’s orbifold pairs is not known either.

As a straightforward application of Theorem 1.1, we prove the finiteness of the set
of surjective endomorphisms of an orbifold pair of general type; see Corollary 5.6 for a
precise statement.

We were first led to investigate the orbifold extension of the theorem of Kobayashi—
Ochiai in our joint work with Rousseau on rational points over number fields. We refer
the reader to [BJR, Theorem 1.1] for arithmetic applications of our orbifold extension of
Kobayashi—Ochiai’s finiteness theorem.

Our proof of Theorem 1.1 follows the general strategy of Kobayashi-Ochiai (and
Tsushima). However, these proofs crucially rely on properties of differential forms on (log-)
general type varieties (see, for example, [Tsu79, Lemma 7] for a key step in Tsushima’s
proof relying on properties of tensor powers of the sheaf of differential forms). The main
difficulty in proving Theorem 1.1 is that differentials for an orbifold pair (X,A) are
not well-behaved. One may even say that there is no meaningful way to define a sheaf
le Ay of orbifold differentials on X. However, in his seminal work on orbifold pairs
[Calynll, §2], Campana suggests to instead use locally free sheaves which mimick sheaves
of symmetric differentials. These sheaves are abusively denoted by S"Q’(0 X,A) despite the
lack of existence of Q’Z X,A); See Section 4 for a precise definition. The aforementioned key
step in T'sushima’s proof is then replaced by an argument involving symmetric differentials
on (X,A); see the proof of Proposition 5.2 for details.

1.1. Conventions

We work over an algebraically closed field k. A wvariety is an integral separated scheme
of finite type over k. If X and Y are varieties, we write X x Y for X xXgpecr Y. A point
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of a variety is a schematic point and need not be closed. If £ is a line bundle, D is a
Q-divisor, and n is a natural number such that nD is a Z-divisor, we abuse notation and
write (L£(D))®™ instead of LZ™(nD).

2. Orbifold near-maps

In this paper, we work with the more general notion of an orbifold near-map (Definition
2.4). This is a natural replacement of “rational map of varieties” in the setting of orbifold
pairs.

Definition 2.1. An open subscheme U C X of a variety X is big if its complement is of
codimension at least two.

Definition 2.2. A rational map X --»Y of varieties is a near-map if there is a big open
U C X such that U--*Y is a morphism.

Note that a rational map X --»Y is a near-map if and only if it is defined at all
codimension one points of X. For example, for every normal variety X and any proper
variety Y, every rational map X --»Y is a near-map.

Remark 2.3. If X and Y are varieties with X locally factorial, and f: X--*Y is a
near-map, we can pull back a line bundle £ on Y to a line bundle £ on X. Indeed, while
the pullback bundle f*L£ is a priori only defined on a big open of X, as X is locally
factorial, it extends uniquely to a line bundle on all of X by [Har77, Proposition 11.6.5(b)
and Corollary I1.6.16]. Since locally factorial schemes are normal, global sections of £ also
pull back to global sections of L.

Definition 2.4. Let (X,Ax) be a normal orbifold and (Y,Ay) be an orbifold such that
Y is locally factorial. Then an orbifold near-map

VE (X7AX)77>(Y7AY)

is a near-map f: X --»Y satisfying f(X)ZsuppAy such that, for every prime divisor
ECsuppAy and every prime divisor DCsupp f*E, we have tm(D)>m(E), where t € Q
denotes the coefficient of D in f*FE’; this pullback is well defined as E is Cartier. As before,
this is equivalent to requiring ¢t — 1 +vp > tvg, where vp and vg are the coefficients of D
in Ax and of F in Ay, respectively.

Caution is advised: the composition of orbifold morphisms need not be an orbifold map.
Indeed, although the condition on the multiplicities of divisor pullbacks is stable under
composition, the image of the composition might be completely contained in the orbifold
divisor of the target. For example, consider the morphism P* — (P!,(1/2)-00) given by
2+ 22 and the inclusion of the point oo into P'. While both morphisms are orbifold,
their composition is the inclusion of the point oo into (P!,(1/2)-cc), which is not an
orbifold morphism. There is, however, one situation in which we can compose orbifold
morphisms. Namely, if the composition of two orbifold morphisms is dominant, then the
composition is again an orbifold morphism. Similar composition behaviour continues to
hold for orbifold near-maps.
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Lemma 2.5. Let (Y,Ay) be an orbifold such that Y is locally factorial. Let X and Z be
locally factorial varieties. Let f: X--+(Y ,Ay) be an orbifold near-map, and let g: Z--+X
be a near-map. If the composition fog exists, is defined in codimension 1 and does not
factor over suppAy CY, it defines an orbifold near-map Z--+(Y,Ay).

Proof. Let U C Z be the open subset on which the naive composition fo g exists, and
let V' C X be the maximal open on which f is defined. Then, by assumption, U is a big
open of Z. The morphism fog: U — Y is the composition of the morphism of varieties
U — V with the orbifold morphism V — (Y,Ay). As the image of the composition is
not contained in supp Ay, the composition fog: U — (Y,Ay) is thus a morphism of
orbifolds. This concludes the proof. O

Remark 2.6. The assumption that the composition fog exists and is defined in
codimension 1 is necessary. In fact, the weaker condition that fog exists and extends to
a map defined in codimension 1 does not suffice. This was overlooked in an earlier version
of the paper. We give a counterexample. Let Y be the blowup of P? in one point p €Y,
and let £ CY be the exceptional divisor. The inverse of the blowup defines an orbifold
near-map f: P?2-->(Y,(1/2)- E), as the pullback of E along this map is trivial. Now,
if C c P? is any smooth curve passing through the blown up point p, the composition
C —P2-->(Y,(1/2)-E) is not defined at p. This map extends to a morphism of varieties
C — Y. However, this composition is no longer an orbifold morphism, as the pullback of
the divisor E to C' is given by [p], which does not have the required multiplicity.

We note the following special case of Lemma 2.5.

