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Abstract Let A be an irreducible 0-1 matrix such that the non-zero entries in each
row are consecutive Let €., be the class of piecewise hnear Markov transformations
7 on [0, 1] into {0, 1] induced by A for which the absolutely continuous 1nvariant
measure has maximal entropy The main result presents necessary and sufficient
slope conditions on 7 which guarantee that 7€ @ .,

1 Introduction
There are two measures which appear prominently in the dynamical systems theory
Iiterature measures which are absolutely continuous with respect to Lebesgue
measure [10, 11] and the maximal measures [6-9], 1 ¢ those which maximize the
measure theoretic entropy The maximal measure reflects the maximum randomness
that can be generated by a dynamical system while the absolutely continuous
invariant measure (a c1m ) 1s the one which anses naturally 1n physical situations,
as for example 1n computer simulations When an a ci1m 1s also maximal 1t says
that the most chaotic situation possible can be realized by the physical system
Transformations, which have this property are, therefore, of interest

In [8] the maximal measures for a restrictive class of piecewise monotonic
transformations 1s characterized and under a mild restriction uniqueness of the
maximal measure 1s established In this paper we shall be concerned with piecewise
linear Markov transformations associated with an irreducible 0-1 matrix A Using
the structure of A, we shall derive a system of equations which provide necessary
and sufficient conditions for the unique maximal measure to be absolutely con-
tinuous In [9] 1t 1s stated that the ‘absolutely continuous invariant measure in
general 1s not the measure with maximal entropy’ For the class of piecewise linear
Markov transformations associated with A, we will be able to make this statement
more precise For example, we shall be able to specify the dimension of the family
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of piecewise linear Markov transformations with the property that the acim 1s
maximal

We shall also study the case when A 1s not irreducible Then 1t 1s possible that
there 1s no a c1m which 1s maximal The study of transformations compatible with
such a matnix clanfies the distinction between a c1 m and maximal measures

Let A = (a,) be a fixed n x n 0-1 irreducible matnx such that the non-zero entries
i each row are consecutive Let & denote this class of matrices Let I={0, 1] and
let 0=ag<a,< <a,=1 be a partition of I denoted by ¥ We say that a
transformation 7 I-1 1s Markov if v({aq,a,, ,a,})c{ay,a,, ,a,} The
Markov transformation 7 15 compatible with the matrix A when 7(I,) 21, if and
only if a,=1 for all I,,L,e® Let €4 be the class of piecewise linear Markov
transformations compatible with Ae &/ It 1s easy to show that re €, admits a
umque absolutely continuous invariant measure u = fm, where m 1s Lebesgue
measure on I The function f i1s a T-1nvariant density and 1s constant on elements
of the defining partition of 7, B

The measure-theoretic entropy h,(7) can be computed by means of the formula

(2]
h,(7)= I In|7'| du

The topological entropy of 7 1s denoted by h,,(7) If 7 1s not continuous, we
define h,,(7) =In A, where A 1s the maximal eigenvalue of A (We note that 7€ C4
1s iIsomorphic to the subshift of finite type associated with A 1n the sense of Definition
241n[13])

In this paper we completely characterize the piecewise linear Markov transforma-
tions whose a ¢c1 m 1s maximal That 1s, we find necessary and sufficient conditions
for 7€ €, to belong to the subclass

(s:max:{Te (SA hu(T) = h!op(T) = ln ’\}

It 1s obvious that 1if 7 has constant slope, then 1t 1s equal to A and 7€(,,,

Moreover, 1f some 1terate of 7, say 7, has constant slope, then 7€ §,,,,, since
(1) = (1/ k) h, (75) = (1/ k) Biop(7°) = hyop(7)

In the sequel we shall show that €., 1s much richer than those examples might
suggest In particular, we will give an example of a 7€ §,,,, such that no terate 7*
of 7 has constant slope

In [4] we treated the foregoing problem for a very restricted class of matrices
Ay, where A e oy o if there are integers p and ¢, 1 =< p =g = n such that every
row of A either consists of a block of 1’'s a,=11f and only if j=p, ¢, or else
the row contains a unique nonzero element The main result of [4] 1s

