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Abstract. Dirichlet’s theorem, including the uniform setting and asymptotic setting, is one
of the most fundamental results in Diophantine approximation. The improvement of the
asymptotic setting leads to the well-approximable set (in words of continued fractions)

K(®) := {x : apt+1(x) > (g, (x)) for infinitely many n € N};
the improvement of the uniform setting leads to the Dirichlet non-improvable set
G(®) = {x : a,(x)ap+1(x) = D(g,(x)) for infinitely many n € N}.

Surprisingly, as a proper subset of Dirichlet non-improvable set, the well-approximable set
has the same s-Hausdorff measure as the Dirichlet non-improvable set. Nevertheless, one
can imagine that these two sets should be very different from each other. Therefore, this
paper is aimed at a detailed analysis on how the growth speed of the product of two-termed
partial quotients affects the Hausdorff dimension compared with that of single-termed
partial quotients. More precisely, let ®;, ®; : [1, +00) — RT be two non-decreasing
positive functions. We focus on the Hausdorff dimension of the set G(®1)\K(D,). It
is known that the dimensions of G(®) and K(®) depend only on the growth exponent
of ®. However, rather different from the current knowledge, it will be seen in some cases
that the dimension of G(®1)\K(P;) will change greatly even slightly modifying ®; by a
constant.

Key words: Dirichlet improvable set, well-approximable set, continued fractions, Haus-
dorff dimension
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1. Introduction
Diophantine approximation aims at quantitative analysis on how well irrational numbers
can be approximated by rational numbers. Dirichlet’s theorem is the first non-trivial
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quantitative result in this aspect and is the starting point of metric Diophantine
approximation.

THEOREM 1.1. (Dirichlet [19]) Let x € R. For any positive number Q > 1, there exists an
integer g with 1 < q < Q, such that

1 1
lgxll < —, ie. min _ |lgx|| < —,
1 1<¢<Q,geN 1 (0]

where || - || denotes the distance to integers 7.
As a corollary, one has the following.

COROLLARY 1.2. For any real number x, there are infinitely many integers q € N, such
that

llgxll < 1/q.

The result in Theorem 1.1 is called the uniform Dirichlet theorem and the result in
Corollary 1.2 is called the asymptotic Dirichlet theorem. The study of the improvability of
Dirichlet’s theorem opens up the metric theory in Diophantine approximation.

e The improvability of the asymptotic theorem leads to the i well-approximable set

W) ={x €[0,1): |lgx|l < ¥(q) for infinitely many g € N}.

The metric theory of “W(y) and its variants constitute the major topic in metric
Diophantine approximation [20]. For examples, Khintchine’s theorem [10], Jarnik’s
theorem [9], the mass transference principle [2], the Duffin—Schaeffer conjecture
[15] etc.

e The improvability of the asymptotic theorem leads to the Dirichlet improvable set

D) ={x€[0,1]: 1rninQ llgx|l = ¢ (Q) forall Q >> 1}.
=q<

The work of Davenport and Schmidt [4] draw one’s attention to the improvability
of Dirichlet’s theorem itself instead of its corollary. For examples, uniformly well
approximable sets [12], uniform Diophantine exponent [3], homogeneous and inho-
mogeneous Dirichlet improvability [13, 14] etc.

As far as one-dimensional Diophantine approximation is concerned, the continued
fraction expansion plays a significant role. Indeed, the metric theories, including Lebesgue
measure and Hausdorff dimension, of the sets “W(y) and D(y) are both studied via
continued fractions at the very beginning.

Let x = [a1(x), a2(x), .. .] be the continued fraction of x, and p,(x)/g,(x) be the
nth convergent of x. Then by the best rational approximation of the convergents, more
precisely,

min |igx| = [lga(x) - x]|,
15 <n41()
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the sets ‘W () and D(y) can be rewritten by changing ¢ to g, (x) and Q to g,+1(x). Easy
calculation leads to the following sets:

K(Dy) = {x €[0, 1) : ap+1(x) = P2(g,(x)) for infinitely many n € N},
G(®)) ={x €[0,1) : a,(x)a,+1(x) = ®1(g,(x)) for infinitely many n € N}.

(Later we use i.m. for infinitely many.) By taking

1
Dr(q) = 1/f(—q)61 and P(g) = %,

one has the inclusions
K(d2) C W) C K(3P2) and G(P1) C D°(¥) C G(3P1).

where D¢ means the complement set of D.

Based on these relations, Khintchine [10] (or see his monograph [11]) presented the
Lebesgue measure of ‘W(yr) and Jarnik [9] showed its Hausdorff measure; for D€ (), its
Lebesgue measure is given by Kleinbock and Wadleigh [13] and the Hausdorff measure
and dimension result is given by Hussain et al [7].

The close relation between the sets K(®;) and G(P) is disclosed in proving the
Hausdorff measure theory of D ().

THEOREM 1.3. (Hussain et al [7]) Let v be a non-increasing positive function with
ty(t) < 1 foralllarge t. Then forany 0 <s < 1,

. 1 ' )
0 lf;l(m) < 00,
. 1 '
00 1fZ,:t<t2<I>1(t)) =00

More precisely, the divergence theory is followed by just using the simple fact that

H (D)) =

K(®) C G(P)

and the following Jarnik’s theorem.

THEOREM 1.4. (Jarnik [9]) Let ® : N — R be a non-decreasing positive function. Then
forany 0 <s < 1,

. LY
0 1f;t<t2<b(t)> < 00;

| LY
(0.¢] 1f§:t(m> =0

So dimyg(G(®)) = dimy (K (P)). It is surprising that the subset K(P) can give the right
dimension of G(®) from below. So it is desirable to know how much is the difference
between K(P) and G(D).

