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ABSTRACT

We generalize bounds of Liu-Wan—Xiao for slopes in eigencurves for definite unitary
groups of rank 2 to slopes in eigenvarieties for definite unitary groups of any rank. We
show that for a definite unitary group of rank n, the Newton polygon of the charac-
teristic power series of the U, Hecke operator has exact growth rate 21 T2/n(n=1) times
a constant proportional to the distance of the weight from the boundary of weight
space. The proof goes through the classification of forms associated to principal series
representations. We also give a consequence for the geometry of these eigenvarieties
over the boundary of weight space.
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1. Introduction

1.1 Background and statement of main theorem
The first ‘eigenvariety’ was constructed by Coleman and Mazur in [CM98]. Now called the
Coleman—Mazur eigencurve, it is a rigid analytic space parametrizing p-adic modular Hecke eigen-
forms with nonzero U,-eigenvalues. Since then, further work by numerous authors has resulted in
a collection of eigenvarieties for p-adic automorphic forms on various other groups. Particularly
relevant for our purposes are the papers of Buzzard [Buz04, Buz07], Chenevier [Che04], and
Bellaiche and Chenevier [BC09], in which eigenvarieties are eventually constructed for p-adic
automorphic forms on definite unitary groups of all ranks.

For simplicity of notation in this introduction, let p be an odd prime. We write v for
the p-adic valuation and |- | for the p-adic norm, normalized so that v(p) =1 and |p| =
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A weight of a p-adic modular form is a continuous character of Z;, and the weight space is the
rigid analytic space # parametrizing such characters. The T-coordinate of a point w € # is the
value T'(w) = w(exp(p)) — 1; the space # turns out to be a disjoint union of p — 1 open unit
discs with parameter T'. For r € (0,1), we write #~, for the rigid analytic subset of # where
|T| > 7.

We fix a tame level and let 2 be the corresponding eigencurve. We let w : 2 — # be the
map taking an eigenform to its weight, a, : 2 — G,, be the map taking an eigenform to its
Up-eigenvalue, and 25, be the preimage of #5, in 2. The following conjecture, sometimes
called the ‘halo conjecture’, describes the geometry of the part of the eigencurve lying over the
‘boundary’ of weight space (i.e. 2%, for r sufficiently close to 1).

CONJECTURE 1.1.1 (Coleman—Mazur—Buzzard—Kilford, as stated by Liu, Wan, and
Xiao [LWX17]). When r € (0,1) is sufficiently close to 17, the following statements hold.

(i) The space Z5, is a disjoint union of (countably infinitely many) connected components
71,23, ..., such that the weight map w : Z,, — #-, is finite and flat for each n.

(ii) There exist nonnegative rational numbers aj,ao9,... € Q in non-decreasing order and
tending to infinity such that, for each n and each point z € Z,,, we have

|ap(2)] = |T(w(2))[*"

Note that part (ii) of Conjecture 1.1.1 implies that as one approaches the boundary, the slope
v(ap(z)) approaches 0 in proportion to v(T'(w(z))).

Liu, Wan, and Xiao [LWX17] proved the equivalent version of this conjecture for automorphic
forms on definite quaternion algebras over Q. The key step in their work is to obtain strong upper
and lower bounds on the Newton polygon of the characteristic power series of the Up-operator.
For consistency with our discussion, we describe these bounds in the context of rank-2 definite
unitary groups over QQ, for which the analysis is exactly the same.

Let G be an algebraic group over Q such that G(R) = U, (R) and G(Qp) = GL,(Q,), and
% C G(Ay) a compact open subgroup satisfying minor technical conditions. The corresponding
eigenvariety % is now a rigid analytic space of dimension n — 1 lying over the weight space #
parametrizing continuous characters of (Z;)"*l. This # is a disjoint union of (p — 1)"~! open
unit polydiscs of dimension n — 1 with parameters T1,...,T,_1. Let %, (G, %) be the space of
p-adic automorphic forms on G of weight w and level 7. Then Liu—Wan—Xiao showed that when
n = 2, the Newton polygon of det(l — XU,|.7,(G, %)) is shaped approximately like the curve
y = Av(T1(w))z?, where A is a constant depending only on G, %, and p.

In this paper, we generalize this bound to definite unitary groups of all ranks by showing
that for arbitrary n, the Newton polygon of det(I — XU,|.%,,(G, %)) is shaped approximately
like y = Av(Tj(w))z't2/""=1 assuming that the v(T;(w)) are not extremely different in size.
A more precise statement follows.

THEOREM 1.1.2.

(i) There are constants A;,C > 0 (depending only on G, % , and p) such that for all w such
that each |Tj(w)| > 1/p, the Newton polygon of the power series det(I — XU,|.7(G, %))
lies above the curve

Yy = (A1x1+2/n("71) — C) minv(T;(w)).

(2

(ii) Suppose that w(al,...,an_l):Hiafi)@(ai), where (t1,...,tn—1) € (Z>0)"" ! with
ty > -+ >tp_1, and each x; is a finite character of conductor cond(y;) such that
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cond(xixj_l) = max(cond(x;),cond(x;)) for all i # j, cond(x;) > 2 if p > 3, and cond(x;)
4 ifp = 2. Let X(1), - - - X(n—1) be the characters x1, ..., Xn—1 reordered so that cond(x1))
cond(x(2)) < -+ < cond(x(n—1)), let ¢y = cond(x(y)), and let Tz = T'(x(3))-

Then there is a constant h (depending only on G, %, and p), a polynomial dy, ;. , of
total degree n(n — 1)/2 in the t;, and a linear function l(t1,...,t,—1) such that the Newton
polygon of det(I — XU,|.%,(G, %)) contains at least

>
<

hp0(1)+26(2>+~“+(n—I)C(H,U—n(n—l)/th

1y-eostn—1

segments of slope at most I(t1,...,t,—1), hence passes below the point

<hpc(1)+26(2)-i-"'-i-(n—l)c(n—n—n(n—l)/2dt7 hpC(1)+2C(2)+'"+(n—1)6(n_1)—n(n—l)/2dtl(t)> ]

If for a given e, the t; satisfy t; —tj11 > €(t; — tj41) for all i # j, this point can also be
written as

<$7 A2 (U(T(l))2/n(n—1)v(T(2))(2-2)/n(n—1) . U(T(n_l))(2-(n—1))/n(n—1))x1+2/n(n—1))

for x = hptwt2@t+tm-Newm-1y=n(n=1/2q, and a constant A, (depending additionally
on €). Note that, in particular,
(Tgy)?/ ™ V(T i) E2/M=1 (T, _p)) =DM < maxco(T3).
Remark 1. It will be evident that the condition that cond(Xin_l) = max(cond(x;), cond(y;)) for
all i # j is not required for the proof to go through; it is just there to allow us to state the best
and cleanest bound.

We also leverage Theorem 1.1.2 to prove two statements that may be more geometrically
satisfying. First, we prove the following alternative version of the upper bound which provides
infinitely many upper bound points on the same Newton polygon.

THEOREM 1.1.3. Suppose that w(a,...,an—1) =[], aﬁixl-(ai), where (t1,...,tn—1) € (Z>0)" !
with t1 > .-+ > t,_1, and each x; Is a finite character of conductor ¢; such that cond(xixj_l) =
max(cond(x;),cond(x;)) for all i # j. Then there is a constant Ay such that for every radius
r > 0, there is a weight s such that |T;(w) — T;(s)| < r for all i, |T;(w)| = |T;(s)| for all i, and
the Newton polygon of det(I — XUp|-%s(G, %)) lies below an infinite sequence of points (with
x-coordinates going to 0o) lying on the curve parametrized by

(x, A2x1+2/n(n71) . (’U(T(l) (S))2/n(n71)v(T(2) (S))(2-2)/n(n71) L. U(T(nfl) (S))(Z(nl))/n(nl))> )

Again, keep in mind that the expression with the T(; is at most max; v(T;(s)).

Recall that the Newton polygon NP(x) of U, at a given weight s is a continuous, concave
up piecewise linear function in the xy-plane such that for every o € Q>0, the horizontal length
of the segment of NP(x) of slope a equals the number of Uj-eigenvalues among forms of weight
s of p-adic valuation a. Hence, Theorems 1.1.2 and 1.1.3 tell us the growth rate of the sizes of
the eigenvalues of U, at s. Specifically they tell us that we should expect the mth smallest slope
to be roughly of size

d
—NP
dx (=)

P B R Ty

) — O(m?/mnD).

r=m
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Furthermore, the implicit constant should be proportional to the v(7;(s)) (assuming they are
not too different in size), so that the slope approaches 0 as we approach the boundary of weight
space, as part (ii) of Conjecture 1.1.1 implies for the dimension-1 case.

We also use the lower bound of Theorem 1.1.2 to prove the following (vaguely stated)
decomposition result for the boundary of the eigenvariety.

THEOREM 1.1.4. Let a, : 2 — G, be the map taking a point of 2 to its U,-eigenvalue. For
a € Rx, let Z(«) be the subset of points z € & such that v(ay(z)) = av(T;(z)). Then over
certain open subsets of the weight polydisc boundary where v(T;) is much smaller than all the
other v(T}), Z(«) is disconnected from its complement in Z .

(See Theorem 5.0.1 for the precise statement.) This is similar to the statement of part (i)
of Conjecture 1.1.1, though weaker because the region over which we can prove that 2(«)
is disconnected from its complement depends on «, and becomes arbitrarily small as a goes
to infinity. Hence, Theorems 1.1.2, 1.1.3, and 1.1.4 can all be seen as weak generalizations of
Conjecture 1.1.1 to definite unitary groups of arbitrary rank.

Historically, Conjecture 1.1.1 arose from a question of Coleman and Mazur [CM98| and was
suggested by a computation of Buzzard and Kilford [BKO05] for p = 2 and tame level 1. Further
explicit computations for small primes were later done by Roe [Roel4], Kilford [Kil08], and
Kilford and McMurdy [KM12]. The conjecture is given above in the form stated by Liu, Wan,
and Xiao [LWX17], whose proof for definite quaternion algebras builds on the work of Wan, Xiao,
and Zhang [WXZ17]. Ren and Zhao [RZ22] have generalized much of Liu-Wan-Xiao’s theorem
to Hilbert modular forms for definite quaternion algebras over totally real fields in which p is
totally split, Birkbeck [Bir21] has provided computational evidence for more general totally real
fields, and Diao and Yao [DY23] have recently proven it for the original group G Ls. Statements
of this nature can have far-reaching consequences for the arithmetic of modular forms; see, for
example, [JN19b] or [NT21], the latter of which uses the case p = 2 of Conjecture 1.1.1 to prove
automorphy lifting for symmetric power Galois representations.

As far as we know, there is little prior work on the shape of the Newton polygon of det(I —
XUp|Sw(G, %)) for any G of rank greater than 2. The only prior result for general rank we
have been able to find in the literature is Chenevier’s weaker lower bound in [Che04] of the form
y = Azt t1/@"=n=1) which applies only to the center of weight space. As late as 2018, Andreatta,
Tovita, and Pilloni wrote [AIP18] that there were not even any conjectures about the actual shape
of the Newton polygon for higher-dimensional eigenvarieties in the literature.

1.2 Proof outline

The proof of part (i) of Theorem 1.1.2 is an application of the method of Johansson and
Newton [JN19a]. They construct families of automorphic forms extending over the boundary
of weight space, to points in what can be viewed as an adic compactification of weight space,
and show that the eigenvariety also extends to those points. (See also Gulotta [Gul19] for an anal-
ogous construction extending equidimensional eigenvarieties.) Consequently, we can compute the
matrix coefficients of U, in an explicit basis for the space of forms over the ‘boundary weights’
given by monomials in the matrix coefficients of the dimension n(n — 1)/2 maximal lower unipo-
tent subgroup of GL,(Q,). Explicit bounds on those matrix coefficients arise directly from the
proof of complete continuity of Up,. In the case n = 2, the procedure and output are identical to
those of Liu—Wan—Xiao and Johansson—Newton.
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The proof of part (ii) of Theorem 1.1.2 requires a detailed analysis of p-adic automor-
phic representations which may be of independent interest. As in the proof of Proposition 3.22
of [LWX17], we would like to carry out the following steps.

(i) Construct a subspace S of %, (G, %) of dimension hpt®mT2¢@*+{n=lem=n(n=1)/27,
which can be thought of as the space of ‘classical forms of weight w and minimal level’.
(ii) Prove that U, is injective on S, so that all eigenforms in S have finite slope.
(iii) Prove that finite-slope eigenforms in S have slope bounded above by [(t).

In general, it is a fact that a classical form f is finite-slope if and only if the local component
m¢p at p of its associated automorphic representation is a principal series representation of
GL,(Qp). For n =2 as in Liu-Wan-Xiao, the upper bound then follows from the fact that m¢,
is a principal series if the level of f equals the conductor of its central character, which can be
checked (as in Loeffler and Weinstein [LW12]) by comparing its level to that of the new vectors
in each of the three possible Bernstein—Zelevinsky classes of representations (principal series,
special, and supercuspidal), those new vectors having been written down by Casselman [Cas73].
The dimension of the space of such f is easy to count.

To detect when mp, is a principal series for all n without brute-forcing through
Bernstein—Zelevinsky classes, we use Roche’s analysis of principal series types [Roc98]. (As a
historical note, much of the analysis we rely on was already done for GL,, by Howe and Moy;
see, e.g., [HM90]. For more information on types in general, see Fintzen [Fin21].) For a smooth
character x of T'(Qp), Roche gives a subgroup J C GLy,(Zp) and an extension of x|7(z,) to J such
that an irreducible representation = of GL,(Q)) is a principal series associated to an unram-
ified twist of x if and only if 7 contains a vector on which J acts by x, which we will call a
(J, x)-vector.