Corollary 2.7. Let X be a smooth variety, and let (Y ,Ay) be a smooth proper orbifold.
Let Z C X be a locally closed smooth subvariety, and let f: X--»(Y,Ay) be a dominant
orbifold near-map. If f|z exists, is defined in codimension one and is still dominant, then
it defines an orbifold near-map f|z: Z--»(Y,Ay).

In Section 4 and in the proof of Theorem 1.1, it will be convenient to use the following
notion of products for orbifold pairs.

Definition 2.8. If (X,Ax) and (Y,Ay) are two orbifolds, then we define the product
orbifold by

(X, Ax)x (Y, Ay) = (X XY, Ax xY + X x Ay).
If X and Y are locally factorial, the product of orbifolds defined above satisfies the

universal property of a product. More specifically, for any orbifold (T,Ar) and for any
two orbifold morphisms

ox: (T,Ar) = (X,Ax), oy: (T,Ar) = (Y,Ay),

there is a unique orbifold morphism ¢: (T, Ar) = (X,Ax) X (Y,Ay) such that ¢x =
mx o ¢ and ¢y =7y o ¢. Indeed, it is clear that there is a morphism ¢: (T,Ar) - X XY,
and we just have to check that this is indeed an orbifold morphism after equipping
X xY with its orbifold structure. First note that the set of closed points t € T satisfying
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ox(t) ¢ suppAx is a nonempty, hence dense, open subset of T. Of course, the same
holds for the condition ¢y (¢) ¢ suppAy, so there is a closed point ¢ € T satisfying both
conditions. Thus, the image of ¢ is not contained in supp(Ax xY + X x Ay ). Now let
E Csupp(Ax xY + X x Ay) be a prime divisor. Without loss of generality, we may
assume that £ = Ex xY for some prime divisor Ex C X. Now let D C supp ¢ Ex be a
prime divisor, and let 7 be its coeflicient in ¢% Ex. Since we know that ¢x is an orbifold
morphism, we have rm(D) > m(Ex). Now note that ¢*E = ¢% Ex, so that r is also the
coefficient of D in ¢*E. Furthermore, we have m(Ex) = m(E). Thus, rm(D) > m(E),
and ¢ is an orbifold morphism, as desired.

3. Families of maps

In this section, we consider families of maps and prove that certain conditions on the maps
are either open or closed. More precisely, we show in Lemma 3.1 that a morphism landing
in a closed subscheme is a closed condition, in Lemma 3.6 that a rational function being
dominant is an open condition, and in Lemma 3.9 that the pullback of a fixed differential
form having no poles outside some fixed divisor is a closed condition.

Lemma 3.1. Let S be a scheme. Let X — S be a flat morphism whose geometric fibres
are reduced. Let Y and T be S-schemes, and let F': X xgT —'Y be an S-morphism. Then,
for every closed subscheme Z CY, the set of t in T such that Fy: X xg{t} =Y factors
over Z is closed in T.

Proof. Let T7 C T be the set of ¢ in T such that F; factors over Z. We consider T =
User, Speck(t) as an S-scheme. To show that T} is closed in T, it suffices to show that T} =
Ty. We endow T} C T with the reduced closed subscheme structure. The natural morphism
Ty C Ty is dominant. Since X — S is flat, the basechange X xgT} — X xg T} is (also)
dominant. Since X x g7} — Y factors set-theoretically through Z and X xgT} — X xgT}
is dominant, we see that the restriction of F' to X xgT; (also) factors set-theoretically
through Z. However, for any ¢ € Ty, the scheme X x 5 Speck(t) is geometrically reduced
over k(t). In particular, F; factors (scheme-theoretically) through Z, as required. O

Definition 3.2. A rational map X --*Y of varieties over k is separably dominant if it is
dominant and k(Y") C k(X) is separable.

Lemma 3.3. Let f: X =Y be a morphism of smooth varieties. Then the following are
equivalent:

(a) The morphism f is separably dominant.

(b) There is a closed point x € X such that df,: T, X — Ty\Y is surjective.
(¢c) There is a closed point x € X such that f is smooth at .

Proof. Assume (a) holds. Let Z C X be the locus of points where the rank of df,
is less than dimY. Since K(Y) C K(X) is a separable field extension, the arguments
used to prove [Har77, Lemma I11.10.5] and [Har77, Proposition I11.10.6] show that the
dimension of f(Z) is less than dimY". Thus, since f is dominant, this implies that Z # X.
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In particular, there is a closed point x € X such that the rank of df, is equal to dimY'.
Since Y is smooth, this shows that (b) holds.

Assume (b) holds. Then [Har77, Proposition II1.10.4] shows that (c¢) holds.

Now assume that (c) holds. There is an open neighborhood U C X of z such that f|y
is smooth. Smooth maps are flat, and flat maps of varieties are open. Hence, f(U) is a
nonempty open of Y. Thus, f is dominant. In particular, f maps the generic point of X
to the generic point of Y. The smoothness of f|y also implies that f is smooth at the
generic point of X. Since generically smooth morphisms are separable, we see that (a)
holds. This concludes the proof. O

Lemma 3.4. Let X and Y be varieties of the same dimension. Assume that X is smooth.
Let f: X =Y be a morphism. Then the following are equivalent:

(a) The morphism fis separably dominant.

(b) There is a closed point x € X such that dfy: T, X — Ty)Y is an isomorphism.

Proof. Assume (a) holds. Let U C Y be the locus of smooth points of Y. Then U is a
dense open of Y, and the restriction of f: f~1(U) — U is still separably dominant. Thus,
we may assume that Y is smooth. In particular, by Lemma 3.3, there is a closed point z
in X such that df,: T, X — Ty,)Y is surjective. Since X and Y are smooth of the same
dimension, it follows that df, is an isomorphism.

Assume (b) holds. Then, the point f(z) is a regular point of Y. We can thus replace Y
by an open neighborhood of f(z) and replace X by the preimage of that. The assumption
on the dimensions continues to hold, so we may assume that Y is smooth. Consequently,
by Lemma 3.3, the morphism f is separably dominant. O

Definition 3.5. If X, Y and T are varieties, we say that a rational map f: X xT-->Y
is a relative rational map (over T) if the maximal open subset U C X x T on which f is
defined has nonempty intersection with every closed fiber X; := X x {t}. In other words,
it is a family of rational maps f;: X --*Y parametrized by the variety T.