Theorem 0 Let Acdyand 1<=p,p+1, ,q=n denote the indices of the block of
1’s Let 7 be a piecewise linear Markov transformation on 1 compatible with A and
hawving the defining partition f ={I,, ,1,} Let u be the ac1m associated with t
If p 1s maximal, then for those 1’s, p<1=<gq, for which 7(1,) 21, with p=<j=gq, we
have |7y | = A, where A 1s the maximal eigenvalue of A
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In Theorem 3 of [4] this result was stated incorrectly to apply to allt’s, p<i1=g¢q
The mathematical method of the proof of Theorem 3 was correct, but too general
a conclusion was drawn

2 Background

Let A be an irreducible 0-1 matrix, and let (24, o) be the one-sided subshift of
finite type associated with A X 1s a metric space with metric d(x, y) =2"", where
N=mf{n x,#y,} for x=(x0,%;, ), y=o,», )m Sa Let & be a set of
Holder continuous functions on £, For any ¢ € %, we define the operator

L, €(Za)-> €(=Zr)
by the formula
L()x)= ¥ exp(e(yf(y)

VvV oy=x

THEOREM 1

(1) There exist a umique A, €R, a function h, (unique up to constant multiples), such
that £, h, = A h,, and a umique probability measure v, such that £sv, = A, v,

(2) The measure u, = h,v, 1s o-mvanant, ergodic, positive on non-empty open sets,
and 1t 1s the umque measure which maximizes the expression h,(o)+ u(¢@) The
measure ., 1s called the equihbrium state for ¢

(3) For ¢, ¢ € F, we have u, = u, 1f and only if there exists a function t € €(2) and
a number c € R such that

p—Yy=ctt—teoo
(4) If ¢ =In g where

r gly)=1

yEov=x
forany xe3;, thenA,=1, h,=1, and h, () +p,(¢)=0
(5) If‘P7 we‘g,‘P:lngl’ (I/:lngZ Wlth

then p, = n, imphes g,= g,
Proof The proof of this theorem 1s an extension of the proof of an analogous
theorem for primitive matrices A [1] O

Propos'TION 1 Let7 -1 be a piecewise inear Markov map with irreducible transition

matrix A Let u = fm be the umque absolutely continuous measure invariant under v

Then the dynamical system (1, 7, u) 1s isomorphic to (2, o, u,), and

(1) the 1somorphism 7 37 -1 1s Holder continuous and 1-1 on the set of full u,-
measure where ¢ = —In |7’ 77|,

(2) for ¢ =—In|7’' 7|, the measure v,=mow ', h,=feom, and A, =1

Proof Let ¥ ={I,,1,, ,1,}be the defining partition of r The standard 1somorph-

1sm 7 1s defined by

7(X0, X1, %2, D=L n7'IJ)n 7 "(I,)n
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It can be proved that 7 1s Holder continuous It follows that ¢ = —In |7’ ¢ 7| belongs
to &, and by Theorem 1, there exists the unique measure g, (the equilibrium state
for ¢) The fact that 7 1s 1-1 on the set of full u,-measure 1s well known

We now prove that h, = f o 7 It 1s enough to show that

L (fom)=fom
We have
E(fom)x)= T 7O S = T 7D =f(x)=(f° m)(x),

y oy=x y TVY=Xx

where x =7 (x) and y = n(y)
Analogously, we can prove that %(m o 7~ ')=m < 7#~' From the above 1t follows

that u,=pu ! O
ProposITION 2 In the notation of Proposition 1, the function
o Jem

e al(fomeo)

satisfies
L gy)=1

forany xe X
Proof Follows by the r-invanance of f O

3 Blocks and paths

Let A be an n x n irreducible 0-1 matnix with consecutive non-zero entries 1n each
row A digraph having n vertices can be associated with such a matnx We now
partition the n vertices into blocks

Definition 1 Vertices y and j* belong to the same block B 1f and only 1f there exist

integers 1,, , 1 and j,, ,Jx such that
a, =1 l1sp=sk
Where.]I =hb=4,]3T )2 =13, s I = I—1s Jk =J*
Example 1
0 011
01
A= 1 0
1 0 00
0 0 1 1

There are two blocks B, ={1} and B,={2, 3, 4}

A convenient equivalent way of determining the blocks can be described as
follows let C, denote the positions of the non-zero entries 1n the jth row and let
¢, d, denote the two extreme integers in C, We say C, and C} combine 1if either
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{¢,d}nCF# D or{c},df}nC,# Then we define C}=C,u C} We continue
this process until we obtain a maximal set This set 1s a block

