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On the Connectedness of Moduli Spaces of
Flat Connections over Compact Surfaces

Nan-Kuo Ho and Chiu-Chu Melissa Liu

Abstract. 'We study the connectedness of the moduli space of gauge equivalence classes of flat G-con-
nections on a compact orientable surface or a compact nonorientable surface for a class of compact
connected Lie groups. This class includes all the compact, connected, simply connected Lie groups,
and some non-semisimple classical groups.

1 Introduction

Given a compact Lie group G and a compact surface 3, let M(X, G) denote the mod-
uli space of gauge equivalence classes of flat G-connections on 3. We know that
M(X, G) can be identified with Hom(7;(X), G)/G, where G acts on Hom(7(X), G)
by conjugate action of G on itself (see e.g., [G]). It is known that if G is compact,
connected, simply connected (in particular, G is semisimple), and ¥ is orientable,
then M(X, G) is nonempty and connected (see e.g., [Li, AMM]). Thus it is natural
to ask about the connectedness of M (3, G) for nonorientable 3. From classification
of compact surfaces, all nonorientable compact surfaces are homeomorphic to the
connected sum of the real projective planes RP2.

Recall that we have the following structure theorem of compact connected Lie
groups [K, Theorem 4.29]:

Theorem 1  Let G be a compact connected Lie group with center Z(G), and let S be
the identity component of Z(G). Let g be the Lie algebra of G, and let G be the analytic
subgroup of G with Lie algebra [g, g]. Then Gy has finite center, S and G are closed
subgroups, and G is the commuting product, G = GjS.

In Theorem 1, G is semisimple, and the map G X § — G = GS given by
(g,s) — gsis afinite cover which is also a group homomorphism. In particular, if G
is simply connected, we have the following result (the part about orientable surfaces
is well-known):

Theorem 2  Let G be a compact connected Lie group with center Z(G), and let S be
the identity component of Z(G). Let g be the Lie algebra of g, and let G be the ana-
Iytic subgroup of G with Lie algebra [g, g]. Suppose that G is simply connected. Then
M(2, G) is nonempty and connected if ¥ is a compact orientable surface, and M(3, G)
is nonempty and has 2™ connected components if ¥ is homeomorphic to k copies of
RIP?, where k # 1,2, 4.
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For example, U(n) and Spin®(n) satisfy the hypothesis of Theorem 2. We have
U(n)s = SU(n), Spin“(n)s = Spin(n), Z(U(n)) = Z(Spin®(n)) = U(1),

When dim § = 0, the hypothesis of Theorem 2 is equivalent to the condition that
G is a compact, simply connected, connected Lie group. So we have the following
special case:

Corollary3  Let G be a compact, connected, simply connected Lie group. Then
M(X, G) is connected if 3 is a compact orientable surface or is homeomorphic to k copies
of]R{}P’Z, wherek # 1,2, 4.

Corollary 3 is also a special case of the following result in [HL] (the part about
orientable surfaces is well-known, see [Li]):

Theorem 4  Let G be a compact, connected, semisimple Lie group. Let 3. be a compact
orientable surface which is not homeomorphic to a sphere. Then there is a bijection

To(M(2,G)) — H* (2, m(G) = m(G).
Let X be homeomorphic to k copies of RP?, where k # 1,2, 4. Then there is a bijection
mo(M(E, G)) — H: (2, m(G)) = m(G)/2m (G),

where 2, (G) denote the subgroup {a* | a € m(G)} of the finite abelian group m(G).

Our proofs of Theorem 2 and Theorem 4 rely on the following result of Alekseev,
Malkin, and Meinrenken:

Fact5 [AMM, Theorem 7.2] Let G be a compact, connected, simply connected Lie
group. Let ¢ be a positive integer. Then the commutator map ps: G** — G defined by

(1) pe(an, by, ... a0, be) = aybyay 'by - agbay ')

is surjective, and (ué)’l (g) is connected for all g € G.

The surjectivity in Fact 5 follows from Goto’s commutator theorem [HM, Theorem
6.55].

The case of orientable surfaces is discussed in Section 2. The case of the connected
sum of 2¢ + 1 copies of RIP?, or equivalently, the connected sum of a Riemann surface
of genus ¢ and RIP?, is studied in Section 3. The case of the connected sum of 2/ + 2
copies of RP?, or equivalently, the connected sum of a Riemann surface of genus ¢
and a Klein bottle, is studied in Section 4.
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2 Y Is a Riemann Surface with Genus /¢
In this section, we give a proof of Theorem 2 for Riemann surfaces of genus £ > 1.