H (K(®)) =
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THEOREM 1.5. (Bakhtawar, Bos and Hussain [1]) Let ® : N — R™ be a non-decreasing
function. Then

dimp (G(P\K(P)) = dimy (K(P)). (1.1

To prove the equality in equation (1.1), the < direction is trivial since dimy(G(®P)) =
dimy (K(P)); for the > direction, one considers the following subset:

P(gn(x))
—

{x €0, 1) :ay(x) =4, ap+1(x) > m.n eN;

and a,41(x) < ®(g,(x)) foralln € N}.

Since there is already enough room for the choice of a,41(x) and such a room is almost
the same as in finding the lower bound of the dimension of K(®) (see for example [22]),
it should be imagined that this subset should have the same dimension as K(®).

Roughly speaking, only the term a,41(x) contributes the dimension of G(®) while
an (x) does not. One main reason is that the restriction a,1(x) < ®(g,(x)) is too loose
that it is already sufficient to ask that a,,+1(x) is large and a, (x) behaves almost freely.

However, if a,41(x) cannot be very large, then a, (x) must contribute to realize that
an(x)a,+1(x) is large enough. So to have a better understanding about how a,(x) and
an+1(x) contribute to the dimension of G(®), we consider the following difference set:

GOP\K(P2) = {x €[0,1) : an(x)an+1(x) = P1(gn(x)), i.m. n € N;
and a,4+1(x) < ®2(gn(x)) for all n € N large}.

When &, < &4, both a,(x) and a,+1(x) have to contribute to realize a,(x)a,+1(x) >
®1(gn(x)). Then there will be a selection about how to choose a,(x) and a,41(x)
separately: equal or non-equal growth rate, which would be the optimal choice? The
general principle of how a,(x) and a,41(x) are chosen will be explained in detail in
the proof. Moreover, one will see that a minor change on ® will cause a big difference
on the dimension.

We ask ®; and @, to take the form as Jarnik’s original theorem, that is, ®;(q) = ¢"
and write G(t1)\K(t2) for the set G(D 1)\ K(D7).

THEOREM 1.6. For any t;, t; > O:
o whent; >t +1n/(l+1n),

Ga\K(12) = ¥;
o whent; =t +6/(1+1n),

GE\K(12) = 0

e whent) <t) <th+n/(l+1n),

dimi (G(r\K(12)) = 1 - 3 _i‘ ~
o whent] <b,
dimy (G(1)\K(12) = 5.
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We separate the case t; = > + 2 /(1 + #2) from the others, mainly because a different
situation will happen for this case. We give two examples to illustrate this. Denote
Ei={xe[0,1):a,(x)ani1(x) > q,(x)",im.n € N,
ani1(x) < gn(x)™ for all n € N large},
Er={xec[0,1):a,(x)ans1(x) >4""1g,(x)",im. n e N,
an11(x) < 3g,(x)™? for all n € N large}.

The first set E; is nothing but G(¢1)\K(2). We duplicate it here mainly for comparison.

PROPOSITION 1.7. Ift; = t2 + /(1 + t2), then
1

Ei=0, dimgE;=1-— .
! H =2 2+1

These two examples illustrate that as far as the general functions ®; are concerned,
minor change on the function will lead to a big difference between the dimensions. So it is
almost hopeless to give a unified formula for the dimension of the set G(®1)\K(P>) (the
formula is hopeful only when @, is good). Therefore for simplicity, we ask ®; to behave
regularly instead of arbitrarily.

THEOREM 1.8. Let ®1, @, be two non-decreasing functions. Assume that
. log ®1(g) . log ®12(q)
lim ——— =17, lm ———=1p,
g~ loggq g—oc loggqg
Then the following:
e whent; >t +1nr/(1+0n),

G(OD\K(D2) = 0;
o whent) <t) <th+t/(l+1nh),

14

dimp (G(PO\K(®2)) =1 — 7

o whent] <b,

2
dimy (G(P\K(P2)) = i

Even though only special functions are considered here, the proof below will be
sufficient to illustrate how the partial quotients a,(x) and a,41(x) contribute to the
dimension of G(P).

Throughout the paper, denote by H° the s-dimensional Hausdorff measure, dimyy the
Hausdorff dimension and ‘cl’ the closure of a set. We use a < b, a> b and a < b
respectively to mean that 0 < a/b < ey,a/b > ey > 0and e; < a/b < e; for unspecified
positive constants eq, e;.

2. Preliminaries

In this section, we shall collect some basic properties about continued fractions for later
use. For more properties, one is referred to the monographs [8, 11].
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Continued fraction expansion is induced by the Gauss transformation 7 : [0, 1) —
[0, 1) given by

7(0) :=0, T(x):l(mod 1), xe(0,1).
X

Then every irrational number x € [0, 1) can be uniquely expanded into an infinite
continued fraction:

x = =la1(x), az(x), .. ],
aj(x) +
ar(x) + -
where a1 (x) = [1/x] and a, (x) = a1 (T" ' (x)) for n > 2 are called the partial quotients
of x. The finite truncation

Pn(x)
T = ar(x), .- ., an(x)]
qn(x)
is called the nth convergent of x.
The numerator and denominator of a convergent can be determined by the recursive

relation: for any k > 1,

Pr(x) = ap(xX) pr—1(x) + pr—2(x), qr(x) = ar(x)qr—1(x) + qx—2(x), 2.1)

with the conventions pg =0,g0 =1, p—1 =1,9g-1 =0.
For simplicity, we write

Pn(X) = pu(ai, ..., an) = pn, qun(x) = qu(ai, ..., an) = qn (2.2)
when the partial quotients ay, . . ., a, are clear.
LEMMA 2.1. Letay,...,ay, b1, ..., by, beintegersin N. For any 1 < k < n, one has
an =20"V2 and  pu_1qn — pugn-1 = (1", (2.3)
1 < Qn—i-m(al’-uvanabl’-~~abm) <2 (2.4)
C]n(al, CEEEE ,an) 'C]m(bl, s ey bm)
For any positive integers ay, . . ., a,, define
In(ar,...,ay) ={x€[0,1):a1(x) =ai,...,a,(x)=a,}

and call it a cylinder of order n. The length of a cylinder and its position in [0, 1) is
demonstrated in the following propositions.