In this way we can find the blocks by examining the matrix A In example 1, we
have C,={3,4} and C,={2, 3} Since C, and C, combine, {2, 3, 4} 1s a block

Let us assume that we have m=<n blocks: B,, , B,

Defimtion 2 We say there 1s a path P of length p from B, to B, if and only if for
some vertex 1€ B, and for some vertex je€ B, there exist integers

h,l2,  Slboi,J1,  »Jp—1, Where i, and j; are in the same block (1=s=<p—1), such
that
a, =1,
'1]2= >
a _,=1

This path will be denoted by (P, p)
Let us now associate with any vertex 1 anumber s,>0,:1=1,2, , n We associate
with a path (P, p) a number

y(P)=ss,5, S

which we shall refer to as a path product associated with a path (P, p) With a path
of length 0, we associate the path product 1

We shall now present a system of equations associated with the matrix A We
consider all paths between blocks B,, , B, of A, including paths of length 0
Whenever there are two paths (P, p,), (P, p,) with the same starting and ending
blocks, we wnte the equation

Y(P)/ AP = y(P,)/ A" (1)

The system of all such equations will be referred to as the system of structural
equations of A

4 Main theorem
Let us consider e €, Let s, be the slope of 7 on the interval I, € ¥ The main
result of this note 1s

THEOREM 2 7€ &, ., if and only if the slopes (s,,s,, ,s.) of T satisfy the system
of structural equations of A

Proof First we shall prove that this 1s a necessary condition Let 7€ 6,,.., and let
7, denote the transformation with constant slope A Clearly, 7, € C,,,,
As 1n Proposition 1, we construct isomorphisms

m (223 o, l"l)_)(ls T, #)
b (2;, g, #’2)-) (I, Trs MA)

Since the measures u and u, maximize measure theoretic entropy, the measures
M1, M2 also maximize entropy and by umqueness of the equilibrium state, p, = u,
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By Propositions 1, 2 and property (5) of Theorem 1, we obtain
Jaom _ Sfom
Afomoo) |tom|(fomoo)
which can be written more conveniently 1n the form

|'r’°1'r,|= f°7rl)<A°172°0) )

A hom/\femeo

Equation (2) will be used extensively in the sequel

Let w, be the value of (fo m,/f, o m,) on the cylinder sets (x,=1), 1=1, ,n
We recall that s, 1s the value of |7'c | on (xo=1), 1=1, , n First we shall prove
that w, 1s the same for all ’s in the same block

Let y and j* belong to the same block By definition, there exist integers 1;, , i
and j,, ,J« such that

a 1, 1=p=k,

nlp =
and j1 =3, L=1,)3=]2, 4= 13, s =beor, k=% Using (2), =1, a,,, =1 and
a,,, =1, we get

S,/ A=w./w,

s'l/A = w'l/ w]z
Therefore, w, =w,, Since j;=j,, we get w, =w,=w, We now proceed by this
argument

Let (P,, p,) and (P,, p,) be two paths from B, to B, The existence of (P,, p,)

and (2) imply
s/A=w/w,
s,/A=w,/w,

s,prl/)x = W'p,-u/ w,
The existence of (P,, p,) and (2) imply
S/A=w,/wy
Saf/ A=W/ Wy

sr,’:,-./)‘ = w,;;l_l/w,

* *
Since the pairs 1,,),, s bi—1sJp=1» i¥,7%, s Ups—1>Jp,—1 belong to the same
blocks,

Wy =W oW (SW 0 WaT W, W S W o

and the above set of equations yields
y(P)/ AT = y(Py)/ A"
This completes the necessity part of the proof

We shall now prove that the system of structural equations of A provides a
sufficient condition for 7 to belong to ¢,,,, By property (3) of Theorem 1, 1t 1s
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enough to construct a continuous function ¢ >4+ ->R such that
|t em|/A=t/too

We will construct this function using the structural equations of A This will be
done by defining t as constants ¢, on the cylinder sets (x,=1), 1=1,2, ,n The
function ¢ will be made constant on blocks of A

Let B,={1,, ,u} be a block We put t,=a for all 1€ B,, where a 1s a fixed
real number Now we consider those j’s, 1=<j=n, such that a,,=1,1,€ B, For any
such j, we define

