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Abstract

Any unital *-endomorphism of a type II, -factor is implemented by isometries of a Cuntz algebra outside
the factor. If the Jones index of the range of the *-endomorphism is an integer and the algebras act on the
standard space, the Jones index must agree with the number of the generators of the Cuntz algebra. We
also study (outer) conjugacy of *-endomorphisms using Cuntz algebras.

1991 Mathematics subject classification (Amer. Math. Soc.): 46110, 46L.35.

1. Introduction

In [1], W. Arveson showed the following fact: Let a be a nonzero normal
*-endomorphism of the algebra B(H) of all bounded linear operators on a (separ-
able) Hilbert space H. Then there is a (finite or infinite) sequence of isometries
v, Vs, ... in B(H) having mutually orthogonal ranges such that

a(@) =) v.av), ae B(H).

The linear space of operators
E,={te B(H):ta=a(a)t forany a e B(H)}
is a Hilbert space relative to the inner product defined by
t*s = (s, 1)1, s,t € E,

and {v;, v,, ... } is an orthonormal basis for £ and generates an extension of a Cuntz
algebra [5]. In this paper we shall show an analogous fact for type II;-factors on
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a (separable) Hilbert space. We can describe *-endomorphisms of a type I[,-factor
M using the relative position between a Cuntz algebra €, and the type II,-factor M.
More precisely, any unital *-endomorphism « of a type II;-factor M is implemented
by isometries of a Cuntz algebra &, = C*({s; : i = 1,..., n}) outside the factor
M such that a(x) = Zf:l s;xsf, x € M. In particular if the Jones index [M :
«(M)] is an integer and M acts on a Hilbert space standardly, then the Jones index
[M : a(M)] must agree with the number of generators of the Cuntz algebra &,. In
general we can choose the number n of generators of the Cuntz algebra &, such that
n < 4{(the integer part of [M : a(M)]) + 1}. We study the condition of conjugacy
and outer conjugacy for *-endomorphisms of a type II,-factor which is analogous with
results of Laca [10, Proposition 2.2, 2.3 and 2.4]. Using Cuntz algebras, Doplicher and
Roberts [6] presented a new duality theory for compact groups. Among other things
they obtained the following result [6, Theorem 7.1] which is related to ours: for the
*-endomorphism ¢ of a factor & with a permutation symmetry of dimension d > 1
satisfying the special conjugate property, there exists a factor 9, a group ¥4 C Aut #
and a Cuntz algebra 6, = C*({s;, : i = 1,...,d}) C % such that & = B¢ and B is
generated by &7 and €,;. Furthermore a(x) = Z:Ll s;xs}, x € &/. But, in Remark 4
below, we note that there exists a *-endomorphism « of a hyperfinite type II;-factor
R such that [R : «(R)] = 2 and o does not satisfy permutation symmetry, but «
still has the form a(x) = ), s;xs’, x € R. So our result generalize a part of [6].
Crossed products by *-endomorphisms are discussed in [2, 6, 15]. Related results on
*-endomorphisms are also investigated in [3, 4, 7, 12, 13].

2. Implementation of *-endomorphisms

In the following, we shall show that any unital *-endomorphism of a type II,-factor
is implemented by isometries of a Cuntz algebra outside the factor.

LEMMA 1. Let M be a type 11,-factor acting standardly on L*(M, tr). Let a be a
unital *-endomorphism of M such that [M : «(M)] is an integer n = 1,2,3,....
Then there exists a representation p of a Cuntz algebra 0, = C*({v; i =1,...,n})
into B(L*(M, tr)) such that

a(x) = pwxp(w)* forany x e M,

n

i=1

where we identify O\, with the algebra C(T) of continuous functions on the torus T,
which is generated by a single unitary v,.