To proceed, we construct a space of forms S so that for any eigenform f € S, 7y, admits a

nontrivial map from IndBWp X, where Iw), is the subgroup of GL,(Z,) of matrices that are upper
triangular mod p, hence contains a (J, x)-vector and is a principal series. The S we construct
is not a priori a subspace of .%,(G,% ), but we can show that it embeds into .7,(G, %) using
Emerton’s locally analytic Jacquet functor. The dimension of S is proportional to the product
of dim Ind(I]Wp X, which is a function of the valuations v(7;), and the dimension of the algebraic
representation of GL,, of highest weight corresponding to the algebraic part of (71,...,T,-1),
which is a polynomial of total degree n(n —1)/2 in the weight parameters by a combinatorial
calculation. This covers steps (i) and (ii). Then we do step (iii) by constructing companion forms
f of f for each w € S, such that the slopes of all the companion forms sum to I(t).

We can also use S to help understand the standard classical subspaces of 7, (G, %).
Specifically, when the pair (J, x) arising from the weight w satisfies the additional technical
condition that cond(x;) < 2cond(x;) for all ¢ # j with 4,j # n, we show by a Mackey theory

calculation that Ind{,wz’ X is an irreducible representation of Iw,. In this case, S can be embedded
into a classical subspace of .%,,(G,% ), and we can show the following.

THEOREM 1.2.1. The space S is precisely the space of finite-slope classical forms of weight w.

To do this, we slightly refine the setup of the Bellaiche-Chenevier construction of the eigen-
variety in order to precisely define the sense in which S is ‘minimal level’. Consequently, our
upper bound is the best possible with existing methods.

Note that the reason the Newton polygon upper bound resulting from this procedure fails
to be sharp when n > 2 is that it is obtained solely by bounding the slopes of all classical
eigenforms, i.e. those in S. When n = 2, the classical forms account for all of the smallest slopes
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in the Newton polygon, so our argument recovers Proposition 3.22 of [LWX17] and, hence, their
upper bound. When n > 2, we expect there to exist nonclassical forms with small slopes which
decrease the growth rate of the Newton polygon and which there is no known way to detect. We
suspect that if there were a reliable way to find nonclassical forms with small slopes, combining
it with our bounds would be sufficient to prove the full version of Conjecture 1.1.1 for all n.

1.3 Organization

In § 2, we describe the construction of the eigenvarieties we are interested in, primarily following
Chenevier [Che04] and Bellaiche and Chenevier [BC09], adding some extra details in places of
particular importance to us. For example, we give a slightly more general definition of local
analyticity of p-adic automorphic forms which allows different radii of analyticity for different
coordinates and prove that it works, which aids in proving Theorem 1.2.1.

In §3, we analyze the subspaces of classical automorphic forms of locally algebraic weights
and the automorphic representations they generate, thus carrying out steps (i) and (ii), and
proving Theorem 3.6.8, a precise version of Theorem 1.2.1.

In §4, we carry out Johansson and Newton’s method and step (iii) to prove Theorem 1.1.2
and Theorem 1.1.3.

Finally, in § 5, we state and prove a precise version of Theorem 1.1.4 and discuss other geomet-
ric consequences of Theorem 1.1.2. Unlike in the Liu—Wan—Xiao setting, for higher-dimensional
eigenvarieties, the lower and upper bounds do not match at any point on the Newton polygon,
and we cannot expect them to, because there exist (probably) nonclassical forms of slopes smaller
than some classical forms. As a result, we cannot prove the equivalent of Conjecture 1.1.1 for
these higher-dimensional eigenvarieties. However, we can prove that certain boundary sections of
the eigenvariety decompose into many disconnected components (with the caveat that we cannot
verify that those sections are nonempty, although in fact we expect them to be everything).

2. Bellaiche—Chenevier eigenvarieties for definite unitary groups

Let p be a prime. Let ¢ =4 if p =2 and ¢ = p otherwise. In this section, we go through the
construction of eigenvarieties for definite unitary groups in the language of Chenevier and
Bellaiche—Chenevier. In § 2.1, we define the groups and the spaces of p-adic automorphic forms
we are interested in, notably including the spaces of classical forms whose interpolation was the
original motivation for this construction. In § 2.2, we describe the properties of the space of p-adic
weights. In §2.3, we define certain coordinates on spaces of functions on the Iwahori subgroup
Iw,, using a convenient hybrid of the language of Chenevier and Bellaiche-Chenevier. In §2.4,
we introduce systematic notation for certain subgroups of Iw,. In §2.5, we define the space of
families of p-adic automorphic forms over weight space, along with subspaces of locally analytic
families. In § 2.6, we define U,-operators and work through their various important properties in
great detail. In §2.7, we define the desired eigenvarieties.

2.1 p-adic automorphic forms

Let E be an imaginary quadratic field over Q, and D a central simple E-algebra of rank n? which
has an involution z — z* extending the nontrivial automorphism o of E over Q (for example,
D could be GL,(E), in which case z* would be o(z)7). Let G/Q be the group whose R-points,
for a Q-algebra R, are

G(R)={rxr € D®qgR | zz* =1}.

o7
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Note that G(Q)) is isomorphic to GL,(Q)) if p is split in E (since then E, = Q, & Q, with
o switching factors) and to U,(Q,) if p is inert in F; we assume that p is split in E and
G(Qp) = GL,(Qyp). In addition, G(R) =2 U, (R) for (s,t) the signature of Q(x) = xz*; we assume
that Q(z) has signature (n,0) or (0,n), so that G(R) is compact.

As usual, we write B and B for the upper and lower triangular Borel subgroups of GL,,
respectively, T for the diagonal torus, and N and N for the upper and lower unipotent subgroups
of GL,, respectively.

Write A = Ag, Ay for the finite adeles of A, and A? for the finite adeles trivial at p. Let % be
a compact open subgroup of G(Ay) of the form %, x %?, where %, is a compact open subgroup
of G(Qp) (called the wild level structure) and %? a compact open subgroup of G (A?) (called the
tame level structure). We can now define V-valued automorphic forms for any %4,-module V.

In general, all our group and monoid actions will be left actions.

DEFINITION 2.1.1. If V' is a k[%)]-module for any field k, write V (G, % ) for the k-vector space
of maps

[ GQ\G(Ay) =V

such that f(zu) = u, ! f(z) for all z € G(Q)\G(Ay) and u € % . Equivalently,

V(G, %) = (Home(GQ\G(Ag), k) @ V)7,

where the action of % on Hom,e(G(Q)\G(Af), k) is right translation and the action on V' is
through %,. For any submonoid %' D % of G(Ay) which has an action on V' that is trivial for
U, V(G,%) is a %'-module with action (uf)(x) = upf(zu).

We frequently express examples using the following notation: if B C H are groups, R is a
ring, and s : B — R* is a character, let

Ind2 s = {f: H — R| f(hb) = s(b)f(h) for all h € H,b € B},

and if P is a property of some functions f € Indg s which is invariant under left translation by
H, let

Indg’P s ={f € Ind s | f has property P}.

Then Ind” s is an R-module with a (left) action of H given by (hf)(x) = f(h~'z) for all
h,x € H. Note that our left/right conventions for induction are unusual for convenience.

For example, if k is a field, t = (¢1,...,t,) € Z", and we write diag(dy, ..., d,) for the diagonal
matrix with entries di,...,d, along the diagonal, we can interpret ¢ as the character of the
diagonal torus T'(k) of GL, (k) taking diag(dy,...,d,) to [[}; d¥, and thus as the character of
the upper triangular Borel B(k) obtained by reducing to T'(k) and applying ¢. In the event that
ty > --- > t,, the k-vector space

Indgfk”)(’“)’alg t,
where ‘alg’ stands for algebraic (i.e. f: GL,(k) — k comes from an element of k[GL,]), is the
irreducible algebraic representation of GL,, over k of highest weight ¢ (see §12.1.3 of [GW09] and
Proposition 2.2.1 of [Che04]). We call this representation S;(k). Then S;(k)(G, %) is the space
of classical p-adic automorphic forms on G of weight ¢ and level % with coefficients in k.

One way to picture V (G, %) is as follows. By the generalized finiteness of class groups
(see Theorem 5.1 of [Bor63]), the set G(Q)\G(Ay)/% is finite. Fix double coset representatives

58

https://doi.org/10.1112/S0010437X23007534 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007534

SLOPES IN EIGENVARIETIES FOR DEFINITE UNITARY GROUPS

x1,...,25 € G(Ay). Then we have an isomorphism
h 1
V(G w) = gy C@mn
i=1

f = (f(l‘l)v e 7f(3:h))

Because G(R) = Uy,(R) is compact, G(Q) is discrete in G(Af) (see, e.g., Proposition 1.4
of [Gro99] or Proposition 3.1.2 of [Loel0]). Since, in addition, % is compact, the group
x; 'G(Q)z; N % is always finite, and it is trivial if %7 is sufficiently small. (For example, by
Proposition 4.1.1 of [Che04], there is an integer e,, depending only on n such that x;lG(Q)xi N
is guaranteed to be trivial if the image of 7 in G(Q) is contained in I'(l) = {g € GL,(Zp) | g =1
(mod [)} for some prime [ 1 ey.) It is this fact that makes the construction of the eigenvariety
for G so sleek.

When convenient, we assume that %77 is sufficiently small (sometimes called ‘neat’ in the liter-
ature) and, thus, V (G, %) = V". As in Remark 2.14 of [LWX17], this does not affect our results,
because the eigenvariety for any %P is a union of connected components of the eigenvariety for
a sufficiently small subgroup of ZP.

2.2 Weight space
A weight is a continuous character of T'(Zp) & (Z,)". Such a weight can be viewed as a character
of B(Z,) by reduction to T'(Z,). (In the introduction, we defined a weight instead to be a character
of (Z, )"~1 that is, a character of T/(Z,) that is trivial on the last Z, -factor. We will go back
to restricting possible weights to the subset that is trivial on the last Z;-factor whenever it
is convenient, because any character of T'(Z,) can be twisted by a central character to one in
this restricted subset, and central characters do not change spaces of automorphic forms in an
interesting way.)

The weight space #'" is the rigid analytic space over @, such that for any affinoid Q,-algebra
A, W"(A) is the set of continuous characters (Z; )" — A*. Let A" = ((Z/qZ)*)". We have

(Zy)" = A" x (14 qZp)",

so an A-point of #™ is determined by a character of A™ and a character of (1+
qZp)". Furthermore, a character s of (14 ¢Z,)" is determined by the values Tj(s) =
s(1,...,1,exp(q),1,...,1) — 1 (where the ith entry is exp(g) and all the others are 1), since exp(q)
topologically generates 1 + gZ,. By Lemma 1 of [Buz04], the coordinates (11,...,T,) € A" come
from an A-point of #™ precisely when they are topologically nilpotent. Thus #™ can be pictured
as a finite disjoint union of ¢(gq) open unit polydiscs with coordinates (71, ...,T),), one for each
tame character of A”.
We use

[1:(Zp)" = Zpl(Z;)"]
to denote the universal character of (Z))" and A" to denote the Iwasawa algebra
A" = Zp[(Zy)"] = Zp[A"] @z, Zp[(1 + qZp)"] = Zp[A™] @3z, Zp[Th, ..., T,

where T; = [(1,...,1,exp(q), 1,...,1)] — 1 with the exp(q) in the ith position; then continuous
homomorphisms x : A” — A are in bijection with A-points of #" via x — x o [].
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Ezample 2.2.1 (Dominant algebraic weights). If t; > --- > t,, are integers, the algebraic character
(di,...,dn) — [Ii, dﬁ" is a Qp-point of #™ with T-coordinates

(exp(t1q) — 1,...,exp(tnq) — 1),
such that the valuation of T; = exp(t;q) — 1 is

v((l +tig + (t;q!)Q +> - 1) = v(tiq).

We remark that the weight polydisc in which this character appears is determined by (t1,...,t,)
(mod ¢(q)).

If x : Z; — C} is a finite-order character, we will borrow the following slightly nonstandard
definition of the conductor cond(y) of x from [Roc98, §3]: it is the least positive integer n such
that 14 p"Z, C ker(x). Thus, the conductor of the trivial character is 1 but the conductor of
any other character is the same as with the usual definition.

Ezample 2.2.2 (Locally algebraic weights). If t; > --- > t,, are integers and x1, ..., xn are finite-
order characters Z, — CJ, the ‘locally algebraic’ character

(d, ... dn) = [ ] xildi)d}
i=1

is a Cp-point of #™. If x; is nontrivial with conductor ¢;, we have

v(t;q) ifp>2andc¢ =1,
ﬁ 1fp>2and6122,
p P —
Tl' = i€ (S t; —1)=
v(T3) = v(xi(exp(q)) exp(tiq) — 1) o(tsq) fp—2and e 3.
q 1

if p=2and ¢; > 4.

pllp—1) 2473
For completeness, we quickly prove the second case; the others are similar. The value y;(exp(q)) =
xi(exp(p)) is a primitive p“th root of unity, say (yei. Let

1 1

XPCi_l e i - o e
X)=— = X () = XP Tyttt et
P

- ci—1
X7 1 a€(Z/pSiZ)>
Then f(1) = p = [lse@/peizy< (1 — ¢pei)- Each term in the product has the same valuation, since

they are Galois conjugate, and there are p“~1(p — 1) such terms. Thus, v(yi(exp(q)) — 1) =
1/(p“~2(p — 1)). The factor of exp(t;q) has no effect since it is 1 (mod p).