L=tA/s,

Moreover, we define ¢ = ¢, for all j* for which j* and j are 1n the same block We
now prove that this assignment of values 1s consistent The only situation in which
a contradiction can occur 1s if there are two different ways of reaching the same
block a, =1 and a, , =1, where j, and j, are 1n the same block But then from
(2) we obtain

Y2

s,,l/)t = S:,z/)‘

and there 1s no contradiction

Proceeding 1n this way, we can define values for ¢ on all cylinder sets At every
step we check that there 1s no contradiction 1n defining the #,’s Such a contradiction
can occur only 1f we use two different paths between the same starting and ending
blocks,

Bl. - Bl2 - - Bll,
Bkl -> Bk2 - -> Bk“ B

(L=ky,l,=k,) to define 1, ,, where y(1,) € B, and t»,_,, where j*(k,) € B, = B,

We have
W(h)eB,, j(b),L)eB,, i), 1l,-)eB,_,
JU)eB,, 1*(k)eBy, j*(k),1*(k)eBy, ,7*(ki-1),
1*(k,_\)€ By, _,, J*(k.)eB,,,
and

L(L)=tapA /s, L = LunA Suny s s
Lo =, A S, s
Lok = L A Sesiyys Bciy) = Brcky A Sivciay s s

iy = L, A Sexiie, _p)

On the other hand we have the structural equation

-1 -1

S Sty S.(IL,,;//\l = S (k)) St (k) Sn*‘(l\“,,)/)‘M
Hence t,; ,=t,+,, This proves that the function ¢ 1s well defined and thus proves
the sufficiency part of the theorem O
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CoRrROLLARY 1 If the matrnix A admuts exactly one block, then the piecewise linear
Markov transformations compatible with A for which the acim s maximal are
precisely those of constant slope A

5 Consequences of the Main Theorem

Let 7€ €5 be a transitive piecewise linear Markov transformation (the transitivity
of 7 1s equivalent to the irreducibility of A) It 1s known that 7 1s conjugate via a
homeomorphism @ to a transformation 7, of constant slope [12] Using our man
theorem we now prove some properties of ®

THEOREM 3 If ® (I, 7)~> (L, 7,) 1s a topological conjugation, then ® 1s absolutely
continuous if and only if the slopes of T satisfy the system of structural equations

Proof 1If the slopes of 7 satisfy the system of structural equations, then the absolutely
continuous 7-1nvanant measure 1s maximal As a maximal measure, 1t 1s equal to
ur°®7' where u, 1san acim for 7, Hence ® 1s absolutely continuous

If the slopes of T do not satisfy the structural equations, then u 1s not maximal
Hence the maximal measure u,  ® ' 1s different from w and so 1t 1s singular (since
w15 ergodic) Hence @ 1s singular O

1 1
a=[i 1]
11
the structural equations are s; = A, 5,=A, A =2 Let, for0<a <1

T("’(x)={

By Theorem 3 we obtain that for any a # ; the conjugacy &, between '’ and 7
1s singular
This result 1s proved by a completely different method in [3]

Example 2 For the matrix

x/a 0sx=a
1-xY/(1-a) a<x=1
(1/2)

Remark The method of § 4 has, 1n effect, solved an optimization problem which 1s
difficult to handle by the standard method of Lagrange multipliers To write the
metric entropy 1in a manner that would be amenable to Lagrange multipliers would
require defining 3n vaniables The natural constraints yield 2n+2 equations The
large number of variables and the nonlinear appearance of these variables renders
this approach intractable

6 Examples
In the following examples we shall illustrate a number of points 1n regard to the
foregoing theory

Example 3 There exists a transformation 7 11 such that no iterate 7" of 7 has
constant slope, yet 7€ ¢,, Let

2

I
S = O
(==
=
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and let ® ={I,, I,, I,} be the partition of I It 1s easy to see that the sets D=1,
(Mi_; 774(15)) and E=L,n(M;_, 7 “(I;)) are non-empty and |(7")'||p = s, while
I(7")]|e = s,s5", where s, = ||, 1=1,2,3

Now the system of structural equations for A 1s

ss;=A and s§,5,=A2
If we choose s, # s,, then
("o = 1(7")'] e

Hence 7" does not have constant slope, yet 7€ €.,

By Corollary 1 we see that if A has one block only, the system of structural
equations of A only yields the constant slope solutions In general, the number of
degrees of freedom among the vanables {s,, s,, ,s,} can vary from 0 (as in the
case of a single block) to n—1 We shall show this by means of the following three
examples