Lemma 3.6. Let X and Y be varieties of the same dimension, and let T be any variety.
Let F': X xT--»Y be a relative rational map. Then the locus of t € T such that Fy: X--»Y
s separably dominant is open in T.

Proof. Replacing X by an alteration if necessary, we may assume that X is smooth [dJ96,
Theorem 4.1]. Let U C X X T be the maximal open subset on which F is defined. The
map F then induces a morphism of T-schemes G: U —Y xT.

We claim that if (,t) € U is any closed point, the differential dG ) is an isomorphism if
and only if the differential of the rational map Fy: X --*Y is an isomorphism at z € X. To
see this, note that the tangent spaces of X xT and Y x T are the products of the tangent
spaces of the factors. Furthermore, the component of dG ;) which maps TyT' — Tp(,, 4 X
is the zero map, and the component which maps T;T — T,T is just the identity. Lastly,
the component of dG, ;) mapping T; X — Tg, ()Y is just dF;. This implies the claim.

Let t € T be a closed point. By Lemma 3.4, F; is separably dominant if and only if
there is a closed point x € X such that the differential dF; ; is an isomorphism. By the
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previous claim, this happens if and only if there is a closed point # € X such that dG ;1
is an isomorphism.

Let V C U be the set of all points at which the differential of G is an isomorphism.
The set V is open in U, and hence open in X X T. The map X x T — T is flat, and hence
open. Thus, the projection of V' to T is an open subset of T. By the previous paragraph,
this is exactly the set of ¢t € T' for which F; is separably dominant, so we are done. O

Remark 3.7. The locus of (separably) dominant maps is not necessarily closed in T
in any characteristic; this seems to have been overlooked in [IM07, Proposition 6.1]. We
give two examples. First, in any characteristic, consider the map P! x P'--+P! given by
(x,t) — xt. Its indeterminacy locus consists of the two points (0,00) and (00,0), so that
this is indeed a relative rational map. If we fix any value t € P!\ {0,00}, the resulting
rational map P!--+P! is an isomorphism, and thus separably dominant. For t € {0,00},
the resulting map is constant. Thus, the locus where the map is separably dominant is
P\ {0,00} C P!; this is open but not closed. Next, we give an example pointed out by the
referee when k has characteristic two. Namely, let C be the zero locus of % —yz in PZ. Note
that C is a strange curve [Har77, Theorem IV.3.9]. For q € P?(k), let m,: P?\ {¢} — P*
be the projection away from the point ¢. Let F': C' x P?2-->P! be the rational map defined
by F(c,q) = m,(c). Note that, for every g € P2, the rational map F(—,q): C--+P! extends
to a surjective morphism. This morphism has the following properties.

(i) For ¢ € C(k), the morphism F(—,q) has degree one, and is thus an isomorphism
from C to P

(ii) For ¢ € P2(k)\ (CU{(1:0:0)}), the surjective morphism F(—,q) is separable of
degree two.

(iii) For ¢ = (1:0:0), the surjective morphism F(—,q) is not separable.

Thus, T = P? parametrizes dominant maps from C to P!, but only over the non-closed
open subset P2\ {(1:0:0)} are the maps separable.

The following statement is a purely algebraic result which we will use in the proof of
Lemma 3.9 below. Recall that if M is an R-module, and f € R is an element, the element
f is called M-regular if the morphism M — M, m+— fm is injective. In the special case
that M = S is an R-algebra, this is equivalent to f being a nonzerodivisor in S. If S is
additionally assumed to be reduced and noetherian, this in turn is equivalent to asking
that V(f) C SpecS has codimension > 1 (where the empty set is considered to have
codimension 00).

Lemma 3.8. Let R be a noetherian ring, let S be a noetherian R-algebra and let f € S.
Let M be a finitely generated S-module. Assume that M is flat over R, and assume that
for every maximal ideal m C S, the element fis M /(mNR)M -regular. Then fis M-reqular
and M/fM is flat over R.

Proof. See [Mat80, §20F Corollary 1]. O

The following lemma and proof are essentially due to Tsushima [Tsu79, Lemma 5].
Before starting the proof, we briefly discuss extending relative rational maps. Let G: X x
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T--»Y be a relative rational map with X, T normal varieties, and Y a proper variety.
Then, by properness of Y and normality of X x T, the rational map G: X xT--»Y
extends to a morphism U — Y on a maximal open set U C X x T with complement of
codimension at least 2. However, for any given closed point ¢ € T, it might still happen
that U; := UNX; C X has a complement of codimension 1. While the restriction of G to
U; will extend to a rational map X --»Y defined in codimension 1, this extension will in
general not be compatible with G: X xT--»Y.

Lemma 3.9. Let X and Y be smooth projective varieties of the same dimension n, and
let T be a variety. Let G: X xT--*Y be a relative rational map over T. Let Dx be an
effective divisor on X, and let Dy be a divisor on Y. Let m > 0. Let w € I'(Y,w{™(Dy)).
Assume that for every closed point t € T, the rational map Gy: X --»Y is separably
dominant. Then, the set T,, of t € T such that Gjw lies in I'(X,w™(Dx)) is closed in T.

Proof. The case w =0 is clear, so suppose w # 0. By replacing T with an alteration if
necessary, we may assume that 7' is smooth.

Consider the pullback form G*w, and note that it defines a rational section of the
vector bundle (Q% ., -)®™. For any closed point ¢ € T', we pullback G*w along the inclusion
tp: X=X x{t} CX xT to get the form t;G*w = Gjw. Let F and F be the divisors of
zeroes and poles of G*w, respectively. For ¢t in T, we define F; := ENX; and F} := FN X;.
Since Gy is separably dominant and w # 0, we have that, for every ¢ in T, E; and F; are
(possibly trivial) effective divisors in X;. Note that whenever Gy is defined in codimension
one, we have that E; (resp. F}) is the divisor of zeroes (resp. poles) of Gjw. However, if
G is not defined at all points of codimension 1, it may happen that E; and F; are strictly
bigger than the divisor of zeroes and poles, respectively.

