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In the present paper, we consider the following fractional double phase problem with
nonlocal reaction:

{ (=A)pu+ (=A)gu+ V(o) (|ulP~2u+ [u20) = (G « Fw) f(w)  in RN, }
u € WSP(RN)NWSI(RY), u>0 in RV,

where ¢ is a positive parameter, 0 < s < 1, 2 < p < ¢ < min{2p, N/s}, 0 < u < sp,
(=A); (t € {p,q}) is the fractional t-Laplace operator, the reaction term f : R+ R is
continuous, and the potential V' € C(RN,R) satisfying a local condition. Using a
variational approach and topological tools (the non-standard C'-Nehari manifold
analysis and the abstract category theory), multiplicity of positive solutions and
concentration properties for the above problem are established. Our results extend
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and complement some previous contributions related to double phase variational
integrals.

Keywords: Category theory; fractional double phase problem; Nehari manifold;
nonlocal reaction
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1. Introduction

1.1. Features of the paper and historical comments

In this paper, we are concerned with the study of concentration and multiplicity
properties of solutions for a class of fractional double phase problems with Choquard
nonlinearity. The features of this paper are the following:

(i) the presence of several nonlocal operators with different growth, which
generates a double phase associated energy;

(ii) the analysis developed in this paper is concerned with the combined effects
of a nonstandard fractional operator with unbalanced growth and a nonlocal
Choquard term;

(iii) the potential describing the absorption term satisfies a local condition and
no information on the behaviour of the potential at infinity is imposed;

(iv) the main concentration property creates a bridge between the global
mazimum point of the solution and the global minimum of the potential;

(v) since the nonlinearity is only assumed to be continuous, one cannot apply
the standard C!-Nehari manifold arguments due to the lack of differentiability of
the associated Nehari manifold;

(vi) our analysis combines the nonlocal nature of the fractional (p, ¢)-operator
and of the Choquard nonlinearity with the local perturbation in the absorption
term.

The problem studied in this paper combines both the above-mentioned features.
More exactly, we are interested in concentration phenomena associated with a
nonlinear Choquard problem driven by fractional Laplace operators with differ-
ent power. This integro-differential operator appears in several relevant models of
applied sciences. We only recall that the fractional power of the Laplace opera-
tor is the infinitesimal generator of the Lévy stable diffusion process and arises in
anomalous diffusion in plasma, population dynamics, geophysical fluid dynamics,
flame propagation, chemical reactions in liquids, and American options in finance.
Moreover, fractional Sobolev spaces have been well known since the beginning
of the last century, especially within the framework of harmonic analysis. The
starting point in the study of fractional problems is attributed to the pioneering
papers of Caffarelli et al. [20-22]. For a comprehensive introduction to the study of
fractional equations and the use of variational methods in the treatment of these
problems, we refer to the monographs by Di Nezza, Palatucci, and Valdinoci [27]
and Molica Bisci, Radulescu, and Servadei [45]. Therefore, the nonlocal operators
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are becoming increasingly popular in applied sciences, theoretical research, and
real-world applications.

Since the content of this paper is at interplay between ‘double phase problems’
and ‘Choquard problems’, we now recall some pioneering achievements in these
fields.

We start with a short description on the development of double phase problems.
To the best of our knowledge, the first contributions to this field are due to the
study by Ball [13, 14], in relationship with problems in nonlinear elasticity and
composite materials. Let 2 C R be a bounded domain with a smooth boundary.
If u: Q — RY is the displacement and if Du is the N x N matrix of the deformation
gradient, then the total energy can be represented by an integral of the type

I(u):/gf(ac,Du(x))dx, (1.1)

where the energy function f = f(x,€) : Q@ x RVN*N — R is quasiconvex with respect
to &, see the study by Morrey [47]. A simple example considered by Ball is given
by functions f of the type

f(&) = g(§) + h(det§),

where det ¢ is the determinant of the N x N matrix £ and ¢, h are non-negative
convex functions, which satisfy the growth conditions

9(§) = c1 " t—li-&-moo h(t) = +oo,

where c¢; is a positive constant and 1 < p < N. The condition p < N is necessary
to study the existence of equilibrium solutions with cavities, that is, minima of the
variational integral (1.1) that are discontinuous at one point where a cavity forms; in
fact, every u with finite energy belongs to the Sobolev space W1 (£, RY), and thus
it is a continuous function if p > N. In accordance with these problems arising in
nonlinear elasticity, Marcellini [41, 42] considered continuous functions f = f(z,u)
with unbalanced growth that satisfy

a1 JulP <|f(z,u)] <co (14 |ul?) forall (z,u) € Q xR,

where ¢y, co are positive constants and 1 < p < ¢. Recently, a great deal of
works have enriched the mathematical analysis of nonlinear models with unbal-
anced growth; we refer to the works of Bahrouni, Radulescu, and Repovs [12];
Crespo-Blanco, Gasinski, Harjulehto; and Winkert [23]; Liu and Papageorgiou [40];
and Papageorgiou, Pudetko, Radulescu [49]. In addition, an overview of recent devel-
opments on the regularity of nonlocal double problems can be found in Byun, Ok,
and Kyeong [19] and De Filippis and Palatucci [25].

In the pioneering works of Frohlich [30] and Pekar [50], the following Choquard
equation was introduced,

1
—Au+u= <|| * |u2> u in R, (1.2)
x
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which models quantum polaron and corresponds to the study of the free electrons in
ionic lattices interacting with phonons associated with deformations of the lattices
or with the polarization created on the medium. Choquard also used it to study
steady states of the one component plasma approximation in the Hartree-Fock
theory describing an electron trapped in its own hole [37]. Equation (1.2) is also
called the Schrédinger—Newton equation which combines the Schrédinger equation
of quantum physics with nonrelativistic Newtonian gravity. Such a model can also
be deduced from the Einstein—Klein—Gordon and Einstein—Dirac systems related
to boson stars and the collapse of galaxy fluctuations of scalar field dark matter;
we bring the reader’s attention to Elgart and Schlein [29], Jones [36], Lions [39],
Penrose [51, 56], and Schunck and Mielke [54].

In conclusion, based on the historical research background of the fractional dou-
ble problem and the Choquard problem and the related theoretical foundation,
focusing on the characteristics of such problems and the combined effects produced
by their combination, we will apply analytical, topological, and variational meth-
ods and develop some new techniques to devote ourselves to the study of new
phenomena of nonlocal double problems with nonlocal reaction terms, when the
potential V satisfies a general local condition and the nonlinearity f possesses only
the continuity property.

1.2. Statement of the problem and main result

In this paper, we focus on the existence, multiplicity, and concentration behaviour
of positive solutions for the nonlinear fractional (p, ¢)-Choquard problem:

{ (—A)pu+ (=A)gu+ V(@) (ul~2u+ [l ~*u) = (Ghe + F) f(w)  in RY, }
u € WSPRM)NW=IRY), u>0 in RY,
(1.3)

where ¢ is a positive parameter, 0 < s < 1, 2 < p < ¢ < min{2p, N/s}, 0 < p < sp,
(—A)s (t € {p,q}) is the fractional ¢-Laplace operator, V : RY +» R and f : R
R are continuous functions, F' is the primitive function of f, and * denotes the
convolution product.

In the local setting corresponding to s — 1~ (up to normalization), the double
phase problem (1.3) is motivated by numerous models arising in mathematical
physics. For instance, we can refer to the following Born—Infeld equation [16] that
appears in electromagnetism:

. Du :
—div (MW) - h(’I_L) in £2.

Indeed, by the Taylor formula, we have

3, 5l

(2”—3)'! n—1
5.2 T3 957

(n— 1)i2n—1°"

(1—2:)71/2:14—%4— +- 4 + - for |z| < 1.

Taking 2 = 2|Du|? and adopting the first-order approximation, we get a partic-
ular case of the problem (1.3) for p=2 and ¢=4. Furthermore, the n-th order
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approximation problem is driven by the multi-phase differential operator

— 3N
(2n 3)"A2nu.

3

Finally, we also refer to the following fourth-order relativistic operator:

. |Vu|?
u—div | ————=—Vu
<(1 —[Vult)3/4 7))
which describes large classes of phenomena arising in relativistic quantum mechan-
ics. Clearly, we can use the Taylor formula to conclude that the fourth-order
relativistic operator can be approximated by the following double phase operator:

3
u — A4u + ZAS’U,

The purpose of this paper is to study a class of fractional unbalanced double
phase problems in which the nonlocal term appears also in the nonlinear part.
Problem (1.3) is closely related to the analysis of nonlinear problems and station-
ary waves for models arising in mathematical physics, such as phase transitions,
anomalous diffusion, composite materials, image processing, fractional quantum
mechanics in the study of particles on stochastic fields, fractional superdiffusion,
and fractional white-noise limit, see the study by Pucci and Saldi [52]. For more
details, we refer interested readers to the preliminary introduction of this topic in
[27, 45]. From the point of view of physics, in the semi-classical sense (namely, as
e — 0), it is of great significance to study the existence and shape of the stand-
ing wave solutions of problem (1.3), which can be used to describe the transition
relationship between quantum mechanics and classical mechanics. From a mathe-
matical point of view, in the framework of this semi-classical state, we can obtain
more dynamic behaviour information, such as concentration, convergence, decay,
bifurcation, and other properties.

Note that, if p = ¢ = 2, after rescaling, problem (1.3) reduces to the following
nonlinear fractional Choquard equation:

1
2 (=A)u+V(z)u =N (|“ * F(u)) f(u) in RV, (1.4)
x
When e =1, F(u) = |ulP, and f(u) = |u[P~2u, d’Avenia, Siciliano and Squassina

[24] dealt with the regularity, existence and non-existence, symmetry, and decay
properties of solutions to problem (1.4). Under assumption that the potential V
has a local minimum, Ambrosio [9] established the multiplicity and concentration
of positive solutions to problem (1.4) via the penalization technique and Ljusternik-
Schnirelmann theory.

When p = ¢ # 2, after rescaling, problem (1.3) boils down to the following
nonlinear fractional Choquard problem:

{ (=)t V@)~ = N (e« Fw) fu) - inRY, } (1.5)
uEWS’p(RN)a u>0 in R¥.
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In [7], Ambrosio investigated the existence, multiplicity, and concentration of pos-
itive solutions for the fractional Choquard problem (1.5) by assuming that the
potential V' : RM — R fulfills the following condition due to the study by
Rabinowitz [53]:

(V) Voo = liminf|m|ﬁ+oo V(.’L‘) > infa:e]RN V(.’E)

These solutions concentrate at global minimum points of V' under the global
hypothesis (V). In the local sense s =1, problem (1.5) becomes the following quasi-
linear Choquard problem with the p-Laplace operator

— At V@Pu= o (G e F@) S R ]
we WHPRN), u> 0 in RV, '

for which several existence, multiplicity, and concentration results of positive solu-
tions have been studied by different authors, under suitable assumptions on the
potential function V and the reaction f; see, for instance, Alves and Yang [3-5].
On the other hand, if s=1 and 1 < p < ¢ < N, after rescaling, problem (1.3)
reduces to the following (p, ¢)-Laplace problem:

—ePApu — eTAqu+ V(@) (JulP~2u + [u] T 2u) = ehN (ﬁ « F(u)) fu) RV,
we WHPRN) nwPRN), >0 in RV,
(1.7)

Very recently, by assuming that the potential V' and the nonlinear reaction f satisfy
the following conditions:

(V) V e C(RN,R) and 400 > Voo = liminf |, 4o V(2) > inf, _n V(z) > 0;
(f) feCR,R),

Zhang, Zhang, and Radulescu studied the multiplicity and concentration behav-
ior of positive solutions to problem (1.7) in [60].

For related concentration and multiplicity properties of solutions, we refer to the
recent paper by Alves and de Morais Filho [2]; Alves, Ambrosio, and Isernia [1];
Ambrosio [8]; Ambrosio, Isernia, and Radulescu [10]; Ambrosio and Radulescu [11];
Del Pino and Felmer [26]; Gao, Tang, and Chen [31]; Gu and Tang [32]; Ji and
Radulescu [34, 35]; Moroz and Van Schaftingen [46]; Zhang and Zhang [61]; Zhang,
Zhang, and Radulescu [59]; and Zhang, Tang, and Radulescu [62]. We also cite the
study by Mingione and Radulescu [44] for an overview of recent results concerning
elliptic variational problems with nonstandard growth and nonuniform ellipticity.

Inspired by the above works, in this paper, we are interested in studying the
multiplicity and concentration behaviour as € — 0 of positive solutions for prob-
lem (1.3), when we suppose a local condition on the potential V, and the nonlinear
term f is only assumed to be continuous (without C! differentiability). Precisely,
we first impose that V is a continuous map satisfying the following assumptions:
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(V1) there exists Vo > 0 such that Vg :=inf__,~ V(2);
(V3) there exists an open bounded domain A C RY such that

V0<H§}\HV and M:={reA:V(z)=Vo}#0.