Example 4 One degree of freedom Let

-0 O O
-0 O O
S O O =
O = e -

There are two blocks B, ={1, 2} and B,={3, 4}, and the structural equations are
Si/A=8/A si/A=1 s5/A%=1,

which yield s,=s,, s;=A, 5;5,=A> There are 4 unknowns and three independent
equations Hence there 1s one degree of freedom

Example 5 Three degrees of freedom Let

0 0 01 1
0 0 0 01
A=|0 1 0 0 O
00100
110 00

There are two independent structural equations
2 3
$15s=A" and §;8:38,=A

Hence there are 3 degrees of freedom
Example 6 n—1 degrees of freedom Let A be an n X n irreducible matrix with only
one non-zero entry in each row Then there is only one structural equation Since
there are n unknown slopes, there are n—1 degrees of freedom
Remarks

(1) The matrices 1n the foregoing examples are all primitive, indicating that
primitivity and the degree of freedom are not dependent on each other
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(2) If A has one block only, we obtain a unique solution Conversely, if 7€ €.,
only when 7 has constant slope A, 1t 1s easy to see that A must consist of a unique
block

(3) In order to determine C,,,., we need to find the lengths of the intervals of
the partition ¥ associated with a given set of slopes This 1s accomplished by means
of the Frobenius-Perron operator Consider Example 4 The Frobenius-Perron
operator 1s given by the matrx

0 0 1/s, 1/s,
0 0 0 1/s
0 0 0 1/ss
1/s, 1/s4 O 0
The lengths of the partition of 7€ €., are given by the normalized nght eigenvector
[ of M,1e Mi/= f, where I =(1,, 1,, 5, 1,) Thus,
(L+1)/s =1,
L/si=1h
l/ss=1
(h+h)/ss=1
subject to I, + L+ 1,+1,=1 Solving this system, we obtain
Li=(ss—1/s)ly L=L/s, L=1L/s;
On normalizing, we get
L=(1+1/Ax+sy)""

Thus, there 1s also one degree of freedom 1n the partition

7 Reducible matrices
To motivate the material of this section, consider the 4 x4 reducible matrix

A“ 0
a=frr | L
0 0 22

where

0 1 1 1
A”:[ ] and Azzz[ ]
11 1 1

The maximal eigenvalue of A 1s the same as the maximal eigenvalue of A,, which
1s equal to 2 Therefore, h,,(7)=In2 On the other hand, the support of any
r-invariant absolutely continuous measure is on the intervals corresponding to the
block A,, [5] Hence, for any 7-invanant absolutely continuous measure w, we have

h[.L(T)S ll’] A1 < hmp(f)’

where A, <2 1s the maximal eigenvalue of A,
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The above example illustrates the difference between topological and metric
entropy Whereas h,,(7) 1s determined by the submatrix A,,, the metric entropy
h, () for any aci1m pu is determined by A,

Let A be an n X n reductible 0-1 matrix such that all the non-zero entries 1n each
row are consecutive By relabelling, A can be written 1n the form

[ Ay 1
A=
A11 A:z Au
- Akl Ak2 Al\k_

where A, are irreducible submatrices Let A be the maximal eigenvalue of A Since
A’1s dertved from A by a similanty transformation, A 1s also the maximal eigenvalue
of A’ From this it follows that at least one of the A,,’s has A as 1its maximal eigenvalue

Defimition 3 We say the irreducible submatrix A, 1s final if A, =0 for j #1

THEOREM 4 Suppose A 1s reducible Then one of the following must occur

(1) there exists no final wrreducible submatrix A, having maximal eigenvalue A In
this case, €, ., =

(2) There exist final irreducible submatnices A,,, , A, , such of which has maximal
eigenvalue A Then 7€ €., if and only if there exists some 1, 1, <1=<1,,, such that
1 satisfies the structural equations associated with A, on the intervals corresponding
to A,

Proof The topological entropy of 7 1s equal to In A By graph theoretic methods

[6], 1t can be shown that any ergodic acim must have support on intervals

corresponding to a final irreducible submatrix Then the proof of (1) i1s obvious

since h,(7)<In A for all acim p To prove (2) we choose any final irreducible

submatrix, say A,, which has maximal eigenvalue A On the intervals corresponding

to A, we proceed as 1n section 4 to construct 7 using the structural equations derived

from A, O
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