In general, if A is a Banach Q)-algebra, we say that a character s:Z; — A* is c-locally
analytic if its restriction to 1 4 p°Z, is given by a convergent power series with coefficients in A.
Every continuous character s is c-locally analytic for some c: let T' = s(exp(q)) — 1 and choose ¢
such that [T '?°| < ¢~'. Then we have

s(z) = S(exp(q)(l/Q) logz) =1+ T)q’lpc](l/p”)logz =1+ (1 +T)q’1p° — 1)](1/P°)log 2

if this converges. But by our choice of ¢, we have |(1+T)7 '?° —1| < ¢!, and if z € (1 + p°Zy),
then |(1/p°)log z| < 1. By Lemma 3.6.1 of [Che04], this expression is a convergent power series
in z.

Naturally, if s : (Z) )" — A* is a character, we say that it is (c1, ..., c,)-locally analytic if it
is ¢;-locally analytic in the ¢th factor.
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If W is any open affinoid subset of #', we use
[w : (Zy)" — 6(W)*

to denote the universal character of (Z,)" with coefficients in &(W). Note that []w is
(c1,...,cn)-locally analytic with ¢; depending on maxgew (c,) [7i(s)l-

2.3 Coordinates on spaces of functions on Iw,

If Ais an affinoid Qp-algebra and s: (Z;)" — A* is a weight, we can view any function f €

(n—1)/2

Indgv(”zp) s as a function on Zg by restricting f to the lower unipotent subgroup N and

applying the map

ZeDP L

1 0 0 0
Pz21 1 0 0
PzZn1 DPZn2 PzZnp3 1

We say that f is continuous if it is continuous as a function on Zg("_l)/ ® via z N(z). Then

Sy 1= Indgw(pz’cis(s), where cts denotes continuous, is an A[lw,]-module. If s : Q)" — A* is the
P
trivial extension of s from (Z)" to (Q))" (that is, we set s°(d) =1 for any d € (Q))" whose

entries are powers of p), . is isomorphic to Indgggi ;IW" ’Cts(so) by restriction of functions from

B(Qp) Iw, to Iw,. Consequently, it has an action by B(Q)) Iw,,.

It will be useful to write out the natural action of Iw, on f € .5 more explicitly in terms of
the coordinates z;;. To do this, we interpret them as Pliicker coordinates on N(z). Recall that
for any 1 < j < n and subset o of {1,...,n} with #0 = j, the Pliicker coordinate Z; , associated
to (j,0) is the algebraic function on GL,, given by the determinant of the minor associated to
the rows corresponding to ¢ and the first j columns.

Givg Q) the standard basis e1,...,e, and interpret elements of Q) as horizontal vectors.
Give N(Qp) the corresponding standard basis

leo=em N Neg, |o={k <--- <k;} C{1,...,n}},

ordered lexicographically, and again interpret elements of AJ (QZ) as horizontal vectors. Let
1 ={1,...,7}. fGL,(Qp) acts on Q} by right multiplication of horizontal vectors (the transpose
of the standard action), and ¢j : GL,(Qp) — GL(A(Q})) gives the induced action of GL,(Qp) on
N(Qp) (where again GL(A(Q})) acts on A?(Q}) by right multiplication of horizontal vectors),
then for x € GL,(Qp), Zj () is the coefficient of e1; in e, - ¢;(x), or the entry of ¢;(z) in the oth
row and first column. If b = (b;;) € B(Qp), ¢;(b) is also upper triangular, so the coefficient of 1, in
es - Lj(xh) = €5 - 1j(x) - 1j() is Zj »(x) times the top left entry of ¢;(b), which is b1y - - - bj; =: t;(b).
That is, we have

Zjo(xb) =1;(0)Zjo(z).

Thus, Zj, is invariant under right multiplication by N, and Z;; /1 1= Z;» /Zj1; is invariant
under right multiplication by B.

If u € GL,(Zy), we have tj(u'x) = 1;(u=1)j(x), so the entry of ¢;(u~'z) in the oth row
and first column is a linear combination of all the entries of ¢;(z) in the first column. Hence, we
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can write

= tjor (W) Zj ()

#1=]
(note that a; o r(u) € Zp, and if u € Iwy, then a;1;1,(u) € Z)), and
aj)o—ylj + Z#T:],T#lj aj7a'a7—(u) Zjﬂ'/l(x)
i1y, + g, Gy (W2 ()
For i > j, let 055 = {1,...,j — 1,i} (so 0;; = 1;); then we can see that

(N(2)) = {ZJI(N(Z)):l L

DZij if i > j.

ij/l (u_lx) =

7

1,045

Thus, z;;, or technically pz;;, is indeed a Pliicker coordinate for N(z) when i > j. Now using the
Iwahori decomposition for Iw, let

uw'N(z) = N(u, 2)T(u,2) N (u, 2)
for some N(u,z) € N, T(u,z) € T, and N(u,2) € N. Let uz = ((u2)ij)nziz;>1 € Zp" " be

the preimage of N(u,z) under Zg(nfl)ﬂ — N, so that N(uz) = N(u,z). Thus, if f € %, we
have

(wf)(N(2) = f(u""N(2)) = f(N(uz)T(u, 2)N(u, 2))
= (T (u, 2)) f (N (uz)).
We wish to write uz and T'(u, z) in terms of u and z. But we have
Zj; W N(2)) = Zjo,; (N (u2) T (u, 2)N (u, 2))
= Zj.oi; (N (u2))t; (T (u, 2)).
Thus, in fact, setting ¢ = 7, we find

t5(T(u,2)) = Zjop,(w ' N(2) = Y aj, () Z5-(N(2)),
#7=]

where Z; -(N(z)) is, by definition, a polynomial in the variables {21 }i<jk>1 with coefficients in
pZy. Then when ¢ > j, we have

Zjoi; (W IN(2)) = Zj o, (N (u2))t5(T (0, 2)) = p(u2)ij Zj.o;(u” "N (2)),
SO
ajo,1; + Z#sz;;ﬂj .07 (4) Zj71(N(2))
15+ e, @iy (W21 (N(2))

p(uz)ij = Zj 0, n(u""N(2)) =

where Z; /I(W(g)) is again a polynomial in the variables {2y }i<; > with coefficients in pZ,,.

2.4 Notation for subgroups of Iw,
Since we work with numerous subgroups of Iw,, we introduce some notation to identify them.
If ¢ = (¢;5) € ZL5" is any n x n matrix of nonnegative integers, we write

I'(c) = {(xij) € GLn(Zyp) | p9 | (w45 — b45) for all 4,5}

(where 6;; is 1 if ¢ = j and 0 otherwise). By Lemma 3.2 of [Roc98], when ¢ satisfies ¢;; < ¢ + k)
for all 4, j, k and ¢;; + ¢j; > 1 for all i # j, the set I'(c) is closed under multiplication and inverses,
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hence is a group. Note that this means that if I'(c) is a group, then so is T'(Zy,)I'(c). If we instead
n(n—1)/2

only have half a matrix of positive integers ¢ = (¢ij)n>i>j>1 € Zy

, We write
Fl(g) = {(l‘l]) S IWp | U(Iij) > CijVi > j and U(xii — 1) > min{cij|j < Z} U {Cjz|j > Z}\V/’L},
Lo(e) = {(zy) € Iwp | v(wij) > ciVi > j} = T(Zp)L1(c) C Lwyp.

D/

DEFINITION 2.4.1. We say that ¢ = (¢ij)n>i>j>1 € Z;L(On_ 2 s group-shaped if ¢;; < ¢, + ci;

for all 4, j, k, where we set cy, to be 0 if a < b.

Thus, I'1(¢) and T'y(c) are subgroups whenever ¢ is group-shaped.

DEFINITION 2.4.2. We call an (n(n — 1)/2)-tuple ¢ = (¢ij)n>i>j>1 € ZZ(OH_I)/Q compatible with
an n-tuple (ci,...,¢,) € Z% if ¢; < min{cyj|j < i} U {cj|j > i} for all 4. In this case, if we define

¢ € ZL§" by ¢}; = ¢;j for i > j, ¢j; = ¢;, and ¢f; = 0 for i < j, then T'(¢) is a group.

Then we see that if x = (x1,...,xn) : T(Z,) — C* is a character of T'(Z,), and ¢ € ZZ(nfl)/Q,
x extends to a well-defined character of T(Z,)I'1(c) = T'o(c), trivial on I'i(c), whenever c is
compatible with (cond(x1),...,cond(xy)).

In the following calculations, whenever we write I'(c), I'o(c), or I'1(c) for a matrix or half-
matrix of nonnegative integers ¢, we implicitly assume that ¢ has been chosen so that it is in
fact a group.

Depending on convenience, we may also overload the notation in the following ways. First,
if r = (ri;) € [0,1]™*™ is any n x n matrix of real numbers in [0, 1], we write

I(r) = {(zij) € GLn(Zp) | |ij — 0i5] < 145 for all 4, j}.

Then I'(r) is a group whenever r;; > ri;ry; for all ¢, j, k. We may define I'y (1), 'o(r) similarly.
Second, if ¢ € Z~ is a single integer, we write

I'(e) = {(zij) € GLn(Zyp) | v(zij — d;5) > ¢ for all 7, 5}.

This is always a group. We may define 'y (¢), Tg(c) similarly. Finally, if r is a single real number
in [0, 1], we write I'(r),T'1(r), [o(r) for the obvious final abuse of the same notation.

2.5 The sheaf of p-adic automorphic forms on weight space
If ¢ = (¢ij)n>i>j>1 € ZZ(On_l)/z, we say that f € % is c-locally analytic if, for any a = (a;;) €
Zg(nfl)/Q, the restriction of f to

B(a,c) = {z = (2ij)nzisj>1 € Zr" /2 | 255 € ayj + pILYi, j}

is given by a convergent power series in the variables z;; with coefficients in A.

DEFINITION 2.5.1. We call an (n(n — 1)/2)-tuple ¢ = (¢ij)n>i>j>1 € Zg%nil)ﬂ analytic-shaped
if we have c(j1); = ¢(j42); = =+ = Cpj for all j and cpj > cp(j4q) for all j. (Note that if ¢ is

analytic-shaped it is also group-shaped.) We call ¢ compatible with an n-tuple (c1, ..., c,) € Z%,
if ¢; < minj<; k> ¢ for all j. That is, for each jo, all the entries of (¢;;) corresponding to matrix
entries appearing in or to the left of the joth column should be at least cj,.

DEFINITION 2.5.2. If c € ZZ(OH_I)/Q is analytic-shaped, we say that s: (Z,;)" — A* is c-locally
analytic if there is (¢, ..., ¢,) such that s is (cy, ..., ¢y)-locally analytic and ¢ is compatible with

(Cla .. '7Cn)'
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PROPOSITION 2.5.3. If s is (c1,...,cn)-locally analytic and f € .5 is c-locally analytic for ¢
analytic-shaped and compatible with (c1,...,c,) (so that s is c-locally analytic), then uf is also
c-locally analytic for all u € Iw,,.

Proof. By the calculations in §2.3, we have (uf)(N(z)) = s(T(u,2)) f(N(uz)) where:

(i) (uz)i; is a power series in the variables {zp }i<j k>0
(ii) the jth diagonal entry of T'(u, 2), or t;(T'(u,2))/tj—1(T(u, 2)), is also a power series in the
variables {2y }i<jk>1-

So if we restrict to z € B(a,c), the coefficient (uz);; ranges over a ball of the form a;j +
pminlﬁjvblcklZp; since ¢ is analytic-shaped, we have c¢;; < minj<; x> cg, and we conclude that
uz is also restricted to a ball of the form B(d’,¢). Thus, f(N(uz)) is analytic for z € B(a,c).
Similarly, ¢;(T'(u, z))/tj—1(T(u,2)) ranges over a ball of the form af; + pmiNi<i k=17, ¢ since
¢; < minj<;j k1 ¢ and s; is analytic on a;j + p%Zy, we conclude that s;(7T'(u, z)) is analytic for
z € B(a,¢). Thus, (uf)(N(z)) is analytic for z € B(a,c), as desired. O

By Proposition 2.5.3, if s is c-locally analytic with ¢ analytic-shaped, the space .. =
Indg’(”z’sloc'an'(s), where c-loc.an. denotes c-locally analytic, is well-defined and has an action
by Iw,.

We let & = #|) = Tnd 5

P ([D)- I %, = Twy, we call
SG, ) = Indp 5 ()G, %)

the space of integral p-adic automorphic forms for G of level % ; it has an action by B(Q,)% .
This gives a sheaf on # whose fiber over s is

FG,U) =Tnd B (5)(G, X ).

Similarly, let S, = 7
If %, = Iw,, we call

Jwee = Ind?&jloc'an'([-]w) (for any ¢ such that [-]y is c-locally analytic).

Fwe( G, U) = Ind 54" ([w) (G, %)

the space of c-locally analytic p-adic automorphic forms for G of level % ; we show in the next
section that this does not have an action by B(Q),), as some elements of B(Q),) do not preserve
the radius of local analyticity (Remark 2), but it does have an action by a certain submonoid.

