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ZEROS OF ITERATED INTEGRALS OF POLYNOMIALS

PETER B. BORWEIN, WEIYU CHEN AND KARL DILCHER

ABSTRACT.  The operator I,, is defined as m-fold indefinite integration with zero
constants of integration. The zero distribution of /,,(p) for polynomials p is studied
in general, and for two special classes of polynomials in detail. The main results are:
(i) The zeros of I,(P,), where P,(z) is the n-th Legendre polynomial, converge to a
certain algebraic curve; (i) the zeros of Z}(";"H(nz)k/k! (¢ > 2 an integer) converge
to pieces of a circle and of two “Szegd curves”.

1. Introduction. The phenomena associated with the location of roots of polyno-
mials are rich and varied. Consider, for example,

n Zk

(1.1 Sunl@) = 3

k=m+1

These are “parts” of the partial sums for the exponential function. Classic work of
Szeg6 [15], followed by Dieudonné [4], Rosenbloom [12] and others, give that the zeros
of the set of “normalized” partial sums to exp, that is

(1.2) {Sn-1(n2)}
are dense in the “Szego curve” defined as

(1.3) {z:|ze'™

= land|z] < 1}

This is discussed in detail in Varga [16] (see Figure 1). However, a very minor change
gives very different results. Suppose we consider the partial sums to €* — « (o # 0),
namely

(1.4) {Su-1(n2) — a}

then, as Rosenbloom [12] shows, the zeros in {z : Re(z) < 0} now approach the half
circle {z : |z] = 1/e, Re(z) < 0}, while the zeros in the right half plane approach the
piece of Szegd’s curve, as before.

Now consider the polynomials

2n k
(1.5) (Saatu} ={ 3 G,
k=n+1 .
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FIGURE I: [z¢' 5| = |

In Figure 2 we have plotted the zeros for n = 20,40 and 80. From the case n = 20 it
looks like the zeros might approach a circle {z : |z| = 2/} and indeed many of them do.
But the higher computations show that this is unlikely to be the whole story. Theorem 4
describes the limit curve for these polynomials (see also Figure 3) and more generally
for sequences

(1.6) {Senn(nz)},

for a constant integer ¢ > 2.

In Section 2 we introduce the n-th integration operator and derive some general prop-
erties. The second main result of this paper concerns the n-th integral of the n-th Legendre
polynomial (Theorem 2). It is an easy consequence of Theorem 1 on the limit proper-
ties of the zeros of a certain class of polynomials. Theorem 3 gives further geometric
properties of the zeros of these polynomials.

The theorems are proved in Sections 3-5. A few further properties of zeros of inte-
grals of polynomials are discussed in Section 6, and Section 7 contains some additional
remarks.
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2. The n-th integration operator; summary of results. The polynomial Sy, ,—(z)
is the n-th integral of S, _;(z) provided we make the assumption that the constants of
integration are zero. (It is the problem of the location of the zeros of the n-th integral of
a polynomial of degree n that interests us most.) We define the m-th integration operator

1'"(p(Z)) = /0 /0/,,,4 "'/0“ pto)dtydty - - - dty,
1

= m (;(Z - t)milp(t)dt

2.1

for any p integrable in some neighbourhood of zero. (In fact, p will always be a polyno-
mial in this paper.) Then 1,,(p) is an m-th antiderivative of p and has a zero of order m at
zero.

Note that

" (n O s (n) k!
2.2) 1’"(,;)<k>akz) =7 kz::() <k>~_(m+k)!z'
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FIGURE 2B: ZEROS OF Y= 3~
k=40

So the n-th integral of an n-th degree polynomial is

n n I’I!Z” n n
2.3 I, k)l — .
@3 (kZO (k) e ) 2n)! ;} (n + k) U

and the (n + 1)-th integral is

" (n nlZ™*h & 2n+1 '
2.4 I, bl = —— 2~
=9 ”(,2, (k)“"z) T (n+k+ 1)“‘2

The Gauss-Grace-Lucas Theorem (see, e.g., Marden [8] or Borwein and Erdélyi [2]) says
that the zeros of the derivative of a polynomial lie in the convex hull of the zeros of the
polynomial. This is a theorem with many refinements (see, e.g., Marden [8]). There are
various, but far fewer, results on the location of the zeros of the integral. Some of these
follow from the Schur-Szego Theorem (see, e.g., Polya and Szegé (9, Vol. 11, p. 60-61]).