PROOF. Let 1 be a canonical embedding of M into L*(M, tr). Inthecasen = 1, is
an automorphism and then Lemma 1 is well known. Infact, if we putun(x) = n(o(x)),
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for x € M, then we can take v, as p(v;) = u. Next we consider the case n > 2.
Put ¢(M) = N. Let Ey be the unique trace preserving conditional expectation of M
onto N. Let ey be the orthogonal projection of L2(M, tr) onto L?(N, tr) (which is

for N C M such that m; = 1 and EN(mim;‘) = &; ;. Therefore every m € M has a
unique decomposition m = ) '_| y;m; with y; € N, and m}ey are partial isometries
(1<j<n)

Zm;‘eij=1, Zm}*m,-:[M:N].
j=1 j=1

Using the above relations, we have the following: for any x = Z;’zl
y = Z;:l yim; € M,Xj, Yi € N,

A =<n (zm) . (z ym)>= ((z m;y;) (zm))
Jj=1 j=t j=1 j=1
=tr (Z y}‘xkEN(mkm;.‘)> =tr (Z y;‘x,-EN(mjm;)> =tr (Z yij).
j k=1 j=I1 j=1

We shall define an operator s, on L*(M, tr) by

x;m; € M and

sinx) =nlalx)) for xe M.

Since

(sin(x) | sin(y)) = (n(a(x)) | n(a(y))) = tr(a(y*x)) = (n(x) | n(y)),

s) is an isometry. Furthermore, we have

sin (Z xim,-) =7n(a'(x).
i=1

Since |In(x)|1> = 31, InGxpl* forx = 3 x;m; € M, x; € N, we can define a
self-adjoint unitary operator v; (i > 2) on L?(M, tr) by permutating the first compon-
ent and the i-th component; that is,

vin (ijm,) =7 (x,-m, +xm; + ijmj) .
j=1

J#EL
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Consider the isometries s; = v;5; for i = 1,...,n,where v, = 1. Then for
n
x€Mandy=73"_ ym;,

n n
sixsin(y) = sixsin (Z y,-mj> = UiS1 XS,V (Z y,-mj)
j=1 j=1

= ysixn (@' () = visin (xa™' ()

=vin (@x)y) = vin(@x)ym;) = n(a(x)yim;).

Therefore we have

Y sixsin() =Y n(@@)yim) =n (a(x) (Z y.m-)) = n(@(x)y).
i=1 i=1 i=1

Thus we have
a(x) =) sxs on L*M,ir).
i=l
Furthermore we have Y ©_ s;5'n(y) = n(y). So Y_._, s;s7 = 1. Thus this family
{s; :i =1,..., n} of isometries generates a Cuntz algebra &,.

Next we shall investigate the non integer case.

LEMMA 2. Let M be a type 1l;-factor and o be a unital *-endomorphism of M.
Assume that [M : a(M)] < oo. Then there exist a Il,-factor L with L © M and a
*-endomorphism 8 of L such that

(1) [L:B(L)]isaninteger.
(2) Blu=c.

(3) following diagram is a commuting square.

M c L
U v
aM) C B(L)

PROOF. We put
n = 4 ((the integer part of [M :a(M)]) + 1)

and

n

K=Man]
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Then u > 4. By [9], we can take the sequence of Jones projections {e;};>; which
satisfy the relations

1

€i€iy16; = —€.
uw

Set M, = {ei,es,€3,...}  and N, = {e, e3,...}". Then there exists a
*-endomorphism y from M, onto N, such that

yler) =¢e4 for k=1,2,3,...

PutL =M ®M, and B8 = @ @ y. Then B is a unital *-endomorphism of L. It is
clear that 8 satisfies (2) and (3). We shall calculate [L : S(L)].

(L:BD]=MQRQM,: B(MOM)]=IMQOM,:a(M)QN,]

=M : a(M)][M, : N,1=[M : a(M)lu=[M : a(M)]——

—_—— =N,
(M : a(M)]

Using Lemma 2, any unital *-endomorphism on a type II;-factor can be described
by Cuntz algebras as follows:

THEOREM 3. Let M be a type 1l;-factor and o be a unital *-endomorphism of
M. Assume that (M : a(M)] < oo. Then there exist a natural number n, a
*-representation p of M on a Hilbert space H and a *-representation w of a Cuntz
algebra 6, = C*({v; ;i =1, ..., n}) into B(H) such that

n < 4 ((the integer partof M :a(M)])+1)

and

pla(m) =Y a@)p(mn(w)’, me M.

i=1

PROOE. If the Jones index [M : a(M)] is an integer, by Lemma 1 we can take
n = [M : a(M)]. So we shall consider the case in which [M : ¢(M)]is a non-integer.
Take L and B in Lemma 2. We put H = L?(L). Since n = [L : B(L)] is a natural
number and n > 2, by Lemma 1, we have a *-representation 7z of a Cuntz algebra 0,
into B(H) such that

Bx) = Zn(v,-)xn(v,-)* forall xe L.
i=1
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As L D M, we can take p to be the restriction of the GNS representation of L. That
is,

pmn(x) =n(mx) for xelL and me M.