We now prove the result by induction on dim(7'). The case dim(7") =0 is clear. Consider
the set S of all ¢ in T' such that dim(E,NF}) =n—1. By semicontinuity of fiber dimension,
S is closed in T (since dim(E; N Fy) > n—1 cannot occur). The condition ¢ € S implies
that G cannot be defined in codimension 1. Otherwise, the form G;w would have to have
both a pole and a zero along the codimension 1 subset F;N F;, which is absurd. Since
G is defined at all points of codimension 1, we see dim(S) < dim(7T). By the inductive
hypothesis, it follows that S, = SNT, is closed.

We now show that F'— T is flat using Lemma 3.8. First, note that it is locally cut out
by the vanishing of a single equation given by the denominator of G*w. Furthermore, the
morphism X x T — T is flat and, for every closed point ¢ in T, the scheme-theoretic fiber
F; of F — T is a divisor of X;. Thus, we conclude that F'— T is flat by Lemma 3.8.

In particular, there is a morphism 7" — Hilb(X) representing the family (F})¢cr, where
Hilb(X) is the Hilbert scheme of X over k. Now, as there are only finitely many effective
divisors with the property of being < Dx, the set of such divisors form a (finite) closed
subscheme of Hilb(X). It follows that F; < Dx is a closed condition on ¢.

For ¢ in T, the condition F; < Dx implies that Gjw € T'(X,w{™(Dx)). Moreover,
outside the set S (defined above), the condition Gjw € I'(X,w$™(Dx)) is equivalent to
F; < Dx. Thus, a point t € T lies in T, if and only if we have t € SNT,, or F; < Dx. As
SNT, is closed in T and the set of ¢ in T with F; < Dx is closed in T, this concludes
the proof. O
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4. Symmetric differentials on orbifolds

In this section, we collect some statements regarding the sheaf of symmetric differentials
on an orbifold. We start by recalling their definition, first given by Campana in [Caml1,
Section 2.5].

Definition 4.1. Let (X,A) be a smooth orbifold. Let n,p > 0 be natural numbers.
The sheaf of symmetric differentials, written S"Q’(’ X,A) is the locally free subsheaf of

Sym™ Q% (log [AT) which is étale-locally generated by the following elements:

~dry,
[k/m] Ji
e

Here, the following notation was used:

® I1,.,Tdim(x) are a set of local coordinates which exhibit A in normal crossing
form.
The J; are subsets of {1,...,dim(X)} of size p.
dry, = N\jey, doj and @y, =[] 5 25
k is a tuple of dim(X) integers, where the j-th entry counts the number of
occurrences of j in the J;.
e m is a tuple of dim(X) integers, where the j-th entry is the multiplicity of the
coordinate x; in A.
o lk/ml._ H;_ii:ni(x)x](_kj/mﬂ
Definition 4.2. Let (X,Ax) be a normal orbifold. Choose a big open U C X such that
U is smooth and Ay := Ax NU has strict normal crossings. We define S"QP

(XxAX)
L*S"Q’()U Au)’ where ¢: U — X 1is the inclusion.

For smooth proper varieties X without any orbifold structure, the sheaves S”Q’(D X,0)

defined this way coincide with the usual symmetric powers of the module of differentials
Sym™ Q% . More generally, if (X,A) is an orbifold where all multiplicities in A are equal
to 1 or oo, the sheaves S”Q’(’ X,A) defined above coincide with the symmetric powers of the
module of log differentials Sym" QX (log A). However, in general, the sheaves S”QI(’ X,A)
are not the symmetric powers of any coherent sheaf (so that calling them symmetric
differentials is a significant abuse of language). The main use of S™QP for us comes from
the fact that these sheaves behave nicely when they are pulled back by orbifold morphisms.

Lemma 4.3. If f: (X,Ax) — (Y,Ay) is a morphism of smooth orbifolds and n,p >0,

then pullback of differential forms induces a morphism f*SnQI()y,Ay) — S"Q](DXAX).

Proof. Campana shows this when k& = C using computations in the analytic topology;
see [Cam11, Proposition 2.11]. His arguments adapt to positive characteristic, as we show
now.

We have a morphism of sheaves

*Sym™ Q4 (log [Ay 1) — Sym" Q% (supp(Ax + f*Ay)).
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As f*SnQZ(’YA},) (resp. SnQ€X7AX)) is a subsheaf of the source (resp. the target) of this
morphism, we may argue étale-locally around a fixed point 1. As the sheaves involved
are locally free, we may and do assume that n € X is of codimension 1 (except for in the
trivial situation in which X is zero-dimensional).

Locally around 7, the sheaf f*S”Q](DK Ay) is generated by the pullbacks of the local
generators of S”Q?Y,Ay) around f(n) (see Definition 4.1). Let w € S”Q?Y’Ay) be such a

generator. Let Y — Y be a connected étale neighborhood of f(n) such that

(i) Y is an étale open of A? with d = dim,
(ii) Ay is in normal crossing form (i.e., Ay is given by the pullback of 21 ... 2, =0
in A? for some ¢ > 0),
(iii) f(n) specializes to the origin of A%, and

(iv) w has the form described in Definition 4.1.

There is a connected étale neighborhood X = X of n such that f|g factors over Y
and such that Ax is in normal crossings form. Since the induced morphism f: ()? X X x
Ax) = (Y,Y xy Ay) is (still) orbifold, we may replace (X,Ax) by (X,X xx Ax) and
(Y,Ay) by (Y,Y Xy Ay)

As Y is an étale open of A?, we obtain a map X — A given by d maps fi,..., fa: X — Al
For i =1,...,d, we let m; denote the multiplicity of the (pullback of the) prime divisor
{y; =0} in Ay. Since f(X) is not contained in Ay, we know that whenever m; > 1,
the function f; is not identically zero. Viewing f; as an element of the DVR Ox ,, we
decompose it as f; =tYg; with ¢ a uniformizer and g;(n) # 0. Since f is an orbifold
morphism, for any i with v; # 0, we have v; > [m;/m, ]|, where m,, is the multiplicity of
the divisor n in Ax.

