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Abstract

We study lens space surgeries along two different families of 2-component links, denoted by A,,, and
B,,,, related with the rational homology 4-ball used in J. Park’s (generalized) rational blow down. We
determine which coefficient r of the knotted component of the link yields a lens space by Dehn surgery.
The link A,,, yields a lens space only by the known surgery with » = mn and unexpectedly with r =7
for (m, n) = (2, 3). On the other hand, B, , yields a lens space by infinitely many . Our main tool for
the proof are the Reidemeister-Turaev torsions, that is, Reidemeister torsions with combinatorial Euler
structures. Our results can be extended to the links whose Alexander polynomials are same as those of
Appand By, .
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1. Introduction

For a coprime pair of nonzero positive integers (m, n), let A,, , be a 2-component link in
S3 in Figure 1, where K is the (m, n)-torus knot T.n and K is an unknot. The linking
number of K| and K is m + n. Next, for a coprime pair of nonzero integers (p, g), let
B, , be a2-component link in § 3in Figure 2, where K] is the closure of the (p, g)-torus
braid (the standard p-braid of the (p, g)-torus knot 7', ;) and K is the braid axis. The
linking number of K; and K, is p. For a y-component link L=K; UK, U--- UK,
by (L; ri, 72, ..., 1), we denote the result of (r(, 72, ..., r,)-surgery along L, where
r;€QU{oo, 0} (i=1,2,...,u). A Dehn surgery along a link is called a lens space
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surgery if the result is a lens space. We study lens space surgeries along the links A,, ,
and B, 4, fixing the surgery coefficient of K, as 0 except in Section 6.4 and Section 7.
Our convention on lens spaces is ‘L(a, b) is the result of —a/b-surgery along the trivial
knot’.

The result of (r, 0)-surgery along a 2-component link L = K; UK, in 3 (as dB*)
such that K, is an unknot and r € Z bounds a 4-manifold by attaching a 1-handle
along K, and a 2-handle along K| with a framing r, to a O-handle B* along S3. We
denote the 4-manifold by W*(L; r, 0) following Akbulut [Ak] (see also [GS, Kir]).
Then 1, (W*(L; r, 0)) = Z/|l|Z and H,;(OW*(L; r, 0); Z) = Z/I*Z, where [ is the linking
number of K; and K,, and W*(L; r, 0) is a rational homology 4-ball if and only if / # 0.
We also note that K; can be regarded as a knotin S' x §2.

We explain a background of our targets A, , and B,,. Park [Pa] discussed
generalized rational blow down, which is an operation on a 4-manifold cutting a
certain submanifold C), , and pasting a 4-manifold W, , along dC, , = 0W,,. The 4-
manifold W, , is a rational homology 4-ball that is characterized by n{(W,,) = Z/pZ
and OW,, = L(p?, pqg — 1) (see [CH, FS]). To the best of the authors’ knowledge,
it is unknown whether the diffeomorphism type of W,, is determined by these
properties. A lens space surgery along B, , whose result is L(p?, pqg — 1) is often
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used to describe W), , (see [Li]). On the other hand, the second author [ Yam3] found a
lens space surgery along A,,,, whose result is L(p?, pg — 1) and defined an algorithm
to determine (m, n) from (p, g) using the Euclidean algorithm. We also remark that
the link A,,, appears as a bi-product of Stipsicz—Szab6—Wahl’s construction [SSW,
Remark 7.1], see also Endo—Mark—Horn-Morris [EMM]. For a recent work on W,
constructed from B, ,, see Lekili-Maydanskiy [LM]. We compare the links A,,,
and B, , by studying lens space surgeries along them. Our problem is the following
question.

ProsLEM 1.1. When is (A, ,; 1, 0) ((Bp4; 1, 0), respectively) a lens space ?

There are some trivial and overlapping cases: By, is the Hopf link and A, = B,,11.
The links have some symmetries: A,,, = A,,, and B, _, is the mirror image of B, .
Throughout the paper, we make the following assumption.

AssumpTioN. For A, ,, gcd(m, n) =1 and 2 <m < n. For B, 4, ged(p, q) =1, p>2 and
qg=1.

The following theorem asserts that the link A,, , has at least one lens space surgery.

Tueorem 1.2 [Yam3, Theorem 1.1]. For a pair (m, n) satisfying the assumption, there
exists a pair (p, q) satisfying the assumption such that (A,,,; mn, 0) = L(p?, pq — 1).

Norarion 1.3. For integers x and N, we denote the multiple inverse of x modulo N by
X mod N,thatisxx=1 mod N. Note that, for a divisor d (> 2) of N, both x mod d
and X mod d are uniquely determined by x mod N. We also use X as a representing
integer of x mod N.