Thus

n

pla(m)) = m()p(m)m(v)".

i=1

REMARK 4. Let a(i), i = 0,%1,+2,... be a sequence such that a(i) = 1 if
i ==x2and a(i) = 0if i # £2. Let {u;};>0 be a family of self-adjoint unitaries such
that

uiu; = (—-1)"('_’)uju,-, l,j > 0.

Then {u;} generates a hyperfinite type II;-factor R and the map a : u; — u;,
induces a *-endomrphism « of R. For this a, we have a?(R)’ N R = CI [8]. But
*-endomorphisms p of a von Neumann algebra with permutation symmetry must
satisfy the relation: p*(M)' N M # CI[6]. Thus such a *-endomorphisms « does not
satisfy permutation symmetry. But even for this *-endomorphism «, it has the form
a(x) =), sixs’, x €R.

3. Conjugacy and outer conjugacy of *-endomorphisms

In [10], Laca considered conjugacy between two *-endomorphisms of a type
I-factor (and also for outer conjugacy) using the related Cuntz algebras. In the
following, we shall consider a version of type II, case.

PROPOSITION 5. Let M be a type 11, -factor on a Hilbert space H and €, = C*({s; :
i =1,...,n}) be the Cuntz algebra on H. Let a be a unital *-endomorphism of M
such that a(x) =Y ;_ s;xs}, x € M. Put

E,={xe€e B(H) :xa=ua(a)x forevery ae€ M}

and

F(S],...,S,,) = {Zs,-n,- n; € Ml} .
i=]

Then we have the following:
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(1) E,and F(sy,...,s,) areright M'-modules.
2) E, = F(s1,...,8,) asa set.
(3) Asaright M'-module, E, is the free M'-module of rank n.

PROOF. (1) is clear. We show (2). Forany Y ', sin; € F(si,...,58,),

a(a) (Zsjnj = (Z s,»asi*) (Zsf"f) =) san; = (Zsjnj) a
j=1 i=1 j=1 j=1 j=1
Therefore F(sy,...,s,) C E,. On the other hand, take ¢ € E,. Then

ta=a(a)t forany aeM.

Then

n
N .
sfta:sf(Zs,»asi)t forany j=1,...,n
=1

and
* _ * .
sita = as;t forany j=1,...,n.

Hence 57t = n; € M'. Then we have

n n
t= (Zsjs;)tz sin; € F(s1,...,8,).
j=1

j=1
Hence E, C F(sy,...,s,). We show (3). In order to do this, it is sufficient to show
that
if siny =0 then n;, =0 for i=1,...,n.

i=1

This follows from

5 (Zs,-n,-) =n, for k=1,...,n.

i=1

Therefore we have
F(si,...,8,) Z@M/.
i=1

Hence E, ~ ZLI @®M'. Thus E, is a free M’ module of rank »n.

https://doi.org/10.1017/5144678870003785X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003785X

350 Masatoshi Enomoto and Yasuo Watatani 8]

By Lemma 1 and Theorem 6 below, when M acts on L?(M, tr) standardly and the
index [M : a(M)] is an integer, the index [M : a(M)] of *-endomorphism « of M
necessarily agrees with the number of generators of the Cuntz algebra &, related to «.

THEOREM 6. Let M be a type 11 ,-factor acting on a Hibert space H, with finite
commutant. Let 0, = C*({s; :i =1,....m})and 6, = C*({t; : j = 1,...,n})
be the Cuntz algebras on H generated by isometries {s;}; and {t;}; respectively.
Let o and B be unital *-endomorphisms of M such that a(x) = Z:":, s;xst and

B(x) =Y '_ tjxt’ ,x € M. Then the following are equivalent:

(1) a=84.
(2) m = n and there exists a unitary matrix (u;;) € M' ® M,(C) such that t; =
Z;:l Silji.

PROOF. (1) implies (2): If (1) holds, by proposition 5, we have
FGi,....sm)=E, =Eg=F(t,,...,t,).