Let J C{1,...,d} be a p-element subset, and consider the rational p-form dy;/y; on Y.
If none of the functions f; with ¢ € J vanish along 7, the pullback f*(dy;/ys) has no pole
at 1. If such an i € J exists, then f*(dys/ys) has a pole of order at most 1. Since we can
always write f*(dys/ys) = (dt/t) ANu+v, where u is a (p—1)-form with no pole at 1 and
v a p-form with no pole at 7, the pullback of w is given by

d

fro=TJu™ &) ((it Ag) +va> .
a=1

i=1

Here, as before, u, and v, are forms with no pole at . We can write the tensor product
of sums as a sum of tensor products. When doing this, the order at n of each summand
occuring in such a rewriting is at least

(3:]5]0)

where k; counts the number of ((dt/t) Aug )-factors occuring in that summand (as opposed
to ve-factors). Note that ky < > k;, where the sum runs over those i for which v; > 0.
Using our estimate v; > [m;/m,| from before, we obtain that the order at n of each
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summand is at least

d

k; k

Z{ —‘ ktzkt‘i”Vt—‘a

i=1 | T M
v; #0

so the pole at n is at most of the order we allow for elements of S”Q’(’ X Ax)" Hence,

ffwe S”Q?XVAX), which concludes the proof. O

If X is a smooth variety of dimension n, the sheaf S 19?){,0) is just the canonical sheaf
wx . Thus, one might guess that for a smooth orbifold (X,A), the sheaf S IQ’(“LX A) should
correspond to a line bundle related to the Q-divisor Kx +A. Of course, naively formulated
like this, this guess does not really make sense, since K x + A is not a Z-divisor and hence
does not correspond to any line bundle. However, as we show now, the intuition can be
saved. (Recall our convention that, for £ a line bundle, D a Q-divisor, and n a natural
number such that nD is a Z-divisor, we write (£(D))®™ instead of LZ"(nD).)

Lemma 4.4. Let (X,A) be a smooth orbifold of dimension n, and let N be a natural
number such that NA is a Z-divisor. Then SNQ?X Ay Swx (A)BN .= WSN(NA).

Proof. For the sheaf of log-differentials, we have Q% (log[A]) = wx ([A]) (see [lit82,
§11.1]). It follows that Sym”™ Q% (log [A]) = Sym®™ wx ([A]). Since symmetric powers of
line bundles agree with tensor powers, it follows that Sym™ wx ([A]) =wx ([AT)®V. Thus,
SN ay 1 by construction a locally free subsheaf of wx ([A])®". More precisely, we
see that locally around a point p € X, it is the subsheaf generated by the single element

N
mN/ml xN/mn®d.T1 ANdxs... Ndx,
1 " T1To...Ty

=1
where x1,....,x, are a set of normal crossing coordinates for A, and m; denotes the
multiplicity of the coordinate x; in the orbifold divisor. The subsheaf generated by this
element is equal to wx (A)®Y in some neighborhood of p. The claim follows since p was
arbitrary. O

Corollary 4.5. Let f: (X,Ax)--*(Y,Ay) be a near-map of orbifolds with n:=dim X =
dimY. Assume that X is smooth and that (Y,Ay) is smooth. Let N be a natural number
such that NAx and NAy are Z-divisors. Then there is an induced pullback morphism
Froy (Ay)®N = wx (Ax)®N of locally free sheaves on X.

Proof. By Lemma 4.4, we have wy (Ay)®N = SNQ?Y Ay)- Similarly, as n = dim X =

dimY’, we have wx (Ax)®N = SNQFX’AX), as this equality holds over a big open and both
sides are line bundles. By Lemma 4.3, we get a morphism f*SNQ?Y,AY — SNQ?U,AXHU)
of sheaves on U, where U C X denotes the intersection of the domain of definition of f
with the snc locus of (X,Ax). Since U C X is a big open, by Remark 2.3, the line bundle
ffwy (Ay)®N on U extends to a line bundle on X. Furthermore, as the morphism of
locally free sheaves extends as well by Hartogs, this concludes the proof. O
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If X and T are smooth varieties, and wx: X xT — X and 7r: X x T — T denote the
canonical projections, we get a direct sum composition for the Kéahler differentials:

1 ~ % 1 * 1
Qxxr = mxQx Oy,

Passing to exterior powers, and noting that taking exterior powers commutes with taking
pullbacks, we retain such a direct sum decomposition, although it gets slightly more
involved:

m
Xxr = @ﬁ(ﬂlx QmrQr
i=0
Lastly, if A and B are modules over any commutative ring, we have the following direct
sum decomposition for the symmetric powers:

n
Sym"(A@ B) & @(Symi A®Sym" ‘B).

i=0
By combining the two previous lines, we obtain that Sym"™ 7% Q¢ is a direct summand of
Sym" Q% . Hence, we get an idempotent endomorphism of Sym"™ Q¢ which projects
an element into that summand. Furthermore, if ¢ € T is any closed point and ¢;: X =
X x{t} € X x T is the inclusion, then the pullback map ¢} Sym"™ Q%  — Sym™ Q% factors
over that projection. We now prove the analogous result for orbifolds (see Definition 2.8
for the notion of a product of orbifold pairs).

Lemma 4.6. Let (X,Ax) and (T,Ar) be normal orbifolds. Let mx denote the canonical
projection X xT — X. Then for all natural numbers N and m, the sheaf W}SNQ?}(,AX)

is a direct summand of SNQ?)L(,A)()X(T,AT)'

Proof. First assume that the result is true in the case of the smooth orbifolds. Let X° C X
and T° C T denote the snc loci, and note that these are big opens. Then, since forming the

pushforward commutes with forming direct sums, we see that L(XOXTO)*TF;(OSNQ&O Axo)

is a direct summand of SNQ&,AX)X(TAT). Since t(xoxTo)«Txo = Txtxox for locally free
sheaves, the desired result follows.