Our first main theorem is the answer to Problem 1.1 for the link 4,, .

THeOREM 1.4. We assume r € Q.
(1)  The result of (r, 0)-surgery along A, is a lens space if and only if:
i) r=mn;or
(i) r="17for(m,n)=(2,3).
(2)  The resulting lens spaces are as follows:
() (A mn, 0) = L((m + n)?, mn), where nn =1 mod (m + n)?; and
(i) (A23;7,0)= L(25,7).

The ‘if part’ of Theorem 1.4(1)(i) follows from Theorem 1.2. Thus our aim is to
show the ‘only if part’ of (1), and (2).

Our second main theorem is the answer to Problem 1.1 for the link B
contrast to A, ;.

p.q» Which is in
THeOREM 1.5. We set a/f8 € Q, where @ and B are coprime integers.
(1) The result of (a/B,0)-surgery along B,, is a lens space if and only if

lor = pgpl = 1.
(2) Fora/Bwith|a — pgB| = 1, the resulting lens space is (B, 4; a/B, 0) = L(p*B, ).
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RemMark 1.6. We remark on surgeries along the mirror images of the links. Naturally,
we have B_, _, = B,,, B_,, = B, _, as unoriented links, and B, _, is the mirror image
of B,,. Theorem 1.5 can be extended to the cases p <0 or/fand g < 0. Similarly,
Theorem 1.2 can be extended to the mirror image A, ,! of A,,,. We note that A,,,,! is
not included in the family {A,,,}.

We list some corollaries without the proofs.

CoroLLARY 1.7. The lens space (A, 3; 7, 0) = L(25, 7) cannot be obtained by any (r, 0)-
surgery along B, ,.

CororLary 1.8 (Integral lens space surgery along B, ,). Suppose 5 =1in Theorem 1.5.
Then (B, 4; @, 0) is a lens space if and only if « = pg — 1 or pq + 1. The resulting lens
space is L(p*, pq — 1) or L(p?, pq + 1), respectively.

By Theorem 1.2 and Corollary 1.8, both W4(Am,n; mn, O) and W4(BM; pq—1, O)
represent W, ,, under the correspondence between (m, n) and (p, g) in Theorem 1.2.
Our second problem is the following question.

ProsLem 1.9. Are W*(A,,,,; mn,0) and W*(B,,; pg — 1,0) diffeomorphic, homeo-
morphic or homotopic relative to the boundaries?

The lens space (A, 3; 7,0) in Corollary 1.7 satisfies L(25,7) = —L(25,7). On the
other hand, on the integral lens space surgeries along B, ; in Corollary 1.8, it is easy to
see that L(p?, pg — 1) = —L(p?, pq + 1) and that L(p?, pg — 1)  L(p?, pg + 1). Thus
we have the following corollary.

CoroLLarY 1.10. Only in this corollary, we regard the link A, , or B, ; as a knot Ky in
S x 82, the result of 0-surgery along K,. We assume that2 <m <n, p>2and q> 1.
Then, any knot A, , is not isotopic to any knot B, 4.

Corollary 1.10 asserts that the attaching parts K of the 2-handles of W4(Am,,l; mn, 0)
and W*(B,,,; pq — 1, 0) are not isotopic in S x $2. Thus, the handle decompositions
of the rational homology 4-balls do not move to each other by only handle slides of the
2-handles over the 1-handles. Problem 1.9 may be still open. During the final revision
of the present paper, Baker informed the authors about recent results in [BBL] on
(longitudinal) lens space surgeries along knots in S x S2.

Our results can be regarded as lens space surgeries along 2-component links. For
usual lens space surgery along knots, see [Ba, Ber, CGLS, Go]. We point out that
Theorem 1.4 (on A, ,) can also be obtained by the results ‘(A ,; 0, 0) is a hyperbolic
manifold” in [DMMI1, DMM?2], and the cyclic surgery theorem in [CGLS]. If we
use them, then the proof of the theorem can be shortened (see Section 8.1). The
reason why we do not use them is to clarify effectivity of Alexander polynomials and
Reidemeister—Turaev torsions from a technical point of view. As consequences, they
preserve information of lens space surgeries completely in the present case, and our
results are generalized to wider situations, see Theorems 8.1 and 8.2. The links A,,,
are related to subfamilies of knots, called TypeVII and Type VIII in Berge’s list [Ber],

https://doi.org/10.1017/51446788713000372 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000372

82 T. Kadokami and Y. Yamada [5]

see [Kad4, Yam1, Yam2, Yam4]. On the other hand, (B, 4; r, 0) with any r is a Seifert
manifold (or a graph manifold), thus Theorem 1.5 looks like Moser’s result [Mos] on
lens space surgeries along torus knots. For an application to another 2-component link
‘Berge’s link’, see [KY3] (an announcement of the present paper).