PROPOSITION 2.2. (Khintchine [11]) For any n > 1 and (ay, . . ., a,) € N, pi, qi are
defined recursively by equation (2.1) for 0 < k < n. Then
|:pn pn+pn—l) . .
_ ifn is even,
dn  qn T qn-1
I,(ay,...,a,) = N (2.5)
(M &] ifn is odd.
dn +qn-1 qn
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Therefore, the length of a cylinder of order n is given by
|1 ( )| 1
at,...,ay)| = ——.

" " qn(gn + qn—1)

Since every number in [0, 1) has continued fraction expansion, then

0.0)= | ... a0

Alyeenslp
Thus,
| < ! <2 2.6)
_al ,,,,, ay qr%(al»"°’an) - . ’
PROPOSITION 2.3. (Khintchine [11]) Let I, = I,,(ay, . . ., a,) be a cylinder of order n,
which is partitioned into sub-cylinders {I,+1(ay, . .., an, ap+1) : an+1 € N}. When n is

odd, these sub-cylinders are positioned from left to right, as a, 1 increases from I to oo;
when n is even, they are positioned from right to left.

Next, we introduce the mass distribution principle which is the classic method in
estimating the Hausdorff dimension of a set from below.

PROPOSITION 2.4. [5] Let E be a Borel set and . be a measure with (L(E) > 0. Suppose
that for some s > 0, there exist constants ¢ > 0,r, > 0 such that for any x € E and
r < To

w(B(x,r)) <cr’, (2.7)
where B(x, r) denotes an open ball centered at x and radius r, then dimyg E > s.

At the end, we give some dimensional numbers which are related to the dimension of
the set of points with bounded partial quotients.
For any integer M, define

Ey={xel0,1):1<a,(x) <M foralln > 1}.
For each integer N, define 55 (M) to be the solution to the equation
1 N
S (et
I<aj oy <M qy(ai, ...,an)
PROPOSITION 2.5. (Good [6]) The limit of sy (M) as N — o0 exists and
dimH EM = lim EN(M) = §(M)
N—o0
It is well known that the set of points with bounded partial quotients (that is, the set of
badly approximable points) is of Hausdorff dimension 1 (see [18]). Thus,
lim dimyg Ey =1, 1ie. lim 5y = 1.
M— o0 M— o0

These two results can also be seen by using the words from dynamical systems. More
precisely, a pressure function with a continuous potential can be approximated by the
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pressure functions restricted to the sub-systems in continued fractions (see for example
Mauldin and Urbanski [16] or their monograph [17]).

3. A Cantor set
This section is devoted to dealing with the dimension of a Cantor set which is highly related
to the dimension of G(#1)\K(t2) and also may have its own interest and applications to
other problems in continued fractions. Bear in mind the notation in equation (2.2).

Let a1, oz > 0 be two positive numbers. Denote by E (a1, o) the set

{x €[0,1): c1q 1 () Sap(x) < 2c1q 1 (), 2g72(x)
< dp41(x) < 2c2¢)*(x), im. n € N}
where c1, ¢ are positive constants.
One will see how the growth of a, (x) and a, (x) affects the dimension of E (1, 2).
For notational simplicity, we take c; = ¢ = 1 and the other case can be done with verbal

modifications; if an integer n is assumed to be a real number &, we mean n = |£]; in the
definition of E(a, a), there are qZ”_ | many choices of a, (x).

THEOREM 3.1. Forany ay, ay > 0,

2
dimy E(ay, @) = min { o + }

ar +2° (a1 + D(ax +2)

The proof of Theorem 3.1 is split into two parts: upper bound and lower bound.

3.1. Upper bound. Because of the limsup nature, there are natural coverings for
E(ay, ap). For each n > 1, define

Ep={x €0, 1): g, (x) < an(x) <2q,"(x), ¢;2(x) < apy1(x) < 2g,2(x)}.
Then

E(ap, ar) = m U E, C U E,.

N=1n=N

So in the following, we search for the potential optimal cover of E,, for eachn > N.
By decomposing the unit interval into the collection of (n — 1)th order cylinders, one
has

En= |J &eloD:a@=a,1<i<nq) <ax) <2,

ai,....ap—1 €N
gy < any1(x) < 2g;2}.

Then there are two potential optimal covers.

e Cover type L. For any integers ay, . . ., a,—1 € N, define
Jn—1(a, ..., an—1) = U Iy(ay, . .., an),
qnll<a”<2q
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which is an interval of length

P Pntpa-t| 1

qn qn + qn—-1 A qgl_-il_z'

|Jn—1(al,...,an_1)| = Z

061 o
Gp—1=0n <2qn—l

Then,

E, C U Ju—1(ay, ..., ap-1).

