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PRODUCT FORMULAS FOR STEENROD OPERATIONS

by ZAIQING LI
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A star operation is defined and studied for the Steenrod algebra. Numerous product formulas of Steenrod
operations are presented.

1991 Mathematics subject classification: Primary 55510, 16 W30, 13A50, 20C20.

1. Introduction

Milnor’s composition law [7] (Section 2) has long been the most important theorem
for the Steenrod algebra. It is often used to calculate the product of two specific Milnor
basic operations. But by manipulating matrices in this calculation one can hardly obtain
any formula of general pattern. It is our purpose in this paper that we incorporate
Milnor’s law into a single product formula of global operations using a star operation
among sequences of scalar parameters, which is defined from the coproduct formula of
the dual Steenrod algebra (Section 3). Properties of this star operation along with their
implications on the Steenrod algebra constitute the main part of this paper. A formula
which calculates the conjugate of the Steenrod algebra is an immediate application
(Section 4). Weighted symmetric polynomials are defined (Section 5), whose combi-
natoric properties determine the algebra structure of Steenrod operations. The simplest
example of these properties implies the Bullet-Macdonald symmetry for the Adem
relations (Section 5). The most general example is a relation between the Dickson and
Mui invariants from the modular representation theory and iterated products in the
Steenrod algebra (Section 8). We also have more product formulas (Section 6) which are
used in a study of nilpotence in the Steenrod algebra (Section 7).

This paper is a revision and extension of the results on the Steenrod algebra first
presented in my dissertation. I like to thank sincerely my Ph.D. advisor Professor
Richard M. Kane for every piece of advice and guidance I received during my Ph.D.
candidacy. I would like to thank Professors Kee-Yuen Lam and Denis K. Sjerve for
their supervision and precious help in my post-doctoral years at the University of
British Columbia. Finally I would like to thank the Izaak Walton Killam Committee of
Canada for awarding me a fellowship under which this paper is written and published.

2. Milnor Composition Law

In this section we set up our background. Let /21 be a fixed integer, p a prime. Let
=4, F, a field of g elements. Binomial and multinomial coefficients are denoted by
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m| mm—1)...(m—n+1) (kg kot k)
[n]~ n! o Tk, kel = kotky!.. k!

It is true that for non-negative integers x=),,ox;p' and y=),,y;p' in p-adic
expansion,

X X;

[ ]s H[ ](mod P [x)=]] [xyd (mod )
y izo| Vi i20
By an exponent sequence we mean a sequence of non-negative integers R=
(r{,r2,rs,...) such that r;#0 for only finite number of i’s. An exponent sequence can be
multiplied by a non-negative integer and two exponent sequences can be added
component-wise. The following is standard:
|R|=r1 +pra+pirs+ e,

IRl =2(p = )ry +2(p* = Dro +2(p> = rs + -
d(R)=ri+ry+r3+-,
DR)=r,+(1+p)ry+(1+p+p*)rs+---,

A,=(0,...,0,1,0,...), where 1 is the £th component,
0=(0,0,0,...).

By a sequence of scalar parameters we mean a sequence ¢=(¢;,¢,,&,,...) which is
independent of the Hopf algebra (the Steenrod algebra) that is in discussion. We write

ER for the monomial €7 EREY ... and assume £y=1 for convenience. When we expand an
expression A in terms of monomials B we denote by

A
B
the.coefficient of B. For example, if m=k, +k,+---- +k,,

& (p) is the Steenrod algebra of mod p stable cohomology operations. It is the graded
associative algebra over F, generated by the Bockstein operation J and the (reduced)
Steenrod operations 2" (n21), when p is odd, or by the Steenrod squares Sq" (n=1),
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when p=2, modulo the Adem relations. Milnor showed that &/ (p) has a linear basis
containing 2%, called Milnor basic elements (operations), where R are exponent
sequences, such that ZR=2" if R=(r,0,0,...), and that it is a Hopf algebra over F,, the
coalgebra structure being the Cartan formula. As conventions, #"*--*"" is 1 if n=0 and
PR is the zero operation if R is not an exponent sequence. In the case p=2 we assume
2R is the operation Sq®. Moreover

Notation 2.1.
(l) 9;=gr-A{’ '@lll,lz....,I,.=gt|A(+le1{+--' +l..A,.l’ %(a)=2’gzar
2 2% =ZR PRER, 2(n) =Zk_2_0 Dl

To state Milnor’s results we define Milnor notations R(X)=(ry,r;,...), S(X)=
(51,82,...), T(X)=(t,,t;,...) and b(X) for a matrix of non-negative integers, almost all

zero,
0  xo,1 Xo,2
X1,0 X110 X1,2
X=
X2,0 X2,1 X2,2
where
: : [l
i _ _ _ it
r,'= Z p"x,-_j, Sj— Z x"J, tk— Z x‘-“i, b(X)— '.
i=o0 i=0 i+j=k Hi,jxi.j'

Theorem 2.2 ([7]). The dual Steenrod Algebra & ,(p) is a Hopf algebra over F,. As an
algebra, it is Grassmannian:

E(yl’yz,-'-)®'Fp[xhxbx:b"'] lfp;é2

M*(p)={ﬂ:2[xhxz,x3,--~] if p=2,

where the generators have degree

2p*-1) if p#2

deg(y) =1, deg("")={2"—1 if p=2, k21

The coalgebra map Y, is given by

wt(xk)=_+z.kx|?j®xi, X0=l

i+j=

Y= Y xF@®y+n®l, yo=1, k21
i+j=k
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Theorem 2.3 (Milnor Composition Law [7]). The Steenrod algebra </(p) is the Hopf
algebra dual to o/ (p). It has a free T ,-basis

{2595 ...2®|e;=0,1, R: exponent sequences} if p#2,
{Sq® | R: exponent sequences} if p=2.

The degrees are deg(2))=1, deg(?*)=||R|| and deg(Sq®)=D(R). The coalgebra map ¢*
is given by the Cartan formula

P*PH= ¥ PRI, ¢M2)=21+1R@ 2.