We also study a generalization of Theorem 1.4. To determine all Dehn surgeries
along A,,, is a hard problem. To the best of the authors’ knowledge, the complete
answer is not given. From our present results and some known results, we would like
to raise the following conjecture.

ConyecTurk 1.11. Let M = (Apn; @1/B1, @2/B2) be the result of (a1 /81, a2/B2)-surgery
along A, ., where o; and §; (i = 1, 2) are coprime integers with 3; > 1. Then M is a lens
space if and only if: (1) @ /By = mn and B, = 1; or (2) a;/B; =7 for (m, n) = (2, 3).

Ichihara [IS] informed the authors that, if we fix a; /8] = mn, then M is a lens space
for any integer (8, = 1). He says that this can be shown by a method in [Yam3] (that
is, a geometric method). In Section 7, we compute the Reidemeister torsions of M in
the cases: (1) a1/B1 = mn; and (2) a/B1 =7 for (m, n) = (2, 3), respectively. A partial
affirmative answer for the ‘only if part’ of the case (1) is given.

In Section 2, we explain the Reidemeister torsion and its basic properties such as
surgery formulae, d-norm and combinatorial Euler structure (that is, Reidemeister-
Turaev torsion). In Section 3, we compute the Alexander polynomial of A,,,,. In
Section 4, we compute the Reidemeister torsions of (A, ,; r, 0) by using the results
in Sections 2 and 3. In Section 5, we prove the ‘only if part’ of Theorem 1.4(1) by
using the Reidemeister-Turaev torsions, and Theorem 1.4(2) by using the values of
the Reidemeister torsions, Theorem 1.2, and Kirby moves. In Section 6, we prove
Theorem 1.5 by using Seifert structures of the link complement and the Reidemeister
torsions. In Section 7, we study some lens space surgeries along A,,, other than
(r, 0)-surgery, related to Conjecture 1.11. In Section 8, we give an alternative proof
of Theorem 1.4(1) under some assumption, and we generalize Theorems 1.4 and 1.5.

2. Reidemeister torsion

Our method to prove the main theorems is to deduce necessary conditions from the
Reidemeister torsions of both the surgered manifolds and lens spaces. In this section,
we state surgery formulae of the Reidemeister torsions (Section 2.1), and define
derived invariants: one is the d-norm (Section 2.2), and the other is the Reidemeister—
Turaev torsion which is a lift of the Reidemeister torsions by fixing a combinatorial
Euler structure (Section 2.3).

2.1. Surgery formulae. For a precise definition of the Reidemeister torsion, the
reader is referred to Turaev [Turl, Tur2]. Throughout this paper, we use the following
notations.

Norarion 2.1 (For manifolds and homologies). Let L= K; U ---U K,, be an oriented
p-component link in a homology 3-sphere.
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E; the complement of L;
m;, l; a meridian and a longitude of the ith component K;;
[m;], [1;] their homology classes;
Ar(t1,...,t,)  the Alexander polynomial of L, where ¢; is represented by m;;
(L;ry,...,ry) theresultof (ry, ..., r,)-surgery along L;
where r; € Q U {co, 0} is the surgery coeflicient of K;;
Vi the solid torus attached along K; in the Dehn surgery;
m’, [m] a meridian of V;, and its homology class;
L[] an oriented core curve of V;, and its homology class.

Let X be a finite CW complex and 7 : X — X its maximal abelian covering. Then
X has a CW structure induced by that of X and , and the cell chain complex C, of X
has a Z[H]-module structure, where H = H|(X; Z) is the first homology of X. For an
integral domain R and a ring homomorphism  : Z[H] — R, ‘the chain complex of X
related with ¢, denoted by Cf, is C, ®zmy O(R), where Q(R) is the quotient field of
R. The Reidemeister torsion of X related with i, denoted by ¥ (X), is calculated from
Cf, and is an element of Q(R) determined up to multiplication of +y/(h) (h € H). If
R =Z[H] and y is the identity map, then we denote 7¥(X) by 7(X). We note that 7¥(X)
is not zero if and only if C¥ is acyclic.

Norarion 2.2 (For algebra). For a pair of elements A, B in Q(R), if there exists an
element 2 € H such that A = +iy(h)B, then we denote the equality by A = B. We will
often take a field F and a ring homomorphism ¢ : Z[H;(M)] — F. We mainly use the
dth cyclotomic fields Q({;) as F, where {; is a primitive dth root of unity.