Since M’ is also type II;-factor, the K-group Ko(M') of M’ is the set R of all real
numbers. Considering the map tr~ from Kqo(M’) to R which is induced from the
normalized trace tr of M’, we have

()

Since F(sy,...,s,) = F(t,...,t,), wehave m = n. Since & = B,

57 (Z S[XS;) 1 =s; (Z tht,:) L.

Hence x(s't;)) = (s'tj))x. So s't; € M'. Putu = (u;;) = (s7t;)) € M @ M,(0).
Since (u*u);; = Y _(sft:)*sit; = Y_t'sispt; = t't; = §;;, and similarly uu* = 1, u is
a unitary matrix. On the other hand we have t; = (3_, 5;5/)ti = }_s5;u;;.

(2) implies (1): Conversely, assume that (2) holds. Then

*
px) = Xn:tkﬂ: = Z (Z sjujk) X (Z Sj’uj’k>
k=1 k J J
= Zij (Z ujk(ujfk)*) S;, = ZS]'X(SI"J"S;,

N k id’

= Zijsf = a(x).
j
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REMARK 7. Let M be a type II,-factor acting on a Hilbert space H such that the
commutant M’ of M is not finite. Let &, = C*({s; : i = 1, ..., n}) be a Cuntz algebra
on H. Assume that the *-endomorphism « of M has a form a(x) = Y |_, sixs],
x € M. Since M’ is not finite, there exist isometries ¢, &, € M’ such that C*({1,, 1,})
is a Cuntz algebra. Considering 2n isometries {s;t; : i = 1,...,n,j = 1,2}, we
have a(x) = Zi'j s,»t,-xt;‘s,.*, x € M. Thus if M’ is not finite, the number of isometries
which implement ¢ depends on the choice of isometries, in general.

On the conjugacy of *-endomorphisms, we have the following:

THEOREM 8. Let M be a type 11,-factor acting standardly on a Hilbert space H.
Let O, =C*({s; ;i =1,....m})and 6, = C*({t; : j = 1,...,n}) be the Cunt:
algebras generated by the isometries {s;}; and {t;}; respectively. Let a and B be unital
*-endomorphisms of M such that a(x) = Y ;. , s;xs! and B(x) = Z;':l Lxtr,x € M.
Then the following are equivalent:

(1) « and B are conjugate.
(2) m = n and there exist a unitary operator w € B(L*(M, tr)) and a unitary matrix
(u;;) € M’ ® M,(C) such that t; = Z;f:l(ws,-w*)uj,-.

PROOF. (1) implies (2): Suppose that « and B are conjugate. Then there exists
y € Aut(M) such that 8 = yay~!. This y gives rise to a unitary operator w
on L*(M,tr) such that wn(x) = n(y(x)) for x € M. Using this w, we have
Yoo hxtt = 3 (ws;w*)x(ws;w*)*. Applying Theorem 6 for 8 = yay~', we
have m = n and a unitary matrix (#;;) € M’'® M, (C) such that ; = ZJ';I(wsjw*)uj,-.
(2) implies (1): Assume the condition (2). Then

*
Bx) = Ztht,:‘ = Z Z ws;wru | x Z(wsjrw*)uj/k
k k \J I
= Z ws;w*x (Z ujk(ujfk)*) (ws;w*)* = Z ws;w*x8; j(ws;w*)*
7’ k 5

= Z ws;(w*xw)s;w* = yay (x).
j

On the outer conjugacy of *-endomorphisms we have the following:

THEOREM 9. Let M be a type l1,-factor acting standardly on a Hilbert space H . Let
Opn=C*({s;:i=1,....m)and 6, =C*({t; : j = 1,...,n}) be Cuntz algebras
generated by isometries {s;}; and {t;}; on H respectively. Let a and B be unital*-
endomorphisms of M such that a(x) = 3 s;xs;} and B(x) = 3_;_ t;xt?, x € M.
Then the following are equivalent:
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(1) « and B are outer conjugate.

(2) m = n and there exist a unitary operator w € B(L*(M,tr)), a unitary
operator v € M and a unitary matrix (u;;) € M ® M,(C) such that t; =
Z;;l v(ws;wHuj;.

