
The summation of a slowly convergent series

By S. PATEKSON.

The series

S ^ j J nire-n°-* (1}
n = 1

in which r is zero or an integer is rapidly convergent if x is large but
may be very slowly convergent if x is small. The object of this note
is to derive an alternative series for Str(x) which is rapidly convergent
for small values of x.

If we let
o poo i»x poo

*_,(«) s - 4 - ... «"* (dzy+Kr^ - 1 ,

then it can readily be establishedx by induction that

from which it follows that

2 <*>-<, - 2)

Now as a special case of Poisson's identity we have

S0(x) = S e-»'*= - J + f/(»/*) + V (»/*) S e-»!'5/*
n = 1 „ = i

which may be written in the form

So(«) = *(VW^ - 1) + 1««"» S <D ^nw/V*). (4>
n = 1

Integrating this equation with respect to x from a; to M leads to the
relation

£_ 2 (*) = ^ — Vrr* + J-a: — 2TTX
/X 1 <>_! (nn/x/x) (5)

which in turn leads to

8 A ) ^ +

1 Hartree, D. II., Mem. Proc. Manchester Lit. Phil. Soc, 80, 85, (1936).
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In the general case we obtain the expression

in which i?r denotes the r-th Bernoulli number.
The magnitude of the contribution n(2\/x)'2r ~ 1 S O_( 2 r-i)to

the final result can be estimated by expanding 0 _ (2r _ i) in descending
powers of TTX"1; we then find that 7T(2-v/̂ )2r ~ 1 2$_( 2 f _ i> is of the
order of {xj-nfr ~ J e - ! r ' which is always negligible if 0 < x rgj 1.

On the other hand if we differentiate (4) repeatedly and make
use of equation (3) in the form

' " »<D2f + x (n w /V*) = £Jy (4a;)"* O,
•we find that

where D denotes Weber's parabolic cylinder function.
Since the first term in the asymptotic expansion of D.lr(z) is

.e~u- -zir fjie r a t io of the series in (8) to the other term is of order
2(r!) (47r2/x)r e~""'x/(2r)], and this is of the order 10~4, or smaller, if

r< TT2(1/X - 1) /log(772/x).

Thus we conclude that

to better than 1 in 10,000 provided that

x g; 0-7 0-62 0-52 0-45 0-38 0-32 0-28 0-25 0-22 0-20
if r = 1 2 3 4 5 6 7 8 9 10.

Since we have neglected the factor 2lr^ 1 (r!)/(2r)! which decreases as
r increases, the range is actually somewhat wider for the larger values
of r.
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By writing y for n/y/x in the above relations, we obtain a corres-

ponding set of expressions for 2 <&2r+i (ny) for j / ^ 1 0 . For
n =. 1

example from (8) we have

n = 1

which is independent of y ( ^ 10), and for r = 1 gives
£ e - in z= JT)8 ^n2) = ^, if j > 14.

GAIRVIEW, GLENCAIRN ST.,

STBVENSTON, AYRSHIRE.

A Generalisation of Dirichlet's Multiple Integral

By I. J . GOOD.

The purpose of this note is to generalise the Dirichlet-Liouville
formula which expresses a certain type of multiple integral in terms
of a single integral.1 In our formula the multiple integral will involve
several arbitrary functions instead of only one, and it will be expressed
as a product of single integrals.

Let n be a positive integer. Let fx (t),/2 (<), ...,fn(t) be Lebesgue
measurable functions when 0 £J < ^ 1. A finite sequence of n real
numbers r»,, m2, ..., mn is given. We write mn + 1 = 0 and

M'r = ml + m2 + ... + mr

Xr = xx + xt + ... + xr

1 See, for example, G. F. Meyer, Vorlesungen iiber die Theorie dm- bestimmten
Integrate (Leipzig, 1871), 566 et seq.; or E. T. Whittaker and G. N. Watson, Modern
Analysis (4th edn., Cambridge, 1935), section 12.5; or H. Jeffreys and B. S. Jeffreys,
Methods of Mathematical Physics (Cambridge, 1946), section 15.08 ; or L. J. Mordell
" Dirichlet's integrals," Edin. Math. Notes, No. 31 (1944), 15-17.
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