2.6 The operators Ug
If H is any locally compact, totally disconnected topological group, we write J#(H) for the
k-algebra of compactly supported, locally constant k-valued functions on H with the convolution
product

(1% 2)(9) =/ p1(h)p2(h™"g) du,

heH

where p is a Haar measure on H. This algebra usually has no identity, but many idempotents.
If K is a compact open subgroup of H, the idempotent ex = 15 /u(K) projects 7 (H) onto the
subalgebra .#°(H /) K) of functions that are both left- and right-invariant under K. If V' is a
smooth H-module, it is an ¢ (H )-module via

o) = [ o)) an
and, similarly, V¥ is an 2 (H J/ K)-module.
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In the particular case H = B(Q,)%,V = (G, % ), K = % , we can rephrase this as follows.
We sometimes write [% (%] for the element 1ycq of JO(G(Ay) [ «). If Ci,...,¢ are left
U -coset representatives of % (% , so that

UCU = ﬂCﬂ/,
=1

then for any ¢ € (G, %) and x € G(Q)\G(Ay), we have

() () = / 2 C)(g) - (99)(x) dg

G(Af)

r

_ /7/ ,, 99a9)dg = S Z(G)poaGi).

i=1
The following is Lemma 4.5.2 of [Che04] or Proposition 3.3.3 of [Loel0].

LEMMA 2.6.1. Fix coset representatives x1,...,xp of G(Q)\G(Ay)/% and, thus, an iso-
morphism .%5(G, %) = . Then we have

h
(% U (o) (x5) = > (Giugg p-sp(a)
k=Li|Gex; ' G(Qur %
for some u;; € % . That is, the action of [% (%] on Zs(G, %) is of the form ) T} o 0, where the

oj are compositions of permutation operators on the entries of vectors in I with projections

onto one of the coordinates, and the T; are diagonal translations of /! by elements of % (% .

Proof. Write x;(; in the form d;jxy, ui; where dij € G(Q) and u;; € % . Then

T

[% U (@) (x5) = Y (Gpesplai)

i=1
=3 (G)pp(digrn,uig) =Y (Gug')p-o(a,)-
i=1 i=1
The values of ¢ for which k;; = k are those for which ¢; = a:j_ldxku for some d € G(Q) and u € %,
that is, ¢; € xj_lG(Q)x;ﬂ/. O
If a =(ay,...,a,) € Z", we write

u® = diag(p™, ..., p")
and define the subgroup
Y = {u® =diag(p®,...,p") |a=(a1,...,an) € Z"} C GL,(Qyp)
and its submonoids
Y7 = {u® = diag(p,...,p") a1 > azy > - > ay} C X,
Y7 = {u® = diag(p™,...,p") a1 >az > >a,} C 2.
We frequently choose ¢ to be an element of ¥7. Let
Uy = % diag(p™,...,p")%].

PROPOSITION 2.6.2. If f € ./ and a = (ay,...,a,) € Z", u® acts on f by z;j — p*~%z;;.
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Proof. We have
F((u®) "IN (z5))

1 0 0 - 0
p~M ... 0 D221 1 0 0
= f 0 : 0 pz31 pzzz 1 - 0
0 pan . . . . .
DPZnl DPZn2 DPzZpz 1
p 0 0 ce 0
P2ty pm 0 0
=f pTlzg  pTastlzg, p® 0
p_a7L+1Zn1 p_a7L+1Zn2 p_a7L+1 Zn3 p_an
1 0 0 - 0
Pty 1 0 o /p™ 0
_ f pa17a3+1z31 pa27a3+1232 1 0 0 0
: : : : 0 p
palian+1znl pa27an+1zn2 paSianJrlanS -1
= F(N(p% % 25))s° (u®) = f(N(p% ™% z;5)). O

COROLLARY 2.6.3. If f € ¥ is c-locally analytic and u® € %~, then u®f is also c-locally ana-
Iytic. Thus, translation by Iw, u®Iw, preserves .”s . (and, hence, by Lemma 2.6.1, U, preserves

5o G U)).
Proof. When u® € 37, we have a; — aj > 0 for all ¢ > j; thus, if (2;;) varies in a ball B(a, ¢), so
does (p*~% z;5) = (uz5). O

Let &V € ZZ(On_l)/ ? be minimal such that s is c-locally analytic.

COROLLARY 2.6.4. If f € .7 is c-locally analytic and u® € ¥, then u® f is ¢™~ := (max{c¢;; —
1,c?j )-locally analytic. Thus, translation by Iw,u®Iw, takes .. into .7, .-~ (and, hence, by
Lemma 2.6.1, Uy takes s (G, %) into S (G, %))

Proof. When u* € ¥, we have a; —a; > 0 for all i > j; thus, if (2;;) varies in a ball B(a, ¢),
then (p*~%z;;) = (u®z;;) varies in a smaller ball B(a/,c+ 1), where c+ 1 = (¢jj + 1)p>is>j>1. O

Remark 2. Similarly, if a; < a; for some ¢ < j, and f € . is c-locally analytic, then u®f need
not be c-locally analytic, because p*~%z;; varies in a larger ball than z;; does. This is why
(G, %) does not have an action by B(Q,) and we need to restrict to .

The space . . is an orthonormalizable A-module, for which we choose the following orthonor-
mal basis: for each a € Hn2i>j21 Ly p®i Ly, we choose the set of monomials ani>j21 zf;j as an
orthonormal basis for the restriction of .7 . to B(a, ¢); then for .7; ., we may choose as orthonor-

a

mal basis the set of monomials Hn2i>j21(zgj)€ij, with one copy for each a € Hn2i>j21 LD Ly,

where zigj is the function which equals z;; on B(a,c) and 0 elsewhere.

COROLLARY 2.6.5. When a € ¥~ , the operator of translation by u® acts completely continu-
ously on . ., in the sense that it is a uniform limit of operators with finite-dimensional images.
Thus, by Lemma 2.6.1, UJ is completely continuous on s (G, % ).
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. a . . \p. . .
Proof. By Proposition 2.6.2, u® scales Hn2¢>j21(zfj)e” by HnZDjle(‘“ a;j)€ij which goes to
0o as any e;; goes to 0o. Furthermore, since the formulas in §2.3 all have integer coefficients, it
is clear that translation by Iw, is norm 1. O

Since Uy is completely continuous on Fsc(G, %), for any k, the matrix of the action of Uy
(in any basis) has a finite number of nonzero rows mod p*. Suppose that this matrix has rj, rows
that are zero mod p* but nonzero mod pF*+!. Then for any N > ro + 71 + - - - + 7, the coefficient
of X in the characteristic power series

P LX) = det(1 — XU?|.%, oG, %))

of Uy acting on % .(G, % ), being a linear combination of minors of size N > ro + 71 + -+ + 1y,
is divisible by 71 + 2ry 4 - - - 4+ kry. Since this lower bound grows faster than any linear function
of N, P¢.(X) is an entire function of X.

PROPOSITION 2.6.6. The characteristic power series Pg¢.(X) is independent of c. (So we
henceforth call it P*(X).)

Proof. This follows from applying Corollary 2 of Proposition 7 of [Ser62] to the map Uy :
oG, U) — S5~ (G, %) from Corollary 2.6.4 and the obvious inclusion .7 . (G, %) —
TG, U ). O

Let UpE be the subring of J#(G(Ay) | %) generated by the elements Uy for a € X~ and
their inverses (which exist, as discussed in [BC09, §6.4.1]). By Proposition 6.4.1 of [BC09], the
map from k[X] to UpZ sending u® to UI’; (U]f)_l where u’, u¢ are any elements of ¥~ such that
u® = ub(u®)~! is a well-defined isomorphism of rings. Thus, in particular, UpE is abelian. Let 7
be a subalgebra of J#(G(Ay) /%) given by the product of Z[UZ] at p and some commutative
subalgebra of J#(G(AY) | %P) away from p.

We write u; for the image of diag(1,...,1,p,1,...,1) € k[X] in Upz. If f is an element of an
¢-module S (such as .7 .(G,%)) that is a generalized simultaneous eigenvector for .77, let
ui(f) = Aif. We call these the A-values associated to f. We call the subspace generated by all
the generalized simultaneous eigenvectors whose associated A-values are nonzero the finite-slope
subspace of S, and we denote it by S™.

Unless otherwise specified, we will generally set % to be a compact open subgroup of G/(Ay)
given by the product of Iw, at p and a fixed tame level structure away from p chosen so that
r71G(Q)x N % =1 for all x (the condition of being ‘sufficiently small’ or ‘neat’ as described at
the end of § 2.1). Call this subgroup Uy(p). (Note that for the same reason as in Proposition 3.1.2,
our choice of Iw,, as the wild level structure does not actually affect P¢(X).)

2.7 The eigenvariety

Given our setup so far, the eigenvariety is easy to define. For a given u® € 377, let Z* be
the subvariety of # x G, which, in any subset W x G,, where W C #  is open affinoid, is cut
out by the characteristic power series Pjj,(X) of Uj acting on Sy (G, Us(p)). Let w: 2% — W
be the first projection (weight) map, and ap : Z* — Gy, the inverse of the second projection
(U;}—eigenvalue) map. Then for any point z € £, ag(z) is a nonzero eigenvalue of Uy acting on
Zw(z)(G,Uo(p)), and for any w € #', all nonzero eigenvalues of Uy acting on .7, (G, Up(p)) can
be found in the fiber of 2°* over w. We call 2°* the spectral variety associated to U, .

It is convenient to fix a particular choice of u* € ¥~~; we choose a = (n — 1,n — 2,...,1,0).
From now on, we write U, = Uénil’"fl'”’l’o) and 2 = Z(=1n=2210) We call an eigenform
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f € (G, Uy(p)) finite-slope if U,f # 0 (i.e. the valuation, or slope, of the Up,-eigenvalue is
finite, and f appears on the eigenvariety), and infinite-slope otherwise.

Since 47 is commutative, we can construct the space & whose points correspond to systems
of eigenvalues of all Hecke operators in , including in particular all Uy simultaneously, by
simply taking & to be the finite cover of & which, over an affinoid W C #, is given by the
MaxSpec of the image of 7 ® A™ in the endomorphism ring of Ay (G, Uy(p)). Then Z inherits
the weight map w: 2* — % and each eigenvalue map aj; : 7 — G™. Because ¥ — Z* is a
finite map, in general the bounds and geometric properties we get for Z* should also apply
to Z. For this paper, we focus on the properties of 2 and/or Z* for any fixed a.

For additional details on properties of 2°* and 2 and their proofs, see [Che04] or [Buz07].

3. Locally algebraic weights

In this section, we analyze classical automorphic forms of locally algebraic weights and their
associated automorphic representations. In §3.1, we define these spaces of classical forms and
check their basic properties, including that they embed into the infinite-dimensional spaces of
§2.1. In §3.2, we reproduce the Bellaiche-Chenevier slope criterion guaranteeing that a given
form is classical, phrased to work for locally algebraic weights instead of just algebraic weights;
while this is not directly needed for our purposes, it is useful to give a sense of where classical
forms fit in among the world of all p-adic automorphic forms. In § 3.3, we explain the standard
translation between classical forms and automorphic representations. In § 3.4, we analyze certain
Iwahori subrepresentations that may appear in the local component at p of such an automorphic
representation, including a particularly important irreducible subrepresentation. In §3.5, we
apply the work of Roche to a calculation of Hecke eigenvalues in ramified principal series. In
§ 3.6, we identify a subspace of forms whose associated automorphic representations have ramified
principal series as their local components at p, and compute their U,-eigenvalues in terms of the
parameters of the corresponding principal series.

3.1 p-adic automorphic forms of locally algebraic weights

In §2.1, we defined classical forms of algebraic weights via the algebraic representation S;(k)
of GL,(Qp). This construction may be generalized to locally algebraic weights as follows. Let
X = X1 Xn be a finite character of (Z;)". Then ty is a locally algebraic character of (Z, )", in
the sense that it is algebraic upon restriction to [[!"(a; + p“Z,) for some choice of ¢; and any
nonzero a;. Similarly to earlier notation, for a positive integer c, let

B(Q, C) = {Z = (Zij>n2i>j21 € Zg(nfl)ﬂ | Zij € yj —l—pCZpVi,j}.
Then there are two equivalent definitions of the space

Iwy,c-loc.alg.
Sie = Iy o5 (1),

where c-loc.alg. stands for c-locally algebraic. The first is through the usual induction operator,

as follows. We say that f € IndIBW(pr)(tx) is c-locally algebraic if it has an algebraic extension

to B(a,c) for all a € Zg(nfl)/ % of degree bounded as follows: writing f as a polynomial in the
variables Z; ;1 as in § 2.3, we require that for each fixed ¢, the degree of f as a polynomial in all
the variables Z; ;1 should be at most ¢; —t;11 =: m;. As in Proposition 2.5.3, one can see using
the formulas in § 2.3 that assuming cond(x;) < ¢ for all ¢, this condition is invariant under right
translation by Iw,.
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The second definition, coming from the perspective of Loeffler [Loel0, §2.5], is

Twp,alg Iwp /T(c)
<IndB(zp> t) (I Uz, @) >X>'
Note that I'(c) is normal in Iw, because it is the kernel of the reduction map from Iw, to the
corresponding group with coefficients in Z,/p°Z,,.
Except for an annoying technical distinction which we discuss at the end of this subsection,

the space IndIW(” ’aig t is the same (as an Iw,-representation) as the space S;(k) defined in §2.1,

since Iw), is Zariski-dense in GL,,. Let d; = dim IndIW(p ’a;g t. We now check that the two definitions

just given are actually equivalent.

ProprosiTION 3.1.1. The natural map

Iwp,al Iw, /T (c Iwp,c-loc.alg.
(Ind 2 a)g t) <1 dB(”Z/) ;g( S x)  Indl e (1)

feg—fyg
is an isomorphism.

