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MULTIFUNCTIONS AND INVERSE CLUSTER SETS

BY
JAMES E. JOSEPH

ABSTRACT. In this paper the notion of inverse cluster set, which
was recently introduced and studied for functions by T. R. Hamlett
and P. E. Long (Proc. Amer. Math. Soc., 53 (1975), 470-476), is
extended to and investigated for multifunctions. We generalize the
notion of inverse cluster set, extend to multifunctions and generalize
some known results for inverse cluster sets of functions and offer
some new results. In the latter sections, compactness generalizations
are characterized in terms of inverse cluster sets and some results on
connected and conectivity functions are extended to multifunctions.

1. Introduction. In [3], Professors Hamlett and Long introduced and studied
the notion of inverse cluster sets for functions. In their paper they obtained
interesting results relating properties of inverse cluster sets for a function to the
continuity properties of the function and to the properties of the graph of the
function.

A multifunction from a set X to a set Y is a function from X to #(Y)—-{J},
where ?(Y) is the power set of Y. In this article we extend the notion of
inverse cluster set to multifunctions, generalize the concept of inverse cluster
set, extend to multifunctions and otherwise generalize some results from [3],
generalize some results from [11] and present some results which are new for
functions. General properties of inverse cluster sets for multifunctions are
proved including necessary and sufficient conditions for multifunctions to
satisfy certain continuity and graph conditions. In the later sections we employ
inverse cluster sets to characterize regular, m-compact, Lindel6f and H-closed
spaces and also extend to multifunctions a known theorem giving a condition
under which a connected function is a connectivity function.

2. Some preliminaries. We will denote the closure of a subset A of a
topological space by cl(A), the collection of open neighborhoods of A by 3(A)
and the collection of closed neighborhoods of A by I'(A). A subset A of a
space is a regular-open (regular-closed) subset of the space if A is equal to the
interior of its closure (closure of its interior). We will denote the family of
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regular-closed subsets which contain a subset A of a space by V(A). The
adherence of a filterbase () on a space will be denoted by ad(). We will say that
a point x in a space is in the §-closure of a subset A of the space (x € clg(A)) if
each VeTl'(x) satisfies A N V# J, that A is 0-closed if cly(A)= A and that x
is in the 0-adherence of a filterbase € on the space (x € adoQ) if x e cly(F) for
each FeQ [14]. A is u-closed if A =& or ad,T'(A)= A.

We will represent the class of all multifunctions from a set X to a set Y by
M(X,Y). Let X and Y be spaces and let aeM(X, Y). We say that « is
upper-semicontinuous (u.s.c.) at x € X if for each WeZ(a(x)) in Y there is a
Veld(x) in X with a(V)c W (If Ac X, then a(A)=J a(x).); a is upper-
semicontinuous on X (u.s.c.) if a is u.s.c. at each xe& X. Smithson [10] has
defined a to be weakly upper-semicontinuous (w.u.s.c.) at xe€ X if for each
WeTl(a(x)) there is a Vel(x) with a(V)c W and has called a weakly
upper-semicontinuous on X (w.u.s.c.) when « is w.u.s.c. at each x € X. We note
that if a is a function then a is w.u.s.c. at x (w.u.s.c.) if and only if « is
weakly-continuous at x (weakly-continuous) in the sense of Levine [6]. We say
that aeM(X,Y) is almost upper-semicontinuous (a.u.s.c.) [6-upper-
semicontinuous (0-u.s.c.)] at xe X if for each regular-open W with a(x)<
W[W eT(a(x))] there is a Ve3(x)[Vel(x)] with a(V)c W and that « is
almost upper-semicontinuous (a.u.s.c.) [6-upper-semicontinuous (0-u.s.c.)] on X
if a is a.u.s.c. [#-u.s.c.] at each x € X; a has closed (6-closed) [compact] point
images if a(x) is closed (6-closed) [compact] in Y for each xe€ X. We will
represent the graph of a-i.e. {(x, y):xe€ X and y € a(x)}-by 4(a). As usual, we
will say that a has a closed graph if 4(a) is a closed subset of X X Y. Paralleling
the notion of function with a strongly-closed graph from [4] we say that « has a
strongly-closed graph if for each (x, y) € (X X Y)—%(a) there are sets Ve 3(x),
WeTl(y), in X and Y, respectively, with (VX W)N %(a)= . We say that «
has a 6-closed graph if 4(a) is a -closed subset of X X Y. In a product space
X XY the (2) 0-closure of a subset K((2)cly(K)) of XX Y is {(x, y)e X X Y: all
Vel(x) and Wel(y) satisfy (VXW)NK#J}; K is (2) 6-closed if
(2) clg(K) =K. It is not difficult to see that a € #(X, Y) has a strongly-closed
graph if and only if %(a) is a (2)0-closed subset of X X Y. Finally, if X is a
space, xo€ X and () is a filterbase on X then X with the topology {A
X:xo¢ A or Fc A for some FeQ} will be denoted by X(x,, 2). If BC Y, we
denote {xe X :a(x)NB# J} by a *(B).