Next, we assume that f is a merely continuous function that verifies the following
conditions:

(f1) limg_yo ||t{,§t_)|1 = 0;

(f2) there exists v € (¢,q%(2 — p/N)/2) such that

£ ()]

[t]—+oo |E]¥ 1

:0’

where ¢; = Nq/(N — sq);

(f3) 0 < pF(t):=p [y f()dr < f(t)t for all ¢ >0;

(f4) the map t — t};(—_t)l is increasing for all ¢ > 0.
REMARK 1.1. We would like to point out that, since the hypotheses on V and
f are different from [7, 53, 59-61], our arguments are totally distinct with them
and improve the previous results for the singularly perturbed fractional problem
with nonlocal Choquard reaction, in the sense that we establish multiplicity results
and concentration behaviour for the fractional (p, ¢)-problems involving continuous
nonlinearity and by imposing a local condition on the potential V. Compared with
the local case s =1, we point out that our result improves theorem 1.2 in [60]. In
addition, we believe that the ideas contained here can be used in other cases to
study problems driven by more general operators, under local conditions on the
potential V and without the differentiability of the nonlinearity f.

In order to look for positive solutions of problem (1.3), we may assume that
f(t) =0 for all t <0.

Recall that if A is a closed subset of a topological space Y, then we use caty (A)
to denote the Ljusternik—Schnirelmann category of A in Y, that is, the smallest
number of closed and contractible sets in Y which cover A. For more details, we
refer to the study by Willem [57].

Our main result in this paper establishes the following concentration and
multiplicity properties.

THEOREM 1.2 Let 0 < p < sp. Assume that the nonlinearity f fulfils (f1)—(fa) with
v < (N —pu)q/(N — sq) and the potential V verifies hypotheses (V1)—(Vz). Then for
all 6 > 0 such that My := {x € RN : dist (x, M) < 0} C A, there exists e5 > 0 such
that, for any e € (0,e5) problem (1.3) has at least catrg(M) positive solutions.
Moreover, if u. denotes one of these solutions and x. € RY is the global mazimum
point of ue, then lime_,o V(ex:) = V.

The proof of theorem 1.2 is based on topological and variational methods and
refined analytic techniques. Let us now take the next steps to outline our strategies
and methods for proving theorem 1.2:
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(1) concerning our variational approach: because there is no information on the
behaviour of V at infinity, as in [26], we first modify in a convenient way the
nonlinear reaction outside the set A, and then we will study an auxiliary problem.
The main characteristic of the corresponding modified energy functional is that
it verifies all the conditions of the mountain pass theorem [6]. Finally, we prove
that, for € > 0 sufficiently small, the solutions of the auxiliary problem are indeed
solutions of the original one;

(2) topological techniques: in order to get multiple solutions of the auxiliary
problem, we will use the generalized Neahri manifold method and some well-known
topological techniques proposed by Benci and Cerami in [15] based on accurate
comparisons between the category of some sub-level sets of the modified functional
and the category of the set M. Note that the nonlinearity is only continuous, and we
stress that standard C'-Nehari manifold arguments as in [60] cannot be employed
in our setting due to the lack of differentiability of the associated Nehari manifold.
To this end, we take inspiration by some ideas developed in [55] and make use of
some abstract critical point results obtained in [55] to overcome this obstacle;

(3) the combination effects of nonlocality and nonhomogeneous: the lack of homo-
geneity caused by fractional (p, ¢)-Laplacian operator, together with the appearance
of nonlocal Choquard reaction term, makes our analysis more refined and interest-
ing than the above works and also brings some new difficulties to our analysis. In
particular, we need to develop a suitable Moser iteration scheme to obtain L°°-
estimates and absorb some ideas from [11, 62] to build on the Hélder regularity
results under this work.

Throughout this paper, C, Cy, C1, Co, ... denote positive constants whose exact
values are inessential and can change from line to line, and the same C, Cy, C4,
C3, ... may represent different constants; B,(y) denotes the open ball centred at
y € RN with radius p >0, and B{(y) denotes the complement of B,(y) in RY. In
particular, B, and Bj denote B,(0) and B5(0), respectively.

2. Auxiliary results

2.1. Notations
Let u: RN = R. For 0 < s < 1 and p > 1, we define the fractional Sobolev space

P

u(y)?
/RN/]RN \z—y|N+SP ——————dzxdy < +00

equipped with the natural norm

WeP(RY) := { s ulp —/ lulPde < +o0, [u]?

Sl

||u||ws,p(]RN) = ([u]g,p + ‘“|§)

For all u, v € W*P(RY), we define

W) P2 (u(@) — u(y) (v(z) = v(y))
(U, 0)sp /]RN /]RN dzdy.

|z —y| NP
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We now recall some fundamental embeddings. Let s € (0,1) and p € (1,+00)
such that N > sp. Then for any r € [p, p%] there exists a constant such that C, > 0
such that

|u|r < OTHUHWs,p(RN) (21)

for all u € W*P(RYN). Moreover, W*?(R") is compactly embedded in LI (R") for
any r € [1,p%).

In order to treat the nonlinear fractional (p, ¢)-Choquard problem, we use the
following space:

X =W*PRY)nW*4(R"Y)

endowed with the norm

|ullx = ||U||Ws,p(]RN) + ||UHW5,¢1(RN)-

Additionally, since W*"(RY) (1 < r < +0o0) is a separable reflexive Banach space,
then X is also a separable reflexive Banach space.

2.2. The penalized problem

In order to overcome the lack of compactness of problem (1.3), we shall adapt the
penalization method introduced by del Pino and Felmer [26] to deal with the non-
linear fractional (p, ¢)-Choquard problem. Furthermore, without loss of generality,
we can assume that

0eA and V(0)=".

So, we need to find a constant K >0 (which is determined later, see lemma 2.6)

and take a unique number a > 0 such that f(a) = % (ap_l + aq_l).
Now, we define

Y f(t)v if t < a,
t) =
f() %(tz)—l _’_tq—1)7 lft>a,
and
g(z,t) = Xa(@)f(8) + (1= xa(@)f(1), ift>0,

0, if £ <0,

where xq is the characteristic function on Q C R¥.
We can easily observe that g is a Carathéodory function and fulfills the following
properties:

(g91) lim, o+ iz(;ﬁtl) = 0 uniformly for all z € RY;
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(g2) g(z,t) < f(t) for all z € RN and t > 0;
(93)i 0 < pG(z,t) —pfo deT g(x,t)t for all z € A and ¢ > 0;
(93)ii 0 <pG(z,t) < g(z,t)t < (tp +t9) for all z € A and ¢ > 0;
(g4) the maps t — w and t — %qt)
2 t2
and ¢t >0.

are both increasing for all z € RV

REMARK 2.1. We shall consider the following penalized problem:

{ (A u+ (—A)su+ V(ex)(|ulP~ 2u 4 |u|97%u) = (le“ * G(ex, u)) g(ex,u), }
ueX, u>0
(2.2)

in RY. If . is a solution of problem (2.2) such that u.(z) < a for all z € AS, where

A, = {a: eRN :ex € A}, then g(ex,u.) = f(u.), G(ex,us) = F(ex,ue). So, u. is
also a solution of problem (1.3).

For any € > 0, we define the space

X. = {ueX / ) (Juf? + [ )dm<+oo}
equipped with the norm

lullxe = llullve,p + [lullve o,

where ||uH§/€t = [u]gt + Jen V(ex)|u|'dzx for t € {p,q}.
From now on, we focus on the critical points of the Euler-Lagrange functional
J: : X. — R defined by

1 1 1
o) i= Sl Sl g~ 5 [ (o Glen ) Gerwda

for all u € X.. By a standard argument, we can infer that J. € C*(X.,R) and its
derivative is given by

(Jé(u), U> = <ua U>s,p + <uav>s,q + /]RN V(E-T) (|u|p72u + |u|q72u) vdx

1
_ /RN <|$|“ * G(ex,u)) g(ex,u)vdx for all u, v € X..

Let us define the Nehari manifold associated with problem (2.2), that is,

N i={u e X\ {0} : (JL(u),u) = 0}.

We use X to denote the open set defined by

X+ :={ue X, :|supp (u")| >0},
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and we introduce the set ST := S. N X, where S := {u € X, : |Jul]|x. = 1}. We
first observe that S is an incomplete C''!-manifold of codimension one. So, for all

u € ST we have X, = T, (ST) @ Ru, where

T.(SH) = {v € Xe: (U, 0)sp + (U, V)s 4 +/ V(ex) (|u"u+ u|*"*u) vdz = 0} .
RN

Due to the fact that f is only continuous, the following result is crucial to bypass
the non-differentiability of N;.

LEMMA 2.2. Assume that (f1)—(fs1) and (V1)—(Va) are fulfilled. Then the following
properties hold true:

(a) for all w € X, there emists a unique t, > 0 such that t,u € N..
Furthermore, m.(u) = t,u is the unique mazimum of £, (t) := Je(tu);

(b) there exists T > 0 independent of u such that t,, > 7 for allu € SI. Moreover,
for each compact set W C ST, there exists a constant Cyy > 0 such that
ty < Cy for all u € W,

(c) the mapping m. : XT +— N. is continuous and m. := Th5|S€+ is a
homeomorphism between St and N, and the inverse of m. is given by
met () 1= uf|ul x.

(d) ce := infuen. J-(u) = 00 > 0 and J. is bounded below N, where gy is
independent of €, K, and a;

(e) let 0 < p < sp and v < (N — p)q/(N — sq). If there exists a sequence
{un}pen C ST such that dist (un, dSF) — 0 asn — oo, then ||me(uy,)||x. —
+oo and Je(me(un)) = +00 as n — oo.

Proof. (a) For each u € X and t >0, £,(0) = 0. From theorem 4.3 of Lieb and
Loss [38], (g2), (f1)—(f2), (2.1), and hypothesis (V;) we can deduce that there exists
some constant C' > 0 such that

1
0u(t) > gyl 19— Cllul % for 0 < t <

21~ lullxe

Due to 2p > ¢, we see that £,(t) > 0 for ¢ >0 sufficiently small. Using (g3); and
(93)éi, we can find a constant

Cy = 1/ ( ! * G(ez,u)) G(ex,u)dx >0
2 RN

Jz]

such that

Cu(t) < = (Ilull, + llullk,) 7 — Cut™

S

for all t > 1. Applying 2p > ¢ again, we know that £, (¢) < 0 for ¢ > 1 large enough.
Hence, max;> £, (t) is attained at some ¢, > 0 verifying ¢, (t,) = 0 and t,u € N.
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We point out that

tu € No = [[ul? / / Gley, tuly)) 9(ew, tul@)) | gy — =1 u)?
Ver RN t2|x—y‘ﬂ 151 Ve.p!
(2.3)

According to ¢>p and (g4), we conclude that the right-hand side in (2.3) is an
increasing function with respect to ¢ > 0. Therefore, the uniqueness of t, is now

obvious.
(b) For any u € ST, in view of lemma 2.2-(a), there exists t,, > 0 such that

1
thllully, , + iy, , /RN <|$|“ * G(sx,t,m)) g(ex, tyu)ty,ude.

By theorem 4.3 of Lieb and Loss [38], together with (g2), (f1), (f2), (2.1), and
hypothesis (V7), we can infer that for any o > 0, there exists some constant C, > 0
such that for all u € ST,

thllullt, , + tillul, , < otPlullRE , + Coti ulliY 4.

Assume that t, < 1. Choosing 0 = %, we have

Ctl < (“u”(‘lfe,p + ||u||‘€,87q) for some constant C' > 0

tollully, , + tallully, 4 (since ¢ >p, ty <Tand 1= |luflx. = [ullve p)

w\»—lm\»a

< Ciyaty (since 1= |lul|x. > IIUIlv&q),
= t, > 7 for some constant 7 > 0 (since v > ¢), where 7 is independent of w.

Assume that ¢, > 1. Taking 0 =1 and applying 1 = |lu||x, > ||ullv. p, we get

ct? <t (Hu||“1/6’p + Hu||‘€/s7q) for some constant C > 0

thllully, , +thllully, , (since ¢ > p and 1 = [julx. > [Jullv. p)
(1+C)t (since ¢ > p, ty, > L and 1= fJullx. = [lullve,p, [[ullve,q):
= t, > 7 for some constant 7 > 0 (since v > ¢), where 7 is independent of w.

<
<

So, there exists 7> 0 independent of u such that ¢, > 7 for all u € ST.