Aapse.dn—1

Therefore, an s-dimensional Hausdorff measure of E(«1, op) can be estimated as

o0
H (Een, ) <liminf Y 3 0 i@, an )l

n=N ap,..., An—1

< lim inf Z Z (ot1+2)r

N—o0
n=N ai,....ay—1 n 1

Recall equation (2.6) where

1
Z —— <2, andgy_| > 2n=2)/2,

Al yeeny anlqn 1

Thus for any € > 0 and by taking s = (2 + 2¢) /(a1 + 2), it follows that

1
H (E(ay, ap)) < hm 1nf Z Z ( m)

=N ALty qnl

<2 11m 1nf Z 2(n 2)6

This shows that

dimyg E(ay, a2) <

ar +2°
e Cover type II. For any integers ay, . . ., a,—1 € Nand ¢, | < a, < 2q,',, define
Ju(ar, ..., ay) = U Livi(ay, ..., apg1),
qzz =<dp+1 <2432
which is an interval of length
1

[Jn(ar, .., an)l X ——.

qn

Then,

E.c |J U @ . an.

apy...dp—1 % o
Pl 1qnllsan<2qnll
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Therefore, an s-dimensional Hausdorff measure of E(«1, o) can be estimated as

H (E(ar, 02) <liminf 37 Yoo lan. . a)l

— o o
n=N ai,...,anp—1 qnl—lfa"<2qnll

o0
.. 1
< lim inf E E E m

N—oo — o o n
n=N a1, -1 qnllfan <2qnl]
Recall that
qn = @ngn—1 + qn-2 = anqn—1.
Thus it follows that
o0 qcl|
s < 1im i n—1
H (E(ar, Olz)) - l}vl‘[l)lollf Z Z (14 (ar+2)s °
n=N a,...an—1 In—1

Then with a similar choice of s and the argument as in the first case, one has

dimy E( ) < 2+
im od, o) < —m8M
B = 0T a2+ a)

In summary, we have shown that

o]+ 2 }
a1 +27 (a1 + D@ +2) )

dimyg E(aj, az) < min {

3.2. Lower bound. We use the mass distribution principle (Proposition 2.4) to search for
the lower bound of the dimension of E(«1, a): define a measure supported on E (1, o2)
and then estimate the Holder exponent of .

Recall a1 > 0. For any integers N, M, define the dimensional number s = sy (M) as
the solution to

1
Z W =1. (3.1

Then by Proposition 2.5, one has

2
li i M) = . 3.2
Mgnoo NgnooSN( ) o]+ 2 (3-2)
So fix € > 0 and then choose integers M, N sufficiently large such that
5> —e, @WN=D/2)€/2 5 o100
o] +2
Fix a sequence of largely sparse integers {/x }x>1, say,
I > et and take ng —ng—y = N + 1 forall k > 1,
such that
k—1
(zlk(l\’—l)ﬂ)é/2 > H(M + ])ftN(1+042)k7’(1+a1)k7’. (3.3)

t=1
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Then define a subset of E(«, ap) as
E={xel0,1):qn-1()" < an(x) < 2qn—1)", gn, ()** < @ 41(x)

< 2y, (x)* for all k > 1; and a,(x) € {1, ..., M} for other n € N}. (3.4)

For ease of notation, we perform the following.
e Use a symbolic space defined as Do = {#J}, and for any n > 1,

Dy, ={(a1,...,as) € N" 6]3,:_1 < ap, < 261,?,:_1, qgkz = ap41 < 2‘];7,(2
forallk > 1 withny, ngy +1 <nj;anda; € {1, ..., M} for other j < n},

which is just the collection of the prefix of the points in E.
e Use U to denote the following collection of finite words of length N:

U={w=(01,...,058):1<0;, <M,1 <i <N}

In the following, we always use w to denote a generic word in U.

3.2.1. Cantor structure of E. For any (ay, . .., a,) € D,, define
Jn(a17---»an)= U In+1(a1a-'~san,an+1)

Ap1:(A1 50 An 1) € Dy

and call it a basic cylinder of order n. More precisely, for each k > 0:
e whenng_;+1<n <n;— 1 (byviewing ng = 0),

Jular, ..., ay) = U Livi(al, ..., ap, Guy1);

1§an+1§M

e whenn =n;—1orn = ng,

Jn—1(@r, .. ap—1) = U (@i, . . .. an. an,).
a] ]
anfl Sa”k <2an71
Iptar, . a) = | Iyritan. . an ang).

qs]z Sank+l <2qs§

Then define

Fo=|J n@.....an)

(@150 ap)€Dy
and call it level n of the Cantor set E. It is clear that
o0 o0
E:ﬂﬂ:ﬂ U Ju(ay, ..., ay).
n=1 n=1 (ay,...,an)€D,

We have the following observations about the length and gaps of the basic cylinders.

LEMMA 3.2. (Gap estimation) Denote by G, (ay, . . . , a,) the gap between J,(ay, . . . , a,)
and other basic cylinders of order n. Then
1
Gulay,...,ay) > M Nu(ar, ..., an)l.
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Proof. This can be observed from the positions of the cylinders in Proposition 2.3. Recall
the definition of J, given above and note that different cylinders I, are disjoint. When
n = ny — 1 or n = ny, the basic cylinder J, lies in the middle part of I,,, so there are large
gaps between J,, with other basic cylinders of order n. For other n, note that

U In+1(a1» LR ] am Cl)

a>M
falls in the gap of J, (a1, . . . , a,) and other basic cylinders in its right/left side (when n is
odd/even). Then one needs only estimate the length of these gaps. A detailed proof can be
found in [21] or [22]. O]

Recall the definition of U. Every element x € E can be written as the form

(1) (1) 2) 2
xo=[wy W Ay Gy W Wy Ay Gyt

(k) (k)
WY Wy s At - .,

Wherew ) e Uforall 1 <i</dy,k=>1,and
‘1:,171 <ap, < ZQZL], qy? < an,+1 < 2q,* forallz > 1.