For the first lemma, we need a little general setting: let E be a compact 3-manifold
whose boundary OF consists of tori. We study the 3-manifold M = EUV U..- UV,
obtained by attaching solid tori V; to E by attaching maps f;: dV; = 0E (Im (f;) N
Im (f;) =0 for i # j). We let ¢ : E < M denote the natural inclusion.

Lemma 2.3 (Surgery formula I). If y([l]]) # 1 for everyi=1, ..., n, then we have
P = &) | Jowan -1,
i=1

where ' = o 1, (1, is a ring homomorphism induced by v).

For the case of the link complement of a homology 3-sphere, the Reidemeister
torsion is closely related with the Alexander polynomial.

Lemma 2.4 (Milnor [Mil]). For a p-component link L= K; U - - - U K, in a homology
3-sphere,

AL - D ifu=1,

Aty, ..o ty) a2,

By Lemmas 2.3 and 2.4, we have the following result.

T(Ep) = {
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Lemma 2.5 (Surgery formula IT). (Sakai [Sa] and Turaev [Turl])

(1) Let K be a knot in a homology 3-sphere. We set M = (K; p/q) (|p| = 2), where
p and q are coprime integers. Let T be a generator of H|(M) represented by
a meridian of K, and Y4 : Z|H;(M)] — Q(,) a ring homomorphism defined by
Va(T) = &y, where d (22) is a divisor of p. Then we have

M) = Ao - DN - D7,

where gg=1 mod p.

(2) Let L be a p-component link in a homology 3-sphere. We set M =
(L; pi/q1, - - -5 pulqu) (u=2), where p; and q; are coprime integers for every
i=1,...,u Let F be a field, :Z[H|(M)] = F a ring homomorphism with
() (L)) # 1 for every i=1, ..., u, where r; and s; are integers satisfying
pisi — qiri = —1. Then we have

U
(M) = A D - ymD) [ @@mara - 17
i=1

ExawmpLE 2.6. The lens space L(p, g) is obtained as —p/g-surgery along the unknot. By
Lemma 2.5(1), for a divisor d > 2 of p,

ULp, @) = L= DTG - D
where gg =1 mod p.
We recall the Torres formula for the Alexander polynomials.

Lemma 2.7 (Torres formula). [Tor] Let L=K,U---UK, UK, (u>1) be an
oriented (u + 1)-component link, L' = Ky U - - - U K,, a u-component sublink, and {; =
Ik(K;, K1) (i =1, ..., ). Then we have
) =1
(1 1 =1,
AL(l‘],...,lﬂ,l)i Hh-1 L H

= DA, 1) ifu>2.

2.2. d-norm. Regarding algebraic fields, the reader is referred to Washington [Was],
for example.
For an element x in the dth cyclotomic field Q({;), the d-norm of x is defined as

N= [] o,
0€Gal(Q(a)/Q)

where Gal(Q(¢;)/Q) is the Galois group related with a Galois extension Q(¢,) over Q.
The following proposition is well known.
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ProrosiTION 2.8.

(1) If x€Q(la), then Ny(x) € Q. The map Ng: QL) \ {0} = Q\ {0} is a group
homomorphism.

(2) IfxeZ[Ly), then Ny(x) € Z.

By easy calculations, we have the following lemma.

Lemma 2.9.
+1 ifd=2,
1) Ng(xfy) =
(1) Na(La) {1 ifd>3.
¢ ifdis a power of a prime € > 2,

1 otherwise.

) Na(l=4a)= {

Regarding applications of d-norms, for example, see [Kadl, Kad2, Kad3, KMS,
KY1, KY2].

Franz [Fz] showed the following lemma, and classified lens spaces by using it. We
state a modified version (see [KY'1]).

Lemmva 2.10 (Franz [Fz]). Let p >2 be an integer, and (Z/pZ)* the multiplicative
group of a ring Z| pZ. For a;, b; € (Z/pZ)* (i=1,...,n), suppose

]L[@;f -= ]i[@ﬁf - D),
i=1 i=1

where {, is a primitive pth root of unity. Then there exists a permutation o of {1, ..., n}
such that a; = +b,) foralli=1, ..., n. In other words, {+a; mod p}={+b; mod p}
as multiple sets.

We will use this lemma in Lemma 4.9 and in Section 8.