Let W C ST be a compact set. Arguing by Contradlctlon we may assume that
there exists a sequence {uy,}neny C W such that 1 < ¢, 1= t,,, — +00 as n — 0.
Since W is a compact set, there is u € W such that u, — u in X, as n — oco. As
in the proof of lemma 2.2-(a), together with Fatou’s Lemma, we can see that

Je(tnun) = —00 as n — oo. (2.4)
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In addition, for any fixed ¢ € N, we have (J.(p),¢) = 0. Combining (g3); with
(93)ii, we have

LW%aH@*%#M@w>

1 1 » q
> (3= 02) (Il + el

Taking ,, = t,u, € N in the above inequality, we get

1 1 p q
T (tntn) > (q - 2p> (5l .+t unld, )

1 1
2 - tp n 1 tq n 7 )
(q 2p> ( n”u ||V57p+ n”u HVg,q

(since ¢ > p, tn 2 1 and 1 = [[un|x. > [lunllvz.p)
> CtP for some constant C' > 0,

= — 00> 400 (see (2.4) and use the assumption ¢, — +00 as n — 00).

This is a contradiction.
(c) As in lemma 2.2-(a), we can define the maps m. : X +— N, and
me : ST — N by

me(u) =t,u  and  me = mf|sj' (2.5)

Firstly, we note that m., m., and m-! are well-defined. Indeed, using lemma

2.2 (a), for any fixed u € X7 it follows that there exists a unique 7. (u) € M.
In addition, if u € M, and so u € X. Otherwise, we obtain [supp (ut)| = 0.
The above equality, hypothesis (V1), the definition of g yield that w=0. This is

impossible since u #0. Thus, the inverse of m. is given by m_-*(u) = W € St
g

for all u € N.. Consequently, m_! is well-defined and continuous. On the other

hand, for all u € S, we can deduce that

B B tuU U
u € €

This yields that m. is bijection.

Next, we show that 7. is a continuous map. To this end, let {u,, u}peny C X
such that uw, — u in X, as n — oo. On account of the fact that m.(tu) = 7. (u)
for all ¢ >0, we can assume that |Ju,| x. = ||u]|x. =1 for all n € N. According to
lemma 2.2 (b), we know that there exists t,, := t,,, — to > 0 as n — oo such that
tpt, € N, then we have

1
thHURHT"/E,p + t?LHunH“l/&q = /]RN <|:17|“ * G(ax,tnun)> glex, touy ) tyu,de.
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In the above relation, we pass to the limit as n — oo. Then,

1
Bl + At = [ (e + Glenton) ot tomtauds

This implies that tou € N:. From lemma 2.2 (a), we know that ¢, = to. Hence, it
follows that 7. (u,) — Mme(u) in X as n — oo. Thus, . and m. are continuous
mappings.

(d) Fore>0,0 <t <1, and u € ST, using theorem 4.3 of Lieb and Loss [38],
(92), (f1)—(f2), (2.1), and hypothesis (V1) again, we can conclude that there exists
C >0 such that

Je(tu) > t1— Ct?P.

29-1q
Thus, we can find go > 0 such that J.(tu) > go for 0 < t < 1 sufficiently small

(since 2p > ¢ > 0), where gq is independent of ¢, K, and a. In addition, by lemma
2.2 (a), (b), and (c), we observe (see the study by Szulkin and Weth [55]) that

Ce = ug}\f}a Je(u) = ug{fj max Je(tu) = ulergf;_ max Je(tu).

So, Je(u)|n. = 0o

(e) Let {un}, oy C ST be a sequence such that dist (un,dSF) — 0 as n — oo.
For any ¢ € 9SF and n € N, then we obtain |u}| < |u, — ¢| a.e. in A.. Hence,
from (V1) and Sobolev embedding, for any r € [p, ¢¥] and n € N, it follows that

lut | raey < inf o Jug — @lrrag) < Cr inf Jun — ¢ x.-
pedsT peasd

Taking into account ||u,|x. = 1 and using hypothesis (V1), we have

1
p q p q
vy ey < gy (lenle + lunl.,)
1 p q
v 17 ol + uall)
< 2 +2
X VO

Note that 0 < p < sp and v < (N — p)g/(N — sq). Then, for all ¢>0, we can
deduce from lemma 2.6, (V1), (93)ii, (92), and (f1)—(f2) that

1
/RN <x|“ * G(Eﬂc,tun)> G(ex, tuy,)dx

K K
=— G(ex, tuy)de + — G(ex, tuy,)dz
2 Ag 2 Aé‘
K
< E/ (tP|un|P? + tunl?) de + — F(tu))dx
2p Jac 2 Jae
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tp
< — V(ex)|un|Pdx + —/ (ex |un|qda:+C’1tp/ (uf)Pdx
2p RV Ae
—l—Cgt"/ (u) )" dx
Ae
P o
< 5 V(ex)|un|Pde + — V(ex)|u,|%dz + CptPdist (u,,dST)P
D JrN

+ OtV dist (tun,dST),

where C1, C3, Cp, and C, are some positive constants. So, we have

1
—— x G(ex,tuy) | G(ex, tuy,)dx
ANQx ( 0 (e ten)

tP

S35 V(ex)|un|Pde + — / (ex)|un|%dz + 0, (1), (2.6)

as n — 00. Moreover, for any ¢ > 1, we infer that

r Ly rae— [ v 1q
hunlly 4 hunll, = 5o [ Ve =L [ Vi)t
tﬂlp+1”/ V(o) lunlPdo + fun)t g + (£ - 2 ”/ V (ex)un|*d

= —|U _— X)|U XL — U - — X )|U XL
p T 2p " g " g 2 RN !

> L Punll?, + (2= L) 2unl9, . (since 2p > g)

= 2p n Ve,p q 2p n Veq

> 1 tP a 11 t? d due t d1l= >

> ol + (5 = 50 ) Ml , (due to g > p and 1= funlx, > flunllv, )

> L t_1 t? (since 2p>qg>p>1, t> 1) (2.7)

- - — 111 . .
Z 51\ g 2 p>q>p>1,

Recalling that the definition of m. and invoking relations (2.6) and (2.7), for all
t > 1, we can deduce that

1 1 1
liminf J. (me(uy,)) = liminf J. (tu,) > —— ( - ) P,

n—00 n—00 29—1 q 2p

The above inequality combined with the definition of J. and the arbitrariness of
t >1 means that

. 1 1 .
hnrglo%f <p||m5(un)|€/€7p + q|ms(un)||'€,€7q> > hnrglgf Je(me(uy)) = oo,

and so ||me(un)||x. — +00 as n — oo. This proof is now complete. O

Now, we introduce the functionals
Ye: XF =R and ¢.:ST—R

defined by 9. (u) := J.(1he(u)) for any v € X and 1, := 1[}E|S+.
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Using lemma 2.2 and corollary 2.3 in the study by Szulkin and Weth [55], we
deduce that the following result holds true.

LEMMA 2.3. Assume that (f1)—(f1) and (V1)—(Va) are satisfied. Then,

(0) Yo € CHXE,R) and (¥ (u),v) = F 0% (JL (e (w)), v) for all u € X2,
allve X, :

(b) . € CL(SH,R) and (Y(w),0) = [me(w)llx. (JL(me(w)),0) for all u € SF,
all v € T, (STH);

(c) if {untnen is a Palais—Smale sequence for the functional ., then
{me(un)}tnen is a Palais—Smale sequence for the functional J.. If
{tntneny C N: is bounded Palais-Smale sequence for the functional J., then,
{mZ1(upn)ynen C ST is a Palais—Smale sequence for .;

(d) w € ST is a critical point of the functional 1 if and only if m.(u) € N
s a critical point of the functional J.. Moreover, the corresponding critical
values coincide and

1t Ve = 0 =

LEMMA 2.4. The modified functional J. admits a Palais—Smale sequence
{untnen C Xc at the level c., that is, J.(u,) — c. in R and J.(un) — 0 in
X." as n — oo, where c. is given in lemma 2.2. Furthermore, there exists some
constant ¥ > 0 (independent of €, K, and a) such that c. < 9 for all € sufficiently
small.

Proof. In view of lemma 2.2, we only need to verify that J. possesses a mountain
pass geometry, that is, the functional J. satisfies the following properties:

(i) there exist some constants p; > 0 and 0; > 0 such that J.(u) > 4, for

[ullxe = p1;
(ii) there exists an element e € X, with |le||x. > p1 such that J.(e) < 0.

(i) Arguing as in the proof of lemma 2.2 (a), we find some constants C' >0 and
C’ > 0 such that

Je(u) 2 Cllull, — C'llul¥.

for ||u||x. = p1 € (0,1). So, using 2p > ¢, we obtain (i) if we take p; small enough.

(i) We choose a suitable function ¢ € C$°(RY) such that ¢ > 0, ¢ # 0, and
supp (¢) C A. Then, for all € sufficiently small, it is obvious that G(ex, ¢) = F(p)
for all x € RY. Hence, with arguments as in the proof of lemma 2.2 (a), there exist
two constants

C, = %/RN (leﬂ « F(@) F(p)dz > 0

and C >0 such that

J-(tp) < Ot — Ct*P
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for all ¢ > 1. Hence, (ii) holds true for e = ty and for some ¢ > 1 sufficiently large.

According to the mountain pass theorem without the Palais-Smale condition (see
the study by Brezis and Nirenberg [18]), we establish the existence of a Palais—Smale
sequence {up tneny C Xe at the level c.. We recall that supp (¢) C A, and then we
can infer that there exists a constant ¥ > 0 such that c¢. < ¢ for all € small enough,
where 19 is independent of ¢, K, and a. This completes the proof of the lemma. [

LEMMA 2.5. Assume that {u,}nen C X is the Palais-Smale sequence of Je at the
level ¢ < 9, where € > 0 small enough. Then, for € > 0 small enough, the sequence
{tn}tneny C Xe is bounded and

1 9+1
+ 1) ZM for all m € N large enough.

Un b s + Un ! S < 2 <
|| HW ,p(RN) H ||W 7Q(]RN) % 2p—q

Proof. According to (g3)i i and using hypothesis (V1), for any € >0 small enough,
we deduce that

0+ on(Dllunllxe = ¢+ on(Dlunll x.

Je(un) - %u;(un),w

1
> (3= 20) (ke + )

WV

1 1
3o [ (i * Glem) ) gtem i, — p6ez. ) da
. 1
> i (0,1} (5 = 20 ) (Il + Tl )
(2.8)
So, for € > 0 small enough, we deduce that the sequence {u, }nen C X¢ is bounded
and
1 pg(¥ +1)
P q il
||un||Ws,p(RN) + Hu’ﬂHWs,q(RN) <2 (V'O + ) 2p —q

for all n € N large enough. O

According to (2.8), we now define the following set:

1 (9 + pg
B = {u € X.: Hu”;/s,p(]RN) + Hu||W9 q@®Ny <2 <Vb + 1) <2pq +1 ’

where 9 is given in lemma 2.4. Using the above notation, we can show the following
estimate.

LEMMA 2.6. Assume that (f1)—(f4) hold true, 0 < p < sp, and v < (N —p)q/(N —
sq), then there is a constant K> 0 such that

K
sup * G(ex,u) <5 for all e > 0.

ueB

‘$| LOO(RN)
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Proof. Firstly, (g2) and (f1)—(f2) imply that there exists a constant C' >0 (which
is independent of ) such that

|G(ex,t)| < |F(t)| < C(Jt]P + |¢V) for all t € R and for all € > 0. (2.9)

Therefore,

* Gex,u)| < * F(u)

[l
of o, po e,
lz—y|<1 |5L‘ - y|M |z—y|>1 ‘.’E - ylH

u()IP + [uy)l”
|z —y|~

||

<C
lz—y|<1

0 [ (P + uw)l) dy (e (29)

LI + )’

<C
h |z — y|»

|z—y|<1

+ C (see (2.1) and use the definition of B)

for some constant C' >0 (which is independent of x € R and € > 0).
Let us choose

i1 € N N d tx e N Vg
—_ n
! N—pu N—sp & 2 N—p (N -sqv]|’

since 0 < p < spand v < (N—p)q/(N—sq). Then, combining the Holder inequality,
(2.1), and the definition of B, we can easily see that

p 12
/ Mdngfor all z € RV,
oyl [T ylm

for some constant C >0 (which is independent of z € RY and ¢ > 0). So, from the
above information, we complete the proof of this lemma. O

Now, we show that the modified functional J. satisfies the Palais—Smale
condition.

LEMMA 2.7. Let 0 < p < sp and v < (N — p)q/(N — sq). Then, for all € >0
sufficiently small, the modified functional J. satisfies the Palais—Smale condition
with ¢ < V.