3. Multifunctions, inverse cluster sets, graph and continuity properties. Let
X and Y be spaces and let ac#(X,Y). Employing equivalence (2) of
Theorem 2.3 in [3] as a model we define the inverse cluster set of « at ye 'Y by
€ (a;y)=Nsy cll@ (V). Generalizing this notion we define the strong
inverse cluster setof a aty € Y tobe ¥ '(a; y) = (N, cl(@ (V)), and the inverse
0-cluster set of a atye Y tobe T '(a; y) = Nry)cle(@ (V). In Lemma 3.1 we
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relate € Y(a; y), ¥ a;y) and T Y(a;y) to 9Y(a). We prove only statement
(a) as the proofs of the other statements are similar; the projection from X XY
to X is denoted by .

3.1. LemMma. Let X, Y be spaces and let a e #(X, Y). Then
(@) € Ha;y)=m (X x{yD)Nct(%(a)) for each yeY.
() F7 a3 y)= 7 (X X{yD N (2)c€,(4(ax))) for each ye Y.
(©) T Y a; y)=m (X X{yD Ncby(4(a)) for each ye Y.

Proof of (a). Let yeY, xe 4 “(a;y) and let Ve3(x). Then for any We
3(y) we have VNa '(W)# . Thus (VX W)NY(a)+# . This shows that
(x, y)ecl(¥(a)) and, consequently, that x € m, (X X{y}) Ncl(¥(a))). The steps
in the above argument may be reversed to establish the reverse inclusion. The
proof of (a) is complete.

In the first three theorems we characterize multifunctions with closed graphs,
strongly-closed graphs and 6-closed graphs, respectively, in terms of inverse
cluster sets. The proofs of Theorems 3.3 and 3.4 are similar to that of Theorem
3.2 and are omitted.

3.2. THEOREM. The following statements are equivalent for spaces X, Y and
acM(X,Y):
(a) The multifunction a has a closed graph:
®) a7 (y)=m (X x{yD)Nct(%(a))) for each ye Y.
(c) € *(a;y)=a"y) for each ye Y.
Proof that (a) implies (b). Obvious.
Proof that (b) implies (c). This follows from Lemma 3.1(a).

Proof that (c¢) implies (a). Let (x, y)e (XX Y)—%(a). Then x¢ a'(y), so
x¢ € '(a;y). Thus there are sets Ve3(x) in X and We3(y) in Y with
VNa (W)= . This gives (VXW)NY(a)=I.

This proof is complete.

3.3. TuEOREM. The following statements are equivalent for spaces X, Y and
acM(XY):
(a) The multifunction « has a strongly-closed graph;
(b) a™'(y) = m (X x{y}) N (2)cfs(%(a))) for each ye Y.
(© ¥ Y a;y)=a (y) for each yeY.