Proof. To construct an inverse, let ¢ € In dIW(T’Z’C)1OC alg(

part’ of ¢) be defined by

X). Let @l : — C (the ‘algebraic

palg(b70) = £(b)¢' (W)
for all b € B,m € N Nlw,, where ¢ is the unique algebraic extension of ¢’Nmr( o) to N N Iw,.
Let @gm : Iwp /Iw, NI'(¢) — C (the ‘smooth part’ of ¢) be defined by

psm(b7) = x(b) (/) (M),
where b, 7 are any lifts of b € B/BNT(c),n € (N NIw,)/(N NT(c)). Then we have g ®@ Qem —
o, which suffices to prove surjectivity.

Injectivity follows from dimension counting: both sides have dimension dtpc(g). O
Remark 3. There is a simple isomorphism of Iw,-representations

Twy /T(e)
Iy 15 e X~ Indpt x.

so we could just as easily have phrased this section in terms of Ind ( ) X- For now, we have no
particular reason to do this, but it may be more convenient for future work.
We call
Sixe(G, ) = Indy "™ (1x)(G, %)
the space of classical p-adic automorphic forms on G of weight ty, radius ¢, and level % . By the

definitions, it embeds into .74, (G, % ), and we call its image a classical subspace of .7}, (G, % ).
The following proposition is a quick generalization of part 4 of Lemma 4 of [Buz04].

PRroprosSITION 3.1.2. For any positive integers ¢, d, and e withd < e and c+d — e > 1, we have
a natural vector space isomorphism

Stx,e(G, % To(d)) =2 Sty.crd—e(G, % PTo(e))

such that systems of .7¢-eigenvalues on the left (where 7 is obtained with respect to % PI's(d))
go to identical systems of ¢ -eigenvalues on the right (where 5 is obtained with respect to

UPTo(e)).
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Proof. For the purposes of this proposition, let X = G(Q)\G(Af). The left-hand side is the
subset of

(Homset(X7 Cp) ®(Cp Il’ldIBXVp’C_IOC'alg' (tx))FO(e) (1)

that remains invariant under a set of coset representatives A for I'g(e)\I'g(d). This subset has a
map by restriction of the second factor to

(Hom(X,C,) ® 0)700°),

where ¢ is the space of functions on B((p°~9Z,)""~1/2 ¢) that are algebraic on each ball B(a, c).
The map is an isomorphism: if ¢ € (Hom(X,C,) ® & )lo(€) | its inverse 1 may be defined by
b(x)(2) = plaa NN (N(2)a™h) for a € A such that za~' € B((p°9Z,)"" V72 ¢).
In N(z)a™!, a should be interpreted as a coset representative for I'p(e — d + 1)\ Iw,,. Note that
this inverse depends on the choice of coset representatives A. Now B((p°~?Z,)"("=1/2 ¢) is
isomorphic to B(Zg(n_l)/2,c+ d — e) via multiplication by p?~¢, so (Hom(X,C,) ® ZARICET
the desired right-hand side.
To check that the Hecke operator action is preserved, it suffices to note that the Hecke

operator action on the left-hand side can be calculated on its image in (1). D
COROLLARY 3.1.3. For all positive integers ¢ and group-like d € ZZ(On_l)/ 2, we have a vector

space embedding
Stix,e(G, %PTo(d)) — Fi (G, Uo(p))
preserving systems of 7 -eigenvalues.
Proof. Let d = maxd;;. Then we have an embedding
Six,e(G, %PTo(d)) — Siy,c(G, %PTo(d)).
By Proposition 3.1.2, we have an isomorphism
St G ZPT0(d)) = Sty a1 (G ZPTo(1)) = Sixra-1(G %P Twy).

The space on the right certainly embeds into .7, (G, % * Iw,) = .71, (G, Uy(p)) as discussed. O

For future reference, it will be important to note the following distinction between the space

St.1(G, Up(p)) defined here and the space S¢(k)(G, Up(p)) of classical algebraic automorphic forms

defined in § 2.1, which is that they are identical except for the normalization of the action of the
Iwyp,alg
t ==

Up-operator. This is because, as in the beginning of § 2.3, the action of u® on S; = IndB(ZP)

Indgggzgmp 21840 implicitly arises from the extension of ¢ to t° : (Q))" — C where t°(u®) =1,
whereas the action of u® on Si(k) arises from the algebraic character ¢ : (Q,)" — C, for which

we can compute t(u®) = p2>i % Thus, we have
Up|:1(G, Uo(p)) = p*+ Uy | S (k)(G, Us(p))-
3.2 A classicality theorem following Bellaiche—Chenevier

This is essentially Proposition 7.3.5 of [BC09]. We just summarize the proof with modifications
so that it also works for locally algebraic weights.

THEOREM 3.2.1. Let f € %, (G, %) where tx = (tiX1,...,tnXn), in which the t; are integers
such that t; > --- > t, and the x; are finite, such that f is an eigenform for all operators
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UZS“I""’“"). Let Ay, ..., \n—1 be the A\-values associated to f as defined at the end of §2.6. If
’U()\l)\g s )\Z) <ti—tiy1+1

foralli=1,...,n—1, then f is classical (i.e. lies in the image of Sy, (G, % ) for any c such that

this is well-defined).

Proof. Let V = Q,v @ Q,R be a finite-dimensional vector space generated by a nonzero vector
v and a lattice R. In some basis whose first vector is v, we define the following matrix groups,
where a lowercase letter refers to a single matrix entry, an uppercase letter refers to a larger
submatrix of the appropriate size, a number refers to a submatrix consisting of copies of that
number of the appropriate size, and the subscript after the matrix refers to its coefficient ring:

a B
H=GLg,(V), P= <0 D>Q C H,
P

— 1 0 a B
N = , J= C GLy (V).

In words, P is the parabolic subgroup of GLg,(V) stabilizing the line Qv C V, N is the
unipotent radical of the opposite parabolic to P, and J is the parahoric subgroup of G Lz, (V')
associated to P. We have an Iwasawa decomposition

J=(NnJ)x(PnlJ)= (plo I(DZP - <g g)zp

and an isomorphism o : N NJ — R given by
1 0
o <p c IR> =C.

_ pk 0 /
U = 0 D |k>k €Z,DeGLz,(R) ¢,

We also write

__ pk 0 / .
U= 0 D |k >k €Z,DecGLlz,(R)¢;

these are submonoids of H = G'Lg, (V). Finally, we write 90 for the submonoid of H generated

by 4~ and J. Let x : P — Q, be the character of P acting on Q,v. We have a Cp[H]-equivariant
isomorphism

Sym™(V ®q, (Cp)v — Indg’alg(xm)
@ — (h— @(h(e))).
We get a natural 9M-equivariant map
Ind™#(x™) = Tndp""" (x™)

by restriction. Let § : 9 — C;; be the character such that §(.J) =1 and §(u) = p® if

_(p* O _

U= <0 U> e .
Let eq, ..., e, be the standard basis of Q. Let V; = /\i(QZ), vi=erNer AN ANej,mp=t; —ti1
if i <n and m,, = t,, and R; be the Z,-span of the elements e;, A ---e;, with j; <--- < j; and
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(J1,---,7i) # (1,...,i). Then for i = 1,...,n, we get
H’i7 Pi?XZHN’U Ji7aivui_7ﬂi__7wti)5i
as defined above.
Write S;(C,)Y for the space IndH“alg(X:”") viewed as a representation of G(Q,) via A’:

G(Qp) — H;. Write .#j(m;) for the space Ind (X)) ® 07" viewed as a representation of 90
via A!. We have surjections

m

® Si((cp)v - St((cp)v

®.  Film) — 7

which are equivariant with respect to G(Q)) and 9 respectively, both given by the formula

o) = (3 f[lfiw(g))).

Let

Twy /Iwp NI(c)
Q =S/ (S(Cp)" @ 6r) @ (Ind (7)) B(Z)(T(e) X)v
" > - vy / Tw, (1)
Q= @ilx(mi)/ (@ SG) e ) <Ind3<z )/ B(Z,)E () X>’

(> mi Twy / Twp NT(c)
Qi = (®j¢i%<mj>) ® (Fi(mi)/5i(C,)" @ 6") @ (Ind B2,/ x)-
Then we have a surjection

QG %)~ QG, %)

and an injection

n
QG %)~ [[@iG ).

i=1
We wish to show that if w € Q(G, % ) satisfies the hypotheses of the theorem, that is, u;(w) = Ajw
with the \; satisfying the given inequalities, then w = 0. We can instead check this claim for
w' € Q'(G, %) satisfying the same condition, and for this it suffices to check that the image w)
of w’ vanishes in Q}(G, %) for each i. Let U; = (H;‘.:1 u;)/p™ L, so that w] has Us-eigenvalue
(M2 ---A;)/p™ 1 )w, which has norm > 1. Thus it suffices to check that U; has norm < 1 on
Qi(G, ), which follows from the claim that any element of the form

g (H;‘:1 Ui)g,
pmi-i-l
for g,¢' € Iw, has norm < 1 on Q. This follows from Lemma 7.3.6 of [BC09]. O
3.3 Automorphic representations associated to automorphic forms of locally
algebraic weights

Fix an isomorphism ¢, : @p ~ C. Using Lp, We may view algebraic representations of GL,, over
@p as representations over C, or vice versa. Let f € .7}, (G,Uy(p)) be a p-adic automorphic
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form coming from some classical subspace Sy (G, Up(p)). Let W = Indg’(”z’s; loc.alg. (tx), so that
f is a function G(Q)\G(Af) — W. Following the proof of Proposition 3.8.1 of [Loel0], let W =

Wsme(y) ® S¢(C), where, as in §3.1,

sm,c _ Twy /Iwp NE(c)
W00 = Indp 7,/ Bz,)nr(e) X

Iw,al
St((C) = IndB(pr)g t,

and let psm, palg denote the actions of Iw, on W*™¢(x) ® S;(C) given by acting on only the first
factor and only the second factor, respectively. Then we can define a function fo : G(A) — W
by foo(9) = paig(9oatp(gp)) f(g7) which satisfies the relation

foo(gu) = Psm(ugl)Palg(uo_ol)fOO(g)
for all u € G(R)Up(p). Equivalently, f can be viewed as the function
foo : (WE(x)Y @ 8,(C)Y) x G(Q)\G(A) — C
(0, 2) = (foo(2)),

which satisfies

foo (0, au) = o foo(@u)) = @(psm(ty ) foo @) = L (upp, )

for all u € Up(p). Thus, for each ¢ € W¥™¢(x)¥ @ S;(C)V, the function fY (¢,-) is an element
of C(G(Q)\G(A),C) which generates under right translation by Iw, a representation containing
an irreducible component of W*™¢(x)V. The right translates of f/(p,-) under G(A) generate an
automorphic representation ¢ of G(A) which decomposes as a tensor product ®; fp. We are
interested in describing the structure of m¢ .

Note that this process is reversible: suppose given ¢ € C(G(Q)\G(A), C) which generates a
representation containing an irreducible component of W™¢(x)" under right translation by Iw,.
Fixing ¢ € Ws™¢(x)Y @ S¢(C)V, we may recover the corresponding f such that ¥ (¢,-) = 1 by
setting fY (upp, x) = ¥(zuy) for all u, € Iw,. Then from fY we get foo : G(A) — W, and finally
we get f € Sk .o(G,Up(p)) by setting f(gy) = palg(bp(ggl))foo (gf) (where on the right-hand side
gy is the element of G(A) which equals g¢ at the places in Ay and 1 at oco). Write f for the
element of S, (G, Uy(p)) associated to ¢ in this way.

3.4 Structure of Ws™<(x)
We are interested in the representation

m, _ Iw /F(C)
W00 = Indp ) 5z, )nre X

of Iw,. Note that there is an obvious embedding WS™¢(y) < Wsm<tl(y) which takes f €
W:€(x) to the composition of f with the reduction map Iw, /T'(c + 1) — Iw, /I'(c).

Let J be the compact open subgroup of GL,(Q,) corresponding to x defined in § 3 of [Roc98];
we have J = I'(c) where

0 if i = j,
rond(xixj_l)J

if i < .
5 ifi <y

Cij =

rond(xlxj_l) +1

5 J ifi > j.
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Then x extends to a character of J which we will also call y; it is defined by the
equation x(j7jji7) = x(j) when j~ € JNN(Zy), j € T(Zp),and j© € J N N(Zp). Let US™(x) :=
Ind{,Wp X-

Now note that W™¢(x) contains the vector

otherwise.

£ = {x(j)x(b) if 7 = 7b € Iw, /T(c) with j € J and b € B(Z,),
0

Note, furthermore, that for any j € J and = € Iw, /I'(c), we have
GH@ = FG'7) =xG) @) = x6) f(@),

so that f is (J, x~!)-isotypic.

PROPOSITION 3.4.1. Assume x = (x1,...,Xn) satisfies:

(i) for alli # j, cond(xixj_l) = max(cond(x;), cond(x;)); and
(ii) for all i # j with i,j # n, cond(x;) < 2cond(x;).

Then U™ (x) is irreducible.

Proof. By Mackey’s criterion, it is necessary and sufficient to show that for any s € Iw, \J, the
characters x and x*:j+— x(sjs~!) are not identically equal on J N s~ 1Js. If s € Iw, \J, let
t = s71. Then there is a pair i # j such that ¢;; is not divisible by p%i. Among all such i # j,
choose a pair such that either:

(a) among the integers cyj + cjp — v(tjr), 1 <k <n, k#j, cij +cji —v(tj) is the unique
maximal one; or

(b) if this is not possible, among the integers ci; + cjr — v(tji), 1 <k <n, k# j, cij + ¢ji —
v(t;;) is maximal and ¢ is minimal such that this is the case.