Proof. For all € > 0 sufficiently small, let {u, }nen C X. be a Palais—Smale sequence
of the functional J. at the level ¢. From lemma 2.5, we know that {up }neny C Xc is
bounded for all £ >0 small enough. So, passing to a subsequence, we may assume
that there exists some u € X, such that u, — u in X_, u,(z) — u(z) a.e. in RN
and u, — u in L] _(RY) for all r € [1,q%) as n — oo. We first assert that the
following property is fulfilled.

Claim 1: The following properties hold up to a subsequence:
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(a) limy, o0 [ (ﬁ * (G(ex,up) —G(sx,u))) glex,u)pdr = 0 for all ¢ €
C3(RY);
(b) limy, oo [N (ﬁ *G(ex,un)> (9(ex,un) — glex,u)) pdx = 0 for all ¢ €
C3e(RY);
(¢) we have

lim <1 * Gex, un)> glex, u,)pdx

n—o0 |x|N

1
- /. ( *Glex, u)) glew, u)pds for all ¢ € CF°(RY).
R

||

(a) Note that

2N
/ G ez, un)| 77 dz < / |C (lunl? + |unl”)|P¥—" dz (see (2.9))
RN RN

2Np 2Nv
C/ |un|2V=r + \un|m)daz
N
2Np/(2N— 2Nv/(2N—
C (a3 VT 4 un |30/ CNT) (see (2.1)

C' (due to the boundedness of the sequence {un}nen C Xe).
On the other hand, since u, (z) — u(x) a.e. in RY as n — oo, we obtain
G(ex,u,) — G(ex,u) ae. in RY as n — oo.

From proposition 5.4.7 in the study by Willem [58], it follows that

2N
G(e,un) 2 Gle-,u) in L2N=#(RY) as n — oo. (2.10)

Let us define

H(w) := / (1 * w(sc)) g(ex,u)pdz for all w € L%(RN).
RN \ |z]#
Then, it follows from theorem 4.3 of [38], (g2), (f1)—(f2), Holder’s inequality, (2.1),
and v € X, that H is linear bounded functional. Combining this with (2.10), we
derive that (a) holds true.
(b) Using the boundedness of the sequence {u, }neny C Xe, together with theorem
4.3 in the study by Lieb and Loss [38], (g92), (f1)—(f2), and (2.1), we see that

G(e+,uy) is also bounded in L2N # (RY). Then, applying the boundedness of the
sequence {u, tneny C Xe again and combining with the compact embeddings and
Dominated Convergence Theorem, we deduce that (b) is also true.

(¢c) This result is a consequence of (a) and (b).

Next, we consider the following sequence:

|un (2) — un ()P~ (un () — un(y))

by (z,y) = NTsp
|z =y
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and we also introduce the following function

u(z) — u(y) P> (u(z) — u(y))

b(ﬁf,y) = N+sp )
|z -yl

where p" = £ Then, {by}nen C LY (R2Y) is bounded and b, (z,y) — b(z,y) a.e.

in R?N as n — oco. Then, we deduce from proposition 5.4.7 in the study by Willem
[58] that

by = bin LPI(RzN) as n — 00. (2.11)
On the other hand, for all p € C§°(RY), we see that

ﬂﬁ%%%eﬂm“»

|z -y

From this and (2.11), we have

. [t () — un (@) [P~ (un(2) — un(y))(0(2) — (1))
lim / /]RN o — g dxdy

n—oo

/ / |u(z) — u(y) P> (u(z) — (y))(@(x)—w(y))dxdy
RN JRN | .

T — |N+sp

In a similar fashion, we also have

. [t (@) — un ()] (un () — un(¥))(0(@) — (y))
lim /RN /RN dzdy

n—00 ‘x—le‘f‘Sq

- [ el ele) o) =)

|z — y|NHs

Finally, it is easy to check that

lim V(ex, upn )| un P~ 2u,pdz = /N V(ex, u)|ulP2upde,
R

n—oo JpN

lim V (e, upn)|un | 2uppdr = /N V (e, u)|u|? 2updz.
R

n—oo JpN

From the above information, together with the fact that (J.(u,), ) — 0asn — oo,
it follows that (J/(u), ) = 0 for all ¢ € C5°(RY). Using the density of C5°(RY)
in X., we know that u is a critical point of the functional J.. Consequently,
(2 (), u) = 0.

In order to show that the Palais—Smale sequence satisfies the Palais—Smale
condition, we need to establish the following property.
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Claim 2: We have

limsup/c (/RN ('“’ig ;V%Z(SZW + |"’ifl ;ﬁ’l(;z)'q) dy + V(ex) (Junl” + Iun\q)) dx

n—r oo

— 0 as R — +o0.

We first observe that, for all € >0 small enough, there exists ng € N such that
K
5

sup
nznq

* G(ex, up) <

Lo (RN

]

For any R>0, let ng € C®(RY) be such that 0 < ng < 1, ng = 0 in Bpg,
2

nr = 1 in B§, and |Vng| < C/R for some constant C' >0 (which is independent
of R). Taking into account the boundedness of the sequence {nruy tneny C Xe, we
see that (J.(un),nrun) — 0 as n — co. It follows that

|un _un( )|an / / |un _un( )| 77R($)
) dvd dzd
/RN /RN o=y NP YT Jan Jan T Jo g W

¥ /NV< ) (bt ? + )
Conty [ [ )= ) ) 00t) =
rN JrN

- | — y [N

) 4 dy

/ / |un () = un(y)| % (un (@) — un(y)) (nr(2) — 1R (Y))un(y)
RN JRN

|z —y|N+ea ey

n / (Iw « Glex, un)> (e, wn Yunrdz.

Fix £ >0 small enough. Let R >0 sufficiently large such that A, C B B Using

the definitions of i and K, together with (gs);, for n > ng large enough, We have

|un _un( >|p77R / / |U’TL _un< )l 77R($)
d d dxd
/]RN /RN o — y[Nop YT Jen o —yVrsa Y

+ 2/N V( )(‘un|p+|un‘ )an:E

</]RN /RN |x _ |N+9p & i dflfdy
() — 10 ()| (1 (2) — 1) (1) — 02 3) )
- /]RN /]RN |£L’ _ y|N+sq dl‘dy
(2.12)
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From the Holder inequality and the boundedness of the sequence {u, }neny C X,
it follows that

/ / |un(z) — un(y)|p_2(un(x) —un(y))(r(z) — Nr(Y))un(y) dzdy
RN JrN

|z — y[NFsp

1
P p P
(/RN /]RN Iz |x - y(|]3LS|:n(SE)| dxdy) (for some constant C' > 0).

(2.13)

In addition, by the definition of ng, polar coordinates, and the boundedness of
the sequence {uy }ney C Xe, we have

_ p p
/ [ 1) o
RN JRN |55— |N+3p
p p
RN Jijz—y|>R ‘JJ— | P
p
RN Jiz— y|<R |x— ‘ P
< C’/ / d dz —|—— dxdz
RN Jiz|>R |2|N+Sp RN Jiz|I<R \Z|N+Sp P
C
P —sp+p p
gRsp/ [tn dx—l—R R /RN|un| dx

C
Rsp’

< (2.14)

Using (2.13) and (2.14), we see that

/N /N |un () — ()P~ (un (2 )—un(y))(nR(ﬂf)—WR(y))Un(y)dwdy’ <&

=y R
(2.15)
Also, we have
[tn () — un (Y)]7 % (un(z) — un(y)) (Mr(z) — Nr(Y))un(y)
Lo fs o~y Path| < 5
(2.16)

So, we deduce from (2.12), (2.15), and (2.16) that Claim 2 holds true.

Using Claim 2 and applying the locally compact embedding X, < LV (RY), we
can derive that u, — u in LP(RY) as n — oo. In addition, we deduce from the
interpolation inequality that u,, — u in L"(RY) as n — oo for all r € [p, ¢¥). Then,
from theorem 4.3 in the study by Lieb—Loss [38], (g2), (f1)—(f2), the Dominated
Convergence Theorem, and the boundedness of the sequence {u,}neny C X, it
follows that
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1 1

nl;rréo <|x|“ * G(ex, un)> glex, up )updz :/ (|x|” * G(ex, u)) g(ex, u)udz.

(2.17)

Also, we have
<Jé(un)7un> = On(l) as n — oo,

1
Hun||]€,67p + ||un||§’,57q = / ( * G(ax,un)> glex, up)undr + op (1) as n — 0o
RN\ |z|#
and
<Jé<u)a u> =0,
1
Il + il = [ (G 6o ) o upude.

Hence, the above fact and (2.17) imply that

lunlls p + llunllv, g = IV, , + lullV, 4 + on(1) as n — oo.

Furthermore, according to lemma 2.10 (a), (b), we see that

lun =V, , = llunllV, , = llullt, , + on(1)

and

[un —ully, ¢ = lunllV, o = lully, 4 + on(D),

as n — oo. Thus, we conclude that

”un - uH?/g,p + ”un - u||“1/87q = On(]‘)

This fact means that ||u, —ul|x. — 0 as n — co. Now, we complete the proof of
the lemma. g

LEMMA 2.8. Let 0 < p < sp and v < (N — p)q/(N — sq). Assume that (f1)—(fa)
and (V1)—(Va) are fulfilled, then for all € > 0 small enough, problem (2.2) possesses
a non-negative solution u. € X..

Proof. Using lemmas 2.4 and 2.7, we can employ the Mountain Pass Theorem to
infer that for all e >0 sufficiently small, there exists u. € X, such that J.(u;) =
0 and J.(u.) = c.. Furthermore, choosing u_ := min{u.,0} and recalling that
g(e,t) =0 for all t < 0 and (J.(uc),us) =0, we can infer that

||u8_||]\9/57p + [Jug ||Ve7q <0,
= U; = Oa
= u. > 0and u. #0.

This ends the proof of the lemma. O
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COROLLARY 2.9. Let 0 < p < sp and v < (N — p)q/(N — sq). Then, for all e> 0
sufficiently small, the functional 1. satisfies the Palais—Smale condition at the level
c< VY on St.

Proof. Let {uy}neny C ST be a Palais-Samle sequence for the functional . at the
level ¢, that is,

Ye(up) - cin R and ¥l (u,) — 0in Ty, (S5)* as n — oo.

Using lemma 2.3 (c), we see that {m.(un)},cy C Xc is also a Palais-Samle sequence
for the functional J. at the level c¢. Therefore, we can deduce from lemma 2.7
that the functional J. verifies the Palais—-Smale condition. Hence, passing to a
subsequence, we can find some u € ST such that mg(u,) — me(u) in X as n —
oo. Combining this fact with lemma 2.2 (c), we conclude that w,, — u in ST as
n — 00. 0

We end this section by showing the following result:

LEMMA 2.10. Let {un},cny C Xc be a sequence such that u, s win X., and let
A; : R — R defined by Ai(1) = |7|!727 (t € {p,q}). Setting w,, = u,, — u, then for
all e 2 0 and n € N large enough, we have

(G‘) ( ]s q) ([wﬂ}sp + [U)n ) - ([u]g u]g,q) = On(1)7
(b) (|v l/pu P Ve ) = (V) Pwnl+ [Vie) o, [) -
(Ve raly + V(e oaf2) = on1):
_pP_ _9q_
(c) |-A (un) — A p(w n) — Ap(u)|pL_i + ‘Aq(un) - Aq(wn) - Aq(“”i!i = on(1);
p— q—
D
-1
Ap(un (x)—un A n(x)—wn Ap (u(x)—u(q
(0 S o[22 dalonlomtin _ gttt " g
|z—y|P/(P=1) |z—y|P/(P=1) |z—y| P/ (P—1)
q
-1
+fRN fRN Aq(un(xgv—fsz(y)) _ Aq(wn(xgv——:_usz(y)) _ Aq(u(xz\r—rgg)) dxdy
le—y| 4/ (a—1) le—y|9/(a—1) lo—y| 4/ (a—1)

() Jun ((| () Flun)de— — fon (e # Flwn)) Fluwn)de
fuv (e * Pl )) F(u)dz = on(1)
and for any ¢ € X, with ||¢|x. <1, it holds
() Jor (G # Flun)) fun)ode = fon (e F(wn)) flwn)pdz  —
Jon (ﬁ * F(u)) F(w)pdz = on(1).
Proof. We first point out that the proofs of (a) and (b) follow from the Brezis-Lieb

Lemma (see [17]). Moreover, arguing as in the proof lemma 3.2 of Mercuri and
Willem [43], we see that (c) holds true.
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Next, we give the details of the proofs of (d), (e), and (f) for the convenience of
readers.