2.3. Combinatorial Euler structure (Reidemeister—Turaev torsion). Let M be a
homology lens space with H = H|{(M) = Z/pZ (p > 2). Then the Reidemeister torsion
7¥4(M) of M related with ¢, is determined up to multiplication by +{ " (m € Z), where
d > 2 is a divisor of p and ¥, is the same ring homomorphism as in Lemma 2.5(1).
Once we fix a basis of a cell chain complex for the maximal abelian covering of
M as a Z[H] =Z[t,t']/(t” - 1)-module, the value 7%¢(M) is uniquely determined
as an element of Q(¢,) for every d. The choice of the basis up to ‘base change
equivalence’ is called a combinatorial Euler structure of M (see Turaev [Tur2]). The
Reidemeister torsion of a manifold with a fixed combinatorial Euler structure is called
the Reidemeister-Turaev torsion.

We consider the sequence of the values 7¥¢(M) in Q(,) of the Reidemeister-Turaev
torsion for every divisor d > 2 of p, and regard them as a value sequence {7¥¢(M Wdip.d=2
defined as below.

DerNtTION 2.11. A sequence of values x = {x4}4)p,a>2 1 a value sequence (of degree p)
if x4 € Q({y) for every d. Two value sequences x = {xg}qp.a>2 and y = {yg}ap.a=> are
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equal (x = y) if x; = y, for every d. We are mainly concerned with the value sequence
of type x = {F({4)}ajp.ax2 for a rational function F'(¢) € Q(¢). In such a case, we say that
x is induced by F(t) and that F(¢) is a lift of x. A control of x = {x4}a)p 4> by a trivial
unit u = nt"™ € Q[t, t'1/(t? — 1) is defined by

ux = {ndy Xalap.a=2»

where 7=1 or —1 (constant) and m € Z. Two value sequences x = {xz}qp4>2 and
Y = {Valap.as2 are control equivalent if there is a trivial unit u € Q[z, t711/(” — 1) such
that y = ux. A value sequence x = {xj}qpa2 is a real value sequence if x; is a real
number for every d.

Let M be a homology lens space with H{(M)=Z/pZ (p >2). Then a sequence
{1V (M)} aip.a=2 of the Reidemeister torsions of M with a combinatorial Euler structure
is a value sequence of degree p. We call the value sequence a forsion sequence of M.

Lemma 2.12.

(1) Let M and M’ be homeomorphic homology lens spaces with Hi(M) = Hi(M'") =
Z/pZ (p=2). Then torsion sequences {t%4(M)}apas> and {T%a«(M’)}apaz2
related with the corresponding representations 4 and /, (that is, yrqg = ¥/, o h.,
where h, is the induced homomorphism of the homeomorphism) are control
equivalent.

(2) Let M be a homology lens space with Hi(M)=Z/pZ (p >?2). Then we can
control a torsion sequence of M into a real value sequence.

Proor. (1) This is easy to see.

(2) Here we let ¢ denote any dth primitive root ({;) of unity. Since M is obtained
by p/g-surgery along a knot K in a homology 3-sphere for some g (see [BL]), by
Lemma 2.5(1),

M) = A O - DTN - D7

where gg =1 mod p. By the duality of the Alexander polynomial (see [Mil, Turl,
Tur2]), we may assume

Ag(1) = Ak (™).

This is also a control of the combinatorial Euler structure of the exterior of K, which
induces a control of a torsion sequence of M. We take an odd integer lift of g. Then

N (o lCa R VL Vi
is a real number for every d. O

Lemma 2.13. If two real value sequences x = {Xq}ap.as2 and y = {yalapa=> of degree p
are control equivalent, satisfying y = ux for a trivial unit u=nt" € Z[t,t']/(t? - 1),
where n = +1 and m € Z, then the possibilities for u are the following:
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(1) ifpisodd thenu=1or-1;
(2) ifpiseven, thenu=1, -1, > or —t"/2,

Proor. Since the ratio {7 = +y,/x, is a real number, we have: (1) m=0 mod p if p
isodd; and (2) m=0or p/2 mod p if pis even. O

DermniTion 2,14 (Symmetric Laurent polynomial). A Laurent polynomial F(f) €
QIt, t~'1 is symmetric if it is of the form

Fy=ay+ ) aid +17),
i=1

where g; is a rational number for all i=1,2,... and a; =0 for every sufficiently
large i. Note that, if F(f) is a symmetric Laurent polynomial, the induced value
sequence {F({;)}aqpa=2 is a real value sequence. We are concerned with symmetric
Laurent polynomials that are lifts (in Q[z, #~']) of a polynomial in the quotient ring
Q[t, 7 11/(t” — 1). We say that F(f) (as above) is reduced if a; =0 for all i > [p/2].
We often reduce the symmetric polynomials by using # + ¢t = t**' + ~7*) modulo
(7 — 1). We let red(F(¢)) denote the reduction of F'(¢) (that is, red(F'(¢)) is reduced and
red(F(1)) = F(t) in Q[¢t, t~']/(t” - 1)).