Let z € J be the identity except for the ¢jth entry; let x;; = b. Note that we must have p®i|b.
We show that we can choose b such that szt € J and 1 = x(x) # x(szt) and, hence, x(z) # x*(z),
as desired.

The matrix xt is the same as t except for the ith row, which is

(ti1 + btj1, ..., tin + btjn).
The kkth entry of szt is
spitie + -+ skitan + btjx) + -+ Skntnk = Skitik + -+ Skntnk + 0Skitjr = 1+ bspit .

Because of condition (i), one can check that for all j € J, we have x(j) = x1(j11) - - - - Xn (Jnn)-
Thus, we wish to choose b such that

Xl(l + bSutﬂ) s Xi(l + bS“‘t]‘i) s Xj(l + ijitjj) s Xn(l + bsmtjn) 75 1.
Note that for all k # i, j, we have
U(Ski) + ¢ij +¢ji — U(tﬁ) > Cjk + Ccpj — U(tjk).

This is just because we chose i, j such that ¢;; + ¢j; — v(tji) > ¢ji + cxj — v(t;x), and such that
if equality holds then k > 4, in which case v(sy;) > 1 since s € Iw),. Thus, if we choose b such
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that v(b) = ¢i; + ¢ji — v(tj) — 1 > ¢4, then we have
v(bskitji) > cjk + crj = cond(Xka_l)

for all k # 14, j, hence x;(1 + bsg;tji) = 1. Then we have

Xl(l + bSlitjl) cee Xi(l + bsiit]’i) s Xj(l + ijitjj) cee Xn(l + bsm-tjn)

= Xi (L + bsiitji)x; (1 + bsjitj5) = Xi(1 + bsiitji) x; (1 + b(Z Skitjk)>
ki

since v(bsk;t;r) > cond(x;), but this is

Xi (1 + bsiitji)x; (1 — bsiitj;)
since 4 Skitjk = D _x tjkSki = (ts);i = 0, and this can be rewritten as

X014 bsigte)x (1 — B2s3t3,) = 25 (1 + bsiit)

Xj Xi
because if i > j, then v(b%) > 2¢;; > ¢;j + ¢ji, and if i < j, then v(b?) > 2¢;; > ¢;j + ¢j; — 1 and
v(tj;) > 1. But since v(b) < ¢;;j + ¢ji — v(tji), we have v(bs;tj;) < Cond(Xin_l), S0 we can choose
b to make (x;/x;)(1 + bsitj;) # 1.

Finally, we verify that for this choice of b, we actually have szt € J. The kith entry of sbt is

skt + -+ ski(ta + btjr) + - - + Skntnk = O + bskitji.

We have
v(bspiti) = cij + cji — v(tji) — 1+ v(ski) + v(tjr)
= cij + cji —v(ty) — (e +cji —v(tu)) + ey + cjp — 1+ v(sks)
> ey +ejp—1+v(sk) > cp
by condition (ii). O

Remark 4. We do not believe that either condition (i) or condition (ii) of Proposition 3.4.1 should
be strictly necessary. Notably, most of the proof of Proposition 3.4.1 can be easily rephrased to
avoid references to condition (i). Our only sticking point is the calculation of x(j) in terms of
J1Ls - o5 Jnn

We call y ‘simple’ if it satisfies the conditions of Proposition 3.4.1. By Frobenius reciprocity,
we conclude that if y is simple, Ws™¢(y) contains U*™(x). Also note that if x satisfies condi-
tion (i), and the conductors of the nontrivial components of x = (x1,..., Xn—1,1) are, in order
from least to greatest, ¢(1) < ¢2) < -+ < ¢(,—1), then the index of J in Iw,, is

pe ettt n=Deg-n—nn=1)/2 —. ;i)

)

and this is rank(U™(x)). Thus, if x is simple and cond(y;) = ¢ for all i # n, then W*™¢(x) and
U™ (x) have the same dimension and must actually be isomorphic.

3.5 Hecke eigenvalues of ramified principal series
The representations we are interested in will turn out to be ramified principal series of

GL,(Qp), so we now cover the properties of these that we will need. To harmonize with
the literature, for this section only, we use different conventions from the rest of the paper.

(6]
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If x = (X1,---> xn) : (Qy)" — C is a smooth character of T(Q,) = (Q,)", we write

Sy — (£ : GLA(Qy) — C | Flbg) = x(B)f(g) for all g € GL,(Q,) and b € B(Q,)}

for the representation of GL,(Q,) with the given underlying vector space and the right
translation action of GL,,(Q,). We let §%/2 : (@)™ — C be the modulus character

§Y2 = (|02 (=2 A2y,

Then we define

.GL,,
m(x) = 7(X1y- -+ Xn) i= G (;Qp)( 51/2)'

The representation () is called the normalized parabolic induction of x. Assume that for all
i # j, we have x;(p) # x;j(p)p- Let J = I'(c) be the subgroup defined at the beginning of § 3.4. Let
J(GL,(Qp) / J,x) be the subspace of 77 (G L, (Q,)) generated by the functions ¢ : GL,(Q,) —
C satisfying ¢(j17j2) = x(j1) Lp(z)x(j2) 7! for all j1,j2 € J and x € GL,(Q,).

LEMMA 3.5.1. The (J, x)-isotypic piece of m(x) is 1-dimensional.

Proof. By Theorem 6.3 of [Roc98], 7 (GL,(Qp) / J,x) is abelian. (To be precise, the theorem
gives an isomorphism between #(GL,(Qp) / J,x) and (W2, SY) @ C[S,], where by our

X7'TX

assumption that x;(p) # x;(p)p for i # j, we have VV0 SO =1, %”(WO SO) C, and Q, =
Z™.) Thus, the (J, x)-isotypic piece of 7(x) decomposes as a representation of J“i” (GLn(Qp) J J,x)
into 1-dimensional pieces. But by Theorem 9.2 of [Roc98|, because m(x) is irreducible, the
(J, x)-isotypic piece of m(x) is irreducible as a representation of ' (GL,(Qp) / J,x). Thus, it
is itself 1-dimensional. O

LEmMA 3.5.2. If a = (ai,...,ay,) is such that a; > ay > -+ > ay, the action of the element
[Ju*J] of A (GL,(Qp) /) J,x) corresponding to u® = diag(p™,...,p*") on the (J, x)-isotypic
piece of 7(x) is multiplication by

XS 2 (u) ™ = xa(p™) -+ X (P8 ()
Proof. The (J, x)-isotypic piece is generated by
Fg) = (x6'/2)(b)x(j)  if g = bj with b € B(Qp) and j € J,
0 otherwise.

This is just because this function f satisfies the (J, x)-isotypic condition by construction, and is
well-defined because (xd'/2)(b) = x(b) for any b € B N.J. We claim that

F(u) = x()x ()8 (u) = x()x(u*)8"* (u") (1) for any j € J. (2)
The lemma follows from this, because if Ju®J = [[._; j;u®J, then

([Ju®J]f) nyz Zx )2 (u®) (1) = x(u)§2 () 7L f(1)

because r = §(u?)~! (since the same calculation as in Proposition 2.6.2 shows that the index of
Jin [(u®) =t Ju)J is
pi<i(@ma) = p(r=Dart(n=3)azt-+(1-n)an)

To prove (2), first write j = j~j% T where j~ € JHN( ), 3° € T(Zy), and j* € JﬂN(Zp)
Then we have x(j) = x(j°). Let 55 = j% (%)% then j;7 € J N N(Z,) as well, and j = 55, 5°.
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Use Lemmas 3.1 and 3.2 of [Roc98] to write j~j; = j3 j5 ¢, where ji € JNN(Zp), j, € JN
N(Zy), and ¢ € T(Z,) is a correction torus element in the kernel of x. Then we have

ju® = jif gy ¢j’u = u[(u®) "3 u[(u) "y u?)(50%).

We have (u“)_ljjﬂa € N(Qp), and by the same calculation as in Proposition 2.6.2, we have
(u®)~1j5u® € J N N(Zp). Therefore,

fu) = fu[(u*)” 1J+Ua][(ua)fljz_ua]@00))
= (x0"2) (u[(u) " i3 u ) x ([(u) 5y u) (%))
= (X" (W)X (5°) = (X51/2)( “Ix(4),
as desired. O

3.6 Structure of automorphic representations of locally algebraic weights

Let f € Siy,o(G,Up(p)) be a classical eigenform, and let 7, be an irreducible component of the
local component at p of the automorphic representation 7, associated to f in §3.3. We first
verify a standard fundamental fact about the structure of 7y, for those f associated to points
on the eigenvariety Z.

PROPOSITION 3.6.1. The eigenform f may be associated to a classical point x on & (equivalently,
f is finite-slope) if and only if 7s,, has nonzero Jacquet module with respect to B or, equivalently,
is a subquotient of a principal series.

To show this, we use the following proposition of Casselman in [Cas95] on canonical liftings.
Recall the submonoid X~ from §2.6. Also recall that, by definition, the Jacquet module of a
representation (m, V') of GL,(Q),) with respect to a parabolic subgroup P with Levi factorization
P = MN is the space V of N-coinvariants of V', which is naturally a representation of M. (See
[Cas95, 8§83 and 4] for more basic information about Jacquet modules.)

PROPOSITION 3.6.2 (Casselman [Proposition 4.1.4, Cas95]). Let (w7, V) be an admissible rep-
resentation of GL,(Q,), P = MN a parabolic subgroup with Levi factorization, and Ky =
NoMyNy a compact open subgroup with Iwahori factorization. If u® € ¥~ then the projection
from VKo to VZG/IO given by [Kou®Ky) is a surjection. If u* Ny (u®) =t C Ny, where Ny is a compact
subgroup of N such that VKo N V(N) C V(Ny), then the projection is an isomorphism.

Proof of Proposition 3.6.1. We apply Proposition 3.6.2 with P =B and M =1T.

Suppose f is such that m¢, = (7, V) has nonzero Jacquet module. Let v € Viy be a nonzero
vector and let My be a compact open subgroup of M fixing v. Let Ky be a compact open
subgroup of G such that Ko N M = Mj. By the proposition of Casselman, [Kou®Ko|V surjects
onto V]yo # 0, so is itself nonzero. Thus, [Kou®Kp] has some nonzero eigenvalue, corresponding
to an eigenvector in 7, which must be the image of an eigenform in S, .(G,Uo(p)) by the
procedure of §3.3.

Now suppose in the other direction that f is finite-slope. Then 7y, = (7, V') contains a vector
im(f) with nonzero Hecke eigenvalue for [Kyu®Kj| for some compact open subgroup Ky and all
a € Y%~ . Choose a compact subgroup Ni of N such that VEon V(N) C V(Ny). We claim that
for sufficiently large powers (u®)* of u®, we must have (u®)¥Ny(u®)™F C Np; this is just the effect
of conjugation by (u®)* on the ijth entry of Nj is scaling by p#(%~%) and k(az — a;) becomes
arbitrarily large as k does. Then [Ko(u®)¥ KoV = Vze/[ , and we must have V 0 £ 0. O

7
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Now assume X, is trivial and let ¢p = maxj<;<, cond(x;). Let (Wm0 (x))* be the comple-
ment of W™ () in W™¢(x). We now observe that as ¢ goes to infinity, almost all eigenforms
in Siy.c(G,Up(p)) are infinite-slope.

ProprosITION 3.6.3. Suppose that f is an eigenform in
(W™ (x))* @ S¢)(G, Uo(p) C Si,e(G, Uo(p))-

Then U,f = 0, f is not associated to a point on the eigenvariety, and 7y, is not a subquotient
of a principal series.

Proof. By Proposition 2.6.6, in order for U, f to be nonzero, f must lie in .}, ., (G, Up(p)). But
the intersection of .7y ¢, (G, Up(p)) with (Ws™< ()L ® S;)(G, Up(p)) is trivial. O

Now recall the Iw,,-representation U™ (x) := IndBWp x from the beginning of § 3.4. By the dis-
cussion at the end of § 3.4, if x is simple, (U™ (x) ® S¢)(G, Us(p)) is a subspace of Sy (G, Up(p)).
Even if y is not simple, the following is true.

PROPOSITION 3.6.4. There is a vector space embedding of (U™ (x) ® S;)(G, Uo(p))® (as at the
end of §2.6) into .4 (G, Uyp(p)) which preserves systems of J€-eigenvalues.

Proof. Let H{ be the space, as in Definition 3.2.3 of [Eme06b] and the discussion surround-
ing it, of continuous Q,-valued functions on G(Q)\G(A) that are locally constant on cosets of
G(AZ}) and locally analytic on cosets of G(Qy). Let Jp be Emerton’s locally analytic Jacquet
module functor as constructed in [Eme06a]. Finally, let e be the idempotent of 7 (G(A)) away
from p corresponding to the tame part of Up(p). According to Proposition 3.10.3 of [Loel0],
Fix.c(G,Up(p))® is isomorphic as an s#-module to

(5 () @q ()" ™.

where we write (tx) for the representation of T'(Z,) given by the character tx. (Note that
Loeffer uses different conventions from us, hence writes J5 instead of Jp.) For f € (U™ (x) ®
S)(G,Up(p)), define fY : (U™ (x) ® SV x G(Q)\G(A) — C by the same construction as in
§3.3, with U™ () in place of W™™¢(x). Then if ¢ € (U™ (x) ® S;)V is the vector taking an
element of U™ (y) ® S; to its evaluation on id € Iw,, then f¥(y,-) is a continuous C,-valued
function on G(Q)\G(A) that is locally constant on cosets of G(AZJ;) and analytic on cosets of the
compact open subgroup J of G(Qp). Thus, we get an inclusion

(U™ (x) © Se)(G, Uo(p)) — Hy,
f = fc;/o(so))

Let m be the G(Q,)-subrepresentation of H{ generated by im((U™(x) ® S;)(G,Us(p))). By
Proposition 3.6.2, there is a € ¥ such that Uy gives an isomorphism

~

(U™ (x) @ 5)(G, Us(p))® = Jp(n).