THEOREM A (SCHUR, SZEGO). Suppose a,b, # 0,

f(z) =ao+ <T>a1z+ <;>a222 +oo 4 <n ﬁ l)an,[z"' +a,7’,
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g(z) = by + <'ll)blz+ (;)bzzz +ee <nﬁ ]>b,,_lz”" +b,7",

and

h(Z) = ll()b() + (’I)alblz + (;)azb222 +--+ (I’l ﬁ 1>an—]bn—lzn~‘ + anann-

a) Ifthe zeros of f lie in a disc of radius r and the zeros of g lie in a disc of radius s
then the zeros of h lie in a disc of radius rs.

b) If the zeros of f lie in a convex set K and the zeros of g are real and lie in the
interval [—1, 0] then the zeros of h also lie in K.

From this result and (2.2) we have the following.

COROLLARY 1.  Suppose p is a polynomial of exact degree n.
a) If p has all its zeros in a disc of radius 1 then 1,,(p) has all its zeros in a disc of
radius r.,, where r, is the modulus of the largest zero of

n k!
Oum(z) == Z <Z> mzk-

k=0
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b) If p has all its zeros in [—1, 0] then all the zeros of I,(p) lie in the convex hull of
the zeros of Qum-

PROOF. Let Q,,, take the role of g and p take the role of f in the Schur-Szeg6 The-
orem. Then & is 1,,(p). .

We see that bounds, which are in fact sharp, for the location of zeros of the integrals
of polynomials can be derived from precise knowledge of the location of the zeros of the
QOm.n- With this in mind, we prove, for example,

FIGURE 3: |2] = 2/e, |ze' | = 1, |5'=5/?| =1

THEOREM 1. The zeros of

_ n! n 2n+1 k
{Qn,n+l(Z) = Qn+1)! I;) (n+ 1 +k>z }

are dense in the curve

(1 +2)?
4z

=

= land|z| > 1},
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and these are the only limit points of the zeros (Figure 4a and 4b). Furthermore, all

the zeros lie in the convex hull of T so the largest zero of Qpu+1 is of modulus at most
34242 =5.8284--- (see Figure 4a and 4b). (The same result holds for {0wn(@)}.)

COROLLARY 2. Suppose p is a polynomial of exact degree n.
a) If p has all its zeros in a disc of radius r then I,(p) and 1,+1(p) have all their zeros
in a disc of radius (3 + Zx/i)r.
b) If p has all its zeros in [—1,0] then I+ (p) has all its zeros in the interior of T.

This corollary requires Theorem 3 below. We examine two special cases in detail.
The first, as already described, concerns the partial sums of the exponential function and
is treated in Theorem 4. The second follows easily from Theorem 1 and concerns the
Legendre polynomials on [—1, 1].

)

FIGURE 4A:

l+:)z' =1
4z

THEOREM 2. Let P, be the n-th Legendre polynomial on [—1, 1]. Then the zeros of
I,(P,) are dense in the curve

1_2

I; .= {z’——i

= landlz|21}
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(and nowhere else). Furthermore, all the zeros lie inside T, (see Figure 5a and 5b).

PROOF. We use the Rodrigues formula for P,,, namely

—1y d"
@.5) P = S (-2

(see, e.g., [1, Ch. 22]) to deduce

2. 6) Dn(P2,)

(=2)" & 2n k
= | Z (‘—Z) ?
vz 4Q2n)! (= \n+k
and similarly for 2n + 1. The result now follows from Theorem 1 on changing variables
(z — —22). n
THEOREM 3.  Let

Lo 2+ o P
P"(Z)—,;,<n+k+l)Z qn2) _Z<n+k>

and J,, K,be the convex hulls of the zeros of p,(z) and q,(z), respectively. Then

Kn C Jr1 C Kn+| C Jn+l
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forn=1,2,....

Before stating Theorem 4, we introduce some notations. Let {z : |ze!™*| = 1} and
{z: |(z/c)e"z/"] = 1} be two Szegé curves, where ¢ > 1 is a real constant. With these
curves in mind we denote

Dy :={z: |z < 1J2 <1},
Dy = {z:|ze'| > 1},
D;y = {z:|ze' | < 1,|z| > 1},
Ey:={z: |27 < 1|z < c},
Ey:={z:|e! /| > 1},
Eyi={z: ]2 < 1]z > ¢},
Dy = {z:]ze' | < 1,7l < 1}UDy \ {0},
Ep = {z: ]2/ < 1,]z] < c}UE, \ {0}
Note that all the above sets are connected open sets. Moreover, let
Fii={z:|z) = Lt/ Dy Dy,
Fri={zcfee! | = LI 2 )0 e [ < 1Jd <),
Fyi={z: |2 = 1,|z) <} {z: ’ze"Z] <1,|z] > 1},
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and
F .= Fl UF2UF3U{O}.
Then we have the following result.