Ri+R2=R
The algebra map Y* is determined by

(1) PRP°=Y pxy=r.s0 =5 HX)PTD),
(2) Q’R.@k=.@kg’k+,@k+lgk—p"m+_azk+2gaR-p"Az+....,
(3) '@12=0a -Ql-@_,'i'gl-@,:(), l#_]

3. Star operation

We are going to define a star operation for the Steenrod algebra 2/(p). We begin with
a Hopf algebra (H,,¢,,¥,) of finite type over a (graded-)commutative ring F in the
sense of Milnor and Moore [8]. We assume that H_ is evenly-graded if the
characteristic of F is not 2, for this eliminates any sign change when switching order of
factors in a product. Suppose that the algebra structure is polynomial H, =
F[xy,X25...,%p--. ). Hence the dual Hopf algebra (H*,y*, ¢™*) has a free F-basis {@R|R
exponent sequences}:

1 ifR=S
PR =
< |xs> {0 otherwise,
where ¢ | > denotes the Kronecker pairing. By duality

(o*W) | f @) =C(ulo (f @), W*uv)|f>=C(u@v|¢ (N
The coalgebra structure ¢* satisfies the Cartan formula

P*P)= Y 99"

Ri+R2=R

Definition 3.1. Suppose that ¢{=(&,,¢&,,...) and n=(n,,1,,...) are sequences of
scalar parameters, and that
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.I/g(xk)= Z a(l:,)sxk ® XS, a(;.)SeF9 k; 1
R,S

Then the star operation is £ s n=((E*n),,(E *1),,...) where

(& n)k=RZsaSi‘.’sé“ns, k>1.

Theorem 3.2. For any sequences of scalar parameters & and n,

Z @R@Sﬁk S=Z@T(€*n)1‘.
R,S T

This means that the product 2%2° is a sum of 2T with coefficients

* T
[(ik:g :' el.

Theorem 3.2 will be applied to the Steenrod algebra with a little modification. We then
obtain many new and old formulas which constitute the main part of this paper. In [6]
a star operation for the Brown-Peterson algebra BP*(BP) is defined. In that case the
product formula (3.2) implies the Quillen theorem. We now prove the theorem by an
argument of duality.

Lemma 3.3. Let 2(§)=) g P"¢X, and D(n)=) s D°n°. Then for f,geH,,

K202 | f-8>=XD(&)- 2(m)| > <D0 D(n) | &>-

Proof. Since H* is a Hopf algebra ¢* is multiplicative. By duality and the Cartan

formula,
/g >

- < R
R,S

Z QR@SéRnS
R,S

f®g>

<;s<p*(@")<p*(95)c“ns f®g>
>

( ¥ <(@"'®9"’)-(93‘®DS’)'f®g>>é“'ns
S\R;+R2=R,85,+82=S
f> < Z gkz@Székz'lszlg>

R2.52

]

R,
< z @lh@sxékl"sl

R1,5,
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= Z @R@Sgkr’s f> . <Z @R@Séﬂﬂs
R,S R.S

).
O
Proof of Theorem 3.2. We check the two sides of the formula in the theorem have
the same effect on H, with respect to the Kronecker pairing. For exponent sequence T

<Z DRPSERYS xT> = ﬁ < Y. DRDSERyS x,,>‘k by Lemma 3.3
R.S k=1 R.S
-1 < T y*(@F ® D)ERyS xk>"‘
k=1 R,S
=11 ( (P*® D’ w*(xk»-f’*rf)"
k=1 R,S
=,f[1 <R ) <9" ® D* UZV ay x'® x"> é“ﬂs)‘k
i (gatee)
k=1 \R.S
=(Exn)T
= <z@"(m>” x’>~ o
U

We now turn to the case of the Steenrod algebra .«/(p). Consider the Hopf algebra
% ,(p) which is dual to

o)D) p#2
% (p)"{x(z) p=2.

By Theorems 2.2 and 2.3 #,(p) is polynomial: #,(p)=F,[x,,x,,x3,...]. The coalgebra
structure ¥, is given by

Y (X)) = Z xf,l@xj, k=1

i+j=k
The dual of x® gives the Milnor basic operation #R. Therefore a star operation is

defined for #,(p) hence for the Steenrod algebra /(p). For sequences of scalar
parameters £ and 5, we define £ *5 by

Eenh= Y &'n;, k2l

i+j=k
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Remark 3.4. The polynomials (¢#*7), are in the first column of the product of
matrices mod p:

1 0 0 0. 1 0 0 O
& 10 O . nn 1 0 0
&L g 1 0. n2 ni 1 0

1. LA |

& &8 &

vy

It is true that for any ¢, 5 and {, there is an & such that
(Exm)el=Cx(nx(), E+x0=(=0x¢ (+I=0=C4L
Theorem 3.5 (Milnor Product Formula).
(1) 2 Pm)=2(*n),
(2) 2(O)-2m=2(&*n)2(),
(3 2()-2(m+2(n)- 2(5)=0.

Proof. (1) is a direct application of Theorem 3.2 when applied to the Hopf algebra
#*(p). (2) and (3) are reformulations of Theorem 2.3(2) and (3) using global operations.

a

Global operations 2(&) are parallel with those in Atiyah and Hirzebruch [1] and
Monks [9]. We use the star operation in the proof of a theorem [9] which is credited
by Monks as having originally been proved by Atiyah and Hirzebuch.