Since T'(Z,) acts the same way on Jp(7) and on tx, these identifications combine to an inclusion

V1) 2 7 (G Us(p)®. O

) is finite-slope.

~

(U(x) @ S1)(G. Un(p))* = Jp(m) = e (Jp () @g (tx
Now it turns out that, in fact, all of (U™ (x) ® S¢)(G, Up(p

)
)

PROPOSITION 3.6.5. Suppose that f is an eigenform in (U™ (x) ® S;)(G,Uo(p)). Then wy ) is a

subquotient of a principal series, in particular one of the form (11, ...,y,) where v; : Q, —C
are characters of Q; whose restrictions to Z; are the same as x1i, ..., Xn in some order.
78
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Proof. We know that 7, is an irreducible subrepresentation of C(GLy,(Q,),C) whose restric-
tion to I'y(p) admits a nontrivial homomorphism from (U™ ())Y. By Frobenius reciprocity, the
restriction of 7y, to J admits a nontrivial homomorphism from the representation of J given by
x; that is, it contains a (J, x)-isotypic vector. By Theorem 7.7 of [Roc98], ¢, is a subquotient
of m(Y1,...,0n). O

Remark 5. If x is simple, one can also prove Proposition 3.6.5 by noting that if 7, admits a non-
trivial homomorphism from the irreducible (U™ (x))", it must, in fact, contain all of (U™ (x))V,
in particular the (J, x)-isotypic vector. (We are grateful to Jessica Fintzen for pointing out the
more general proof above.)

By Propositions 3.6.5 and 3.6.1, U, is injective on the space (U™ (x)® S¢)(G,Us(p)).
Furthermore, for an eigenform f in this space, it is possible to compute the eigenvalues of
Up from the structure of 7y, or vice versa, as follows. From now on, for convenience, we some-
times refer to the algebraic weight (t1,...,t,-1,0), t1 > -+ > t,_1, by its successive differences
m1 =11 —1l2, Mg =12 —13,...,Mp—1 =Tn_1.

PROPOSITION 3.6.6. Suppose that x;(p) # x;j(p)p for all i # j, and f is an eigenform in
(U™ (x) ® S¢)(G, Up(p)). Suppose that we have s, = 7w(11,...,%,) (note that this is an equal-
ity because for such x, w(i1,...,%y) is irreducible). The \-values associated to x as in §2.6
satisfy

N\ = p(nfl)/27i+lfmnfmn,17---fmn,i+1 Wi (p) )

Proof. We are given that for all u® € X7, we have Uy f = APt - A%n f Since any eigenvector of
Ug = [Uo(p)u®Uo(p)] is also an eigenvector of [Ju®J], we can calculate its eigenvalue using [Ju®J]

instead. Let
Ju'J =] ¢
i=1

Then for any ¢ € U™ (x) ® Sy, we have
(Up oo (#,2) = @(patg (25 tp(2p)) Uy f) (1))

=p 2 aiti <palg( xp gz Z psm Cz $C1)> .

Choose ¢ = Psm @ Palg 50 that gy is a (J, x)-isotypic vector in U™ (x). Then, by definition,
P(psm((Gi)p) f(2G)) = V((G)p)e(f(2G)),

SO

(U;;lf)(\;o(sov Tt Z¢ Cz alg( (xp(Cz)p))f(xCZ))

_pralt 21/1 Cz ((vaCz)

=1

That is, we have

r

D (G fL (s wG) = p=SEAT A (i, ).

=1
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Thus, the image of f.(¢,-) in 7y, is a J-new vector (J(J,1)-module). By Lemma 3.5.2, we
have

PR X = (") ()6 )
The proposition follows. ]

In summary, we have found a finite-slope subspace of .7}y (G, Ug(p)) of rank
rank (U™ (x) ® Si)(G, Uo(p))) = hdip?™),

where, as before, d; = dim Indg’(”z’:;g t, h=#(G(Q)\G(Ay)/Us(p)), and j(x) is defined as at the
end of §3.4. If x is simple, this subspace is contained in the classical space Siy.(G,Up(p)) and,
furthermore, we can extend Proposition 3.6.3 to show that it accounts for all the finite-slope

forms in Sy (G, Us(p)).

PROPOSITION 3.6.7. Suppose that x is simple and f is an eigenform in (US™(x)* ®
S)(G,Up(p)) C Siy,e(G,Up(p)). Then Uy, f = 0, f is not associated to a point on the eigenvariety,
and ¢, is not a subquotient of a principal series.

Proof. Let ¢; = cond(y;), and first assume that ¢; > --- > ¢,—1. Then the tuple & e ZZ(O"_I)m

associated to y defined immediately before Corollary 2.6.4 satisfies c?j = ¢; for all i > j. We claim
that the intersection of .7, (G, Uy(p)) with Sy (G, Uo(p)) is precisely (U™ (x) ® Si)(G, Uo(p))-

To show that (U™ (x) ® St)(G,Up(p)) is contained in .7, o(G, Up(p)), it suffices to note
that US™(x) ® Sy is contained in .7}, 0, which is true because f ® ¢ € US™(x) ® S; is clearly
contained in .7}, .o for the vector f € U™ (x) defined at the beginning of §3.4 and any ¢ € S,
and U™ (x) ® S; is irreducible.

To show that (U™ (x) ® S¢)(G, Up(p)) exhausts .7, 0 (G, Uo(p)) N Sty,e(G, Uo(p)), we simply
note that the latter space also has dimension hdyp?X)| since as a vector space it is h copies of the
locally algebraic vector subspace of 7}, .. By Proposition 2.6.6, in order for U, f to be nonzero,
f must lie in ., (G, Up(p)); this completes the proof.

If the ¢; are not in decreasing order, by the beginning of §4.2, the finite-slope subspace
of Siy.c(G,Up(p)) has the same dimension as that of Siw (G, Up(p)) where x* is x with the
components rearranged so that the ¢; are in decreasing order. This completes the argument for
all x simple. O

The combination of Propositions 3.6.5 and 3.6.7 gives us the following precise version of
Theorem 1.2.1.

THEOREM 3.6.8. If x is simple, then the finite-slope classical subspace of 7 .(G,Uy(p)) is
precisely (U™ (x) ® S¢)(G, Uo(p)).

4. Bounds on the Newton polygon

In this section, we prove Theorem 1.1.2. We prove part (i) in §4.1 and part (ii) in §4.2. In §4.3,
we prove a modified version of part (ii) which generates infinitely many upper bound points for
the same Newton polygon.

Fix a character of A™ and, thus, a particular polydisc in #™. Over the subset of this polydisc
where T,, = 0, we have

det(I = XUp) = > en(Th, ..., Tn1) XN € Z[T, ..., Tu 1] [X]
N>0

with ¢o(T1,...,T,—1) = 1. We want to bound the coefficients cy (171, ..., Tp—1)-
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4.1 A lower bound on the Newton polygon
We first summarize the theory of Johansson—Newton in [JN19a] that we will apply. As mentioned
in §1.2, they construct families of automorphic forms for various groups, including our definite
unitary group G, over an extended weight space containing extra points at the boundary. We
do not describe the extended weight space in more detail, since we only need to work with their
families over the following subset of the standard weight space.

Fix an index a, and consider the subset of our chosen polydisc in #™ where:

(a) |Tal > 1/p; and

(b) |T,| > |T}| for all j # a.

If A is an affinoid QQp-algebra, then A-points of #™ lying in this subset are in bijection with

continuous homomorphisms R — A, where R° is the T,-adic completion of

» T T

T, T T,

and R = R°[1/T,]. Let [[]r : (Z;)" — R* be the universal character with values in R.
Johansson—Newton automorphic forms with coefficients in R (i.e. families of automorphic

forms over the subset of the boundary where the ath coordinate is closest to the boundary) are
defined as follows. Give R the norm |r| = inf{p~™ | 7 € TRy }. Let D be the continuous R-dual

of Indgv(pz’;;s[-] r. D is orthonormalizable with the following norm: choose topological generators

Zp[Th, ..., Th-]

n = (n,... s T (n—1)/2) for N, for example the matrix coefficients pza1, p2z31, pz32, . . . s PZn(n—1) Of

§2.3. Let n; € D be the Dirac distribution at m; on N. For n = (n1,... s Mn(n—1)/2) € Zgon_l)ﬂ

write 0 1= H?:(?_l)/z al" and s(n) = Z?:(nl_l)ﬂ n; for short. Then {n"}, 7n(m-1)/2 is a basis for
D, and the norm is
S
n

Let D" be the completion of D with respect to this norm. Then the space of Johansson—-Newton
automorphic forms with coefficients in R is DY/P(G, Uy(p)). See § 3.3 of [JN19a] for more details.

Evidently, these automorphic forms are not exactly the same as ours, but this does not
matter because eigenvarieties are essentially unique. In particular, Johansson and Newton prove
(Remark 4.1.9 of [JN19a]) that if one constructs an eigenvariety using the action of U, on these
automorphic forms, the result agrees with Hansen’s construction in [HN17] over standard weight
space. Hansen’s construction (see the introduction to [HN17]) agrees with Loeffler’s in [Loel0]
when the latter applies (whenever G%"(R) is compact, which is certainly true for us). LoefHer’s
construction is the same as the one we use except for notational differences.

Consequently, the characteristic power series > nvsocn (71, -, Tn—1) X which we want to

)

= sup |dn|7"s(77).
r n

compute agrees with the characteristic power series of U, acting on the space DYP(G, Uy(p)).

Finally, the characteristic power series of U, acting on DY/ P(G,Uy(p)) can be computed using
its matrix coefficients in the following explicit basis. According to the beginning of [JN19a, § 3.2],
D" has a potential orthonormal basis given by the elements

e’l”,n = T(;n(rvTa »n)ﬁ’r] ,

where
s(n) log,, rJ

Taa -
n(r, Ty ) [ w1
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It follows that D" (G, Up(p)) has a potential orthonormal basis given by the elements

h
el =(0,...,0,e,0,...,0) C D" = D"(G,Uo(p)),
t=1

where the e, is in the tth position. Furthermore, by Lemma 6.2.1 of [JN19a], we have
Z aplr

with
jat| < ‘Ta|n(nTa,u)—n(r1/”,Ta,u).

We may now proceed to prove part (i) of Theorem 1.1.2, which states the following.

THEOREM 4.1.1. There are constants Ay, C' (depending on n, p, and h) such that for all
Ti,...,Tn—1 such that all |T;| > %, the Newton polygon of » n~qen(Th, .. , T, _1) XN lies above
the points

(z, (A1m1+2/"("_1) — C) -minv(Ty))
for all z.

Proof. We generalize the argument for the case n =1 given in Theorem 6.3.2 of [JN19a]. In
the notation just defined, we have n(p~!, Ty, u) = s(p) and n(p~'/?,T,, 1) = |s(p)/p]. Thus,
Lemma 6.2.1 of [JN19a] says that

=2 el

with
\a;ﬂ < |Ta|8(u)—L8(u)/pJ_

Another way of saying this is that whenever s(u) = N, every matrix entry of U, in the row e;! ,
has coefficient aj; divisible by |T,|N NPl There are

b N+nn-1)/2-1
nin—1)/2—-1
choices of u and p such that s(u) = N and, hence, that many rows which we can guarantee are

divisible by Tév —LN/p] (not counting rows which we can guarantee are divisible by higher powers
of T,). We conclude that NP(3_y~qen (T, ... ,T,,_1)X™V) passes above the point

(T o (Y - )

for every integer M > 0. Since the z-coordinate of the above expression is a polynomial in M of
degree n(n — 1)/2 and the y-coordinate is v(7,) times a polynomial in M of degree n(n —1)/2 +
1, the claim follows. ]

4.2 Systems of eigenvalues associated to classical points

A ‘refined principal series’ is a principal series representation m of GL (Qp) together with an
ordered sequence of characters (¢1,...,%y): (Q,)" — C* such that 7 = m(31,...,¢n). Thus,
there are n! possible refinements of each w. The language comes from Galois representation
theory. From our setup so far, it is easy to see that an eigenform f € (U™ (x) ® S¢)(G,Up(p))
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is naturally associated to a particular refined principal series: the principal series 7y, together
with, if f has A-values Ai,...,\,, the ordered sequence (i1,...,%5): (Q))" — C* such that
T2 (..., 0,) and A = p(n= D/ 2t l=ma—mn 1 ==mn—it14),(p). Also note that this refined
principal series depends only on the point z on & that f is associated to.

For a character x : (Z;)" — C* or ¢ : (Q;)" — C*, and for any w € S, we write x* =
(Xw(1)s -+ +» Xw(n)), and ¥* similarly.

Now mnote that if f; € (U™ (x)® St)(G,Up(p)) is an eigenform associated (via
Proposition 3.6.4) to a point x on 2 with associated refined principal series (m(¢),'4), then
the refined principal series (7(¢),%") is also associated to a point z* on 2 and a form
foe (U™ (x™) @ S)(G,Uy(p)) (arising from the unique (J, x*)-vector in 7(1))). The forms f¥
are called companion forms of f,. Having defined these companion forms, it is straightforward
to show that the slopes appearing in (U™ (x) ® S;)(G,Up(p)) are not only finite but bounded
above by a linear function of ¢, as follows.