For a Laurent polynomial F(f) € Q[¢, t~'], the span of F(t) is the difference of the
maximal degree and the minimal degree of F(¢), and we denote it by span(F(¢)). Note
that the span of a symmetric Laurent polynomial is always even, and that the span of a
reduced symmetric Laurent polynomial is less than or equal to 2[p/2].

Lemma 2.15. Let N > 2 be an integer. Let F(t) and G(t) be symmetric Laurent poly-
nomials and x = {F({g)}and=2,Y ={G({0)}ana=2 the induced real value sequences,
respectively. If x and y are control equivalent, that is, ux =y for a trivial unit u (here,
u=1lor—-1ifNisodd u=1,-1,t""? or —t"'? if N is even, by Lemma 2.13), then we
have a congruence

uF)=G@t) mod '+~ 2+ 4141

Furthermore, assuming span(G(t)) < 2([N/2] — 1):

(1) Inthe case that u =1 or —1 and span(F(t)) < N — 2, we have an identity uF(t) =
G(t) in Q[t, t7'].

(2) Otherwise (in the case that N is even and u=nt""*> with n=1 or -1), if
span(red(tV/2F(1))) < N — 2, then we have red(t"?F(t)) = nG(t) in Q[t, t™'].

Proor. By the Chinese remainder theorem, we have a ring isomorphism:
QL T A e D= D Q.
dIN,d=2

where f(#) in the left-hand side maps to the value sequences {f({s)}4n,q4>2 in the right-
hand side. The isomorphism implies the required congruence.

Since 2([N/2] = 1) <N — 1 =span(t"~' + N2 + ... + ¢+ 1), we have the identi-
ties. O
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LeEmMmA 2.16. Let N > 2 be an integer. Let F(t), G(t) be symmetric Laurent polynomials
and x ={F({)}ana>2, Y ={G(La)}aNa=2 the induced real value sequences, respec-
tively. If x and y are control equivalent, that is, ux =Yy for a trivial unit u (here,
u=1or—=1ifNisodd u=1,-1,t"? or —t"N? if N is even, by Lemma 2.13), and
F(1)=G() =0, then we have a congruence

uF()=G(t) mod ¢V —1.

Furthermore, assuming span(G(t)) < 2[N/2]:

(1) Inthe case that u = 1 or —1 and span(F(t)) < N — 1, we have an identity uF(t) =
G in Q[t, r7"].

(2) Otherwise (in the case that N is even and u=nt"'> withn=1 or —1), we have
red(t"?F (1)) = nG(t) in Q[t, t™'].

Proor. We use the same argument as in the proof of Lemma 2.15, but here we use the
Chinese remainder theorem for the following ring isomorphism:

Qs e - = P e
dIN,d=1
This concludes the proof. O

Note that F(f) and #V/?F(f) induce control equivalent real value sequences by
u=t""2, but red(t"'?>F (1)) # F(t) in general. Thus we have to take into account the case
(2) in Lemmas 2.15 and 2.16. Here, we study the relation between the coefficients of
F(¢) and those of red(rN/2F(¢)).

Lemma 2.17. Let N be an even integer.

N/2 N/2
IFF@W=ao+ Y ald +17) thenred@*F(1) =bo+ ) bild +17)

i=1 i=1

with

bg = 2aN/2, bN/2 = Cl()/2 and bj = a}v/z_j (J = 1, 2, ey N/2 - 1)
Proor. This is because
R e e R e e A A
This concludes the proof. O

This will be used in the proof of Lemma 4.9, see also Remark 4.7.

3. Alexander polynomial of A,, ,

We compute the Alexander polynomial of the link A,, .
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Dernition 3.1. For a coprime positive pair (m, n), we define a set JI(m, n) by
I(m,n) :=mMZUnZ)N{keZ|0<k< mn}
={0,m,2m,...,nm}U{0,n,2n,...,mn}.
Note that the cardinality of 3(m, n) is m + n. We sort the all elements in 3(m, n) as
O=ko<ki<ky<---<kpn1=mn (ki €3(m,n)).
Here, k; is the smaller one in m and n.
The goal of this section is the following theorem.

TueoreM 3.2. The Alexander polynomial of Ay, is

m+n—1

A4, (@ x) = Z tkfxi,

i=0
where t (and x, respectively) is represented by a meridian of K, (that of K;).