(d) Case 1: 2 <t € {p,q}.
We deduce from the Mean Value Theorem, the Young inequality, and ¢ > 2 that
for any fixed o >0, there exists C, > 0 such that

la+ b 2(a+b) — |a" 2 a| <ola' + Cy o' for all a, b€ R. (2.18)

In (2.18), we take

Wy () — wn(y) u(r) — u(y)
a= Nist and b= Nist’
|z —y| 7 lz—y| 7t

and we have

‘At(unm — () _ Awa(@) —wa(®)| __[wale) = wa(y)]

N+st N+st =~ N+st
ooy 7T ey 76D o — 3/ 70D
|u(z) —u(y)["!
+ CU N+st
o=y 70D

Now, we introduce the mapping H}n :R?V s R, given by

A (un (@) —un(y)) — A(wn(z) —wn(y))  Ai(u(z) — uly))

H;)n(x,y) := max {

Nest Nest Nest
i B L L)
|wy, (z) — wn(y)|t_1
-0 Nol ,0 5.
o =y

Then, H} , (x,y) — 0 a.e. in R* as n — oo and

1 |u(z) — u(y)[
0< Hcr,n(xvy) < C—N+st
o=y 70D

€ L1 (R?N)

for some constant C' > 0. Hence, from the Dominated Convergence Theorem, we
obtain

i
‘Hl ’t—l drdy — 0 in R as n — oo.
RN RN a,n
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In addition, according to the definition of H we have

O"n?

t

A(un(z) —un(y))  A(wa(z) —wnly))  As(u(z) —uly))

__NAst __NAst__ __NAst

|q;—y|(t/ (t—1)) |x—y|(t/(t—1)) ‘J;—y|(t/(t—1))
|wn(2) — wa(y)|* _
<c (at L R+ (HY (,) 7

for some constant C' > 0. This implies that

—1
A(un(@) = un(y)) _ Adwn(@) —way) _ Alul@) —u@)|
N N _N+st N+st N+st ray
RN JR y|t/t 1) ‘x_ylt/(t—l) ‘x_ylt/(t—l)

- TL
holds true for n € N large enough.
Case 2: 1 <t <2.

Invoking lemma 3.1 in the study by Mercuri and Willem [43] and applying the
Dominated Convergence Theorem, for n € N large enough, we obtain that

t
T—1
|Aulen) ) Adun(e) _uny)) _ Al u)| g
N “N+tst_ o N+st o N+st ray
R y|t/t 1) ‘x_ylt/(t—l) ‘x_ylt/(t—l)
o

_’ﬂ

holds true.

Now, combining Case 1 and Case 2, we complete the proof of (d).

(e) Using the Mean Value Theorem, hypotheses (f1)—(f2), and Young’s inequal-
ity, we can infer that for any o > 0, there exists C, > 0 such that

2N 2Np 2Nv
|F'(un) — Fwy) — F(u)[?2N-r <o (u"|2N Bt up 2N #>
2Np 2Nv
+C, <u|2N—M + |u|2N—M) .

Define the following mapping:

2 . _ _ 2]%/1X _ 2?va 2NN
Hj,, :=max |F(uy) — F(wy) — F(u)] I |t | B+ || B0,

Then, arguing as in the proof of lemma 2.10 (d) and using the boundedness of the
sequence {un}, .y C X, for n € N sufficiently large, we can derive that

/RN F(un) — Flwy) — F(u)| 25 da = on (1), (2.19)
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On the other hand, we can deduce from theorem 4.3 in the study by Lieb and Loss

[38] that
L

for n € N large enough.
We note that

/IRN <|xl|u * F(un)> F(uy)dz — /]RN (;'H * F(wn)> F(wy)dz
- /m( : *(F(un)—F(wn») (F(un) — F(wy)) dz

||

2N
1 Iz
dx = 0, (1) (2.20)

[ (F(un) = F(wn) — F(u))

+ 2/RN (lelﬂ x (F(un) — F(wn))) F(wy)dz.

2N
Using the above equality and taking into account that F(w,) — 0 in L2N—#(RY)
as n — 0o, together with (2.19)—(2.20), we can show that (e) holds true.
(f) We first prove that

2N
su Up ) — f(Wwyn) — [lu mdx:% 1 591
||¢||XS<1/]RN|(f( ) = flwn) = f(u)) ¢l (1) (2.21)

for n € N large enough.
For any fixed 0 < o < 1, we deduce from hypothesis (f1) that there exists
0 < Ao := Ao(0) < 1 such that

f(t) <ot~ for all [t| < 2. (2.22)

In addition, by hypothesis (f2), we can find \; := A1 (o) > 2 such that

If(t)] <ot~ forall [t| >\ — 1. (2.23)

Next, by the continuity of f, there is a positive constant v := y(o) < Ag such
that

[f(t) = ft)l S N T'o forall [ty —ta| <, [t [ta] < Ax + 1. (2.24)

Additionally, combining (f1) and (f3), we can conclude that there exists C(o) >0
such that

ft) <C@)|tP~t+ ot~ forallteR. (2.25)
We now estimate the following term:

2N

/N |(f(un) - f(wn) - f(u))<,0| 2N-p d.
RN\Bp

https://doi.org/10.1017/prm.2024.84 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.84
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Since u € X, together with (2.25), the Holder inequality (2.1), and (V1), we know
that there exists R = R(o) > 0 such that

2N
Lo 1f)pl?¥5 da
RN\Bp

2N (p—1) 2N 2N(v—1) 2N
<o [ e [
RN\Bp RN\Bp

p—1 v—1
2Np P 2Ny v R
e N e I N T B 1 T
RN\Bp RN\Bp
Eh e
< Collellx, ™ (2.26)

for some constant C > 0.
Let us define

D) ={zeRY\ B |u(2)| < Xo}.

According to (2.22), the Holder inequality, (2.1), (V1), and the boundedness of the
sequence {un}, .y C Xe, we have

[ 10t~ st
Dunm‘“|<7

1 1 2N 2N
<[ (olual ol ) B s
Dy Nlul <y

R
< Collellx. ™" (2.27)

for some constant C > 0.
Set

D ={z € R\ Br: |un(z)| > A\ }.

Arguing as in (2.27), together with (2.23), we can obtain

2N QJ%JXN
[, A = fw)e i < ool B 7. 229)
D, Nlul<y

for some positive constant C' > 0.
Now, we introduce the following set:

DE ={x eRN\ Br: X < |un(z) < M\ }.
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It is easy to check that |[D3 | < 400, since u, € X.. So, from (2.24), it follows
that

_ON —QZ%IXM
‘/ [(F () — f(wn))p| PN i < Corfip] 2D (2.20)
D3 Nju|<y

for some constant C' > 0.
Thus, we deduce from (2.27)—(2.29) that

2N 2N
/(RN\B )Nul< |(F(un) = fwn))l 2V=1 do < Collelx] VT forallm € N,
RINIu|ISY

(2.30)

Thanks to u € X., we have |[(RY \ Bg) N {|u| = v}| — 0 as R — oco. Using (2.25)
again, we deduce that there exists R := R(0) > 0 such that

2N
/ |(f (un) — Fwn)) | F7 e
RN\Bgr)N|u|>y
v—1 v—1 p—1 p—1 %
< (o (funl”™ 4+ Jwa*™) o] + C(0) (lunl"~" + [wa ") o) 7 do
(RN\BR)H\ >

2N
<ol +o [ (C(0) (unl?™" + o P~) Ipl) V7 do

RN\BR)N|u|>y

N(p—1) N(p—
(55 4 352 ) ol 77

< Collo| 27 + (20(0)) 55 /

RN\BR)N|u|>~

e 2 ST Q?VNf)
< Collellx. ™ +C(C(o))2N-r |2V = dx
(RN\BR)N|ul>v

_2N
< Collo| 27 +C(Clo) ™ n “Hsollw Z7F|®Y\ Br) 0 {lul > 4}|7F 0

1
P

CUH@H” g

where C is a positive constant. Combining this inequality with (2.26) and (2.30),
we deduce that there is a constant C' >0 such that for all n € N,

2N

[ oo ) = flwa) = F)pl 27 do < Collo 7. @23)
RN\Bp

Recalling that u, — u in X. as n — oo and passing to a subsequence (still

2Np
denoted by {un}, n), we can assume that u, — u strongly in L2N-# (Bg) (since

neN

2Np
0 < g < 2sp) and there is a function d € L2N—#(Bg) such that |u, ()|, |u(z)| <
d(x) a.e. © € Bg.
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For n € N large enough, we have

/ |f (wn)op| 2= der < / (C(o)wn) [P~ + olwn | ) V=7 || 2N =7 da
BR BR

p—1

2N oON 2Np \ P 2N
2N—u 5N 2N —n
< Co|lpl| N 7F + (2C(0)) 2N -7 </ Iwn|2N") PR
Br 2N—p
e
< Collol| N, (2.32)

where C >0 is some constant.
Set Dy :={x € Bg: |un(x) — u(z)| > 1}. So, we get

[, 1) = f@)el ¥
D

p—1 p—1 v—1 v—1 2]%]7@ 2]%{%
< i (C@)(lunlP~" + [ulP™h) + o (lun "7 + 1)) 2N =H [p| 2N = dx

p—1

2N IN 2Np P 2N
< Collgl T + C0(0) N7 (/ ; dQN_”“) el 27,
D

where C' >0 is some constant. We observe that |D3n| — 0in R as n — oo, and
then we can deduce that there exists some constant C > 0 such that

2N e
/D4 [(f (un) = f(u)plNFde < Collellx, ", (2.33)

provided that n € N is sufficiently large.
In addition, from u € X, it follows that

|{z€RN t|u(z)| = L}| = 0in RN as L — +o0.

Using the above fact and invoking (2.25) again, we can infer that there exists
L := L(o) > 0 such that

/ |(f (un) = F())p| 7877 da
(BR\Dg, )N {z€RN:|u(z)|>L}

2N
s / (C)(unl™" + [0~ + o(unl* ™ + ) 9| 7 da
(Br\D% )N{z€RVN:|u(z)|>L}

2sp—p
p(2N —p)

<C ZNH C(C (o)) T35 1| ol T F
allellx. ™ + C(Clo) 2=+ [lol x.

(Br\ D! )N {x eRY : u(z)| > L}

CUH@II?N " (2.34)
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where C' >0 is a constant. Additionally, we can deduce from the Dominated
Convergence Theorem that

2Np
| (un) — f(u)| BN=-0F=1) dz = 0,(1)
/<BR\D3n)n{w6RN:|u<x><L}

for n € N large enough.
It follows that
2N

2N IN—1
/ |(f(un) = f(w) | N=rde < Collgllz, *  (2.35)
(BR\Dgn)m{meRN:|u(m)\<L}

for some constant C' > 0.
Hence, we deduce from (2.32), (2.33), (2.34), and (2.35) that there exists some
constant C' >0 such that

2N _2N
/B ((Fun) = Flwn) — F(u))o| PR dx < Coll o 27 (2.36)
R

for large enough n € N.
Putting together (2.31) and (2.36), we conclude that (2.21) holds true.

2N
On account of the fact that ﬁ * F(u) € L7 (RY), for any 0 < o < 1, there
exists Ry := Ry(o) > 0 such that

/JRN\BR1

Using the above all information and by a straightforward computation, for n € N
large enough, we can conclude that

/]RN (|x1|u * F(U)> f(wy)pdz
< /BR1 <|xl|# *F(u)) f(wn)e| dz + /RN\BRl

2N —p

oN N
< Gy </ |f (wn) | 2N =0 dﬂ?)

/]RN\BRl

< Collelxe, (2.37)

K
2N

1

dx < o.

dzx

(1 F) e

S
[\v]
=
s

||

where C, and C are positive constants.
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Next, we prove the following relation:

/RN (ulu * F<wn>) flu)pdz

for n € N sufficiently large.
Indeed, it is easy to check that, for any o € (0,1) and some Ry := R(o) > 0,
there exists some constant C > 0 such that

/ |F<wn>|</ Wd$>dy<00||¢||xsa (2:39)
B, B,

|z — gy~

< Collol|x. (2.38)

f(w(2))e()
|, 1FGe) ( / v, de> dy<Colellx.  (24)

for n € N large enough.
To prove (2.38), now we need to estimate the following part:

~ . Flu@)pl@)]
B, = /RN\BR2 |F(wn)] (/% o )dy.

To this end, we divide this into two parts for discussion.
(%) If f(u(z))eo(z) =0 a.e. on Bg,, so, we have

@, < Co||¢||x. for all ¢ > 0 and for some constant C' > 0.

() If | {& € Bp, : f(u(x))p(x) # 0} | > 0, that is,
/ |f(u)<p|%d:c > 0.
Bp,

In addition, we can easily derive that

6N e 2u
/ |f(w)p| SN=#dx < Cllpllx. " |Bry|SN—# for some constant C' > 0.