Theorem 3.6 ([1]). Let S(¢y,85,...)= 4,.rs.... Sq° 52, £,=0,1, called generalized
total Steenrod squares. The set of operations S(ey,¢,,...) is a group under the multiplica-
tion of Steenrod operations. Moreover it is isomorphic to the group of units of the algebras
F,[[x]1] of formal power series by the map

S(81982,...)H1+81x+82x2+-.._
Proof. The global operation S(e¢,,e¢,,...) is equal to P(e) where e=(g,,¢,,...), for
P(e)=).8q""* ee7... and, g'=1 if gr;=r; otherwise 0. Take scalar sequences

A=(A4,4,,...) and p=(u,,u,...) from F,. By Theorem 3.2

S(Ays4,-.. ) S(py, Has .. )=S(A%p), (A% p)= z lf’jl‘j= Z At

i+j=k i+j=k

This implies that the multiplication of generalized total Steenrod squares corresponds to
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the multiplication of formal power series from F,[[x]]. It is obvious that the map
defined in the theorem is injective and surjective. The theorem follows. O

4. Conjugate

Our first application of Theorem 3.5(1) is to calculate y (or the anti-automorphism in
[7]) of the Steenrod algebra «/(p) which is defined inductively by

) x(w')-gme{" TR o (2 x(g’“)é“)'<29’“é")= L
Ri+R2=R 1 lfR=0’ R R
Milnor attempted to calculate x non-inductively ([7, Theorem 5]) but finished up with a

very complicated formula which is almost impossible to use in practice. Our formula is
much simpler.

Theorem 4.1. For any exponent sequence R

x(g;k)=(_l)d(k). Z b(X).gT(X)-S(X)

R(X)=R
where X runs over all matrices of non-negative integers, almost all zero, of the form
0 0 0

X1,0 X1,1 X1,2
X=

X2,0 X2,1 X2,2

For example,

W2)=(=1 ¥ 2% (M)
D(R)=r
(PR =(—1)®PR ifall r,<p,
x(gpAn) = — PPBn_gphn+ )
X(SqS.Z. 1) = qu' 2,1 + SqO. 3, 1.

Proof. Given ¢, choose n such that E+n=0, ie. —n,=&,+&_ n+ - +&" for
n=1. By Theorem 3.5(1)

(Zﬂ“ﬁ“)-(;z’sns)ig"(c sn)T=1

R T
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Multiplying with Y 5 x(?*)&R from the left,
S
Y P =Y 1(PR)ER, hence x(W):Z[”R]wS
S R N é
We claim that for S =(s,,...,s,,0,...), s,#0,

,75 = Z ( _ l)d(R(x”b(X) . éR(X)'
T(X)=S+S(X)

where
0 0 0o ... 0 0
X1,0 X110 Xp2 o-eo Xpu-p O
e x%'o xz.'l xz'_2 0 0
x,,_.l'o Xpoyn 0 Ll 0 0
X0 0 o ... 0 0

with x; ; non-negative integers. This can be proved by a technique of successive
expansion. We ignore the minus sign of n, (which can be easily recovered). For
S=(s1,---+5,,0,...), 5,#0,

Sn — LEPT T X1 n-1 PXn~1,1FXn0. pXn-1,1
r’nn— Z [xn.O’xn—l,l""’xl,n—l] él " "'én—"l n’l '11"
Xn, 0t tx1,n-1=5n

XZ'S-Z X|‘,l|_|
7tk Ll
Let §'=(sy +X,-1,1,52+X2,0=2,.-+,85—1 + X3 -1,0,...). Now by induction on n

= T b(1) e,

T(Y)=8"+S(Y)

where
0 0 0o ... 0 0
X1,0 X1 Xp2 e Xpa.-2 0
e Xz‘.o xz.'l xz.'2 0 0
Xn-2,0 Xs-21 0 ... 0 0
Xo-1.0 0 0o ... 0 0

with x; ; non-negative integers. We find that Y is the upper-left (nx n)-corner in the
matrix X, except the integers x; ;, i+ j=n. Therefore
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=0y

= LEPM T X1, PXn-1,1£Xn,0.,,S
- Z [xn.Oaxn—l.la“"xl.n—l] él " '--én——l tt n'l n
Xn, 0t X1, n-1%85n

_ L EPMTIX - Xn-1,1£%n, 0. £R(Y)
- Z [xn.O’xn—l,b"',xl,n—l] é‘i, et 5_::1 ! lcnn ° 6
Xn, 0+ +X1,n-1=8, T(Y)=§" +5(Y)

= Z b(X) . {R(X)'

T(X)=S+S(X)
S
This proves the claim. We are done by reading off from it the coefficient [gx:l. O

Formulas involving the conjugate y can also be given in the form of global
operations. The following is such an example.

Theorem 4.2. For scalar parameters o and B,
(1) Tom(= D@ AP B =T 1 P (0 +H) T,
(2) Zm.r( - l)mx(,@'n)grﬂmar_:ZTgT(a+ﬂ)d(T)ﬂpD(r)_

In other words,

raen=c- 3 Mo @

D(T)=m+r

PP =(—1" ¥ [“‘T)]gr.

D(T)=m+r r

Proof. Take ¢=(x,0,0,...), n=(—p,0,0,...) and (=(B,p°*,p7**?*' ...). Then
n*{=0and &+{=(a+pB,(a+P)’B,(a+H)*’**!,...). By Theorem 3.5

Z gRgSéRcS=z'@T(€*C)T Z .@U‘@SUUCS=Z‘0/')T(,1*C)T.
R,S T u,s T
That is,
Z?rysarcs=Z.@T(a+ﬂ)|T|ﬁD(1")’ Z QU'@S”UCS_:I.
r.S T [
The latter identity implies

§95C3=§x(9")n” =Y (= )" y(P™)B",

which is substituted into the left hand side of the former identity. We get the first
formula in the theorem. The second one can be treated similarly.
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5. Iterated products
Definition 5.1. Suppose «,,a,,...,a, are scalar parameters. The g-weighted symmetric
polynomials for the a; are
gy=ay+oy+- -+,
o,=ofo,+ - +aja,+aday+c +al_a,
oy=af ooy +aladu,+ - +all ol a,

n-2

— "yt
o,=af o} "...a,

Notice that if the elements a,,a,,...,a, are algebraically independent over [,, then so
are the elements 0,,0,,...,0,. In fact a; is algebraic over F (o, 4,...,,,0,,05,...,0,) for
n=iz1. For example o, satisfies the equation

aﬁ,""'”/“"”—a‘{""af,""_"”’("’”+---+(—1)"“0‘;,-1«‘,,"“”""”+(—1)"o-,,=0.
Theorem 5.2. Let ay,a5,...,a, and 6,,0,,...,06, be as in Definition 5.1. Then

Y PR Predidy.dp= Y, Pooinglie} .. op.