ExawmpLE 3.3. In the case (m,n)=(3,5), we have 3(3,5)={0,3,5,6,9, 10, 12, 15}
and

Ap, 5t x) = X+ 128+ 110 + P+ O + P+ P+ L.
3.1. Alexander matrix of A, ,. We start the proof of Theorem 3.2 with the
following lemma.

Lemma 3.4. The Alexander matrix of Ay, is
Lyin1 — xM(m, n)
and the Alexander polynomial of A, , is obtained by
A4, (t, x) = det(lyp-1 — xM(m, n)),

where M(m, n) is the (m + n — 1) X (m + n — 1)-matrix of the form

—_—
On—l,m—l —Lp-1 In—l
M(m,n) := Om-1 —1" On-1 s
n n;
t Im—l =y Om—l,n—l

—_— —
T,—1, im—1 are the following column vectors of size n—1)x1 and (m—-1)x1

respectively
t 1
2
SN t N 1
Tn—l = . ’ lm—l = O I
-1 ]

O,y (and oy, respectively) is the zero matrix of size s X s’ (and of size 1 X s) and I is
the identity matrix of size s X s.
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FiGure 3. Generators #;, t; (ex. (m, n) = (3, 5)).

ExampLE 3.5.

0 0 - 1 0 0 O
0 0 -2 01 00
0 0 -2 0010
M@3,5)=|0 0 - 0 0 0 1},
0 0 £ 0000
£ 0 -£ 00 0 0
0 2 - 0 0 0 O
ro1 0 tx -x 0 0 07
0 1 x 0O -x 0 O
0 0 1+fx 0 0 -x 0
I-xM3,5=| 0 0 tx 1 0 0 -x
0 0 Px 0 1 0 O
—Px 0 £x 0 O 1 0
L O —Px £x 0O 0 O 1]

Proor oF LEmma 3.4. We assumed that 2 < m < n (Section 1). We take the generators
of the fundamental group 7;(S 3\Am,n) as in Figure 3. Then we have a presentation of

the group:
1 -1 P
<t1,t2,...,tm+n L 1= Lt tm-H (l—l,2,...,n)>
x R; _txtjlnt tlxt (j=n+1,n+2,...,m+n)
o . L; —t,xtmtmﬂ x! (i=12,...,n-1)
:<1, 25+ v o5 bmyn—1 C.=t,,xtmxtm x—ltl -1 >’
X

Rj:ztjxt]f}nx‘ltnl (G=n+1,....m+n-1)
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where we canceled t,,,, = x~'t,xt,, by the relation L,. Then R,,,, is changed to the
relation C, and the other R; are also changed. The nonzero free differentials of the
relations L; and R; by ¢, are:

OLi _y OLi_s oy Lo —tixt !

_ = S —_— . ,x’ = —;X ‘o

6t,~ 6tm im i 8tm+,~ iMmbpyi -
% -1 R, R OR; — ot I G-b
at; T Otji, Mo o, X

where ¢;,, is Kronecker’s delta. The nonzero free differentials of C by ¢, are

ac o oC —1 1,1
—— =ty X = XtyXt,, ——=1—tyxtyxt, x 't . 3.2
(9lm n nAtmALy, (91}, n ( )

We let y denote the Hurewicz epimorphism y : 711(S *\A,,.,,) = H1(S3\A,.; Z) = {t, x|
-y, defined as y(t;) =, y(x) = x. We redefine L,:=C and L;:=R; for n+1<i<
m+n—1. Then the well-known formula ([Kaw, Lemma 7.3.2 (page 93)]) on the
Alexander polynomial of links says

det [y{2)| = (1 = 9, 0. 0,

where j (columns) runsin 1 < j<m+n—1.

A submatrix from the first row to the (n — 1)th row of [y(0L;/8t;)] coincides with
I — xM(m, n) by the first half of (3.1). In the nth row of [y(JL;/0t;)], nonzero entries
are only

7(272) =(1-x)"x at(n,m) and 7(3_2) = -x) at(n,n),

by (3.2). Thus the nth row of [y(0L;/0t;)] coincides with (1 — x) times the nth row
of I — xM(m, n). We add 1/(1 — x) times the nth row of [y(dL;/0t;)] to each jth row
of [y(0L;/dt;)] with j>n+ 1. The resulting jth row coincides with the jth row of
I — xM(m, n) by the second half of (3.1). Therefore, we have

det[y(i—ii)] = (1 - x)-det( — xM(m, n)).

This concludes the proof. O

ReMark 3.6. The matrix M(m, n) can also be obtained by the Burau representation
(see Birman [Bir, page 121]) of the braid group.