Let us define

~ 3 _6 = 6N—p
and Ry := Ry + 0 F|Bp,|SN-nC 2Np .

In the case (*x), we can apply the above relations, theorem 4.3 in the study by
Lieb and Loss [38], the Sobolev continuous embedding and the local compactness
Sobolev embedding to infer that, for n € N sufficiently large,
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Y a4
v~ [ e ( / veag, T dy>d
- u E@n@)l 4\ g2
-/ Ve ( / = dy)d

. Pl g
+f el ( /| = dy> d

ollellxe | (w, ()]
S |f(w)e| en /BR2 |f(u)e] </RN\BR2+110 |z — y|2e/3 Y

L6N—N(BR2)

P, 4
" /BR2 e </BR2+dO-\BR2 |z — y|~ dy) a

allellxe |F(wa(y))| i
C|f(U)SD| 6N /BR2 [F(w)el </]RN |z — y[24/3 dy) d

L6N_“(BR2)

P, 4
' /BR2 e </BRQ+GJU\BR2 |z — y|# dy) d

ollellxe

|flw)el en
LO6N—pu (BRQ)

" £ (wn (9))] .
+/BR2 [f(w)el (/BEQ\BRQ =y dy) d

<Colole+ [ 11wl (/B . Wdy)dx
o

[flwel en
LON=1(Bp,)

Ro

< Coflelx.
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)

(2.42)

Thus, relations (2.39), (2.41), and (2.42) and (%) imply that (2.38) holds true.
Finally, we point out that

/]RN <|$|“ *F(Un)) f(un)pdr — /]RN (331|“ * F(wn)) Fwy)pdzs

= [ (e (Pl = Pl ) (700) = Sy
e (|;| e (Fun) — F(wn») F(wa) o
[ (o Pl () = Fwn e
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Then, the above equality combined with (2.19), (2.20), (2.21), (2.37), and (2.38);
theorem 4.3 in the study by Lieb and Loss [38]; the Holder inequality; the bound-
edness of the sequence {uy}, y C Xc; and the fact that ||¢[|x, <1 yields that (f)
is true. This proof is now complete. O

3. The limit problem

To the best of our knowledge, there is no result about the nonlinear fractional (p, ¢)-
Choquard problem. That is why we need to consider the following limit problem
associated with problem (1.3):

{ (—A)u+ (—A)gu+ Vo(lul?2u + [ul=2u) = (G + F(w)) f(u) in RN, }
u € WHP(RN)NWURN), u >0 in RV,
(3.1)

It is worth pointing out that we denote by Xy, the space X. when =0. For
all u € Xy, we introduce the corresponding energy functional associated with
problem (3.1) defined by

1 1

1 1 1 1
1P 1119 e PT R P T R -
T (u) = [ulZ, + T [ult, + Vo (p|u|p T q|u|q> ; /RN (W *F(u)) F(u)da.

It is obvious that the functional Iy, is well-defined and belongs to C1l, with its
differential given by

(I{,O (w),v) = (U, V)5 p + (U, V)s,q + /N Vo (|u\P—2u + |u|q—2u) vdx
R

- /RN (lelﬂ *F(u)> F(u)vde,

for all u, v € Xyy. So, it is easy to check that all the solutions of problem (3.1)
correspond to critical points of the functional Iy, .

Next, we denote by My, the Nehari manifold associated with the functional Iy,
that is,

My, = {u € Xy \ {0} : (I, (), u) = 0}.

Moreover, we define cy, := infue/vlvo Iy (u).
Now, we define the following sets:

X‘to :={ue Xy, : |supp(u")| >0} and S‘J/FO =Sy, OX‘J}O,

where Sy, is the unit sphere of Xy;. We point out that S‘J;O is also an incom-
plete C''-manifold of codimension one and contained in X‘J,FO. Hence, Xy, =
Tu(S‘J/rO) P Ru for each u € S‘to’ where

https://doi.org/10.1017/prm.2024.84 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.84

Concentration and multiplicity of solutions for fractional double phase problems 35

Tu(S{"/:O) = {'U S XVO . <u7v>s,p + <’Ux7’U>s,q + \/RN VO (|U|p_2u + |u|q_2u) vdx = 0} .

With arguments as in the proof of lemma 2.2, we can deduce that the following
property holds true.

LEMMA 3.1. Assume that (fi1)—(fa) and (Vi) are fulfilled, then we have the
following properties:

(a) for all u € X‘to’ there exists a unique t, > 0 such that t,u € My,.
Furthermore, 1y, (u) = tyu is the unique mazimum of Iy, (tu);

(b) there exists T> 0 independent of uw such that t, > T for all u € S‘—/Fo'
Moreover, for each compact set W C S%, there exists a constant Cyy > 0

such that t,, < Cy for all u € W;

(c) the mapping 1y, : X‘J/CO = My, is continuous, my, = mvo|s¢ s a
0

homeomorphism between S‘J;O and My, and the inverse of my, is given
by my (u) = u/|lullx, ;

d) cy, = infuen,, Iy, (u) > 0, and Iy, is bounded below on My, by some

0 Vo TV 0 0

positive constant;

e) let 0 < < sp and v < (N — u)q/(N — sq). If there exists a

H K

sequence {un}, cy C S‘to such that dist (u,,dSF) — 0 as n — oo, then
[mvy (un)||XV0 — 400 and J.(me(uy)) = 400 as n — oc;

(f) Iy, is coercive on Myj,.

Now, let us define the mappings
Z;VO :X‘“;O =R and 9y, :S$0 — R
by ?ﬁvo (u) = Iy, (g (u)) for all u € X{/"O and 1y, = ¢VO|S‘J;0'
LEMMA 3.2. Assume that (f1)—(fs) and (V1) hold true. Then,

[l (w)ll x
S0 (I, (g (u)), v) for all

(a) vy € C(XT,R) and (i (u),v) =
u € X{}'O, all v e Xy;

(b) vy € CH(Sy L R) and (i (w),v) = lmy, (u)lxy (T, (m, (w)), ) for all
u € S‘—/Fo’ allv e Tu(S{ﬁo);

(c) if {tun}nen is a Palais-Smale sequence for vy, then {my,(un)}tnen is
a Palais-Smale sequence for Iyy. If {unfnen C My, is a bounded

Tellxy,

Palais-Smale sequence for Iy, then {m‘_,o1 (tn) fnen C S% is a Palais—Smale
sequence for Py,;
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(d) ue S‘J/FO is a critical point of Yy, if and only if my,(u) € My, is a critical
point of Iy,,. Moreover, the corresponding critical values coincide and

inf ¢y (u) = inf Iy (u) = cy,.
uES’{i/_O 0 UGMVO ’ 0

REMARK 3.3. The following variational characterization for cy; is fulfilled:

cvy = inf  Iyy(u) = inf max Iy, (tu) = inf max Iy, (tu).
u€My, uex% t>0 ues% t>0

LEMMA 3.4. Assume that {un}, oy C Xy is a Palais-Smale sequence of the func-
tional Iy, at the level cy,. Then, the sequence {un}, .y C Xy, is bounded, and
there exist a sequence {yn},y C RY and some constants R, a> 0 such that

n—oo

lim inf/ |un|?dx > a.
Br(yn)

Proof. Arguing as in lemma 2.5, it is obvious to see that {u, }, .y C Xy is bounded.
Now, arguing by contradiction, suppose that for any R >0, the following relation

lim sup/ |un|9dz =0
n_)ooyelRN BR(Z!)

holds true. Then, using lemma 2.2 in the study by Alves, Ambrosio, and Isernia
[1], we know that for all r € (p, ¢?),

u, — 0 in L"(RY) as n — oc. (3.2)

So, we deduce from theorem 4.3 in the study by Lieb and Loss [38], hypotheses
(f1)-(f2), the boundedness of the sequence {uy}, .y C Xy, and (3.2) that

. 1
lim " (W * F(un)> f(up)updx = 0.

n—oo

Moreover, by the boundedness of the sequence {u,}, .y C Xy,, we see that
(Ii, (un), un) = 0n(1) as n — oo, that is,

[un]g,p + [un]g,q + Vo (|Un|§ + |un|g)

_ /RN (1 ) F(un)) Fn)undz + on(1) as 1 — 0o,

||+
This implies that ||Un||XV0 = o0,(1) as n — oco. We get a contradiction since
Iy, (un) — cyy > 0 in R as n — oo. The proof is now complete. d

THEOREM 3.5 Problem (3.1) has a positive ground state solution.
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Proof. We deduce from a variant of the Mountain Pass Theorem without the
Palais-Smale condition that there is a Palais-Smale sequence {un}, .y C Xy, of
the functional Iy at the level cyj. As in the proof of lemma 2.5, we can conclude
that the sequence {u,},y C Xy, is bounded. Then, we are able to deduce from
lemma 3.4 that there exist a sequence {y,}, .y C RY and some constants R, o> 0

1iminf/ lup|?dz > a.
Bpr(yn)

n—oo

Set vy (x) := un(x + Y ). Then, we have

/ |vg |z > g
BRr(0) 2

It is easy to check that Iy, (v,) — cy, in R and I{/O(vn) — 0in Xy," as n — oo.
Clearly, the sequence {vy, }, oy C Xy is also bounded. Thus, we may suppose that
there exists 0 # v € Xy, such that v, v (up to a subsequence) in Xy, as
n — 00. Moreover, arguing as in lemma 2.7, we have I(,O (v) = 0. Due to v#0, we
can derive that v € My, and so Iy, (v) > cyy. On the other hand, from hypothesis
(f3) and Fatou’s Lemma, we deduce that

n—oo

Iy, (v) = Iy, (v) — é([(/o (v),v) < liminf <IV0 (Un) — é([(/o (vn),vn>) = ¢y

So, we obtain Iy, (v) = cy,.

We can also show that this ground state solution v is positive. Set v~ :=
min {v,0}, and then v~ € Xy,. Recalling that f(t) = 0 for ¢ < 0 and using
(I{,O (v),v™) = 0, we obtain

lo~ 115, + o194 < 0.

This leads to v~ = 0, and so v > 0 on RY. Thus, v > 0 and v # 0. Similar to the
proof of lemma 6.1, we see that v € L>(RY). In addition, from corollary 2.1 in
the study by Ambrosio and Radulescu [11], it follows that v € C°(RY) for some
o € (0,1). Now, it follows from the proof of theorem 1.1 (4) in the study by Jarohs
[33] that v >0 on RY. This ends the proof. O

Next, we introduce a compactness result for the autonomous problem, which will
be very useful in the sequel.

LEMMA 3.6. Let 0 < p < sp and v < (N — p)q/(N — sq). Assume that
{un}nen C© My, is a sequence satisfying Ivy(un) — cyy i R as n — oo, then
the sequence {un(- +Yn)},en C Xy, possesses a convergent subsequence for some
sequence {yn}, oy C RY.

Proof. On account of the fact that {u,},.y C My, and Iy, (un) — ¢y, in R as
n — 00, lemma 3.1 (c), lemma 3.2 (d), and the definition of cy; imply that

Wy, = m;-ol(un) € S% for all n € N
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and

Vv (wn) = Tvy(un) — cyy = inf+ Yyp(w) in R as n — oo.
weSs
Yo

Now, we introduce the following map:

Yy (u)  ifue S%,

I(u) =
+o00 ifue 35{%.

It is worth pointing out the following essential facts:

(i) (S‘J/r07(5v0), where oy (u,v) = |lu — UHXVO, is a complete metric space;

(i) Z € C(S%,R U {400}), by lemma 3.1 (e);
(iii) Z is bounded below, by lemma 3.2 (d).

We deduce from the Ekeland variational principle (see the study by Ekeland [28])
that there exists a Palais-Smale sequence {0y}, oy C S‘J;o of the functional iy at

the level cy, such that [, — wn||XV0 = 0n(1) as n — oo, that is, ¥y (W) — ey,
in R and 1/}(,0 (p) — 0 in Tmn(S‘J}O)* as n — oo. Therefore, from lemma 3.2 (c),
it follows that the sequence {mvo (wn)}n en C My, is the Palais-Smale sequence
of the functional Iy, at the level cy;,. Then, we can conclude that the sequence
{mvo (wn)}n en € X Vv, 1s the bounded Palais—Smale sequence at the level vy - Now,
let v, 1= my, (). According to theorem 3.5, we see that there exist a sequence
{yn}nen € RY and 0 # o € Xy, such that

On(+) = v (- + yn) o in XVO as n — oo,

IVO (@n) = Cy, + On(1)7 I\//O(ﬁn) = On(]-) as n — oo, (33)

Set vy, := 0, — 0. Applying lemma 2.10, the Holder inequality, and (3.3), we can
deduce that

Iy (0) = 0,(1)  and Iy (0n) = 0,(1) as n — oo.
Consequently, v, — 0 in Xy, as n — oo, that is, 9, — 9 in Xy, as n — oo. From
lemma 3.1 (c) and (3.3), we infer that u,(- +yn) — 0 € My, as n — 0. So, we
now complete the proof. O

4. The barycenter map

Next, we need to establish a relationship between the topology of M and the number
of positive solutions for problem (2.2). To this end, we first choose § >0 such that

Ms = {xERN:dist(m,M)gé} CA (4.1)
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and take n € C°°([0, 4+00),[0,1]) non-increasing satisfying n(t) = 1 for ¢ € (0,46/2),
n(t) =0 for ¢ € [§, +0), and |1/ (t)| < C for some constant C' > 0.