We estimate the length of basic cylinders J,(x) for all » > 1. For ny +1 <n <
ng+1 — 1, we have

1, ()] = Pntpo-t (M A+ Dpp+ pa-i M L
! qn + qn-1 (M + Dgn + gn-1 (Qn + gn—1)((M + Dgp + gn—1) — ,%

and similarly,

anl 1
(an 19n—1 + Gy — 2)(2an 19n—1 + qny— 2)

1 o142 1 1 o)+2
- J, - — ,
(an_mx)) > Mn—1(01 = 5 (anq(x))

1 (a1+1)(a2+2) 1 ar+2
> |Jp ()]
<an1> (an(x)> "

1 ar+2 1 1 (a1+ 1) (ax+2)
. > [ — .
(‘1nk (x)> T 27 <an1>

Here for the last inequality, we used qskl_l <ay < Zqzk‘_l.
Recall equation (3.3) for the choice of the largely sparse sequence {¢;}. Consequently,
we have the following lemma.

[ ng—1(0) =

SO

v

v

| —

LEMMA 3.3. (Length estimation) Let x € E and an integer n with ny — 1 <n <
ngy1 — L
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e n=mn;—1,

11 1 /1 f-"[ 1 1 \«at?
|Jnk1<x>|z—3-—23—3.(7. . )
2 qu[kljl 2 2 i=1 QN(wl-(k)) qnj_1+1
<f_k[ 1 ><a1+2>(1+e>
> . — . (3.5)
= k
i=1 CIN(wi( ))
L4 n= nk)
1 1 1 1
[T (X)) > 3 mi > B e @i (3.6)
4ny an—l
o n=nr+1,
[Jg+1(x)| = ! ! > ! ! 3.7
mtl O Z 3 S 2 (G .
2 an+l 2 CIn/E )
o Foreachl <l < {yyy,
¢
1 1 1 1
[ g+ 1en (O] = 55 - (7 11 — ) =
ZEEAN 1112\7(10,-( 1y Dy +1

L 1 1+4€ 1
= (l_[ 2 (k+1))) ’ (3-8)

2
i=1 Iy (W; Dni+1
o Forng+ 14+ —-—1)N<n<np+1+ENwithl <l </lp4,
[Jn () = ¢ - [Ingt14e-1HN ()], (3.9
where ¢ = ¢(M, N) is an absolute constant.
Proof. Applying equation (2.4) in Lemma 2.1 for £; times allows us to arrive the third
inequality in equation (3.5), while the last inequality just follows from the choice of £; and
€ in equation (3.3).

For the relation in (3.9), one notes that the partial quotients are all bounded by M except
at the positions n = ng, nx + 1. The constant c can be taken as

1 1 2N
2_3'<M+1> ' =

3.3. Mass distribution. 'We define a probability measure supported on the Cantor set E.
Still express an element x € E as

(1) (1) 2) 2
X = [wl LRI wZ] 9al’l19 an1+l7 wl LECEENEIE) wZZ > anz, anz-‘rla
(k) (k)
Ces Wy ,...,wgk,ank,ankﬂ,...],

where

o]

o o
10 qp; < an+1 < 2q,’ forallz > 1.

w e Uforalli,k €N, and g2 | <ay, <2g
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We define the measure along the basic cylinders J, (x) containing x as follows.
o letn<n+1:
— foreach 1 < { < £, define

14

1 (a142)s
pOnie) =] (—(1))) .

iz1 \an(w;

Recall the definition of s (see equation (3.1)) and then once u is a measure, it is a
probability measure. Because of the arbitrariness of x, this defines the measure on
all basic cylinders of order {N;

— for each integer n with ({ — 1)N < n < £N for some 1 < £ < {1, define

)= Y p(en(x)
Jen CIn(x)

where the summation is over all basic cylinders of order £N contained in J, (x).
This is designed to ensure the consistency of a measure;
— when n = ny. Note that ny = £1N + 1, then define

Uy () = oy 1) = f‘[ S
n—1 9ni—1 11 ‘IN(wz )(011+2)S
— whenn =n; + 1, define
1 00) = o 1y () = =+ - o .
4qn; dni Gpy—1 1y gy (w, )@ +2s

o Let ng_1+ 1 <n<ng+ 1. Assume the measure of all basic cylinders of order
ni—1 + 1 has been defined:

foreach 1 < ¢ < ¥, define

14

1
(41480 (X)) = (]_[ —) (g +1(X)); (3.10)

k
i=1 4N (wl( ))(a'+2)s

— foreachintegern withng_1 + 1+ — )N <n <ng_1+ 1+ £N forsome 1 <
£ < ¥, define

(T (X)) = > (T 41408 (X))
Jnk,l+|+ZN(X)CJn(x)
— foreachn = n; and n = nj + 1, define
1 1
U(n () = 57— - uUn=1(x))s n(Ip+1(x)) = P U (x)); (3.11)
ng—1 ng

— define the measure of the basic cylinders of other orders as the sum-
mation of the measure of its offsprings to ensure the consistency of a
measure.

Look at equation (3.10) for the measure of a basic cylinder of order ny + 1 4+ £N and its
predecessor of order ny + 1 + (¢ — 1) N: the former has one more term than the latter, that
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< 1 )(a1+2)s
k+1 ’
an )

which is uniformly bounded. Thus there is an absolute constant ¢ > 0, such that for each
integer n:
e whenny+ 1+ —1)N<n<npy+1+4+EN,

is the term

m(Jy(x)) = ¢ (140N (X)); (3.12)
e whenn # n; — 1 and n # ng,
m(pg1(x)) = ¢ - u(Ju(x)). (3.13)

3.4. Holder exponent of : for basic cylinders. We compare the measure with the length

of J,(x).