PROPOSITION 4.2.1. If f € (U™(x) ® S;)(G, Uo(p)) is a UZ-eigenform with eigenvalue ai!, and
each companion form f* has Uy-eigenvalue a,), then we have

Y vlay) = 1),
WESn

where [“(t) is a linear function of ty, ..., t,.
In particular, let 1("=1n=2--0)(t) = [(t). Suppose that cond(XiX;I) = max(cond(x;),
cond(x;)) for all i # j. Then for each w, the Newton polygon of

D en(Tu(tx™), .. Tna () XN
N>0

contains hp? X d, slopes of size at most [(t), hence, in particular, passes below the point
(hp! Ny, hp? O dil (1))
Proof. Let m¢, = m(11,...,1,). By Proposition 3.6.6, we have

[ = p s [ )

The A-values of % are given by

A= p(n_l)p—i“_mn_m"*l_m_m”_”l¢w(z‘) (p)
for each w € S,,. Then for a = (ay,...,ay), the U, -eigenvalue associated to z* is

H()\;U)an—uq — Hpan—i+1[(n_l)/2_i+1—mn_mn71_"'_mn—i-&-l]ww(i) (p)an—i+17
i i
so the product of the Uy -eigenvalues associated to all the z* is

(n—1)!'y 1[(n—1)/2—i+1—mp— —mmnip1] (n=1)!3; a;
pn $ 2.4 On—i+1((N 1 Mp—Mp—1 My — 41 <sz(p)>

| o (n=1)!>", a;
_ p(n—l)-Zi an—ig1][(n—1)/2— i+ 1My —1mn—1— - —Mp—i41] <pnmn+(n—1)mn—1+...+m1 H )\i) .

)

But ], A is the eigenvalue associated to the operator Uél’l""’l), which is just right translation

by the central matrix diag(p,p,...,p), which preserves f, so [[, A\; = 1. Thus, the sum of the
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valuations of the Uy -eigenvalues associated to the companion points is

(n— 1)!Zan,i+1[(n— 1)/2 —1+1 — My —Mp—-1 — " — mn7i+1]

(2

+ (nmp + (n—Dmp—1 +---+my)(n— 1)!Zai

— (n— 1)!(;%-@'“((”— 1)/2—i+1)— szj(al + -+ aj) —I—ijj <Z“l>>

i

Defining [%(t) to be this last expression, we find that ) .5 v(ay) = 1%(t) as desired.
The conclusion that each individual v(a,’) is bounded above by [(t) follows because all the

W are algebraic integers. O

ap

Let ¢; = cond(x;), let x(1),---,X(n—1) be the characters xi,...,xn-1 reordered so that
cond(x(1)) < cond(x(2)) < -+ < cond(x(n—1)), let ¢y = cond(x(y), and let T(;y = T'(x(s))- To get
from Proposition 4.2.1 to the statement of Theorem 1.1.2, we just need to check that for all ¢
and x such that m; > em,; for all i # j and cond(xixjfl) = max(cond(x;), cond(x;)) for all i # j,

(hp?X)dy, hp? X d;1(t)) has the desired numerical qualities. First we check the size of d;.

PROPOSITION 4.2.2. The dimension d; is a polynomial of total degree m(n—1)/2 in
mi,...,Mp—1.

Proof. By Corollary 14.9 of [MS04], Indg(LZ"p()Z »)218 4 has a basis indexed by chains in the poset

described in [MS04, §14.2]. For a subset o of {1,...,n}, let f(o) = > ;4,(n +1 — k). We claim
that when you take one step down the poset, f(o) goes down by 1. This is because, if o is one
step below 7, there are two possibilities. The first is that |7| = |o| and there is some ¢ for which
0; = 1; — 1 and o = 7; for all j with j # ¢; in this case the complements ¢¢ and 7¢ are the same
except for o; € 7¢ and 0; + 1 = 7; € 0, which contribute n — o; and n — 0; — 1 to the sums f(o)
and f(7), so f(o) = f(r) — 1. The second is that |o| = |7| + 1 and o contains n and 7 does not,
so again f(o) = f(r) — 1.

Thus, a maximal chain in this poset starts with {n}, which has f-value 2+---+n =
n(n+1)/2 —1, and ends with {1,2,...,n — 1}, which has f-value 1; its length is therefore

n(n+1)/2 —1. A leading term of dp,, . m, 0 comes from distributing m,...,m,_; among
corresponding variables in a maximal chain. Thus, it is a product [] (mgcl) where the ¢; + 1
sum to n(n + 1)/2 — 1; that is, the ¢; sum ton(n+1)/2—1—(n—1) =n(n—1)/2. O

Since m; > em; for all i # j, we can find some A, such that [(t) < Aedtz/n(nfl) for all such
mi,...,Mu—1. Also, by the formula stated in Example 2.2.2, we have

(1)) = v(T(x@))) = Aip™®
for a constant A; (depending on p). Thus, we have

PN = proy et heeon =2 = Agy(Tiy)) M o(Tig) 72+ v(Tne) ™",
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Thus, if we let z = hp?®d; and y = hp! X d,l(t), we have
y = (hpj(x)dt)1+2/n(nfl) (hp]‘(x)dt)72/n(nfl)l(t)
= Agz!t2/n(n—1) (pj(x)) *2/n(n*1)dt—2/n(n—1)l(t)

< A4A5x1+2/n(n71) (U(T(l))flv(T(Q))f2 . U(T(n,l))7(n71))_2/n(n_1)
= A; (U(T(l))2/"("_1)U(T(2))(2'2)/”(”_1) L U(T(n_l))(2'(n_1))/n(n_1))x1+2/”(”_1),

where A5 depends only on n, p, h, and €, as desired. This proves part (ii) of Theorem 1.1.2.

4.3 Combining upper bound points

We show that Theorem 1.1.3 is a natural consequence of part (ii) of Theorem 1.1.2. First we
need the following lemma of Wan, which is stated in [Wan98] with Z,-coefficients but works
identically with Oc, -coefficients.

LEMMA 4.3.1 (Wan [Wan98]). Let Q1(X),Q2(X) be two elements in Oc,[X] with Q1(0) =
Q2(0) = 1. Let N;(z) be the function on R>o whose graph is the Newton polygon of Q;(X).
Assume that v(x) is a strictly increasing continuous function on R>( such that v(0) < 0, N;(z) >
av(x) for1 <i<2andx > 1, and lim,_ v(7) = co. Assume further that the function zv~!(x)
is increasing on R, where v~ (z) denotes the inverse function of v(z) defined at least on R>o.
For z > 0, we define the integer-valued increasing function my(z) = |zv~'(z)|. If the congruence

Qi(X) = Q2(X)  (mod p™ ()

holds for some « > 0, then the two Newton polygons N;(x) coincide for all the sides with slopes
at most «.

Proof of Theorem 1.1.3. By Proposition 4.2.1, NP(tx) passes below the point

(WX dy, hp? O dyl(t)).

Note that the slope of NP(tx) at z-coordinate hp’X)d; is at most I(t). We may apply Lemma 4.3.1
with v(z) = A12%/™"= Y min; v(T(x;)), so that

pln(n—1)/2

my(x) < —.
(miniU(T(Xi)))n(n D/2

Let tgl) =t; + (n —i)p™M)+lp(g). By Lemma 4.3.1 applied to P(X,tx) and P(X,t(My), we
find that NP (¢(1) y) also passes below this point. (The factor of ¢(q) is to keep tgl), . ,tgll_)l in the
same equivalence class as t1,...,t,—1 (mod ¢(g)) so that they fall in the same weight polydisc;

presumably it would also suffice to twist by an appropriate tame character instead.) However,
by Corollary 4.2.1, NP(t(Vx) also passes below

(hp?Ndy0y, hp? Ny 1(tD)).

Repeating this, we find a sequence ¢ = t©) ¢(1) ¢ of dominant algebraic weights such that
NP () ) passes below

(hp?" Y0y, "D dy )1 (1)), .., (W Dy, hp? Ol 1(2F))).
Evidently the t*) approach a limit ¢>°, and NP(t>°x) passes below
(hpj(X)dt(k), hpj(X)dt(k)l(t(k)))
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for all k. The result follows as in the end of §4.2. (Note that since

m) = mF g AT,

)

(k=1)

if ( (k)

k—1) o, .
> em; for all ¢ # j, the same is true for the m; ’.) O

5. Geometry of the eigenvariety over the boundary of weight space

Fix an index a, and for any v € Q, let #~, be the admissible open subset of characters w such
that v(To(w)) < v and v(T,(w)) < vo(T;(w)) for all j # a (so, in particular, v(7,) = min; v(T3)).
(We could also use #<,, with the analogous definition; this would not only be admissible open,
but would be a rational subdomain upon intersection with an affinoid subdomain of #. See
[BCD*08, Chapter 1, §2] for more information about the rigid analytic Grothendieck topology
on #'.) let %, be the preimage of #-, in the eigencurve 2. For any real number «, let X (< «)
be the subset of 2 of points x for which v(ap(z)) < av(T,(w(z))), and define X (= «a), X (> «)

similarly.
As in the previous section, fix a polydisc in #. For T' = (T1,...,T,—1) in the polydisc and
m=(my,...,Mp_1) € Zggl, write 7™ = T{™ - .- T)""" for short. Let
det(1 - XUp) = > en(T)X",
N>0
where
en(T) = > bnmT™ € Zy[T1, ..., Tn1].

m:(ml,...,mn,l)ezggl

Let y = NP(T)(x) be the Newton polygon of > g en(T)XY.

For the following theorem, the only input we need is a lower bound for y = NP(T)(z) of the
form y = v(T,) f(x) where f(z) is a convex function, which we have (with f(z) = A;z!+2/7(n=1)
from part (i) of Theorem 1.1.2.

THEOREM 5.0.1. For every a € Rx>q, there is some valuation v(a) > 0 such that X (= a)<y(q)
is disconnected from its complement in 2., (-

Proof. Let d(a,T) be the number of slopes in y = NP(T')(x) of value strictly less than av(7,)
(that is to say, the dimension of (G, Up(p))<**(T+)). Assume v(T,) < 1.

We claim that the point (d(«, T),NP(T')(d(c, T'))) lies inside the region bounded by the line
y = av(T,)x and the function y = v(1y)f(z). It lies below y = av(Ty)z because all slopes of
NP(T) up to d(a,T) are less than av(T,). It lies above y = v(T,) f(x) because this is a lower
bound for y = NP(T')(x).

This region lies inside the box whose lower left corner is (0,0) and whose upper right corner
is (d(«), ad(a)v(T,)), where d(«) is the nonzero solution to ax = f(z).

We have (d(o,T),NP(T)(d(c,T))) = (j,v(c;j(T))) for some j. This is a vertex of y =
NP(T')(z). The vertex immediately preceding it is of the form (i,v(c;(T))) for some i. The
slope between the two is

(¢ (T)) — v(a(T))
j—i '

This is the largest slope of y = NP(T")(z) less than av(7},). We have 1 < j — i < d(a).
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But ¢;(T) = 3_,,50bjmT™ is a sum of terms b;,,T™ where v(bj,,) is an integer and
o(T™) = mv(Th) + - - - + mp—10(Th—1).

Thus, v(c;(T)) = pj + )\}U(Tl) +- 4 A?ilv(Tn,l) where (1, )\? are integers in the range
[0, ad()] (since v(c;(T)) < ad(a)v(Ty)). Similarly v(c;(T)) = pi + Mo(Ty) + -+ + X o(T-1)
where p;, A\¥ € [0, ad(a)] as well.

Assume that v(7,) < 1/ad(a), so that ad(a)v(Ty) <1 and, furthermore, that v(13) <
(1/ad(a))v(T}) for all j # a. Then in order to have v(c;(T)),v(c;(T)) < ad(a)v(Ty), we must
have,ui:ujzoand)\kzoforallk;éi.

Thus, the largest slope of y = NP(T)(z) less than awv(T5) is of the form ((A\j — X;)/(j — 1))
v(T,), where \; — \; € [0,ad(cv)] and j —i € [1,d(v)]. This is a finite, discrete set of points.
Thus, the ratio of the largest slope of y = NP(T')(z) less than av(Ty) to v(1,) is bounded away
from « independently of Tj,.

Setting v(a) < 1/ad(a), we conclude that X (< )., (4) is disconnected from its complement
in ff<y(a).

This argument goes exactly the same if X (< ) is replaced by X (< «): either the smallest
slope greater than « is at least o + 1, or, if not, the next endpoint is again trapped in a box
whose area is at most linear in v(7"), and the same argument applies. Thus, we can choose v(«)
such that X (= )., () is disconnected from its complement in 27, ). O

As Liu, Wan, and Xiao do in Theorem 3.19 of [LWX17], we can also use part (i) of
Theorem 1.1.2 to give a simple proof of the fact that the ordinary part of 2 is finite and
flat over # and disconnected from its complement.

THEOREM 5.0.2. The subset X (= 0) is finite and flat over # and is a union of connected
components of % .

Proof. The proof of Theorem 3.19 of [LWX17] goes through almost word-for-word. By part (i) of
Theorem 1.1.2, there is some maximal N such that ¢y (T4, ..., Ty—1) is a unit in Z,[T1, ..., Th—1]
or, equivalently, the constant term of cy(71,...,7,—1) is a unit in Z,. Then for each
(Ty,...,Ty-1), the Newton polygon of >°° jen(Ty,...,Tn—1) X" starts with N segments of
slope 0 followed by a segment of slope at least max(1, B min; v(T})) for some constant B. Since
max(1, Bmin; v(T})) is uniformly bounded away from 0 over any affinoid subdomain, X (= 0) is
disconnected from its complement, and it is finite and flat of degree N. O
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