3.4. THEOREM. The following statements are equivalent for spaces X, Y and
aeM(X,Y):
(a) The multifunction a has a 0-closed graph;
(b) a7 (y)=m (X x{yD)Ncls(4(a))) for each ye'Y.
© T Ya;y)=a'(y) for each yeY.

We will next establish several results which relate inverse cluster sets and
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continuity properties. These results will include necessary and sufficient condi-
tions for certain continuity properties in terms of inverse cluster sets. Let X
and Y be spaces and let aeM(X,Y). If QcP(X) we write a(Q)=
{a(A): AeQ}. We define the cluster set (strong cluster set) [0-cluster set]
of a at xe€eX to be b(a;x)=adaZ(x)) (Fla;x)=adya(Z(x)))
[T (a; x) = adga(I'(x))]. The following relationships exist between cluster sets
and inverse cluster sets. Again we prove statement (a) only.

3.5. TueoreM. Let X and Y be spaces and let a € M(X, Y):
(a) G(a;x)={yeY:xec€ (a;y)} for each xe X.
(b) F(a;x)={yeY:xeF a;y)} for each x e X.
© T(a;x)={yeY:xeT (a;y)} for each xe X.

Proof of (a). Let yeY and let xe X with ye€(a; x)[xe 6 (a;y)]. If
Ve3(x)in X and We3(y)in Y then a(VINW# FB[VNa (W) # J]; so we
have VNa (W) # Jla(V)N W# J]. The proof of (a) is complete.

The following theorem appears in [5].

3.6. THEOREM. If X and Y are spaces and a e M(X, Y) is u.s.c. at xo€ X then
F(a; x0) = el (a(xo)).

One of the main results of [3] (Theorem 2.9) shows that if X and Y are
spaces with Y compact Hausdorff then a function a: X — Y is continuous at
xo€ X if and only if xoe € '(a;y) for exactly one yeY. Theorem 3.7
generalizes this result and extends it to multifunctions.

3.7. THEOREM. Let X and Y be spaces with Y compact and let a € M(X, y)
have 6-closed point images. Then a is u.s.c. at xo€ X if and only if €(a; x,) =
a(xo).

Proof. Necessity. We see easily that a(x,) < €(a; x,) and the reverse inclu-
sion follows from Theorem 3.6 since 6(a; x,) = F(a; xo) = clg(a(x,)) = a(x,).

Sufficiency. Assume that W e3(a(x,)) and that Q={a(V)—W,:Ve
S(a(x,))} is a filterbase on Y. Since Y is compact we have & +#adQ=
ada(2(xq))— Wo=%(a; xo)— Wy = a(x,)— W,. Thus a(x,)— W,# &, a contra-
diction, and « is u.s.c. at x,.

The proof of the theorem is complete.

In connection with our next three theorems, which are similar in nature to
Theorem 3.7, we recall that a subset K of a space X is quasi H-closed relative
to X if for each cover A of K by open subsets of X there is a finite A* = A with
Kcc(Ua+ V). If X is quasi H-closed relative to X we say simply that X is
quasi H-closed [8]. A Hausdorff quasi H-closed space is called H-closed.
Herrington [2] has shown that K is quasi H-closed relative to a space X if and
only if each filterbase ) on K satisfies K Nad,Q # J.
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3.8. THEOREM. Let X and Y be spaces with Y quasi H-closed and let
aeM(X,Y) have 6-closed point images. Then a is a.u.s.c. at xo€ X if and only
if $(a;x0)=a(xo).

Proof. Necessity. Clearly, a(x,)< ¥(a; x). On the other hand, if y¢ a(x,)
there is a We 2 (y) with a(xy) = Y —cl(W). Since Y —cl(W) is regular-open and
a is a.u.s.c. there is a Ve (x,) with a(V)c Y —cl(W). So y¢ ¥(a; x,). Hence
F(a; xo) = a(xy).