The genus zero case is trivial because the fundamental group is trivial.

Lemma 6 Let G, G, S be as in Theorem 2. Let { be a positive integer. Then the image
of the commutator map p’: G** — G defined by (1) is G, and (%) ~1(g) is connected
forall§ € Gi,.

Proof By Fact 5, uo(G¥) = Gy, so p5(G¥) D Gy. We now show that pa(G¥) C
Gss. Given (ay, by, ..., ap, by) € G¥, there exist a;, b; € G, s, t; € S such that

a; = djs;, bi = bit;
fori =1,...,¢ Wehave
pgar, by, ... ap, be) = ps(an, by, . .., ag, by) € G

So p§(GY) C G

By Fact 5, (u5) 7 (g) N G¥ is connected for all § € Gg, so it suffices to show that
for any § € G and (a1, by,...,a0,b¢) € (;/G)*l(g'), there is a path v: [0,1] —
(15)~1(g) such that ¥(0) = (ay, by, . .., ar, by) and (1) € ()~ (g) N GX.

Given § € Gy and (ay, by, ..., ap, b)) € (ué)‘l(g), there exist d;, b; € G, 5i,t; €
S such that

a; = a;s;, bi = bit;
fori = 1,...,4. Let g and s be the Lie algebras of G and S, respectively. Then s is a
Lie subalgebra of g. Let exp: g¢ — G be the exponential map. There exist X;,Y; € s
such that
exp(X;) = si, exp(Y;) = t;.

fori =1,...,¢ Definey: [0,1] — G* by
v(t) = (a1 exp(—tXy), by exp(—tY1), ..., arexp(—tXy), byexp(—tYy)) .
Then the image of y lies in (;/G)*l (g), and
(0) = (ar,bi,... ag,be), YD) = (@b, a0 b) € (ug) @ NGY. ™

Corollary 7 Let G be as in Theorem 2. Let 3 be a Riemann surface of genus £ > 1.
Then M(X, G) is nonempty and connected.

Proof Let jif. be the commutator map defined by (1), and let e be the identity el-

ement of G. Then Hom(7;(X), G) can be identified with (//’G)_l(e), which is non-
empty and connected by Lemma 6. So

M(E, G) = Hom(m (X)), G)/G

is nonempty and connected. ]
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3 X Is the Connected Sum of a Riemann Surface of Genus ¢ with One
RIP?
The following Proposition 8 is a well-known fact. We present an elementary proof

for completeness. We use the notation in [Hu, Chapter III].

Proposition 8  Let ® be an irreducible root system of a Euclidean space E, and let W
be the Weyl group of ®. Then there exists w € W such that 1 is not an eigenvalue of the
linear map w: E — E.

Proof The Coxeter element w. € W has no eigenvalue equal to 1 [Hu, Section
3.16]. Here we will construct such an element (not necessarily w,) case by case. From
the classification of irreducible root systems (see e.g., [Hu, Chapter I1I]), we have the
following cases.

A (¢ > 1): Eis the /-dimensional subspace of R‘*! orthogonal to the vector €; +
-+ -+ €441, and
@:{Ei—ej‘ ‘1§Z,]§€+1,l7£]}

The linear map L: R*! — R™! given by Le; = ¢;4; for 1 < i < £ and Legy; = ¢
restricts to a linear map w: E — E which is an element of W. The eigenvalues of w
are e2™/(HD) 1 < j < 4.

B, (¢>2): E=R’and
(I):{:EE,|1§l§£}U{i(6,iE])|1§l,]§£,17é]}

The linear map w: E — E given by v — —v is an element of W.

C,(£>3): E=R!and
O ={F2¢ |1 <i <L U{E(eE€)) |1 <i,j < Li# j}

The linear map w: E — E given by v — —v is an element of W.
Dy (¢iseven, £ > 4): E =R’ and
q):{ﬂ:(ei:l:Ej) | 1 Sl,]gf,l#]}
If ¢ is even, the linear map w: E — E given by v — —vis an element of W. If lis odd,

the linear map w: E — E given by €; — €, €, — —¢;,and ¢; — —¢; fori > 3 isan
element of W, and the eigenvalues of w are i, —i, —1.