PROOF. (1) implies (2): Assume that o and 8 are outer conjugate. Then there exist

a unitary operator v € M and y € Aut(M) such that 8 = Ad(v)yay~'. This y gives

rise to a unitary operator w on L?(M, tr) such that wn(x) = n(y(x)) for x € M.

Using this w, we have

thxtj* = Z(vwsiw*)x(vwsiw*)*.
j=t i=1
Applying Theorem 6 for 8 = Ad(v)yay ™!, we have m = n and a unitary matrix
(uij) € M'® M,(C) such that ; = 3 ", v(ws;w*)u;;.
(2) implies (1): Assume the condition (2). Then

*
_ * * *
Bx) = E Lxty = E E vws;w u | x E VWS Wy
k k j 7'
_ * * *NK ¥ o . *\ %
= E VWS WX ( E ujkuj,k> (vwspw*)* = E vws;w*xd;  (vws;w*)
iy k iJ

= Z vwsj(w*xw)sjf‘w*v* = Ad(v)yay ' (x).

J

4. Ergodic endomorphisms and shifts

A unital*-endomorphism « of a von Neumann algebra M is called ergodic if
{a e M:alkx) =x} = CI and a shift if Nipa' (M) = CI. If « is a shift, then
« is an ergodic endomorphism. In the following we shall investigate ergodicity of
endomorphisms of a type II;-factor M as in [10]. We shall use the following notation.
We assume that a family of isometries {v;};—; _, generates a Cuntz algebra. Put
We={G,....,0): i, =1,...,n,j=1,...,k}. For B € Wy, v = v;,v;,... 0.
We denote #, by the C*-algebra generated by U, {vs vyt B,y € Wil

PROPOSITION 10. Let M be a type 1l,-factor on a Hilbert space H and m be a

*-representation of a Cuntz algebra 6, = C*({v; : j = 1,...,n}) on H. Put
s; = m(v;). Let a be a unital *-endomorphism of M such that

n
alx) = Zs,-xsi*, xXeM.
i=1

https://doi.org/10.1017/5144678870003785X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003785X

[11] Endomorphisms of type II;-factors and Cuntz algebras 353

Let M*® be the fixed point algebra of M under «. Then we have the following:
Ny M*=nr(0,)N0M.

(2) Niz0@*(M) = (F,Y N Nizoly € M : forany y € W, s}ys, € M}.
In particular « is a shift if n (%#,) "M = CI.

PROOF. (1): We put a *-endomorphism o of B(H) such that
o(x) = Zs,-xs;" for x € B(H).
i=1
Then we have o}y = «. By Laca [10], B(H)° = n(&6,Y N B(H). Then M* =

BHY "M =7a(0,)) M.
(2): Take y € o*(M). Then there exists x € M such that

*
y= E S.XS;.

TEWk
Take B,y € W,.
5pS,y = S5, Z s,xs’:) = $pXS,.
reW,
On the other hand

L * * *
ySﬂSV = (Z s,xst> SﬁSy = sﬂxsy.

TeW,
Furthermore, for y € W,,
5, Y8, =X

So, s}ys, € M. Thus we have

o (M) S C*{sgs; : By € WY N{y e M :forany y € W, s7ys, € M}.
Conversely, take

yeCHsps;: B,y € WYN{yeM:foranyy € Wi, s, ys, € M}.

Then for vy € W,

ok (s} ys,) = Z S (8% yS3,)5h = (Z s,s;‘) y=y.

TeWi TeW,
So y € a*(M), that is,
C*(spsy : B,y € W) N{y e M :forany y € Wy, s}ys, € M} C a*(M).
Therefore

(M) =C*(sps; : B,y € W) N{y e M:forany y € Wy, s%ys, € M}.

https://doi.org/10.1017/5144678870003785X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003785X

354 Masatoshi Enomoto and Yasuo Watatani [12]

Next remark describes a fact on a *-endomorphism of a type I-factor which was
already obtained by Price [14, Definition 2.1].

REMARK 11. Let M be the algebra B(H ) of all bounded linear operators on a Hilbert

space H. Let C*({s; : i = 1, ..., n}) be a Cuntz algebra generated by isometries {s;};.
Let o be a unital *-endomorphism of M such that a(x) = Y ;_, s;xs?, x € M. Then
we have

(M : a(M)] = n’.
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