By the above, we may assume that (X,Ax) and (T,Ar) are smooth. Assume first that
Ax and Arp are Z-divisors (i.e., that all multiplicities are either 1 or co). In this case,
we have SNQ?)‘(’AX) = Sym" Q% (log Ax). The latter is a genuine symmetric power of an
exterior power of Q% (log Ax). Notice that the decomposition

QO or(log(Ax x T+ X x Ar)) = 15 Q% (log Ax ) © 74O (log Ar)

is still valid. Thus, the discussion of the previous paragraph applies, proving the result in
this case.

Finally, we treat the general case in which A x and A7 are not Z-divisors. By definition,
the sheaf SNQZLX’AX) is a subsheaf of

Sym™ Q% (log [Ax 1),
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and, similarly, the sheaf SNQ?}(,AX)x(T,AT) is a subsheaf of
Sym™ Q% (log[Ax x T+ X x Ar]).
By the previous paragraph, we know that the morphism
7% Sym® O (log [Ax]) > Sym® 02, 7 (log [Ax x T+ X x Ar])

is injective and has a retract. Since the projection map mwx is orbifold, it follows from
Lemma 4.3 that the above injection sends the subsheaf 7% SV Q7% ay) to the subsheaf
SNQ?}(,AX)x(T,AT)' To prove the claim, it thus suffices to show that the retraction also
respects these subsheaves. This can be checked locally, and it suffices to consider the
generators. This can be done very explicitly.

Indeed, let (x,t) € X x T be any closed point, let dzy,...,dz, be local coordinates
for X around z which exhibit Ax in normal crossings form, and let dty,...,dt, be
local coordinates for 7' around ¢ which exhibit A7 in normal crossings form. Then
dxy,....dxy,dty,...,dt, are local coordinates for X x T exhibiting its orbifold divisor in
normal crossings form. Let w be a local generator of SNQ?}(AX)X(T,AT) around (z,t). If
w contains any factors containing a dt;, the pullback ¢jw will be identically zero. Thus, it
remains to consider the case where the only differentials appearing in w are products of
dx; terms. Pulling back such a generator of S™v Q?)‘( Ax)x(T,Ar) along ¢; yields a (formally

identical) generator of SV Q% ay)- This finishes the proof. O

Lemma 4.7. Let (X,Ax) be a normal orbifold, and let (T,Ar) be a smooth orbifold.
For a closed point t € T\ Ar, write 1;: X = X x {t} C X xT. Then, for any natural
numbers m and N, the pullback map L:SNQ?)L(,AX)x(T,AT) — SNQ?}(’AX) factors over the

projection to LIW}}SNQ?}( Ax)"

Proof. We first show that the pullback map considered in the statement is well defined.
To do so, let X° C X be the snc locus of (X,Ax), and note that X° is a big open of
X. The morphism ¢;: X — X X T induces an orbifold morphism X° — X° x T (i.e., ¢; is
orbifold over the snc locus). In particular, by Lemma 4.3, there is an induced morphism
L?SNQ?)L(",Axo)X(T,AT) — SNQ?}(UAXO). Since the sheaves involved are reflexive, this
pullback map extends to a pullback map LISNQ&’AX)X(T’AT) — SNQ&’AX).

To see that the pullback map factors as claimed, note that wx ot; =idx is the identity
morphism, so that, in fact, LIW}SNQ&AX) = SNQE?{,AX)- This concludes the proof. [

5. Kobayashi—Ochiai’s theorem for orbifold pairs

In this section, we prove the finiteness theorem for dominant maps into a smooth orbifold
of general type (Y,Ay). The first step of the proof is to show that given a dominant
morphism f: (X,Ax) — (Y,Ay), we can recover f from its induced map on global
sections of the canonical bundles wy (Ay)®N(Y) — wx (Ax)®N(X) for sufficiently large
N, where N only depends on (X,Ax) and (Y,Ay) but not on f. This allows us to shift
the focus from studying dominant morphisms to studying linear maps wy (Ay )®V (V) —
wx (Ax)®N(X) satisfying certain conditions.
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To state the next lemma, we introduce some terminology. We call a line bundle very big
if the rational map to projective space induced by its global sections is birational onto its
image. Note that every big line bundle has a tensor power which is very big. Of course, a
very ample line bundle is very big. Also, if V' is a vector space, the projective space P(V)
parametrizes subspaces of codimension 1.

Lemma 5.1. Let X and Y be projective varieties. Assume that X is locally factorial. Let
Lx and Ly be line bundles on X and Y, respectively. Assume that Lx is very big and
that Ly is very ample. Consider the following set:

S={(f,0) | f: X--*Y dominant and ¢: f*Ly — Lx injective}.
If (f,9) and (g,%) have the same image under the composed map of sets
S — Hom(Ly (Y),Lx (X)) \{0} — {rational maps from P(Lx (X)) to P(Ly(Y))},
then f=g.

Proof. Before starting the proof, we note that the set S is well defined by Remark 2.3.
Let (f,¢) and (g,v) be elements of S which induce the same rational map

7: P(Lx (X)) - P(Ly (Y)).

By our assumptions on the line bundles, the space P(Lx (X)) contains a birational
copy X of X and P(Ly(Y)) contains Y. The following square commutes whenever the
compositions are defined:

P(Lx (X)) -2+ P(Ly (V).

Here, the upper horizontal arrow can be either f or ¢g. Note that the indeterminacy locus
of 7 is a linear subspace and that X is not contained in any proper linear subspace of
P(Lx(X)). Hence, v is defined on some open of X, and the commutativity of the diagram
above implies that v sends X to Y. So we get a rational map X --+Y. The composition
X--+X--+Y is equal to both f and g whenever it is defined, showing that f =g on a
dense open subset. As Y is separated, this implies that f = g everywhere. O

We now have all the prerequisite results needed for our proof of the announced theorem.
We follow the general proof strategy of [Tsu79].