THEOREM 4. In the notation of (1.1), Z is a limit point of zeros of the sequence of
normalized sums {Senn(n2)}32 | if and only if Z € F.

3. Proofof Theorem 1. With the curve I' in mind (see Figure 4a and 4b) we denote
Gri={z: |H2 > Ll < 1},
Gy ={z: I(””) | <1},
Gy = {z: | L] > 1|7 > 1}.

Next we observe that the zeros of Q,, ,+1(z) must lie in the closed annulus

n+2

<z<2n+l,
n

by the well-known Enestrom-Kakeya Theorem (see, e.g., [9, Vol. I, p. 107]).
Since G| C {z: |z] < 1}, Gy is free of zeros of {Q,.+1(2)}22,. It is easy to verify, by
expanding and integrating, that O, »+1(z) has the integral representation

2n+1
G.1) Qurni@ = 28 [0 = 1 + a0

We proceed to analyse the zeros of O, 41 by an asymptotic analysis of the above integral.
Now denote

(0 =0 =0 +z1),
and for € > 0 set

B.(e) :={r: |f.(n] < e}
Then

—1F \/(z — 12 +4z(1 — re"’)

<r<e0<6<2r
2z

B.(¢e) = {t: t=
=: Bl () UB (¢e),

where B} (), (resp. B (¢)) denote B_(¢) with positive, (resp. negative) principal square
root. Note that B (¢) and B (¢) are connected. If

(1 +2)? z—1 )
> = |f.
€= 4z V”( 2z /1
let s
(1+2) — it
4z ’
then

— 14— 12 +4z7— (z+ 1)2'/? —1
o= =1 R = € Bi(e),
2z 2z N
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FIGURE 5B: ZEROS OF I50(Ls(z))

and 2 211/2
—1=[z=1)"+4z—(z+1 —1
oot lem DaRm G DD 2ol gy
2z 2z :
Thus, B,(¢) is connected.
Now, for any z € G, we have
S NACD]
= = |1, 1
4z “\ 2z <
Choose € > Osuchthat ] —d > ¢;thend <1 — ¢, and
z—1
—— € B.(1 —¢).
2 (1 —¢)
Let now ] l
x._ LT 2 1/2.
= — — —[(1+2)° —4z(1 — ;
% % [(1+2) Z2(1 —¢e)]

then t* € B.(1 — ¢) and since B,(1 — ¢) is connected, we can find a curve A in B,(1 — ¢)
such that A(a) = and A\(b) = 1. For1 —e <r<1,let

z—1

() = o = - [(1 42 — 4]/,
2z

1[
2z
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then (1 —¢e) =", 1(1) = 0.

Now we estimate

('/0' [(1— (1 + rz)]:’ dt‘
_ (/0' +.A>[(‘ —t)(1+rz)]"drj
> /0'*[(1 — +tz)]"dt‘ — [\’(l — +tz)’ndt
12
[ (-5t e !

2 _ 1/2 n
((1+2)? —4zr) ”} forr

=

7+ 1 . ((l +2)? —4zr)|/2
(1 +2)" —4zr]” 2 dr

1 —

- arc()\(t*, 1))(1 —e)

z+1 ((1+z)2—4zr)l/2 "
2 2 ]}

2z 2z

— arc(A(*, )1 — &'

= /ll—e{i[(l +2)" — ((1 +2)° ~4zr)]}n[(1 + 22 — 4z 2 ar
- arc()\(t*, 1))(1 )

—arc(A(", D)(1 — &)™,

= /Ii P +2)2 — dzr) 2 ar

where arc(7) denotes the length of the curve v. Write (1 + z)? [4z = de'; then

[(I+2)— élzr]fl/2 = (42)*'/2[(181‘6 _ r]"/2
= (4z) [ = 2drcosf + d?] /42,

where

cosa = (dcosf — r)(P — 2drcos 8 +d2)7l/2,
sina = dsin(? — 2drcos 8+ d*) /2.