(1) When n = n; — 1. Recall equations (3.5) and (3.10) on the length and measure of
Jui—1. It follows that

Ly

M(J 1) < l_[ ; < |J l(x)|s/(1+e) < <;>S/(1+E)
ng— —_ k — ng— — 2 .
i=1 ‘IN(wi( ))(a]+2)s gklj_l

(2) When n = ny. Recall equations (3.11) and (3.6).
1 1 1 s/(1+¢€) 1 t
(T () = —g— - u(n—1(x)) < —5— - (W) = < >

(a1 + 1D (a2 +2)
ng—1 Tni—1 ng—1 np—1

1 t
= C|Jnk(x)|t =c- (m) ,
qny

where ¢ is chosen as
ar + (ap +2)s/(1 +¢€)
T (@ + D@ +2)
(3) Whenn = n; + 1. Recall equations (3.11) and (3.7). Note that 0 < ¢ < 1.

1 1 1 !
m(Jnr1(x)) = a0 Uy (%)) < % ¢ <—>

ar+2
dng qny anz

1y 1y
< C(m) < 02|Jnk+l(x)|t = 02< 3 ) .
qny Dp+1

(4) Whenn =ng+ 1+ £¢N for some 1 < £ < ¢. Recall equations (3.5) and (3.10).
¢

wherreen) = |

L} D et

(I 1(x))

< l£[ ! ( ! )t (by neglecting o)
=6 Doy \ 2 Y o1)-
i=1 QN(w,‘( * ))2s Appt1
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Recall equation (3.8) for the length of J,,, 4 14¢n. It follows that

(g 14eN () < 2l g1y (o) [P0t/ FE

(5) Remaining cases. Then we are in the case that ny + 1 <n < ngy; — 1. Let 1 <
£ < {41 be the integer such that ny +1+ (¢ — 1)N <n < nx + 1+ £N. Recall
equation (3.9). Then

1(Jn () < wnr14@-nN ) < ol Tngp 1 e—nyn () [T/ AFE)
<c¢y-c- |Jn(x)|min{s/(1+€),l}.
In summary, we have shown that for some absolute constant c3, for any n > 1 and
xeE,

(T (x)) < €3 - | ()| mints/ TF, (3.14)

3.5. Holder exponent of ju: for a general ball.  Write

So = min {L,t}.
1+e€

Recall Lemma 3.2 about the relation of the gap and the length of the basic cylinders:

Gn(x) = % I ()]

We consider the measure of a general ball B(x, r) with x € E and r small. Let n > 1 be
the integer such that

Gu1(x) <1 < Gp(x).

Then the ball B(x, r) can only intersect one basic cylinder of order n, that is, the basic
cylinder J,(x), and so all the basic cylinders of order n + 1 which have non-empty
intersection with B(x, r) are all contained in J, (x).

Let k be the integer such that

ng_1+1<n<n;+1.

(1) Whenng_1 +1 <n < ng — 1. By equations (3.13) and (3.14), it follows that

w(Bx, 1) < u(Jn(x)) < ¢ - p(Int1(x)) < c-c3 - [Jnp1(0)]*
<c-c3-M-(Gpp1(x))” <c-c3-M-r".

(2) Whenn = ny — 1. The ball B(x, r) can only intersect the basic cylinder J,,, — (x) of
order ny — 1. Now we estimate how many basic cylinders of order n; are contained
in J,,—1(x) and intersected with the ball B(x, r).
We write a general basic cylinder of order ny contained in J,;,—1(x) as

o]

Jn(u, a)  with q::lk‘_l <a<2q, |
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It is clear that for each a, the basic cylinder J,, (1, a) is contained in the cylinder
I, (u, a) and the latter interval is of length 1/gy, (¢s, + gn,—1) With
1 1 1 1
> > = .
qni—1 (u)2a1+2 qny (an + an—l) 2’ dni—1 (“)za' +2

e When
1 1
r< —sz-—————.
25 an_1(u)2“‘+2

Then the ball B(x, ) can intersect at most three cylinders I, (1, a) and so three
basic cylinders J,, (4, a). Note that all those basic cylinders are of the same
(-measure, thus
p(B(x, 1)) < 3u(Jn, (X)) <3+ ¢3+ [Jn, ()%
<3.¢3-M-Gpy1(x) <3.¢c3-M-r'.
e When
1 1
r>—= - ——.
25 erkfl(u)2a1+2

The number of cylinders I, (4, a) for which the ball B(x, r) can intersect is at
most

201 G WP 12 <27 g ),

so at most this number of basic cylinders of order ny can intersect B(x, r). Thus,

1
u(chro)SInhl{M(L%_mx»,27-r-qm_lun*“+2-( . -u(L”_mx»)}

ng—1
< 3 Ut - min{1, 277 g1 )12
1 So

<o |l —— ) e 27 L p g (w)¥1 T2

=3 (an_l(u)“1+2> ( qny 1(u) )

=cy4 1.

(3) When n = ny. By changing ny — 1 and « in case (2) to n; and oy respectively

and then following the same argument as in case (2), we can arrive at the same
conclusion.

We conclude by mass distribution principle (Proposition 2.4) that

(3.15)

) ) { s ap+ (e +2)s/(1+ 6)}
dimyg E > min R .
l+e€ (a1 + D(a2 +2)

Recall equation (3.2) on s = sy (M). Letting N — oo as then M — oo, we arrive at

2
dimy E (a1, o) > min { ot }

ar +27 (ap + D(az +2)

This finishes the proof.
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4. Simple facts for G(t1)\K(t2)
4.1. The condition for G(t1)\K(t2) non-empty. Recall that

GuD\K(12) = {x €0, 1) : ay(x)any1(x) = g ()", im. n € N;
and a,41(x) < ¢, (x)™ for all n € N large}.