Proposition 5.2. Let (X,Ax) and (Y,Ay) be proper orbifolds. Assume that X is smooth
and that (Y ,Ay) is smooth and of general type. If dim X = dimY, then there are only
finitely many separably dominant near-maps (X,Ax)--*(Y,Ay).

Proof. If there are no separably dominant near-maps from (X,Ax) to (Y,Ay), then
we are done. Otherwise, let f: (X,Ax)--*(Y,Ay) be a separably dominant near-map.
By Corollary 4.5, for N € N sufficiently divisible, we get an induced morphism of line
bundles f*(wy (Ay))®Y — wx(Ax)®N. Since f is separably dominant, the morphism of
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line bundles f*(wy (Ay))®N — wx(Ax)®Y is non-zero, and hence injective. This implies
that wx (Ax)®" is a big line bundle. Increasing N if necessary, we can thus assume that
all of the following hold:

o wx(Ax)®N and wy (Ay)®VN are well-defined line bundles.
e The line bundle wx (Ax)®" is very big.
e There is an effective divisor C C Y such that (wy (Ay)®V)(—C) is very ample.

We fix the integer N and the effective divisor C CY from the last bullet point. We
define Vy :=T'(X,wx (Ax)®V) and Vy :=T(Y,wy (Ay)®N¥(=C)). Note that we obtain a
closed immersion ty : Y — P(Vy) and a rational map ¢x : X --*P(Vx) which is birational
onto its scheme-theoretic image X. For every dominant near-map f, we get an induced
vector space morphism f*: Vy — Vx. By Lemma 5.1, we can recover f from f* and even
from P(f*). Thus, we are led to studying linear maps Vy — V.

Let H := Hom(Vy,Vx)Y, with ¥ denoting the dual. Composition of functions is a
canonical bilinear map Vy x Hom(Vy,Vyx) — VyY, and after identifying Hom(Vy,Vx) with
its double dual, we get a bilinear morphism Vy x HY — VY. It induces a relative (over
P(H)) rational map F: P(Vx) x P(H)-->P(Vy). For every closed point h € P(H), we
denote by Fj, the rational map P(Vyx) =P(Vx) x {h}--*P(Vy).

To prove the proposition, we are first going to construct a “small” locally closed subset
Hj; of P(H) such that the set of separably dominant near-maps (still) injects into H3 via
= PB(f). B

Let H; CP(H) be the subset for which F} maps X CP(Vx) to Y CP(Vy). To see
that this is a meaningful condition, note that the indeterminacy locus of Fj, is a linear
subspace and that X C P(Vx) is contained in no proper linear subspace. Let 1% be the
generic point of the scheme X. Since H; is the set of h in P(H) such that the morphism

{nx} xP(H) = P(Vy)

factors over Y it follows from Lemma 3.1 that it is closed in P(H).

Note that we obtain a relative rational map X x Hi--»Y. Let Hy C Hy be the subset
of elements of H; for which the induced rational map X --*Y is separably dominant. By
Lemma 3.6, the set Hs is open in H;.

Let Hs C Hy be the subset of rational maps g: X --*Y such that, for every global
section w of wy (Ay)®V, the pullback (gorx)*w is a global section of wx(Ax)®N. By
applying Lemma 3.9 to every single w and taking the intersection over all closed sets
obtained this way, we see that Hj is closed in Hs. Hence, Hj is locally closed in P(H),
and we give it the reduced scheme structure.

If f: (X,Ax)--*(Y,Ay) is a separably dominant orbifold near-map, then the induced
map P(f*) lies in Hs. As we mentioned before, by Lemma 5.1, different separably
dominant orbifold near-maps induce different elements of Hsz. Therefore, to prove the
proposition, it suffices to show that Hj is finite. To do so, let H4 be an irreducible
component of Hs, so that H4 is a quasi-projective variety. Since Hj is quasi-projective,
it has only finitely many irreducible components. Therefore, to conclude the proof, it
suffices to show that Hy is a point.
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Let Hy be the closure of Hy in P(H), and note that Hy is a projective variety. Since
H, is closed in P(H), we see that Hy is contained in H;. In particular, we can interpret
every closed point of Hy as a (possibly non-dominant) rational map X --»Y. Let Hy be

a smooth projective variety, and let Hy — Hy be an alteration such that the preimage
of E\H4 in Hy is a strict normal crossings divisor Dy (this exists by [dJ96, Theorem
4.1]). We let G: X x IZ——>Y be the relative rational map induced by the above map
X xH--+Y.

By Lemma 4.6, the sheaf SV Q" has 7% SNQ?X,AX) as a direct summand.

(X,Ax)x(Ha, D)
We denote by

T SN A iimpm xS Qx Ay
the projection. We now define the morphism : Hy — Hom(Vy,Vx) = HY by ¥(h) =
[w i (G*w)], where 1 X — X x Hy is the inclusion map z (z,h). We now show
that U is a well-defined morphism of varieties.

To do so, fix a closed point h € Hy and w € Vy. Then w € I'(Y,wy (Ay)®VN). We
now analyze the possible poles the pulled back form G*w on X x ﬁ; can have. First,
we note that all occurring poles of G*w are logarithmic, as w has only logarithmic
poles. Furthermore, on the open X x (Hy\ Dg) (which lies over X x Hs), the form
G*w can only have poles along [Ax ]| x Ii, and these poles have orders bounded by the
coefficients of NAx by definition of Hs. It follows that G*w defines a global section of

SNQ?X,AX)x(fIZ,DH)' Consequently, 7(G*w) is a global section of W}SNQ?X,AX)' Global

sections of W;(SNQ?X,AX) only have poles along subsets of [Ax]| x ﬁ;, with these poles
being logarithmic and of order bounded by the coefficients of NAx. In particular, they
can be pulled back along ¢, and then give global sections of SNQ?x,AX) =wx (Ax)®N.
In particular, we have ¢;7(G*w) € Vx, as required.