Then we have

1/2
’COS%{ = (%) / [(* — 2drcosf +d*)'/? +dcos® — r]'/2(? — 2drcos§ + d?)~'14,

1\1/2
sin %‘ = <5) (P — 2drcos€+afz)‘/2 —dcosf+ r]'/z(r2 — 2drcos()+d2)"/4.
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Therefore,
[/l'_ PI(L+2)° — 4z 2 ar
> I82|—1/2‘ /]l_E (P = 2drcosf +d*)'/? + r — dcos 0]'/2
(= 2drcos@+d*) /4 dr
> (87712 f]'_ P2 = 2dr+dH)' 2+ r — d)M2(P + 2dr + &2V ar
> [82'/2 /ll_er"Zl/z(r—d)'/ZZ_'/zdr
> 182721 —e —a)'/? ]' Fdr

—€&

> |81 —e— )21 2)'2,

and

1 . I/n
UO (1 = 1)1 +12)] dt(
> (|8 721 —e—a)/2(1 - %) 5 —are(AE, D)1 - s)"}'/"

nyl/n
= (1 - %){|81|_]/2(1 —E—d)l/zg —arc()\(t*, 1))(1 — Zie) }
Thus, we have with (3. 1),

2n+1)! 1 1/
liminf | Qy a1 (2)]'/" =1iminf{(LT7)— J1a —t)(l+tz)]"dt‘}
(3.2) n—00 n—00 (n!) 0
€
> _Z
> 4(1 2).
On the other hand, when z € G3, we have
_a+* =1
d'_‘ 4z —V( 2z )‘>1'
Choose € > O such that e < d — 1. Write
(I+2"

d i9,
4z ¢

and here let

P S kA (l +2)? - 4z(d — €)e)'/?
' 2z
2= 1—[(1+27? —4z(d — e)e?)'/?
= >
Let \; be the curve in B} (d —¢) which connects r* and 1, and X, be the curve in B, (d —¢)
which connects 0 and r~. Now we connect ¢t~ and (z — 1) / 2z by

2= 1 —[(1 +2)* — 4zre®)'/?

t(r):= , d—e<r<d,
2z

€ Bi(d —e),

€ B_(d—¢).
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and (z — 1)/2z and r* are connected by

z—1+[(1 +2)> — 4zre®)'/?

N
r(r) = 2 ,

d—e<r<d.
Then we can write

[t o+l
- </+/,_+/'_+/A)[(1 o dl
> (/,%"'/;l)[(l_t)(]"’tz)]"dt)

_’/M[(l —t)(1+lz)]”dt’—UA][(1 _,)(IHZ)],,C”‘

vV

/dd_ {1 =M +z20 DA +2)° — 4zre®) 7126 gy
+ /f {1 = F O+ O+ 2 — e 2 () dr
— [arc(\y) + arc(\)](d — €)"
= Z'Aig{reig}"em[(l +2)> —azre®) 2 ar
— [arc(\y) + arc(\p)(d — €)".

Since 4ze® = (1 +2)? /d, we have

o 2 g 012 ‘_ -1 _r '/2
’d~5”(l+Z) 4zre®17 V2 drl = |1 + 7| /(;_Er"(l ) dr
d\1/2
> —] _ 1

> |1 +¢| (e) n r’a’r
1/2¢ e\"

> ! -
[T+ (e) 2<d 2) :

Thus, again with (3.1),

liminf |Qp 1 (2)] /"
n—00

1/n
~ timint [ C10 " 1/ (1 =0 +tz)1"dz|}

n—00

Z 4(d_ 5) “,flio.'?f{H +2] (;)1/25 - [arc(>x1)+arc(>\2)](l - 2d€— 5)"}]/”
a5

Therefore, with this and (3.2), all the zeros of the sequence {Qn ,,+|(z)} ° , must lie on
the curve I'.
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On the other hand, suppose we have a point Z € T which is not a limit point of zeros
of {Q,,‘,,H(z)}fli]. Then there is an open disk centered at Z with radius r > 0, D (Z, r),
such that D (2, r) is free of zeros of {Q,,+1(2)}2° . We first prove that

(3.3) [Qnnn1 @I — 4 asn— o0

uniformly on any compact subset of

(1+2)?

G::qu{z:]

> 1,z < 1},

and

(1+2)

<

(3.4) UQnni1 ()" — 4

asn— oo

uniformly on any compact subset of G3.
Indeed, let A := {z : Imz = 0,—4 < z < =2} C G. Using Problem #198 in [9,
Vol. 1. p. 96], one can easily deduce

{Qn,nH(Z)}l/n —4 asn— [ oR

uniformly on A. Similary, with B := {z:Imz =0,2 < z <4} C G5 we find

(1 +2)?
4

<

{Qn,rH—l (Z)}l/" —4

as n — 0o,

uniformly on B. With the uniqueness theorem for analytic functions and Montel’s theo-
rem on normal families, the last two limits imply (3.3) and (3.4), respectively.