Sufficiency. Assume that W, is a regular-open subset about a(x,) and that
Q={a(V)—W,: Vel(x)}is a filterbase on Y. Then Q is a filterbase on Y — W,
which is regular-closed and, consequently, quasi H-closed relative to X. Thus
B #adyQ—Wyoc F(a; x0)— Wo=a(xg)— W,. Thus a(x,)—W,# O, a con-
tradiction, and a is a.u.s.c. at x,.

The proof of the theorem is complete.

If X and Y are spaces, an a.u.s.c. function a e #(X, Y) is called almost
continuous in [13].

3.9. CoroLLARY. Let X and Y be spaces with Y H-closed. Then a function
aeM(X,Y) is almost continuous at x,€ X if and only if F(a; xo) = a(xy).

3.10. TueoreM. Let X and Y be spaces with Y H-closed and let a € M (X, Y)
have u-closed point images. Then a is w.u.s.c. at xo€ X if and only if (a; x,) =
a(xg).

Proof. Necessity. Since a(x,) is u-closed, if ze Y—a(x,) there are sets
Veld(z), We3(a(xy) in Y with cl(V)Ncl(W)= . There is a Q € 3(x,) in X
with a(Q)< cl(W) since a is w.u.s.c. at x,. So cl(V)Na(Q)=J and, conse-
quently, z¢ F(a; x,). Hence ¥(a; xy) < a(x,) and F(a; xo) = a(x).

Sufficiency. If Wye Z(a(x,)) in Y such that Q={a(V)N(Y-cl(W,)): Ve
3.(xo)} is a filterbase on Y then, since Y is H-closed, we have & # ad,(0N
cl(Y —cl(Wp)) € P(a; xo) — W,. Thus a(x,)— W, # J, a contradiction, and « is
w.u.s.C. at xq.

The proof of the theorem is complete.

3.11. CoroLLARY. Let X and Y be spaces with Y H-closed. Then a function
ae M(X,Y) with u-closed values is weakly-continuous at x,€ X if and only
l'fff(a; x()) = a(xo).

The proof of Theorem 3.12 is omitted as it is similar to the proofs of the
above theorems.

3.12. TueoreM. Let X and Y be spaces with Y H-closed and let o € M(X, Y)
have u-closed point images. Then a is 0-u.s.c. at xo€ X if and only if I (a; x,) =
a(xg).

Another of the main results of [3] (Theorem 3.3) states that € '(a;y)=
cl(a™(y)) for each yeY when X and Y are spaces with X regular and
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aeM(X,Y)is a closed function. We employ the following definition from [11]
to extend this result to multifunctions and to generalize this result as well as a
result from [11].

3.13. DeriNttioN. If X and Y are spaces, a € #(X, Y) is locally closed if for
each x € X and for each neighborhood V of x there is a neighborhood W of x
such that W< V and a(W) is closed in Y.

We see easily that a closed multifunction defined on a regular space is locally
closed. It is known that a closed multifunction need not be locally closed and
that a locally closed multifunction need not be closed.

3.14. TueoreM. If X and Y are spaces and a € M (X, Y) is locally closed then
B Ya;y)=ctl(a '(y)) for each yeY.

Proof. We need show only that € '(a;y)=clla '(y)). Let xe
@ Ya;y)—clla(y)), where ye Y. There is a VeX(x) with VNa '(y)=.
There is a Wel(x) with cl(a(W))ca(V) since a is locally closed. So
y¢cl(a(W)) and there is a Qe3(y) in Y with QNa(W)=. Hence
WNa '(Q)=J; this is a contradiction and the proof is complete.

3.15. Cororrary [11]. If X and Y are spaces and a e M(X,Y) is locally
closed with a'(y) closed for each ye 'Y then a has a closed graph.

The final result in this section improves upon Corollary 3.5 of [11] since
0-closure and closure coincide in regular spaces.