F1,020000 rn 11,t2,..., th

Proof. Since the star operation is associative it follows from the iteration of
Theorem 3.5 that for sequences of scalar parameters &), k=1,2,...,n,

9’(6(1))9(5(2))---g(f(n))=g(é(1) * '5(2)*---* é(n))‘

In this case é(,-,=(0,...,0,clx,.,0,...) the sequence &(jy* &) *...#&,, consists of the

elements appearing in the first column of a product of n matrices, e.g. in the case £/=1
(by Remark 3.5)

1 0 0 0 . 1 0 0 O 1 0 0 0
o 1 0 0 . a, 1 0 O a, 1 0 0
0 £ 1 0 . 0 «2 1t 0 0 o 1 0
0 0 off 1 0 0 of 1 0 0 o |
They are the elements of (¢4,0,,...,0,,0,...). The theorem follows. O

We see that iterated products of Steenrod operations are completely determined by
the combinatoric behaviors of weighted symmetric polynomials. Of numerous conse-
quences the Peterson formula and the Bullet-Macdonald symmetry for the Adem
relations are immediate from Theorem 5.2.
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Theorem 5.3 ([12]). For m,n2>1

L3} 12 In
n n n
E PLrPE.. P = E CPYtin
ritryt oo trp=m tg@- 1D+ -Hnlg"—1)=mig—1) 1 2 n

In particular when n is a power of q,

S ey [P gt
e 0 otherwise.

ritrz+ - +rp=m

Proof. The formula 5.2 splits by total degree from the both sides. The identity in
degree 2m(q— 1) (or in degree m(q—1) if p=2) is the formula to be proven. O
Theorem 54. If o, =u(v—u)?"! and o, =v7, then
(1) Aoy} Pylay), and
(2) V7 (PA1) 2= 2o PA01)) Po(ar3), mZ1

are expressions symmetric with respect to u and v.

Proof. (1). A special case of Theorem 3.5(1) is

Phoy) P oy)= Z P} "0l 07,

.02

where

uq+1_vq+l
o=, +o,=u(v—u)? '+ 1= —v—,
u—v

oy =0ado, =(u—v)? .

Since both 4, and o, are symmetric with respect to u and v, (1) follows.
(2). By Theorem 2.3(2), 272t — 21t P2 = 2(m+ 1) 2~ * - In terms of global operations,

Ph1) 2t~ Lpns g’t(‘xl)=—@(m+ 1)lgt(°‘1)“‘{m-
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Hence (2) is equal to
V" D 1P AT PL02)= D1 AP Ak:) - P o)) ()™ (0 — u)a = D",
which is symmetric by (1). g

Bullet and Macdonald proved the symmetry above in the case /=1 and m=0 by
using a Cartan—Serre theorem. They also showed a technique of residue computation
that their symmetry implies the Adem relations. Recall that the Adem relations [13] are

( la/p] - — )= L
'a})a'@b= Z (_l)a+j[(p 1)(b j) l]ga-l»b—]g]’ 1§a<Pb,
j=0 a—pj

[a/p} — — = L
< ya&gb___ Z (_1)a+j[(p 1)(b ]) 1]5@a+b~191,
j=0 a-—pj

{(a—1)/p] i
" Zp(—1)“”—‘[(”“’(”.‘”“1]9’““-"6@; 1<a<ph, p#2
j=o a—pj—1

They are a set of relations which defines the Steenrod algebra algebraically. The residue
technique is applied to Theorem 5.4. Hence the Adem relations for the subalgebra of the
Steenrod algebra «/(p) generated by the operations &, are

la/q) _ P Lo
2i21= 3 (| 400D grezy abzo
j=0 a—4qj

Later in Section 7 we will find that there are Adem relations for other algebras as
well. In Section 8 we will fully extend the symmetry in Theorem 5.4 to a relation
between the Dickson invariants and Mui invariants of modular representation theory.

6. Product formulas

Observation 6.1. Let £, n and 1 be sequences of scalar parameters. Define a formal
power series over [, by

F=T] I

—kgl 1—(5*'1)&}%.

Then Theorem 3.5(1) is equivalent to the fact that
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[555]=Za117=>9”‘93=2a7.@T.
n T

T

For,

F (&= n)T] T
F= —_— #n)TAT, = A
k21 (1 —(6*")k}*k) ;(6 n [fkﬂs] ;[ &’y
* T * T
a1'=[(é€RZs)i :|’ -@R?s=;|:(§kzg ]=Zr‘,arg’r.
This observation implies:

Rule of thumb. When we have a formula involving coefficients in the expansion of F
in terms of ¢ and #, we may convert it into a formula for Steenrod operations by
replacing each monomial &®5% with 2R25 and AT with 27,

As a simple example let us consider the mod 2 case where ¢=(«,0,0,...),
n=(p,0,0,...) and A=(4,,4,,...). In other words,

1
l i r Qs F
1+(a+ﬁ)ll 1+a2ﬂ12 rzsf; S( 12 Z)aﬂ over 25

where f, ((4,,4,) are polynomials in 4, and 4, over [F,. It is true that

=) fr.oA1, A3)a* B,

(1+ @+ B)A)(1 + 02 BAz)=(a Ay A;) +(ady) +(BAy + 02 BA) + (1 + 22 B4, 4,).

Comparing the coefficients of monomials in « and § from the both sides of the formula
F=(1+(a+p)A)(1 +a?BA;): F?, we find that, for any integers u and v

(1) frurr2001(A1A2) =445 £, -1 (21, 22),
(2) f2u+1.2u(/11’/12)=)~1fu.v(11a}~§)’
(3) qu.Zv+ 1(11a}~2)='11f;.u(lf’ A%)"'AZﬁl—l,v(li }'%)s

@ Sfru20A1,42) = £ (A1, 23) + As A2 Sy, (A1, AD).