Now, by the same argument we can prove that {Q 4| (z)}‘/” will converge to 4 uni-
formly on any compact subset of D(Z, r) U G. But on the other hand we can also prove,
again using the above methed, that {Q,, +1(z)}'/" will converge to 4(1+2z)* /4z uniformly
on any compact subset of G3. Thus, 4 and 4(1 + z)z/4z must agree on D (Z, r), which is
a contradiction. The proof of Theorem 1 is now complete. [

4. Proof of Theorem 3. 1. We can rewrite p,(z) as

n 2
pn(Z) = z ( _:lk> bkzk’

k=0 \I

by = 2n+1 2n _ 2n+1
T \nsked n+k)  n+k+1

Using the Schur-Szegd Composition Theorem (Theorem A), we can see that it suffices

to prove that
"o fn\ 1
h,,(Z) = < )—Zk
:L:?) k) bi

where
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has all its zeros in [—1, 0]. Now we have
1 n n
ho(z) = —— +hk+1 k
@ =571 ,;0(” ) (k)z
1
= ——(1+2""@2n+Dz+(m+1)],

2n+1

and therefore all the zeros of h,(z) lie in the interval [—1, 0], which implies K,, C J,, by
Theorem A.
2. Similarly, we write

w (el 2042
q"“(z)_,;)(n+k+l)n—k+lz’

so we need to check the zeros of the polynomial

12 fn+l 1
—k+ D=1 +2)"
2n+2,;)< k )0’ Hhe =g

and Theorem A implies J, C K. This completes the proof of Theorem 3. m

5. Proof of Theoremd4. We use the notation preceding the statement of Theorem 4,
and we recall that

(5 1) Svn,n(nz) = S(n(nz) - S,,(HZ),

where
n Zk

Sn (Z) = R
i=o k!

Differentiation now establishes
1 =z
R A z—t
Su2) = e n!/o e dt

z fl _
= — —/ (r2)"e"' " d,
n! Jo

and we get
nn+lz 1
_ o nz . (I1—1)z1n
Sp(nz) = e P /o [tze 1" dt.
Similarly, we have
ncn+1 -l
_ nz < c (1-nNzyn
Sen(n2) = " = " [ ey dr.
These last two identities together with (5.1) give
n+l cn+t
z i zZ ! ) i
S('nn — (1—1)zn _ . 1) ’(lAt)&f, nd
52 nan2) = == [Nz Y di o | ey e

= Un(Z) - Vn(z)-
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IfzeA:={z:Imz=0,e <z<1—¢}forsome0 < e < 1/3,thenitis easy to
see that
{U,,(z)}”"—»ez as n — 00;

(see [9, Vol. I, p. 96, # 198] and note that {n"*! /n!}!/" — ¢ as n — o00). Similarly, for
z€B:={z:Imz=0,1+¢ <z <4} wehave

{Us}/" — ¢ asn— oo.

Now, since {(Un(z)) l/n}zil is a sequence of bounded analytic functions on D3, it will
converge uniformly on compact subsets of D, to ez. For, if {U,l(z)}l/ " were to fail to
converge uniformly on a compact subset K C D3, there would be two subsequences of
{Un(z)}‘/ " converging to distinct limit functions f and g. But f and g must agree on A,
by the uniqueness theorem for analytic functions, and we would have a contradiction.
Using the same argument, we prove that {U,,(z)}'/ " — ¢ as n — 00, uniformly on any
compact subset of Ds.

Similarly, we have

{Vn(Z)}l/n - (E)CZC asn— 00
c
uniformly on any compact subset of E|,, and
{Vu@}/" =& asn— oo

uniformly on any compact subset of Ej3.
Let K be any compact subset of {z : |z| < ¢/~ /e} N\ D1; then

{Un(Z)}l/n — ez, {V"(Z)}l/" - (;)(‘ZC

as n — 00, uniformly on K, and

V@ " et
—U @ — —C?—lZ[ ! <1.
Therefore, with (5.2) we have
V@) | "
5.3 Senn n = Un I/n{l—_—} —
(5.3) {Senn(nz)} {U.(2)} 0.c) ez

as n — 00, uniformly on K.
Now if K is a compact subset of D3 M E| then we have

(U@}/" — & and {Vn(z)}l/”—*(g)rzc

as n — 00, uniformly on K. Furthermore, since |(z/ c)e! =%/ q<1,

(E)C[zif <.
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Thus,
Vo) " (eforlal
Un(2) 'e"l
and, again with (5.2),
1/n
. I/" = 1/" —_ M} — e
(5.4) {S( nn (nz)} {U,;(Z)} { 1 U.2) e

as n — 00, uniformly on K.
If K is any compact subset of D3 M E, then we have again