3.16. Tueorem. Let X and Y be spaces and let a e M(X, Y) be closed with
0-closed point inverses. Then a has a closed graph.

Proof. We show that € '(a; y)= a~'(y) for each ye Y (see Theorem 3.2).
Assume that x€ X, yeY and x¢a '(y). Since a '(y) is O-closed there
is a Vel(x) with cd(V)Na ' (y)=@. So we have a(V)<alcl(V))c
a(X—a'(y))= Y—{y}. Since a(cl(V)) is closed we see that y¢cl(a(V)) and,
consequently, that x¢ € '(a; y). The proof is complete.

4. Multifunctions, inverse cluster sets, regularity and compactness
generalizations. In this section we will characterize regularity, compactness,
Lindelofness, m-compactness and H-closedness in terms of multifunctions and

inverse cluster sets. The first theorem characterizes regularity (not assuming
T).

4.1. THEOREM. A space X is regular if and only if for each space Y, each
closed a e M(X,Y) satisfies € (a;y)=c€(a"'(y)) for each yeY.

Proof. Necessity. A closed a e #M(X, Y) is locally closed when X is regular.
So the result of Theorem 3.14 holds.
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Sufficiency. Suppose X satisfies the condition of the theorem and let F< X
be closed and nonempty. Choose x,€ F and define a € #(X, X(x,, 2(F))) by
a(x)=x if x¢F and a(x)={x, x,} otherwise. Let H< X be closed. If
HNF+#J, then xoca(H) so a(H) is closed; since H is closed in X, if
HNF= there is a Ve3(F) in X with VNH=; a(V)e3(x,) in
X(x0,2(F)) and a(V)Na(H)=VNH=. Thus a(H) is closed in
X (x4, 2(F)). Thus by hypothesis we have € (a;x,)=clla *(x,))=F; so if
y¢F there is a VeX(y) in X and a WeX(x,) in X(xo, 2(F)) with
VNa Y (W)=. Since a ' (W)=W and We3(F) in X the sufficiency is
proved.

The proof of the theorem is complete.

Before presenting the other theorems in this section we present some
preliminary definitions and known results. A subset K of a space X is
m-compact for an infinite cardinal =z if each closed filterbase 2 on K with
cardinality at most = satisfies K N adQ) #. The following theorems (4.2-4.5)
appear in [5].

4.2. THEOREM. A subset K of a space is m-compact if and only if each
filterbase ) on the space such that ) has at most M elements and such that
FNV+# O is satisfied for each Fe Q) and V € 2(K) satisfies KN adQ# Q.

4.3. THEOREM, A subset K of a space is Lindelof if and only if each filterbase
Q on the space such that IN V# & is satisfied by each V € 2(K) and countable
intersection, I, of elements of () satisfies KNadQ# .

4.4 THEOREM. A subset K of a space X is quasi H-closed relative to X if and
only if each filterbase Q on X such that FN\ C# & is satisfied for each F € Q) and
C e V(K) satisfies KNadyQ# .

4.5. TueoreM. If X is quasi H-closed and K< X then (€o(K) is quasi
H-closed relative to X.

We recall that a space is a ?-space in the sense of Gillman and Jerison [1] if
each Gj is open. If # is an infinite cardinal we say that a space X has character
m if at each point there is a local open base of cardinality at most m. We will
have use for the following notation.

4.6 NotaTioN. If X and Y are spaces, K< Y and a e #(X, Y), we use the
notation (a) € '(a; K)= Uk € (a; y), (b) ¥ H(a; K)=Ux ¥ '(a; y) and (¢
T Ha; K)=Ux T a3 y).