By our rule of thumb, we obtain, for example, Sq***'Sq®>**! from f,,4+, 5,4+, and
A A,D(Sq*7'Sq") from A,2,f,_, (43,43), where A,;A,D is the composite of the
F,-maps 4,, A, and D from 2/(2) to itself such that

Al . Sq“‘”!—b Sqn + l,lz’ Az: Sqn.tzH Sqn,rz+ 1, D: Sqr..rzH quh‘zu.
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This proves:

Theorem 6.2. For any integers u and v
(1) Sq™*!Sq**!=4,4,D(Sq""'Sq")
(2) Sq**'Sq* =A4,D(Sq"Sq’)
(3) Sq*Sq™*! =A,D(Sq"Sq’)+4,D(Sq""'Sq’),
(4) Sq™Sq*  =D(Sq“Sq’)+4,4,D(Sq"*”'Sq"™"). D

We also define E:Sq' "2 Sq***3-4271 It turns out that:

Theorem 6.3. For any integers u and v,
Sq*“Sq*’ = D(Sq%“Sq?*) + E(Sq“Sq").
In particular for any k=1,
(Sq**"")?=D((Sq*)*) + E((Sq**)?).

Therefore, if L, is the number of Milnor basic operations in (Sq%)?, k=0, L,,,=
Ly+Ly_,. That is, {L,},»0 is the Fibonacci sequence {0,1,1,2,3,5,8,13,21,... }.

Proof. By Theorem 6.2(1) and (4), Sq*Sq*°=D(Sq**Sq?")+ B(Sq*~2Sq""!), where
B=A,A,DAA,D:Sq" "+ Sq* *3-42%3 The identity

1

_ 2 .
P Taspr, TP F

shows that

1
+Zfr.s(j'1’ Ay)daf F2pEt Y,

"Zsf,.s(ﬂq, Ao pr= m &

Replacing 4; with 4} and multiplying with 4347, we get

-1
LR TRV EENSEY Y

AN W —
r'z’j;.s( 1 2) 172 ﬂ 1+(a+ﬂ))~? ~

Since any negative power of ; corresponds to a zero operation in the Steenrod algebra,
the coefficient of «*f° implies that E(Sq“Sq’)=B(Sq*~2Sq°~!). We have proved the
formula. 0

The formulas obtained can be well derived from an argument of the Milnor matrix

https://doi.org/10.1017/50013091500019052 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500019052

222 ZAIQING LI

calculation 2.3. But the technique of formal power series benefits us when we generalize
Theorem 6.2(1) and (2)

Notation 6.4.

Sq(n+ 1,€>= Z Sq2r|+l ..... 2r..+l.2r,.+;5r1;.”é;,. ;,.++11
Sq[n,f] — Z Sq2n+l ..... 2ry.-1+1.2r,.+l€rl|”' ;,.__11 ;,.+1
Sq[a] =qu2r+lar+l_

Theorem 6.5. Suppose that & and n are sequences of scalar parameters and that the
elements 0,,0,,...,0, are the 2-weighted symmetric polynomials for the parameters
oy,0,...,%, Then

(1) Sq[n&1-Sqi{m+1,n>=Sqln+m+1,¢*n>-&7",
(2) Sq[n.]-Sqlm,n]=Sq[n+mE*n],
(3) Sq[a;18q[a,]...Sqla,]=Sq[n,q].
Proof. The statement (2) can be obtained from the statement (1) by setting #,,,, =0.
Iteration of (2) implies the third statement. We prove the first.
Let W be the F,-space generated by all monomials &7...&mnY ... qimyin?d such that

either at least one of the numbers ry,...,7,,5;,...,5, IS €ven or s, ., is odd. By X=Y
we mean X — Ye W. Consider the formal power series

n+m+1 1

F= S F,,
I1 T—o) over [,

k=1

where Q is the star operation of ¢ and #:

Q, = +m
Q, =&+ &N +n,
Qn =én+é£—lnl+”'+’1n

Quey =En+E it e

Qn+m =ésm"m+€3':;l"m+l

Qn+m+1=§3m“'7m+1~
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We observe that for every £; has even powers in Q; for j2i+1, and that every #; does
not appear in Q,, ; for j=i+ 1. This implies the congruence

n+m+1 ntm+1

n (1 —=QA4)=¢44 H (1 - 4)
k=1 k=2

nt+tm+1

=&14 '5212' kl:ls (1 _Qk'lk)

n+m+1

=4y Lok l_[ (1= 4)
k=n+1
n+m+1
Eél}‘l"-énln'ésnllrﬁ-l l—[ (1—4)
k=n+2

Eél)‘l '--énln'éi%nl'ln*rl "'ér%mr’m)‘n+m.(1 _Qn+m+l)'n+m+ l)
Eél'q'l "'énin'€3n11n+l é:mr’mlrr&m'

Let F=Yr s fr.s()ERnS. Then F2=Yg s fr s(A)E2Rn2S, where A2=(42,13,...). Let

I=(1,...,1,0,...) and J=(1,...,1,0,0,...).
%_J H/_J

n m

Since F=[[;f7*' (1-Q4)  F%, modulo W,

Z fzu+1,2v+1('1)52u“'12v+1= Z fR,S(}-Z)éZans'élll'--én'ln'ér%r’l)‘n-f-l "'ésm"mln+m'
u.v R.S

This is actually an identity for all terms on both sides are not in W. After cancelling the
factor &;...&,n;...n, from both sides and replacing ¢? with &; and n} with n;, we
convert the identity into a formula of Steenrod operations. We find that this is
exactly (1). d