It is clear that if #; is very large and #, is very small, one must have G(11)\'K(t2) = 0.
So there should be some boundary value between #; and #, ensuring the non-empty of

G(t)\K(t2).
LEMMA 4.1. When t; > ty + t2/(1 + 12), the set G(t1)\K(t2) is empty.

Proof. Ttis sufficient to show that under the restriction that a, 1 < qf,z for all n large, one
ultimately has

anan41 < ql).
It should be easy to see that G(¢1)\K(z2) is non-empty when ¢; < f5. So in the following,

we ask 11 > tp. Thus,

' f—t
Andnt1 < gy <= an < q,

nh—n

t—t H—h 1—t1+1,
=ay <al %q, = a, T2 <q, |°.

This is obviously true if 11 — #, > 1, so assume that 1 — o < 1. Let us continue the above

argument.
tr (1—1t)+t; -t
nans1 < gl = g2 < gl
1)
—nl—-t1+n)<f—hHh<<t >H+ .
14+1n
In conclusion, we have shown the desired claim. O

5. Hausdorff dimension of G(t;)\K(t2) whenty < t; <th + /(1 + 1)

5.1. Lower bound. First we give some rough words for finding a suitable subset of G(#1)\
K(12). Initially, we separate the restriction posed on the product a,a, 1. This leads us to
consider the following set:

F:={x:a,x qz”_l, any1 < qfl‘z, im.n € N,and 1 < a, < M for all other n € N}.

We hope that F is a subset of G(¢1)\'K(2) and at the same time, the dimension of F should

be as large as possible.

e [t is clear that the smaller o1, oy will result in a larger dimension of F. So, we may
choose o1, ay satisfying

Combining with g, < a,g,—1, one has that
o] (1+op)as (14t

Dy 19n—1 =q,_, o+ A +aphou =0+ap)h
a
< =1 — . 5.1
ay =1 T o (5.1
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e However, we need that o) < and oy < t» which gives the range of o, ap. More

precisely,
‘) <h,on <k < ‘a) <t, ag =1 — t’
14+ o
. h—nh , .

—— <oy <t (expressedintherange of ;) (5.2)

1l—t1+1n

1% .

1t — 31 <oy <ty (expressed in the range of p).  (5.3)

2

Now we give a rigorous argument in defining a subset of G(¢1)\K(t2). Recall the set
defined in equation (3.4) with a suitable choice of the constants ¢ in E (a1, op):

E = {x 1 qu1 ()™ < @y (¥) < 21 ()™, 221y, (x)*2
< lper1 (x) < 221H g, (x)®2

forallk > 1; and a,(x) € {1, ..., M} for other n € N}. 5.4

PROPOSITION 5.1. For any pair (o1, ag) satisfying equations (5.1) and (5.2), for any
integer sequence {ni}i>1, the set E in equation (5.4) is a subset of G(t1)\K(t2) and
thus

dimyg G(11)\K(12) > min { o1+ 2 }

a1 +27 (ap + D +2)

Proof. The fact that a, (x)g,—1(x) < gn(x) < 2a,(x)g,—1(x) will be used. Take a general
element x € E. We check that x € G(#1) but x ¢ K(1).
e x € G(t1). This is done by checking that

ap, (X)ap,+1(X) > gp, (x)" forallk > 1. (5.5)
More precisely, on one hand,

o 2t 2t o
ank(x)ankJrl(x) = anl_l - 271 'qg,f > 271 ,anl_l(ankanil)az

(aj+1Dan

21 o]
z 2 .an—l .an—l

On the other hand,

1
gl < Qaggn—)" <221 g "

Then the inequality in equation (5.5) follows by recalling the first equivalence in
equation (5.1).
e x & K(tp). This is clear since o; < t, ap < tp by equation (5.2).
The dimensional result follows directly by recalling the dimension of E in equation
(3.15). O

We claim that the second term is the minimal one under the condition in
equation (5.1).
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LEMMA 5.2. Under the condition in equation (5.1), one has

. { 2 24+ o } 24+ o
min , = .
24a; (I1+a)2+oa) (I +oa)@+az)

Proof. At first, rewrite the relationship between o1 and o;:

1 1

=t —1+ , SO =ay—1 + 1.
*x=h o Clga 270
Thus,
24 _ 1 n 1
A+a)R+a) (+a)R+a) 2+
_Otz—tl—}-l 1 _ 151
T w42 240 2+4ar
Asa consequence,
2 2+ 2 4]
> < >1—
24a; T I+a)@+a2) 24+ o 24w
o, 9 <:>t(1+2)>2+ n+1+ :
_ oy =
24a T 24 ! ap S ar+1
2t 1 o
— — >4+ — 2>+ .
o] 14+ o +1
Let
f) =x+— PSP [0, 12]
= —_— = - , € [0, r].
* o 1+ x o 14+ x x 2

Clearly f is increasing with respect to x and when x = #,, it attains its maximal value

B+ —2
2 1+15
So, what we need is to show that
201 >t + 2 <2 >t + 2
=R, S PN
=2>1+4+ )
14+1#

which is clearly true.