4.7. THEOREM. Let X be a space with character m and let Y be any space. If
aeM(X,Y) and K<Y is m-compact then € *(a, K) = Nz, c€(a (V).
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Proof. For each yeK we have 3(K)c3(y), so % Ya;y)=
Nsy e (V)= Nsxyclle™(V))  and,  consequently, € (a;K)c
Nsao @ (V). Now, let z € s, cl(@™'(V)) and let A be a local base at z
of cardinality at most . Then for each We A and Ve2(K) in Y we have
a(W)NV#Q. So a(A) is a filterbase on Y which along with the z-compact
subset K satisfies the hypothesis of Theorem 4.2. Hence K Nada(A)# . For
each yeKNada(A) we have VNa(W)#J and, consequently, WN
a Y(V)# O for each Ve3(y) in Y and WeA. Thus ze€ € '(a;y) and the
proof is complete.

Corollary 4.8 is a consequence of Theorem 4.7 and Theorem 3.2.

4.8. CoroLLARY. Let X be a space with character m and let Y be any space.
If aeM(X,Y) has a closed graph then a '(K) is closed in X for each
m-compact K<Y.

Proof. € '(a; K)=Ux € "(a;y)= Uk a '(y)=a'(K). The proof is com-
plete.

4.9. TueoreM. The following statements are equivalent for a T, space Y:
(a) Y is m-compact.
(b) € (a; K)= N, cl(a (V) for each space X with character m, a€
M(X,Y) and closed subset K<Y.
(c) € Y(a;K) is closed in X for each space X with character m, a € M(X,Y)
and closed subset K<Y.

Proof that (a) implies (b). This follows from Theorem 4.7 and the fact that a
closed subset of an w-compact space is m-compact.

Proof that (b) implies (c). Obvious.

Proof that (c) implies (a). Let () be a filterbase on Y with cardinality at most
m and let yoe Y with adQN(Y—{yo})=. Let a e M(Y(y,, ), Y) be the
identity function. We readily observe that Y(y,, (1) has character ». Now let
Ve3(yy) in Y. Then € '(a; Y-V)DY—V and is closed in Y(y,, Q) by
hypothesis. If ye Y—V then y¢ adQ and y# y,; so, since Y is T,, there is an
FeQ and a We3(y)—2(y,) in Y satisfying WNF = . Thus y,¢ € (a3 y).
Consequently, yo & cl(Y—V) in Y(y,, }) and there is an F e} satisfying F< V.
The proof of (c) implies (a) is complete.

The proof of the theorem is complete.

4.10. THEOREM. Let X be a P-space and let Y be any space. If a € M(X, Y)
and K< Y is Lindelof then € '(a; K)= sk, (@ (V).

Proof. We know that € '(a; K)< (s, cl(a '(V)) for any spaces X, Y,
subset K<Y, and aeM(X,Y) (see proof of Theorem 4.7). Now, let z€
Nsao cl(a (V). Then a(3(z)) is a filterbase on Y which along with the Lindeldf
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subset K satisfies the hypothesis of Theorem 4.3. The proof is completed as in
the proof of Theorem 4.7.
Corollary 4.11 is a consequence of Theorem 4.10 and Theorem 3.2.

4.11. CoroLLARY. Let X be a P-space and let Y be any space. If a€
M(X, Y) has a closed graph then o '(K) is closed in X for each Lindeléof K< Y.

4.12. THEOREM. The following statements are equivalent for a T, space Y:
(a) Y is Lindeldf.
(b) € M(a; K) = Nswx, (@ (V) for each P-space X, a € M(X, Y) and closed
subset K< Y.
(¢) € '(a;K) is closed in X for each P-space X, a € M(X, Y) and closed subset
KcYy.

Proof. We prove only that (c) implies (a) . Let () be a filterbase on Y with
the countable intersection property and assume, without loss, that () is closed
under countable intersection. This proof is completed as in the proof of (c)
implies (a) of Theorem 4.9 if we observe that Y(y,, () is a #-space.

The final result in this section is a characterization of H-closed spaces in
terms of inverse cluster sets.

4.13. TueoreM. A Hausdorff space Y is H-closed if and only if
Nvee,xy c€o(a (C)) e T a; cbe(K)) for each space X, ac M(X,Y) and
KcY.