{U,,(Z)}l/n _)el’,, {vn(z)}l/n N (g)('z(.

as n — oo, uniformly on K. Since |(z/c)e'"/¢| > 1, we have

() 1=l > et

and therefore

UH(Z) 1/n ene
I/n — 1nly — — (=)
(5.5) {Senan2)}1" = {Vu(2)} {' V) } (&)=

as n — 00, uniformly on K.
Finally, if K is a compact subset of {z : |z| > c"/“'")/e} N D2, then

{Un(z)}l/n — ez, {Vn(z)}]/” - (S)‘Z(

as n — 00, uniformly on K. Since

Un(2) I/n ©
Va(2) FEIFE R
we have
1/n )
I/n _ 1/n _M} N E e
5.6) {S(vl.n(nz)} {VH(Z)} {l Va(2) ((_> <

as n — 0o, uniformly on K. Therefore, by (5.3)-(5.6), all the limit points of the zeros of
the sequence {S(.,,,n(nz)}j,";, must belong to F.

On the other hand, if we have a Z € F which is not a limit point of zeros of the sequence
{Senn(nz)}22, then there is an open disk D(Z, r) centered at Z with radius r > 0 such that
D(Z,r) is free of zeros of any S, ,(nz). Suppose Z € Fy; then by (5.3) {S(.,,,,,(nz)}'/” will
converges to ez uniformly on any compact subset of D(Z, 1) U {D(0, ¢/~ /)N Dy }.
But on the other hand, by (5.6) {S...(nz)}'/" converges to (e /¢)°z¢ uniformly on any
compact subset of D(Z, r) U {{Z Dzl > c“/("")/e)} N D, } Thus, ez and (e/c)‘z¢ must
agree on D(Z, r), a contradiction.

This completes the proof of Theorem 4. n
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6. Some general properties of iterated integrals. The main emphasis of this paper
is on n-th integrals of n-th degree polynomials, with zero constants of integration. In this
section we will make a few easy remarks on some more general questions.

1. It is clear that the constant of integration plays an essential role in the distribution
of the zeros of the integral of a polynomial. If this constant is left to be arbitrary, no rea-
sonable result on the sizes of the zeros will be possible: On the one hand, the zeros can
clearly be made arbitrarily large; on the other hand, they may not grow at all upon re-
peated integration. (This can be illustrated by the example p(z) = (z+1)"; the polynomial
becomes (n!/(n + m)!)(z + 1) upon integrating m times, with appropriate constants.)

In this last example the constant in the k-th integration is n!/(n + k)!; hence the se-
quence of constants is rapidly decreasing with k. We will now show that this kind of
decrease is necessary for the zeros of the iterated integrals to remain bounded.

PROPOSITION 6.1. Let p(z) = a,z" + -+ + ajz + ag be a polynomial of degree n.
Suppose that there are constants € > 0 and § > 0 and an infinite sequence of positive
integers ky < ko < --- such that the constant of integration c; after the k; th integration
satisfies

0

6.1) lej] > W

Then the modulus of the largest zero of the k-th iterated integral is unbounded as k grows.

PROOF. We will show in fact that at least one zero of the k;-th iterated integral sat-

isfies
S 1/(n+kj) n+k\E
6.2) |z > (————) (————’) .
|an|n! e
To do this, we note that the k;-th iterated integral of p(z) is
n! =1 2
P(7) = n—"+k/+ 'I__—_’I+I‘/|+...+ 4. 4ci
@ =@t o T ek — 1! Dl “

After normalizing this to a monic polynomial, we see that the product of all zeros of P(z)
has modulus

G

>

k; ! -\ (n k/)E
(l:)_ > 6 l(n+kj)!]f > 4 (n+kl) * .

a,! n! |an|n! |an|n!\ e

here we used (6.1) and Stirling’s formula. Now the modulus of one of the n + k; zeros
has to be at least the (n + k;)-th root of this expression. Thus we obtain (6.2). u

PROPOSITION 6.2.  If the sequence of constants of integration is eventually constant,
then the modulus of the largest zeros of the k times iterated integral of a polynomial p(z)
is unbounded as k — 00, unless p is a monomial and all constants of integration are
zero.