E, (¢ =6,8): E=R’and
1 V4 14
_ ) ) < i< 1 NKG) N . '
o {:I:(e,:l:e])l_z,]_é}u{zizl( D e, | k(i) 0,1,;‘k(z)1seven}

The linear map w: E — E given by v — —v is an element of W.
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E;: E=R’, and
1 7 7
_ ) ) < i< 1 1K) N " . '
® {j:(e,j:ej)l_z,]_7}u{2;( D¢ | k(i) 0,1,;k(1)1sodd}

The linear map w: E — E given by €; — ¢;, € — —¢;, and ¢; — —¢; fori > 3isan
element of W, and the eigenvalues of w are 7, —i, —1.

F,: E=R% and
D ={te |1<i<4a}U{E(eite;) |1<i,j<4,i# jtu{t et teate)}
The linear map w: E — E given by v — —v is an element of W.
G,: Eis the subspace of R* orthogonal to €; + €, + €3, and
= {£(e1 — ), (&2 — &), £(e3 — €1), =261 — &2 — &3),
:t (262 — €3 — 61), :t(263 — €] — 62)}.
The linear map L: R* — R® given by Le; = ¢;, Le; = €3, Le; = € restricts to a linear

map w: E — E which is an element of W. The eigenvalues of w are 2™/ and e~27/3,
|

The root system of a semisimple Lie algebra can be decomposed into irreducible
root systems, so Proposition 8 implies:

Corollary 9  Let G be a compact, connected, simply connected Lie group. Let t be the
Lie algebra of the maximal torus T of G. Then there exists an element w in the Weyl
group of G such that 1 is not an eigenvalue of the linear map w: t — t.
Theorem 10  Let G, G, S be as in Theorem 2. Let X be a compact surface whose
topological type is the connected sum of a Riemann surface of genus £ > 1 and RP*.
Then M(X, G) is nonempty and has 24™S connected components.
Proof The space Hom(m(X), G) can be identified with

X ={(a1,by,...,as,bp,c) € G¥*! | alblaflbfl e agb/a;lbzlcz = e},
where e is the identity element of G. So

M(Z,G) = X/G,

where G acts on G**! by diagonal conjugation. Note that the action of G preserves X.
Let G, S be as in Theorem 2. Then G, is a normal subgroup in G. Define

S=G/Gs = S/(GsxNS),
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where the isomorphism is induced by the inclusion S < G. Note that Gz NS C
Z(G) is a finite abelien group, so S — S is a finite cover, and $ is a compact torus
with dim$ = dimS. Let 7: G — S = G/G be the natural projection, and let
P: X — G be defined by

(ar,b1,...,a0,bp,¢c) —c.
For (ay, by, ..., ap, by, c) € X, we have
¢ = pglay, by, ... a0 by)
which is an element of G, by Lemma 2. So
m(c) e K={ke S|k = ¢ = (2/22)%™S
where ¢ is the identity element of S. Thus 7 o P gives a continuous map
0: X — K.
Note that 6 factors through the quotient X /G, so we have
0: X/G—K,

and 6 = o o p, where p is the projection X — X/G. Let Xx = 6~ (k) for k € K. We
will show that X} is nonempty and connected for each k € K, which implies 0=! (k)
is nonempty and connected for each k € K. This will complete the proof since K is a
group of order 24™$,

Letk € K C S. We fixk € S such that 7(k) = k. By Lemma 6, P~1(c) is nonempty
and connected for all ¢ € G such that 7(c) = k. So X is nonempty. To prove that Xj
is connected, it suffices to show that for any ¢ € G such that 7(c) = k, there is a path
~:[0,1] — X such that v(0) € P~!(k) and v(1) € P~!(c).

Since 7(c) = 7(k), we have ck~! € G,,. There exists ¢ € G such that g~ 'ck~'g €
T, where T is the maximal torus of G. Let g and t; denote the Lie algebras of G
and T, respectively, and let exp: g, — G be the exponential map. Then

g_lcgfc_1 = exp(§)

for some £ € t,. By Corollary 9, there exists w in the Weyl group W of G and £’ € t;
such that w-&' — ¢’ = . Recall that W = N(Ty)/ Ty, where N(Ty) is the normalizer
of Ts in G, so w = aTy € N(Ty)/ T for some a € G. We have

aexp(t€')a ' exp(—t€') = exp(t€)
foranyt € R.
The group G, is connected, so we may choose a path ¢: [0,1] — G such that