Proof. Necessity. If Y is H-closed, X is any space, K<Y and a e #((X, Y),
then for each x € Ny« clo (@ (C)), a(I'(x)) is a filterbase on Y which along
with cly(K) (quasi H-closed relative to X by Theorem 4.5) satisfies the
hypothesis of Theorem 4.4. So cla(K)Nadea(I'(x))# . For each ye
cly(K)Nadea(T'(x)) we have xe€ T '(a;y). The proof of the necessity is
complete.

Sufficiency. Let ) be a filterbase on Y and let y,€ Y with ad,QN(Y -
{yoh=. Let a e M(Y (o, Q), Y) be the identity function and let V € 3(y,) in
Y. If K=Y —cl(V) and y e clo(K) then y# y, and y¢ ad,Q; since Y is T, there
is an FeQ and a We3(y)—3(y,) in Y satisfying c(W)NF=. So
Yo#7 '(a;y). This means that yo& v,y Clo(@ ' (C)). So yo & cl(Y —cl(V))
in Y(y,, Q) and there is an F e () satisfying F< cl(V).

The proof of the theorem is complete.

5. Inverse cluster sets, connected and connectivity multifunctions. In this
section we extend some results from [3] and [7] for connected and connectivity
functions. If X and Y are sets and a e #(X, Y) we let A, e M(X, X X Y) be the
multifunction defined by A (x)={x}Xa(x). We will call @ a connected
multifunction if a preserves connected sets, and a connectivity multifunction if
A is connected. Theorem 5.1 extends Theorem 4.1 of [3] to multifunctions.
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5.1. TueoremM. Let X and Y be spaces with X compact and let « € #M(X, Y)
be connected with compact point images. Then a is a connectivity multifunction if
for each connected M < X and xe M, € '(a; a(x)) N (M) ={x}.

Proof. Let o be connected and assume the given condition. Suppose there is
a connected M < X with A,(M)=HU K where H and K are separated and let
A=A'(H)NM and B=A'(K)NM. If xe A then A, (x) is connected as the
product of connected sets; A, (x) NH# J and A, (x)c HUK so A (x)< H.
Since a(x) is compact and A, (x) Ncl(K)= J there are sets VeX(x) in X and
Wel(a(x)) in Y with (VXW)NK=. If, moreover, a€ VN B we have
A (a) connected, A, (a)= A, (M) and A, (a)NK# J; so A,(a)= K and this
establishes that a«(VNB)NW=. Furthermore, a(M)=a(A)Ua(B),
a(A)# J and a(B)# J. Suppose y ecl(a(B))Na(x) where x€ A. Then Q=
{a " (Q)NB:Qe3(y)} is a filterbase on cl(M), which is compact. Thus adQ N
cAM)# . If veadQNcl(M) then ve € Ha; y)c € *(a; a(x)). Also, for the
sets We3(y) and Vel(x) above we have a(VNB)NW#J; so VN
(BNa Y(W))= and, consequently, v# x. However, {v, x}< € (a; a(x))N
cl(M). This is a contradiction, so a(A)Ncl(a(B))= . Similarly, a(B)N
cl(a(A))=J. This means that a (M) is pot connected. With this contradiction
the proof is complete.

Our next and final theorem extends Theorems 3.1 and 3.2 of [7].

5.2. THEOREM. Let X and Y be spaces and let a € M (X, Y) be connected and
have closed point images. Then c€(F)< a™'(c€(a(F))) for each connected F< X.

Proof. Let xecl(F). Then FU{x} is connected in X, so a(FU{x})=
a(F)Ua(x) and, consequently, cl(a(F))Ua(x) is connected in Y. Since
cl(a(F)) and a(x) are both closed in Y we must have cl{a(F))Na(x)# <. The
proof is complete.

5.3 ReMARK. Since the preparation of this paper Theorem 5.1 has been
published as the main result in [12]. The proof given above is different and
shorter than that given in [12].
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