PROOF. If the sequence of constants of integration stabilizes to a nonzero constant
then it obviously satisfies (6.1), and the result follows from Proposition 6.1.
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If p(z) has at least two nonzero coefficients, or if there is at least one nonzero constant
of integration with the other constants eventually vanishing, we may assume without loss
of generality that p(z) is of the form

p(@) =ap,?"+---+ap, aopap #0, n> 1.

Then the k-th iterated integral is

_ n! n+k ao k
P(Z)—aan otz

Now the product of the n nontrivial zeros of P(z) has modulus

+k)!
6.3) dolmht _ ool ¢ yevay ey > 1%
a,| n'k! |an|n! |ay|n!
Hence one zero has modulus of at least the n-th root of this last expression; but this is an
unbounded function of k. u

The next proposition shows that the zeros move (mostly “outwards”) under integration
in a balanced way. This follows directly from the well-known fact that the zeros of a
polynomial and of its derivative have the same centroid (or center of mass) if we imagine
a unit mass attached to each zero, counting multiplicities (see, e.g., [17, p. 7]).

PROPOSITION 6.3.  The zeros of a polynomial and those of each iterated integral with
arbitrary constants of integration have the same centroid.

2. We return to the operator /,, of m-times iterated intergration with zero constants.
In particular, we will now examine the behaviour of 7, (p(z)) as m — 00, for a fixed
polynomial p(z). It is clear from (6.3) that at least one zero of [, (p(z)) has order of
magnitude m. This suggests to normalize the polynomials /,, (p(z)) by dividing their zeros
by m. Let the polynomial p(z) := a,z" + - - - + a;z + ap be given.

To simplify notation, we introduce

6.4) In(p(@) = m'z"1(p) .

PROPOSITION 6.4. The sequence {im (p)} converges uniformly on compact subset of
C to the polynomial

(6.5) Lp(z) == iajj!zf.
Jj=0

Consequently the nonvanishing zeros of 1,(p), divided by m, converge to the zeros of
Lp(z), as m — oo.

PROOF. With (2.2) and (6.4) it is clear that

im(p) Z J( +j)'

Using the fact that for all j = 0, 1,...,n we get

m!m/ m---m
— = —— 1 asm— oo,
m+j)! (m+1)---(m+))
we obtain the first statement of the proposition. The second statement follows from Hur-
witz’s Theorem (see, e.g., [8, p. 4]). ]
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COROLLARY. The nonvanishing zeros of 1,,(p) lie in the annulus
c(pym < |z| < C(p)m,
where c(p) and C(p) are constants depending only on p.

We note that L, as defined in (6.5), is a linear transformation on the vector space of
n-th degree polynomials. Operators of this kind have been studied in greater generality;
see [10]. We also note that it follows from the results surveyed in [10] that L is a “zero
diminishing linear transformation”, i.e., Lp(z) cannot have more real zeros than p(z). Here
we will use the special structure of L to give a few particular examples.

EXAMPLES. 1. Leta; = l/j!, ie.,p(z) = 2}1:02[/.].! (see Section 1). Then the zeros
of 1,(p), divided by m, converge to the zeros of (z"*' — l)/(z — 1), i.e.,tothe (n+ 1)-th
roots of unity with the exception of z = 1.

2. For the n-th degree Laguerre polynomial

j=0

B _ n N n 31.
p@) =Ly =Y (1Y <n —j)j!
we get

n . n .
Lp(z) = Z(—l)’< .)z’ =(1-2"
j=0 n—j
Note that the zeros of L,(z) are all real and positive (see, e.g., [1, Ch. 22]); they are
mapped under L to an n-fold zero at z = 1.
3. If p(z) is the n-th Legendre polynomial, shifted by 1,

_ N AN ESAWEAY)
p(z)—Pn(ul)—jZO(j)( ; )(5)

then Lp(z) is the n-th Bessel polynomial (see, e.g., [7])

"no(n\(n+j\ . 2V
Lp(z) = yn(2) = ) vl (—)
,-:2(:) JJ\J 2
The zeros of p(z) are all real and located in the interval [—2, 0]. The zeros of y,(z) are all

simple, have negative real part and lie inside the unit circle; at most one zero is real (see
[7, p. 75 ff.)).

7. Further remarks. 1. The integration operator [, can be considered as an op-
erator on the sequence of coefficients of a polynomial or power series. Such operators
have been studied in great generality; results on the distribution of zeros have also been
obtained (see [11]). However, the results in [11, p. 213] concerning the operator ,, as a
special case are considerably weaker than those obtained here.