7. Nilpotence

We discuss consequences of Theorem 6.5 in the study of nilpotence in the Steenrod
algebra. Recall that an operation 6 in «/(p) has nilpotence n=:Nil(f) if 6"=0 and
6"~' 0. J. Milnor [7] showed that every Steenrod operation of positive degree has a
finite nilpotence. He raised the question of calculating the nilpotence in the Steenrod
algebra. In 1975, S. W. Wilson conjectured that Nil(Sq®*)=2k+2. D. Davis announced
[4] the first results that Nil(Sq®*)=2k+2 for k=1 and that Wilson conjecture is true up
to k=5. K. G. Monks [9, 10] extended his results to the operations 2;" and conjectured
that Nil(2}*)=2[s/¢]+2. On the other hand, he initialized the study of determining the
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nilpotence of operations Sq?"*!. He introduced a subalgebra @ of the Steenrod algebra
&/(2), containing all operations of the form Sq?*!. By an elaborated analysis of duality
and matrix he proved a number of theorems. In this section we show that Monks
results can be obtained and extended more systematically from our Theorem 6.5. The
subalgebra @ has Adem relations, indicating that the study of nilpotence in @ has the
same difficulty as in &7(2). In particular we show that to prove the Wilson conjecture is
to prove a relation of operations in @.

Theorem 7.1 ([10]). For any integersr,,ry,...,rp,

Nil(sq2r1+l.2r1+l ..... 2rp+ ‘)gmin {klrn<2(k_1)"_ 1}

Proof. By iterating Theorem 6.5(2) we have

Sq[n,¢11Sq[n,¢,]...8q[n, & ]=Sq[kn, &, *éz*---*éu]'é%f:—”"—l--- fi—l.ln-

The coefficient of &7 ,...¢7,... & ... &, is the operation Sq'*!---2*1 on the left
hand side, and is zero on the right hand side if r,<2%* Y"1, Therefore the nilpotence

of the operation Sq?"**!----2»*1 s not bigger than the minimal k such that r,<
kv,

Theorem 7.2. For any integers r(,r,,...,ry,

Sq?1*18q®2*!...Sq¥"* =0 if and only if Sq"* """ =D §qm~2°- V=,

2r+1

As a consequence, the nilpotence of the operation Sq is the minimal positive integer k

such that

Sq'~@*7'-h . 8qrm@~Vsq =0,

Proof. Let ¢,,0,,...,0, be the 2-weighted symmetric polynomials for «,,a,,...,q,.
Suppose R=(ry,...,r,,0,...), T=(ty,...,1,,0,...), I=(1,...,1,0,...) and J=
(2"1,...,2%0,...). From Theorem 6.5(3).

Sq2rti§qratl | §qiretl— g"tan Sq2T+H —
q g2t SqgP =X " ¢, [Sa —;

T

which is zero if and only if

R~-J+1I

T
0=Z[a ? :ISqT=Sq”"2""'”Sq"“z"'z"”...Sq"'“2°'”, by Theorem 5.2.
T
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Theorem 7.3 ([10]). Let @ be the [F,-subspace of s/(2) generated by all Steenrod
squares of the form Sq?**1-2r2¥1..2m*1 >0, Then

(1) 0@ is a subalgebra of 2/(2).

(2) The Adem relations in O are

2a+1 2b+1 a2 b_.l—l 2{(a+b-j)+1 2j+1
Sq?**1sq¥** = ) Sq N+18q2i*1 g,b20.

j=o {a—2j—1
(3) The map
A O - 0
Sq2n+l.2r1+l ..... 2rp+1 — Sq4n+3 ..... 4rp-1+3,4rp,+1

is an algebraic monomorphism.

Proof. As we see in Theorem 6.5(2) any product of elements from @ is a sum in 0.
Hence @ is a subalgebra of /(2). The Bullet-Macdonald technique of residue
computation is applied to the case n=2 of Theorem 6.5(3). The Adem relations (2)
follow. To prove (3), iterate the process of taking modulo W in the proof of Theorem
6.5. We then have

4r, +3,..., 4rn-1+3,4r,+1 4s1+3,..., 4sm-1+3,4sm+1 2ry rn-1 gt l,_s Sm-144Sm+ 1
2.Sq " """ 8q " S SR GG Y SR PR iy

IR AR (4 1) RN (L) it { (£) Krd
We see that the product rule for operations Sq#**3:---4rn-1+3.4r+1 jq exactly the same
as the one for operations Sq?'*!:---2rm-1*1.2n%1 Hence the A-map is algebraic. It is
also monic. We have completed the proof. a

0 is a “small” subalgebra of £/(2) in the sense that it has less dimension in every
degree. But it is equally complicated as «/(2), for both algebra structures are determined
by the same star operation. Every formula in 2/(2) has a corresponding one in @; the
problem of determining nilpotence in @ is the same difficulty as the problem of
determining nilpotence in /(2). Taking another point of view, we can define a different
algebra structure in the F,-space £/(2) in which the product of any two basic operations
has fewer non-zero terms.

Theorem 7.4. Let % be o/(2) as an F,-space. Define a product % in %, called the
reduced product X of Steenrod operations, by

Sqn.....r,.-n.r..+l)‘*<sqs. ..... sm-|.3m+l=ZSqn ..... Rn+m-|.ln+m+l, n,mZO,

Sm-1.3m+1

where Sq't--rtnem-vtnemtl s g non-zero summand of SqT'cccTm-vTetl.§gste
Let
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SqOE)=1, SqUE) =Y Sqrt-rn-rrtign | prmoipratl g
Then
(1) % is an algebra, and for n,m=0
Sq(9) Sq™(n) = Sq"* (& + ).

(2) % is algebraically isomorphic to O under the map SqtTrrTtls
Sq2r1+l ..... 2r..-x+1.2r,.+l'

(3) IfA,Be0,then AXxB=A-BeO.