§(0) = eand g(1) = g. Define v: [0, 1] — G**! by

V(t) = (Ll(t), b(t)v €...,6 C(t))v
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where

a(t) = gt)agt)™",
b(t) = g(t) exp(—2t&£)g(t) ™",
c(t) = kg(t) exp(t&)g(t) "

Then the image of 7y lies in Xz, v(0) = (a, e, e, ..., €, k) € P~1(k), and

1

(1) = (gag_l,gexp(—Zfl)g_ e, ...,ec) € P7o). |

4 Y Is the Connected Sum of a Riemann Surface of Genus ¢ > 2 with
a Klein Bottle

Theorem 11  Let G, G, S be as in Theorem 2. Let X be a compact surface whose
topological type is the connected sum of a Riemann surface of genus ¢ > 2 and a Klein
bottle. Then M(X, G) is nonempty and has 29™S connected components.

Proof The space Hom(m;(X), G) can be identified with
X = {(ay, by, ... a0, by, c1,c) € G| arbya; byt agbgazlbglcfcg = e},
where e is the identity element of G. So
M(Z,G) = X/G,
where G acts on G***? by diagonal conjugation. Note that the action of G preserves
X

Letm: G — S= G/ G be defined as in the proof of Theorem 10, and let P: X —
G? defined by

(a1, by,...,a0,bp,c1,6) = (c1,6).
For (a1, by, ...,a0,bp,c1,c2) € X, we have
—2 -2
¢, ¢ " = pglay, by, ... aby)

which is an element of G by Lemma 6, so
(m(e)m(e))? = m(e)’n(er)* = m(fq) = ¢,
where ¢ is the the identity element of S. Define 6: X — K by
(a1, by, ... a0, by, c1,02) = mle)m(cr)
where K is defined as in the proof Theorem 10. Note that 6 factors through the

quotient X/G, so we have
0: X/G — K,
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and 6 = o o p, where p is the projection X — X/G. Let Xx = 6~ (k) for k € K. We
will show that Xy is nonempty and connected for each k € K, which will complete
the proof.

Given k € K, we fix k € S such that 7(k) = k. By Lemma 6, P!(c;, ;) is
nonempty and connected for all (c;,c;) € G? such that w(c;)m(c;) = k. So Xi is
nonempty. To prove that Xj is connected, it suffices to show that for any (¢, c;) € G?
such that 7(c;)m(c;) = k, there is a path «y: [0,1] — X such that v(0) € P~!(e, k)
and v(1) € P7(cy, ).

Given (c¢1, ;) € G? such that w(c))7(cy) = k, let ky = 7(c;) and ky = 7(c2).
Choose s; € S such that w(s;) = k; and let s, = sflfc. Then clsfl, 625;1 € G, and
515, = k. Let T, ts, a5 be as in the proof of Theorem 10. There exist g1,8 € G,
&1, & € tg such that

as; =giexp(&)g ', s, ' = gexp(&)g !

There exists X € s such that s; = exp(X). Thens, = exp(—X)fc.

By Corollary 9, there exists w in the Weyl group W of G, and &/, &5 € t,; such that
w-& —¢& =&,i=1,2. Recall that W = N(T)/ Ty, where N(T;) is the normalizer
of T in Gy, sow = aT € N(Ty)/ T for some a € Gg. We have

aexp(t&))a= ' exp(—t€!) = exp(t;)

wherei =1, 2.
The group G is connected, so we may choose a path g: [0,1] — G such that
§;(0) = eand g(1) = g fori = 1,2. Define y: [0, 1] — G**! by

(1) = (ai(t), b1 (1), ax(t), ba(t), e, . . . e, c1 (), ea(t)),

where

ay(t) = (Dagy (),

bi(1) = &(t) exp(—2t&,)% (1)~

a(t) = g (t)ag (1),

by(1) = &1 () exp(=2t£)) (1)~

a(t) = g (1) exp(t&)g (1) ™" exp(tX)

o (t) = & (1) exp(t&)8 (1) exp(—tX)k

Then the image of 7 lies in X}, and
/Y(O) - (a7 e? a? e7 e7 AR 7e7 e7 72) 6 P_l(e7 7%)7

(1) = (gag, ' g exp(—28))g, ' giag; ', g1 exp(—2€])g; e,

-1
...,e,cl,cz) € P (c1, ). u
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