Let w be a positive ground state solution to the autonomous problem (3.1). For
any y € M, we define the following function:

Veylo) = n(lze oo (22

3

with the unique number ¢, > 0 satisfying

I?Zag( Js(t‘l’e,y) = Js(ts‘lls,y)’

and let us consider the mapping ®. : M — N, defined by

Q. (y) ==t T,y

LEMMA 4.1. The mapping ®. verifies the following property:

lim J.(®.(y)) = cy, uniformly iny € M.

e—0

Proof. Arguing by contradiction, we may assume that there exist dg > 0, {yn },,cny C
M, and €, — 0 in R as n — oo such that

‘JEn ((I)En (yn)) - cVQ’ = 60' (42)

We first note that for each n € N and for all 2 € B s, e,z € Bs, and hence
En

Enz + yn € Bs(yn) C Ms C A.
Applying the change of variable z = (e,& — y,) /e, and recalling that G=F in
A and n(t) =0 for ¢ > §, we have

tP td
Jan(q)é‘n (y’ﬂ)) = %”\pé‘n;ynH{Jfgnm + %H‘I’En;yn”%gng

1 1
- 5 /]RN <I|M * G(6n$7t5n\115n7yn)> G(Enxvti'n\llfnyyn)dx
p

=B (e Dty + [ Veens 4w alznslyoto)ras)

q

tEn q q
B (e Delty + [ Vins + ) 0llens ()0

1 1

=5 [ (5 Fltaanllensho)) Fleaunenclioteis. 43

Next, we prove that the sequence {t.,,},y C R verifies t., — 1 in R as n — oo.
Using the definition of t.,,, we see that t., ¥ € N, that is,

En,Yn
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tls);q”\IIc?nyyn ||I\)/5n N + ||\II€n’yn ||(\]/gn,q

1 te, U v
_ / ( * F(tanwsnyn)) f( En Enyyn) En,yYn dx
RN

[l i,
(on account of the fact that g = f, G = F on A)
— / (1 * F(tenﬁ(5n2|)w(z))) f(tsnn(|€nz|)w(z))77(|5nz|)w(z) dz. (44)
FANEA

q—1
ten

Taking into account n(|z|) = 1 for x € Bs and By C B for n € N large
2 2 &n
enough, we deduce from (4.4) that

. F(tey0(@))f (o (2))(2)
ol [ Y /2N A / / : : dvds.
Bs /B
2 2

—
" td |z — x|

On the other hand, w is a continuous and positive function in R, so there exists
z € RY such that

Thus, we deduce from hypothesis (f) that

? Fltenw@)f ten(2) o

“u ’B%‘ (o 0(2)) ]

té);qH\I’an,ynHIl)/gn,P + H\IJEnﬂ/”H(‘I/En’q >

(4.5)

According to the Dominated Convergence Theorem and lemma 2.2 in the study
by Ambrosio [7], we can deduce that

1Ver ynllve,.t — Hw||v0,t € (0,+00)in Rasn — oo fort e {p,q} (4.6)
and
L>f<F(\II ) ) F(V )dx — L>0<F(w) F(w)dz in R as n — o0
RN |(l7|'u’ EnyYn En,Yn ) AT RN |.’.E|IL .
(4.7)

Therefore, if t., — -+o00, we can conclude that the left-hand side of (4.5) satisfies
the following property:

Tim (2900 gl Wl o) = Il o (48)

since ¢ > p. On the other hand, we deduce from hypothesis (f3) that

= +o0. (4.9)
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From (4.5), (4.8), and (4.9) we get a contradiction. Then, we pass to a subsequence
and assume that there exists to such that t.,, — to > 0. In addition, applying (4.4)
and (4.6) and combining with (f1)—(f2), we deduce that ¢ty > 0.

In (4.4), we pass to the limit as n — oo, and then we can use (4.6) and the
Dominated Convergence Theorem to infer that

- 1 f(tow)
to “Nwllvy p + lwlliy,, = /]RN <|:1:|# *F(tow)) e wdz. (4.10)
Due to w € My, we derive that
1 f(w)
P ¢ _
HWHVO,p + HWHVO,q = /RN (W * F(w)) tg_l wdzx. (4.11)
F(t) f(t)

From the fact that the functions — and

77 are increasing for ¢ >0, together
t2 t2

with (4.10) and (4.11), it follows that to = 1.

In (4.3), we pass to the limit as n — oo, and together with (4.7), we have

nlgr;o Jen (P, (Yn)) = IVO (w) = Cvy-
This is a contradiction, since (4.2). So, we complete the proof of the lemma. O
Let us consider the function A : RT +— R*T such that h(e) :=
SUP, ¢ s | Jo(®:(y)) — cv| for all £> 0. Then, we define the following subset of N;:
N, = {ueN:: Jo(u) <eyy+h(e)}.

From lemma 4.1, it follows that h(e) — 0 as € — 0. Additionally, we deduce from

the definition of h that ®.(y) € N. for any y € M and & >0, and so N. # .
For any 6 >0 given by (4.1), let us choose p := p(6) > 0 such that M; C B,.
Then, we introduce the map ¢ : RY — RY defined by

z if x| < p,

((x) =
% if |z| = p.

Now, we introduce the following barycenter map f. : Nz — RY defined by

o) o Jen S (Jul? + Jul?) da
pel) = f]RN (JulP + |ul?) dx

for all u € M.
Then, from the above information, we can give the following lemma.

LEMMA 4.2. The function B. has the following property:

liH(l) B (P (y)) =y uniformly in y € M.
E—r
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Proof. Arguing by contradiction, assume that there exist dg > 0, {yn},cny € M,
and €, — 0 in R as n — oo such that

B2 (@, (Yn)) = Ynl = o (4.12)

Employing the definitions of ®.,, B.,, and ¢ and using the change of variable
2z = (en® — Yn)/En, we can conclude that

N Jan ((enz + yn) — yn) (In(lenz)w(2)|P + In(lenz])w(2)|7) dz

Pen (Ben (un)) = yn Ton (nlenz @@ + [1(enzDl()]7) dz

On account of {y,},.y € M C Mjs, combining the Dominated Convergence
Theorem, we can derive that

lim |ﬁen ((I)En (yn)) - yn‘ =0,

n—oQ

which contradicts relation (4.12). This proof is now complete. 0

LEMMA 4.3. Let 0 < p < sp and v < (N — p)q/(N — sq). Assume that
the sequences {en},cy C R and {un},cny C N, satisfy e, — 0 in R and
Jep (un) = cyy in R as n — oo; then, there is a sequence {in}, oy C RY such that
the sequence {1l () := Un (2 + Un)},cy admits a subsequence which converges in
Xy, Furthermore, the sequence {Yn ‘= €nlin}, ey C RY has a subsequence {y,}
(still denoted by itself) such that y, — yo € M as n — oc.

neN

Proof. 1t is easy to verify that {u,}, .y C Xy is bounded. Then, using lemma 3.4,
we know that there exist a sequence {J,}, oy C RN and some constants R, a >0
such that

n—o0

liminf/ lup|?dz > a.
BRr(9n)

Let @, (2) := tp(z +9n). Consequently, {in, },y C Xy, is bounded, and so passing
to a subsequence, we can suppose that there exists some 0 # 4 € Xy such that

Gy - 4 in XVO as n — oo. Let t,, > 0 be such that 0, := t, 4, € MVO, and let
Yn = EnYpn. Thus, we deduce that

cvy < Iy (0n) (from the definition of cy;)

1 1 1 1
—[0n]} p, + = [0n]d +/ V(enT + yn (f}n”—i—f)nq)dx
plonlip + o onlig + VI ) {10l 4 o]

_ %/}RN <x1|ﬂ ) F({;n)> F(on)dz

tp q

4 tP td
< B, + Bty + [ V) (Bl + Bju,ir) a

— %/RN <$1|# * G(Em,tnun)) G(ex, thun)dz (by (g2))
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= Je,, (taun) < Jep, (up) (since u, € N¢,)
=cy, +on(l) as n — oo.

This implies that Iy, (0,) — cy, in R as n — oo and 9, € My,. Clearly, the
sequence {0y}, oy C X vy 1s bounded. Therefore, up to a subsequence if necessary,

still denoted by itself, we may assume that there exists © € Xy, such that o, Db
in Xy, as n — oo. It is easy to see that the sequence {t,}, .y C R is bounded,
and it holds that t,, — tg > 0 as n — oo. Indeed, tg > 0. Otherwise, tg = 0, so,
we infer from the boundedness of the sequence {0, },cy C Xy, that [0, Xy, =

tn||ﬂn||XV0 — 0in R as n — oo, and so Iy, (9,) — 0 in R as n — oo, but this

is impossible, since ¢y, > 0. Thus, {p > 0. We deduce from the uniqueness of the
weak limit that © = tgu and @ # 0. Then, from lemma 3.6, it follows that

Op — 0 in Xy, as n — oo, (4.13)

and 8o 1, — 4 in Xy, as n — oo. Moreover, Iy, (0) = cy, and (I{,O (0),0) = 0.

Next, we shall prove that the sequence {y,,}, .y C RY has a subsequence, still
denoted by itself, such that y,, — yo € M as n — co. We first show the boundedness
of the sequence {yn},cy C RY. Otherwise, the sequence {yn},cy € RY is not
bounded. So, we may assume that there exists a subsequence, still denoted by
itself, such that |y,| = +00 in R as n — oo. Then, we choose R >0 large enough
such that A C Bg, we may suppose that |y,| > 2R for n € N sufficiently large, and
so for all x € Bg/.,, we have

|5n$ +yn‘ 2 |yn| - |5n33| > R.

On account of the facts that u, € N;,, and J.,, (u,) — ¢y, in R as n — oo, thus,
for n € N large enough, we have that u, € B. Consequently, from lemma 2.6, it
follows that

1 K
— < — for n € N large enough.
||

* G(enx, up)
Lo (RN) 2

Therefore, for n € N large enough, we obtain

. . K S
Vi R+ Vil < G [ 00 i )i

K
<

S5 (i) indz + K f (i)t de

2 c
BR/ETL BR/sn
K Vo . . K RN
<5 =2 (inl? + i) d + = F i) d,
BR/ETL Bf%/en

(on account of the fact that f (),

<V

< 22 (janl? + [al") on Brye, ).
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Recalling that 4, — @ in Xy, as n — oo and using the Dominated Convergence
Theorem, we obtain

f(tp)lpdx = 0,(1) as n — 0.
B¢
R/En

So, we have

5 (il - il ) < 0n(1) a5 m > oc.
Using 4, — @ # 0 in Xy, as n — oo again, we see that this is a contradiction.
Now, we get the boundedness of the sequence {yn}, .y C RY. Passing to a
subsequence (still denoted by {yn},cy), We may assume that there exists yo € RY
such that y, — yo € A as n — oo. In fact if yo € A, then we can find some
constant r >0 such that y, € B, 2(yo) C A° Arguing as before, we can reach a
contradiction. So, yg € A.
It remains to show that V(yo) = V. Arguing by contradiction, again we may
assume that V(yo) > Vo. From (4.13), together with Fatou’s lemma and the
invariance of RN by translations, it follows that

CVO = IVO (’lA))

1 1 1
< liminf | =[0,])%  + —[0,]2 —|—/ V(enx + Yn (@np+@nq>dx
<p[],,, ol + [ Vienz+ ) (SlouP + Ll

- %/RN (lxlw . F(@n)) F(@n)dw>

< liminf J., (thuy,) < iminf J., (u,) = vy -
— 00 n—roo

This is impossible. So, from hypothesis (V2), it follows that yg € M. This proof is
now complete. O

LEMMA 4.4. For any § > 0, we have

hm sup dist (8 (u), Ms) = 0.
“Ouen:

Proof. Let &, — 0 in R as n — oo, then we can find a sequence {un}, .y C N,
such that

f —y| = inf 1 — 0.
u;l}) yle%lﬂsn(un) vl gw |Ben (Un) = y| + 05 (1) as n — o0

Noting that {u,}, .y C Nz, C Ne,, we infer that

vy < Cepy < Jep (Un) < ey + hlen),
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and so
lim J (7 = Cyp,-
n En( n) 0

Then, we deduce from lemma 4.3 that for n € N large enough, there exists some
sequence {Jn}, oy C RY such that y, = e,3, € Ms. So, we have

ey (Cenz+yn) —yn) ([un(z + Ga)|P + fun(z + n)|) d
" Jene (un(z+ Gn) P + [tn (= + §)]9) dz :

ﬁsn (un) =Yy

Taking into account the facts that {t, (- + n)},cny C Xy, has a convergent subse-
quence and €,z + ¥, — Yo € M as n — oo, we derive that S, (un) = yn + 0,(1) in
RN as n — oo. So, there exists a sequence {yn},cy C Ms such that

lim |8, (un) — yn| = 0.

n—o0

This ends the proof of the lemma. O

5. Multiple solutions for problem (2.2)

In this section, we shall establish a relationship between the topology of M and
the number of solutions for problem (2.2). Since A; is not a C'' submanifold of
the space X, we cannot use directly the standard Ljusternik—Schnirelmann theory,
but we can bypass this difficulty by applying the abstract results in the study by
Szulkin & Weth [55].