(4) The Adem relations are

[ta—1)/2] b—]—l ) .
Sa"t i xS i= 3 [a-zj—l]sqm_ﬁlksqm’ @bz
P

Proof. (1). Let R=(ry,...,r,,0,...), S=(sy,...,5,,0...) and T=(t;,...,t,4+m0,...). By
Theorem 3.5,

. . (E=n)T Exn)” wem
SqR T4 % 8q° A=} I:éR+A,. 5+ Am Sq'=} éR(+A,.r’.2+A,,. Sq+hnem

th+m#0 Hm T Nm

Z SqR+A" >*( qu+A'"fR+A"ns+A"'=z SqT+A"+"'(¢ * ’1)T+A,.+m_
R.S T

That is, Sq"(&) X Sq"™(n7) =Sq"* ™(& = n). Since the star operation is associative so is the
reduced product %x. Hence # is an algebra. (2). The map defined maps the formula in
(1) to the formula in Theorem 6.5(2). Since it is both monic and epic, it is isomorphic.
(3). We note from Theorem 6.5(2) that if Sq**'*-*'»*~ is a non-zero summand of
Sqrraeein-§qtszeeeS where all r; and s; are odd, then ¢, , is odd. (4). The Adem
relations can be obtained from those for the algebra @ via the map in (2).

Theorem 7.5. For any integers r ,r,,...,r,, and k=1
(1) Sq2n+lsq2r1+1 ...qu'"+l=0 ifand only ifsqn+l )~<Sqrz+l K- % Sq"‘+l=0,
(2) Sq"'Sq™...Sq"=0if and only if SqQ"' ¥ 2"~ '"1 % Sq*2" & .- X Sq 2=,
(3) (8q* )*=0if and only if Sq¥* "' *¥*-1.gq2 T +2MTI-1 | gq2 It -1,
Proof. Let o; be the 2-weighted symmetric polynomials for the «; Let R=

(rys--es0,...), T=(ty,...,t,,0,...), I=(1,...,1,0,...) and J=(2""1,...,290,...). By
Theorem 6.5(3)

T+A,

ri r2 n 4
Sq2*18q22+1...Sq? +1=Z[ak+’]sqzr+1’
T
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which is zero if and only if

oTHon T+An
ZT: cs+s 154 =0.

a

The left hand side is equal to Sq"'*! %X Sq"2*' % --- xSq™*!. Likewise, by Theorem 5.2
in the case £ =1,

Sqt...Sq™" =)
T

which is zero if and only if
_ aT+A" S T+An rit2n-t oy %S rm-1+2 & Sg*! Th 4
O—ZT: LR+ |Sa =8q % -+ %8q %Sq™*!, by Theorem 7.4.

The formula (3) is implied by the joint of (1) and (2). O
Theorem 7.6 ([10]). For an integer r
max {k|r= —1(mod 2*~!)} < Nil (Sq***) <min {k|r<2*"! ~1}.

Proof. The upper bound is given by Theorem 7.1. The lower bound is a consequence
of Theorem 7.5(1) and the assertion that for any k such that 2* divides r+1,
Sq(r+1)/2,(r+1)/22 ..... (r+ 1)/2k, (r+ 1)/2% is a non-zero term in

r+12 .

Sq'*t...Sq ! .S %o %Sq*!
L,_qJ , hence a non zero term in d 19
n

This is checked either by the Milnor matrix calculation 2.3(1}) or by using weighted
symmetric polynomials. We omit the details. O

8. Dickson invariants and Mui invariants

Definition 8.1. Given a set of elements x,,x,,...,x, the Dickson invariants
Cnn—15Cnn=2s++++Cn.0 and the Mui invariants ¢,_,,¢,_1,...,¢o and the modified Mui
invariants ¢,_ |, @n_1,..., P over the field f, are defined respectively by

[T (@xi++ax,+X)=X"=c, 1 X" '+ +(= 1), o X,

¢J= l—[ (a1x1+"'+ajxj+xj+1),
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¢;= [ (ayx+ 4 ax;+a,x.,)=—¢3".

ay...., aj.aj+r1€Fg. a5+ 1#0

In the case that {x,,x,,...,x,} is algebraically independent over [, they are indeed
invariants of linear transformations. Let us make this precise.

Let GL,(q) be the group of all non-singular nxn-matrices over [, T.(q) be the
subgroup of GL,(q) consisting of triangular matrices; T,(q) be the subgroup of T,(q)
consisting of matrices in which all diagonal elements are 1. Recall that T,(g) is a Sylow
subgroup of GL,(q) and T,(q) is the normalizer of T,(g). Suppose that x,,x,,...,n, is
F,-linearly independent. There is an action of the groups GL,(q), T,(¢) and T.(g) on the
symmetric algebra F [x,,x,,...,x,] generated by the vector space V=F,/(x,,Xx,,...,x,),
which algebraically extends the linear action on V:

where 4e GL,(q)

A-x=(xy,...,x,) A
X=a;xXy+a,x,+ " +a,x,.

a,

An element feF [x,x,,...,x,] is said an invariant of the group G (GL,(g), T,(q) or
T(q) if A-f=f for any AeG. Clearly all invariants form a subalgebra
IFq[xl,xz,...,x,,]Gc F,[x1,x3,...,x,]. For the three groups GL,(q), T,(g) and T,(g) they
are actually polynomial algebras of Krull dimension n.

Theorem 8.2.
(1) ([5]) Flxi, %3, %, JGL (@) =F,lcs0:Cn, 150 -5 Cnn=1]s
(2 (1)) Folxy,xz,..,X%,]Tq@) =Foldo, b1se--s a1
(3) Folxp %25, %,1T0(@)  =Fo[o, B Bu-il.

Proof. The statements (1) and (2) in the case g=p were proved in [14] and [11].
The same proofs apply to the general case. We need to prove (3). It is not hard to see
that @, are invariant under the action of T,(g). Now suppose that f e Folxy1,x2,...,%,] is
invariant of T,(g). It must be an invariant of T,(q) for T,(g)<T,(g). Therefore it is a
polynomial in the elements ¢; by (2). For a fixed i let f=),,, fi#*, where each f, is a
polynomial in {¢;};.;. Let A(a) be the diagonal matrix which has the diagonal elements
(1,...,1,?, 1,...,1). We verify that

¢, if j#i

Ai(“)'¢f={a¢,. if j=i.