2. For some special polynomials there is a close relationship between the integration
operator I,, and the operation of truncating a polynomial. Indeed, it is clear from the
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Rodrigues formula (2.5) for the Legendre polynomials that 7, (P,,(z)) is just the polyno-
mial (1 — z2)", with the “lower half” removed (see also the explicit formula (2.6)). The
polynomials S,,,(z) in (1.1) can also be obtained both by truncating and by integrating
repeatedly. The zero distribution of truncated polynomials is an interesting question in
its own right; for some other special cases, see [5].

3. The proof of Theorem 4 can easily be modified to yield analogous results for

truncations
cn Zk
Scn,dn(z) = Z F»
k=dn+1 ™

with integers d < c. If we then normalize by the factor dn, rather than n, we get the
statement of Theorem 4, with ¢ > 1 a rational number.

4. The Legendre polynomials are special cases of the Gegenbauer (or Ultraspherical)
polynomials. Other important special cases are the Chebyshev polynomials of the first
and second kind. It would be interesting to obtain results, analogous to Theorem 2, for
these polynomials. Numerical experiments indicate that we may expect the same limit
curve I'; at least for the Chebyshev polynomials 7,(z).

5. Finally we note that the operation of truncating a power series has been generalized
in various ways. Already Szegdo [14] studied the zeros of sequences of polynomials which
converge uniformly in a region to some function. Another generalization are series of
functions and their truncations; see [6].

REFERENCES

1. M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, National Bureau of Standards,
1964.
2. P. B. Borwein and T. Erdélyi, Polynomials and Polynomial Inequalities, Springer-Verlag, to appear.
3. T. Craven and G. Csordas, The Gauss-Lucas Theorem and Jensen Polynomials, Trans. Amer. Math. Soc.
278(1983), 415-429.
4. ]J. Dieudonné, Sur les zéros des polynémes-sections de ¢*, Bull. Sci. Math. 70(1935), 333-351.
5. K. Dilcher and K. B. Stolarsky, Sequences of polynomials whose zeros lie on fixed lemniscates, Period.
Math. Hungar. 25(1992), 179-190.
6. S. V. Fomenko, On the zeros of partial sums of series of functions, Siberian Math. J. 10(1969), 296-306.
7. E. Grosswald, Bessel Polynomials, Lecture Notes in Math. 698, Springer-Verlag, Berlin, Heidelberg,
New York, 1978.
8. M. Marden, Geometry of Polynomials, Amer. Math. Soc., Providence, Rhode Island, 1966.
9. G. Pdlya and G. Szegd, Problems and Theorems in Analysis 1, 11, Springer-Verlag, Berlin, Heidelberg,
New York, 1978.
10. C. L. Prather, Zeros of operators on functions and their analytic character, Rocky Mountain J. Math.
14(1984), 679-697.
11. C. L. Prather and J. K. Shaw, Zeros of successive iterates of multiplier-sequence operators, Pacific J. Math.
(1) 104(1983), 205-218.
12. P. C. Rosenbloom, Distribution of zeros of polynomials, In: Lectures on Functions of a Complex Variable,
(ed. W. Kaplan), Univ. of Michigan Press, Ann Arbor, 1955, 265-285.
13. E. B. Saff and R. S. Varga, On the zeros and poles of Padé approximants to e*, Numer. Math. 25(1975),
1-14.
14. G. Szegd, Uber die Nullstellen von Polynomen, die in einem Kreise gleichmdpig konvergieren, Sitzungsber.
Berlin Math. Ges. 21(1922), 59-64. Also in: Collected Papers I, 537-543.
15. G. Szegd, Uber eine Eigenschaft der Exponentialreihe, Sitzungsber. Berlin Math. Ges. 23(1924), 50-64.
Also in: Collected Papers I, 646-660.

https://doi.org/10.4153/CJM-1995-004-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-004-1

ZEROS OF ITERATED INTEGRALS OF POLYNOMIALS 87

16. R. S. Varga, Scientific Computation on Mathematical Problems and Conjectures, Society for Industrial and
Applied Mathematics, Philadelphia, 1990.

17.]J. L. Walsh, The Location of Critical Points of Analytic and Harmonic Functions, Amer. Math. Soc., Prov-
idence, Rhode Island, 1950.

Department of Mathematics
Simon Fraser University
Burnaby, British Columbia
V5A 156

Department of Mathematics
University of Alberta
Edmonton, Alberta

T6G 2G1

Department of Mathematics, Statistics and Computing Science
Dalhousie University

Halifax, Nova Scotia

B3H 3J5

https://doi.org/10.4153/CJM-1995-004-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-004-1