As a consequence,

. 4]
d t)\K(tr) > 1— it
imyg G(t)\K(12) _SUP{ e VT Trn

14
2410

<o Sl‘z}

In other words, the supremum is achieved at oy = 7.
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5.2. Upper bound. Recall that the lower bound of dimy G(#1)\K(t2) given above is
attained at
Ih—n

o) = tz, o) = —.
I14+06 -1

LEMMA 5.3. Forany x € [0, 1),

an () ant1(x) > g1 (x), ani1(x) < g2 (x) = ay(x) > gu (x) 172/ AF0=0),

Proof.

t t t—t t1—t 11—
4y < anant1 < anqy = q, < ay > ay, 261,17] = an

1 (tl*tz)/(lthZ*fl)-

n—n —t+h
<a, = ay = dn—1 O

n—1

:}q

This lemma almost convinces us that the lower bound given above is the right dimension
of dimy G(#1)\K(#2). Denote oy = (t; — t2)/(1 + to — t1). Lemma 5.3 implies that

G(t)\K(12) C {x Lan (x) > guoy (1) TRATT g, L (x)

- gn(x)"
T oap(x)

Fixs > 1 —1#1/(2+ t2). At first, it is easy to check that

,i.m.neN} =G.

f 1
s(l+18)>1 s > — 1 - >
(1 +2) 1+ 1 246 141
n n
> =24+t >1+t
1+ 241 : '

= 1+n>n.

The last inequality is clearly true since we are in the case that

4]
1418

Hh=th+

Now we search an upper bound of the dimension of G. Still due to the limsup nature,
there is a natural cover of G. For any ay, . . ., a, € N, define

Ju(ar, ..., ay) = U Lyyi(ar, . .., an, apy1),
an+lZ‘]r’ll/an
which is of length

a 1

|Jnlag, ..., ap)| < = .
’ ’ 24t 241 1+t
qn 1 q la 1

n—1%n

It is clear that

s=JyU U U Jta.....aw.

i — o
N=1 n=N ay,....a,_1 €N aaninll
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Thus, the s-dimensional Hausdorff measure of G can be estimated as

WS(§)<hm1an Z Z <2+t1 1+t1)

n=N ap,..., anlanq

1
< llm lnf Z Z ( 2411 ) (qou[(l+t|)s—1])’

n=N ap....an-1 ~In—1 n—1
where we used the fact that s(1 4 #1) > 1. The above series converges if
CH+t)s+a[d+)s—1]>2<— QL+tr)s+ar(l+1)s >ao1+2

o1 +2
24t +a(14+1)

S5 >

Substituting the choice of « into the last term gives that

ar +2 -/ +n -t +2 (/A +n—1)+1
24n+al+n) I+ A+m)0+e) 1+ + )
_ 24+ -1 _24n-n
S l4nh—t 4141 2410
n
- _2+t2'

This is what we choose about s. As a conclusion, we have shown that

n

dimyg G(t)\K(12) <dimp G <1 — 2416

6. Hausdorff dimension of G(t1)\K(t2) when t; < t»
(1) When t; = 1. In this case, for any ¢’ with t, + /(1 + ) > t’ > t] = t, we have
that

G N\K(12) C Gt)\K(12).
Thus

/

dimyg Gt )\K(12) = 1 —

2410’
then letting 1/ — 1 gives the lower bound. The upper bound is clear, since
G\K(r2) C G(1).

Thus we have

2
dimyg G(t1)\K(t2) = m

(2) Whent < 1. Take t; = 11, that is, we decrease 1, to #5. Then

GN\K(1y) C Gt)\K(12).
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Then we are in case (1). So,

dimyg G(t)\K(12) = P

The upper bound of the dimension is trival since it is always bounded by dimy G(#1).

7. The two examples
Assume that

h=n+

1+t
e Example 1.

Ei={xe[0,1):a,()an1(x) > g, (x)",im. n e N,

any1(x) < gu(x)? foralln € N large}.

We show that E is an empty set. The proof is rather the same as that for case #; > f, +
t/(1 +1). Let x € [0, 1) and assume that for all n > 1, a,41(x) < g, (x)2. Then

Anans1 < g} = ap(x) - ga(x)? < gu(X)"
— an(x) < Qn(x)tl_t2 —a,u(x) < (an(x)Qn—l(x))tl_tz
= ap ()T < g 1 ()12 = guo (02T < (g ()12
«—1<1

by noticing that

n
1+15

nhl—-tn+n)=tH—-—hHh&h=n+
e Example 2.

Er={xe[0,1):a,(x)ans1(x) >4"1g,(x)",im.n € N,

ani1(x) < 3g,(x)2, foralln € N large}.

Choose oy = 1, and o such that ap = #; — o1 /(1 + «1) (in fact, & = f; too). Then
consider the set

Fi={x:qu1(0)" <a,(x) <2g,—1(x)%, gn(x)* < apy1(x) < 2¢,(x)*?,im.n € N;
and 1 < a,(x) < M for all other n € N}.

‘We show that F' is a subset of E>. Let x € F. At first,
Gn(x) < 28, (X)qn-1(x) < 4gn_1()' T = gu_1(x) = (gu(x)/4)"/ T

Therefore,
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e the first requirement in E»:

(x) ay/(1+ay)
%4 > “qn(X)*?

ap(x)ay1(x) > Qn—l(x)alth(x)az = <

<6]n (x) ap+toy /(1+ap)
)

>

=471g, ()",

e The second requirement in E»: the relation between ¢ and f, and the choice of o, a3
yield that ) = ap = ;. So it is clear

Ant1(x) < 2, (X)*2 < 3¢, ()2, ap(x) < 2gn—1(x)*" < 3gu_1(x)">.

This means that F is a subset of E, so we have that

151
2410

The upper bound of the dimension of Ej; is clear by the result for the case 1 < #5 +
t2/(1 4 1p), since E is enlarged if we decrease the value of #1.

dimg E > 1 —
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