Applying A, (a) to f, we have

Y Sddt=Y fidh

k20 k20
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The coefficients on both sides are agreed: f,-(a*—1)=0 for all k. If f,#0 then for any
O#aefF,,a*—1=0; k is a multiple of (g—1). Hence f is a polynomial in

T ) O

Lemma 8.3. The first Dickson invariants are

Cl.o=x‘{_l’ Cz,o=x‘{_lx3_l(x‘{_l—XZ_I)"_I, €1=

Proof. A routine calculation shows that [ [, ¢, (a,x;+X)=X?—x{"'X, and

[T (aixi+ax,+X)=T] (H (a;x, +(a2x2+X)))

a.az¢efy azeFg \a1efF,

=11 ((azxz +X)1—x{" (arx, + X))

azeky

= ]I (%(Xg—‘x‘{_lxz)*'(xq—x‘{—lx))

azefg
=(X1—x{7 ' X) - (x§—x{ " 'x,) T (X —x{ "' X)
=X —(x{97 0+ (g —x{ " xy) )X
+x37 1 (x3—x7"'x,) 17X
The coefficients of X and X7 in these polynomials are the first Dickson invariants by

definition. a

Lemma 84. Define Ag=1 and fori=1,2,...,n

X, X3 .. X
xi x3 ... xf
A= . . . : (over F)).
x1l—l xgl—l . x'ql-l

Then ¢;=A;+,/A; for i=0,1,...,(n—1). In particular ¢po=x,, ¢, =x,(x3" ' —xi1).

Proof. The determinant

X, X3 ... x; X
x{ x§ ... x X9
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is a polynomial in X which has roots a,x,+a,x,+-- +a;x; for any a,,a,,...,q;€F,
and has the leading coefficient A;. Therefore it is equal to

Al'. l_l (alxl +azx2+”"+a,'x,'+x).

Take X =x;,,. The determinant above is then A;,,. Hence A;, , =A;¢;. O

Observation 8.5. In Theorem 5.4, a, =u(v—u)?"! and a,=v% Let u=x3"%, v=x7"".

w =X T T =G ==

uq+l_vq+l xgz—l_xtiz—l

o =, +o,=u(v—u)? 14 07= =Cy.1»

u—v x4 1—x3!
or=ofo; =u(u—0)" wt=[(xg™ —x§ ") xg T X 0 =ch o
We see that the Dickson and modified Mui invariants are related by weighted

symmetric polynomials. It comes as no surprise to us that this relationship is
generalized to:

Theorem 8.6. Suppose that o; are the g-weighted symmetric polynomials for w;, and
that c, ; and §; are the Dickson and modified Mui invariants for the elements x,,x,,...,X,.

al=$n—1 01=Cpn—1

I a2.=$z—2 then 62=Cpn-2
_ n-1 — qn-l
an_$‘(’) ’ 0n=Cno -

Proof. The theorem is trivially true in the case n=1 and is true in the case n=2 by
the Observation 8.5. We prove the general case by induction on n. Suppose n22. Let
yi=x{—xi7'x; for i=2,3,...,n. It is checked that {y,,ys,...,y,} is F linear indepen-
dent. Let y; and d;, j=1,2,...,(n—1), be the modified Mui invariants and the Dickson
invariants for y,,ys,...,y,. Since for any a,,...,a;,,€F,,

— -1 -1 -1
ary;+ a1 Yiv 1 =a(x3—x{7 xy) + o Falxf —x{T  x) a4 (e —xT T xi4y)
— -1
=(ax,+ +a;x;+a; 4 1 Xi41) =X Nayx, 4+ Hax 4054 X4 )

=[] (ayxy+azx,+ - +ax;i+a; X4 4),

a ef,
—§;= n (@2y2+ " +a;yi+ a4 1Yiv1)
az....ai+1€Fg,ai+1#0
= I1 (@1 Xy X5+ + X+ Ay Xi01) =~ Pie g
aj,az....ai+1€Fq.ai+ 120
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Hence §;=¢,,, for i=1,2,...,(n—1). The Dickson invariants for x; and for y; are also
related to each other. To show this let

F(X)=XT—c, 1 XT 4 +(=1)¢, 0 X,
and

G(Y)=Y"""~d, YT '+ - 4+(=1)""'d,Y,

be the defining polynomials of the Dickson invariants for the elements x,, x,,...,x, and
¥2,¥3,---, Y, respectively. Then

G(X'—xi ' X)=XT"—(d,—, +x{ '@~ ) x™
+(dy_3+d,_,x§ MO )X
ey
+(=1)""Ydo+dyx§9 V) X9
+(—1)dox{™'X,

which is satisfied by X =x; for i=1,2,...,n. Hence F(X)=G(X?—x{~'X). By comparing
the coefficients we obtain

cn.n—l=dn—2+x1"_l(q_l)

oy =do+dyx{7h

C"‘o =d0x1_l.
Also if 7,,1,,...,7,-, are the g-weighted symmetric polynomials for a,,a,,...,a,_, then

0,=T,+a, O3=T,+1{0,...,0,_1=Tp—y +T0_20,, 06,=TI_ 0,
. . n-2 n- . -

Nov»: by induction t,=d,_,, 1,=d%_,,...,1,_,=4d] °, T,,_11=d3 " Slpce =@ '=
x{"7'0" D we verify that 6,=¢, ,_,, 0;=C% 1 _2,..., 0,y =C1 ", 6,=c% . The induction
is complete.

Combining Theorem 8.6 and Theorem 5.2 we get

Theorem 8.7.
Y PP P . FE s L P, el

rir2...., n t1,82,..., in

Therefore any iterated product of Steenrod operations is expressed by a sum of
Milnor basic operations with coeffictents coming from the expansions of monomials of
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Dickson invariants in terms of (modified) Mui invariants. We claim that this is a link of
the algebra structure of the Steenrod algebra to the modular representation theory. We
can expect a close interaction between these two areas of research. We will come to this
topic in a future paper.
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