THEOREM 5.1 Let 0 < p < sp and v < (N — p)q/(N — sq). Assume that (f1)—(fa)
and (V1)—~(Va) are fulfilled, then for any 6 > 0 satisfying Ms C A, there exists €5 > 0
such that for any e € (0,€s) problem (2.2) possesses at least catn; (M) positive

solutions.

Proof. For any fixed € > 0, we introduce the mapping a. : M +— ST defined by
ac(y) == m- (P (y)) for all y € M.
Consequently, we deduce from lemma 4.1 that

lin(l) Ye(ae(y)) = lim J.(@c(y)) = cy, uniformly in y € M. (5.1)
E—r

e—0

Let us introduce the following function:

h/(E) = ;él]\% W)s(as(y)) - CVO"

According to (5.1), we see that h'(¢) — 0 in R as ¢ — 0. Also, we define the
following set:
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Sti={we ST v(w) ey +H(e)}.

Clearly, for all y € M and € >0, 1. (a-(y)) € SF, and so S+ £ 0.
From lemma 4.1, lemma 2.2 (c¢), lemma 4.4, and lemma 4.2, it follows that there
exists € = €5 > 0 such that the following diagram is well-defined:

-1
M 25 D (M) P a (M) &S &, (M) 2y Mj for any € € (0,8).

Using lemma 4.2 and decreasing ¢ if necessary, for all y € M, we have 3.(®.(y)) =
y + l(e,y), where |l(,y)| < §/2 uniformly in y € M and for all € € (0,£). Hence,
H(t,y) :=y+ (1 —t)l(e,y) for (¢t,y) € [0,1] x M is homotopy between S. o . =
(Be omyg) o (m;1 o <I>E) and the inclusion map id : M — Mjs. This means that

cat . (avyoe(M) = catprg (M). (5.2)

Additionally, let us choose a function h'(¢) > 0 such that h'(¢) - 0inRase — 0
and such that cy, +h’(¢) is not a critical level for the functional J.. Using corollary
2.9 and theorem 27 in the study by Szulkin and Weth [55], for € >0 sufficiently
small, we can deduce that 1), possesses at least catq,(apyoe(M) critical points on
S+. So, lemma 2.3 and (5.2) imply that the functional J. has at least catprs (M)

critical points in N-. This proof is now complete. (Il

6. Proof of theorem 1.2

The main idea is to show that the solutions obtained in theorem 5.1 verify the
following estimate:

for € > 0 sufficiently small, u.(z) < a for all z € A¢.

Then, we can deduce from this fact that these solutions are indeed solutions of the
original problem (1.3). To this end, we shall treat the regularity of non-negative
solutions to problem (2.2). More precisely, we first establish the following result
inspired by Moser [48] and Ambrosio and Radulescu [11].

LEMMA 6.1. Let 0 < p < sp and v < (N — u)q/(N — sq), and let &, — 0 in R
asn — oo and u, € Nz, be a solution to problem (2.2). Then, J., (u,) — ¢y,
in R as n — oo, and there evists a sequence {Yn},cn C RN such that i,(-) :=
Un (- +Gn) € L°(RY) and |ﬁn|Lo<>(RN) < C for alln € N, for some constant C> 0.
Furthermore,

Un(x) = 0 as |z| = +oo uniformly in n € N. (6.1)
Proof. On account of the fact that u,, € Nen, arguing as in the proof of lemma 4.4,

we see that J., (un) — cy, in R as n — oo. Then, from lemma 4.3, it follows that
there exists a sequence {fn},cy € RY such that tin(-) := un(- + Jn) = 4(-) € Xy,
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and y, = €,0n — Yo € M as n — oo. For any L>0 and > 1, we introduce the

function

20007 € X.,,, where @, 7, := min {d,, L} .

>

1/’(7:%) =

&no

Taking ¥ (4,) as test function, we have

[, ] ine) =l in(e) ) i) = i)

|z — y|NFsp

| () = ()| 972 (tn (x) = 0 (1)) (W (0 (2)) = P(0n(y)))
+ /]RN /]RN dxdy

|z —y|NHsa

+/)V®w+wWM“%WWMM+/ V(en@ +yn)lin| i (n)do
RNV RN

1 R ~ ~
= /]RN <|xl" * G(E‘?nm + Yn,s Un)) g(gnx + ynaun)w(un)dx

Additionally, applying the boundedness of the sequence {ty}, .y C X, and argu-
ing as in the proof of lemma 2.6, we can deduce that there exists Cy > 0 such
that

< Cy.
Loo(RN)

1
—— % G(en® + Yn, Un)

sup |1‘|”

neN

According to the hypotheses on g, we see that for any o >0 there exists C, > 0
such that

lg(z, 8)| < olt|P~" + Cy|t|% ! for all (z,t) € RN x R.

Choosing o € (0, Vy/Ch), together with the above inequalities, we can infer that

RN JrN

|z —y[NEer

[n (%) = tn (y)]97 % (U () = Gn(y)) (W (@n(2)) — P(ia(y)))
+/RN /]RN dxdy

|z — y|NHs
<04Mm@ﬁﬁ”m (6.2)

for some constant C' > 0.
Let us define the following functions:

_

o(t) : .

t
1
and Y(¢):= / (' (1))adr.
0
We first observe that ¢ is an increasing function, and hence

(a—=b)(¢(a) — (b)) 20 foralla, beR. (6.3)
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Then, we can infer from (6.3) and the Jensen inequality that
¢’ (a—0b)((a) — (b)) = |T(a) — T(b)|? foralla, beR. (6.4)

We also point out that
N 1. 521
T(h,) > =@, ;- (6.5)

So, putting together with (6.2), (6.3), (6.4), and (6.5) and using the Sobolev
embedding, we infer that there exists some constant C' >0 such that

. .p-1 ~af ~q(B—1)

|tnt, 1, |Z§ <Cpe /]RN iy yde. (6.6)
*

Choose 3 = % and let R >0 large enough. Combining @,, — 4 in Xy, asn — 00

with the Holder inequality, we can conclude that there exists some constant C' >0

such that

*
ai—q\ s . .
/N anan,g dx < C’Bq/N R ~qk dx
R R
* as
ds—q
. AT
+ Ce /]RN <“n“n,L ) dx

Then, we choose a fixed € € (0,1/C) and infer that

g\ % .

S *
/ <unun z > dx < Cpe / R 905 dz < 4o00.
RN '

In the above inequality, we pass to the limit as L — +oo and we obtain 4, €
%2
a
LT (RY).
Thanks to 0 < @y, < Uy, then in (6.6), we pass to the limit as L — 400 and
we have

)
@ *“Q

Q
@ *"Q

* —
it 32, < CB / il T g
ds RN

This means that

; 1
* a1 e . S
(/ ﬂgqs d:c) q5(B-1) < (Cl/qﬂ)ﬁq (/ agfﬂ(ﬂ—l)dx) q(B—1) '
RN BN

For 1 < m € N, let us define

*

. . qs
¢ +9(Bm1 —1) =PBmg; and B = v
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It follows that

ﬁm+1 = Bin(ﬂl - 1) +1,

and so

lim 3, = +oc.
m—roo

Let us define

1
m - RN n .

Then, we have

1
Tm+1 < (Cl/q5m+l) ﬁerl_l Tm
Consequently, using a standard iteration argument, we have

m 1 o o
Trny1 < H(Cl/qﬁk+1)5k+1_lT1 < CTiy, where C is independent of m.
k=1

In the above inequality, we pass to the limit as m — oo and then we infer that
[tin| oo vy < C uniformly in n € N.
Next, let us define

1
Kn = =V (enx + yn) (ﬂﬁ_l + @%—1) + <|f|“ * G(en + Yn, an)> g(en® + yn, Un)-
We point out that u,, satisfies the following equation:

(=A)pin + (=A)jin = Ky in RN,

From the growth hypotheses on g, corollary 2.1 in the study by Ambrosio &
Radulescu [11], @, — @ in Xy, as n — oo, and the uniformly boundedness of

the sequence {fin }, ¢y in L°(RY) N Xy, we can conclude that @, (z) — 0 in R as
|z| = 400 uniformly with respect to n € N. This ends the proof of the lemma. O

Proof of theorem 1.2 completed

We first choose 6 >0 small enough such that Ms C A. Then, we claim that there
exists & > 0 such that for any ¢ € (0,&5) and any solution u. € N of problem
(2.2), we have

‘uleOO(Ag) <a. (67)
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Otherwise, we may assume that there exists a subsequence {e,,}, .y C R such that
£, — 0 as n — oo, u., € N, such that JZ, (e, ) = 0 and

|ten lLoe(ag,,) = a- (6.8)

But we see that J., (ue, ) — ¢y, in R as n — oo. Thus, from lemma 4.3, it follows
that there exists a sequence {J,}, oy € RY such that dy,(-) := ue, (- + §n) — (")
in Xy, and €,9, — yo € M as n — oo.

Next, we choose r > 0 such that B, (yog) C Bar(yo) C A, and so BEL (g%) C A,
n
Furthermore, for n large enough, we can deduce that A, C B% (9,). In addition,
g

from (6.1), we see that @,(xz) — 0 as |x| — +oo uniformly inn e N Therefore,
we can find R >0 such that 4,(z) < a for any |z| > R, n € N. Consequently,
Uep, () < a for any x € BE(9y), n € N. Moreover, for n € N sufficiently large, we
know that

A, € B () C Bir(d).
Thus, we infer that u., (r) < a for any x € AZ  and for all n € N large enough,
which contradicts relation (6.8).
Fix € € (0,e5), where g5 := min{és,&s}. From theorem 5.1, we can see that
problem (2.2) has at least catsg (M) nontrivial solutions. Now, we use u. to denote

one of these solutions, and so u. € N.. Then, using (6.7) and recalling that the
definitions of g and G, we can also infer that u. is a solution of problem (1.3). So,
problem (1.3) possesses at least catpz; (M) nontrivial solutions.

Finally, we establish the behaviour of the maximum points of solutions to problem
(1.3). Let us choose £, — 0 and consider a sequence {uy}, .y C X, of solutions for
problem (1.3) as before. From (g1), it follows that there exists a positive constant
t < a such that

\%
glex,t)t < ?O (tP +t7) for any z € RN, ¢t €[0,4], (6.9)

since u, € N, and Jg, (u,) — cy, in R as n — oo. Then, for n € N sufficiently
large, we have that u,, € B. Consequently, from lemma 2.6, it follows that

1 K
—— x G(epx, up) < — for n € N large enough. (6.10)
||~ Loo(RN)

Arguing as before, there exists R > 0 such that

|un|Loo(Bi_i(Qn)) < t. (611)

Furthermore, up to a subsequence, we may assume that

[tun|Loo (B (gn)) = t- (6.12)
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Otherwise, if relation (6.12) does not hold, we deduce from (6.11) that
|Un| oo gy <t Using u, € N, again and (6.9)—(6.10), we have

1
||Un||€/5n7p —+ ||'U/n||(‘1/8n7q < AN <|$|N * G(€n$,un)> g(snx, Un)undx,

< ? N (|un|? + |un|?) dz for all n € N large enough.
R

This implies that |lu,|x., = 0 for all n € N sufficiently large, which is a contra-
diction. Consequently, relation (6.12) holds true. On account of (6.11) and (6.12),
we can infer that if p, is a global maximum point of w,, and p,, = ¢, + g, for some
qn € Br, enpn — Yo € M as n — o0; then using the continuity of the potential V'
we see that V(e,pn) = V(yo) = Vo in R as n — oo.

This proof is now complete. O
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