On the open subset E\D 1, which consists of the elements lying over H,4, the morphism
U has the simpler description ¥(h) = ¢} G*w. The two descriptions agree by Lemma 4.7.
As elements of H, represent dominant rational maps X --*Y, we could even slightly abuse
notation and write U(h) = h*w.

Let h; and hse be elements of E lying over Hy such that U(hy) = U(hsy). Since
U(hy): Vy — Vx is the injective map w+— (Goup, )*w and ¥(hs): Vi — Vx is the injective
map w > (Goup,)*w, it follows from Lemma 5.1 that the dominant near-maps G o ¢y,
and G oy, are equal. This implies that hy and hg lie over the same element of Hy (via
the alteration Hy — Hy).

However, since IZ is a projective variety and H" is affine, the morphism ¥ is constant.
Since U separates elements lying over distinct points of Hy (see previous paragraph), we
conclude that H, is a singleton. This concludes the proof. O

As we show now, we may drop the properness and smoothness assumptions on X.

Corollary 5.3. Let (X,Ax) and (Y,Ay) be normal orbifolds with (Y,Ay) a smooth
proper orbifold of general type. If dimX = dimY, then there are only finitely many
separably dominant near-maps (X,Ax)--»(Y,Ay).

https://doi.org/10.1017/51474748024000094 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000094

18 F. Bartsch and A. Javanpeykar

Proof. Let U C X \ suppAx be a smooth open subset. Let V' — U be an alteration with
a smooth compactification V C V (see [dJ96, Theorem 4.1]). Shrinking U if necessary,
we may assume that V' — U is quasi-finite and dominant. Then, by Lemma 2.5, the set
of separably dominant near-maps (X,Ax)--»(Y,Ay) injects into the set of separably
dominant near-maps V --»(Y,Ay ). Shrinking V if necessary, we may assume that the
boundary V' \ V is a (reduced) divisor D C V. Then, the set of separably dominant near-
maps V --*(Y,Ay) equals the set of separably dominant near-maps (V,D)-->(Y,Ay).
The latter is finite by Proposition 5.2. O

Corollary 5.3 implies that the statement of Theorem 1.1 holds, under the additional
assumption that dim X =dimY. To prove Theorem 1.1, we use a cutting argument.

Theorem 5.4. Let (X,Ax) and (Y,Ay) be normal orbifolds with (Y,Ay) smooth, proper
and of general type. Then there are only finitely many separably dominant near-maps
(X,Ax)--»(Y,Ay).

Proof. We may assume that the base field k is uncountable. As before, we may replace
(X,Ax) by a dense open subset of X \ suppAx, so we may assume that X is smooth and
quasi-projective and that Ax is empty.

We argue by contradiction. Assume that (f;: X--*(Y,Ay));en is an infinite sequence of
pairwise distinct separably dominant near-maps. If dim(X) > dim(Y"), we will construct
an (dim(X)—1)-dimensional subvariety Z C X which still admits infinitely many pairwise
distinct separably dominant orbifold near-maps to (Y,Ay ). By iterating this process, we
obtain a contradiction to Corollary 5.3. As the case dim(Y) = 0 is trivial, we may assume
dim(X) > 2.

Let X CP™ be an immersion, and let Z C X be a very general hyperplane section. Then
Z is a smooth variety. Since Z is not contained in the indeterminacy locus of any f;, all
of the f; induce rational maps f;|z: Z--*Y. Moreover, being very general, Z does not
contain any irreducible component of the indeterminacy locus of any f;. This implies that
all fi|z: Z--+Y are defined in codimension 1. For fixed i,j, the locus where f; and f;
are equal is contained in a proper closed subset of X, so that f; and f; are distinct after
restricting to a generic hyperplane section. Thus, the near-maps (f;|z)ien are pairwise
distinct. By the implication (a) = (b) of Lemma 3.3, for every i € N, there is a point
r € X such that df; ,: T, X — Ty, ()Y is surjective. As this is an open condition on z,
we see that the map on tangent spaces is surjective at a general point of X. Moreover, if
V C T, X is a generic subspace of codimension 1, the composed map V' — T, ()Y will still
be surjective, as dimT, X =dim X > dimY =dimTy,,)Y. Consequently, we see that the
restricted maps f;|z: Z--*Y still have a surjective differential map at some point. Hence,
they are separably dominant by the implication (b) = (a) of Lemma 3.3. By Corollary
2.7, the separably dominant near-maps f;|z: Z--*(Y,Ay) are orbifold near-maps. This
concludes the proof. O

Remark 5.5. Theorem 5.4 also holds if we allow (X,Ax) and (Y,Ay) to be Q-orbifolds
(but still requiring (Y,Ay) to be smooth, proper and of general type). Indeed, as before,
we immediately reduce to the case that X is a smooth variety. Writing Ay => (1— =)D;,

1
mq
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we can define Ay =3 (1— [Tl])D Then every morphism X — (Y, Ay ) is also a morphism

X — (Y,Z;); hence, we are reduced to the case of Z-orbifolds.

As a straightforward application of our result, we can show that every surjective
endomorphism of a general type orbifold is an automorphism.

Corollary 5.6. If (X,A) is a smooth proper orbifold pair of general type, then every
separably dominant morphism (X,A) — (X,A) is an automorphism of finite order, and
the group of automorphisms of (X,A) is finite.

Proof. Let f: (X,A) = (X,A) be a separably dominant orbifold morphism. Let f™ be
the n-fold composition of f. Since every f™ is a separably dominant orbifold morphism, by
the finiteness of the set of separably dominant orbifold morphisms (X,A) — (X,A), there
are distinct positive integers m and n with m > n such that f™ = f™. As f is dominant,
it follows that f™~" =idx, so that f is an automorphism of finite order. The finiteness
of the automorphism group follows immediately from Proposition 5.2. O

Let (X,A) be a smooth proper orbifold pair of general type. We do not know whether
every separably dominant orbifold near-map f: (X,A)--+(X,A) is birational and has
finite order (in the group of birational self-maps of X). Indeed, it is not clear to us
whether the iterates f' = fo...o f of f are orbifold near-maps.
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