3.2. Properties of 3(m, n). We need some properties on elements k; of 3I(m, n), see
Definition 3.1. They will be also used in Sections 4.2, 5.4.

DeriniTion 3.7. We define u; (j=0,1,2,...,n)andw; (j=0,1,2,...,m) by

ky,=jm and k,, = jn.
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It is easy to see the following proposition.

ProrosiTiON 3.8.

(D) ki+kpsnoi—i=mn, (i=0,1,..., m+n—1).
2) uy=wo=0,u,=wp,=m+n-1, and

ui:[ﬂ]ﬂ' G=12....n-1),
‘ n
szliﬂ]'i'] (j=1927""m_1)7
m
where [ - ] is the Gaussian symbol.

(3) Both uj, wj are increasing sequences.
4 ujtuj=wij+wu_j=m+n-1

(%)
m+n—1 n—1 m—1
S Bt S g 3 g g gt
i=0 i=1 j=1

Noration 3.9. For an integer N, we denote by [N], the unique integer satisfying
[N, =N modn and O<Z[N],<n-1.
We let o (and its inverse o, respectively) denote the bijection
o0 :{0,1,2,...,n—-1}—1{0,1,2,...,n—1}

defined by o(i) := [i m], (and o’ (i) := [im],), where m is regarded as an integral lift of
m mod n. We also define

_ o(m—1i

0(i) : (i=1,2,...,n—1).

By the definition of o (i), p(i) is an integer.

Lemma 3.10.

() o=0,0cm)=1ando(n—m)=n— 1.

(2) For i=1,2,...,n=1 and i#n—-m, we have usG+ —usi=1 or 2.
Furthermore, uy(iy+1 — Ug) =2 ifand only ifn —m+1<i<n-1.

3) om+i)=0c0@)+1, ugpmsiy =usy +1, (=1,2,...,n—m—1).

@4 ocn-m+i)=00) -1, ugprm+i) =Uoipy — 2, (=12,...,m=1).

&) p:AL2,...,m—-1}—>{1,2,...,m— 1} is a bijection.

(6) wp(i):ug(,-)—1,(i:1,2,...,m—1).

Proor. (1) This is easy to see.

(2) Suppose that i=1,2,...,n—1 and i #n—m. Since o is a bijection, by (1)
and Proposition 3.8(3), we have 1 <o(i)<n -2 and ugg+1 — o =1 or 2. We
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set j=o(i). It holds that u;,; —u; =2 if and only if there exists an integer j* such
that jm < j'n < (j + 1)m, which implies j'’n —m < jm < j’n and

n—m< [jm], <n.

Since [jm], =0'(j)=0’ oco(i)=i,wehaven—m+1<i<n-1.

(3) Suppose that i=1,2,...,n—m—1. We have 1 <o(i)<n-2 again. Since
om+i)=m+im=o(i)+1 mod n, we have o(m + i) = (i) + 1. By (2), we have
Ug(m+i) = Ug(i)+1 = Uy + 1.

(4) Suppose that i=1,2,...,m—1. We have 2<0(i))<n-1. Since o(n—m+
D=(m-m+im=o({)—1 mod n, we have c(n—m+i)=0()—1. By (2) and
n—-m+1<n-m+i<n-1,wehave usu_m+i = teu) — 2.

(5) Suppose that i=1,2,...,m—1. Since o())m=[im],m=i mod n, and 0<
oi)<n—-1,

0< pli) = o(ym—i < (n—1Dm <

m?
n

and hence the image of the map p is included in {0, 1, 2, . . . , m — 1}. By the definition,
we have p(i)n = —i mod m, thus p is bijective. In fact, p(i) = [(m — i)n],,.

(6) Suppose that i=1,2,...,m—1. By (4), we have usp-m+i) = Ugi)-1 = Ug) — 2.
Then, as in the proof of (2), there exists an integer j such that w; = u,; — 1 such that

() — Dm=ky,, , <k, = jn<ky,, =o()m.
Since o(i)m —i =0 mod n, we have jn = o(i)m — i and j = p(i). O
DeriniTioN 3.11. We define the monomial e; of #, x by

ep=17Dmiyteo  (1=1,2,...,n-1).

LeEmMma 3.12.
(1) ey =xand e,_, =" "x""2,
2) epi=xe;(i=1,2,...,n—m-—1).
QB) epmsi=t"x2e;(i=1,2,...,m—1).
4) o Om=iyueo=1 = whnywon (=12, ..., m—1).
Proor. They are proved by Lemma 3.10(1), (3), (4) and (6) respectively. O

3.3. Proof of Theorem 3.2 (Alexander polynomial of A,,,). We regard

mfl Fixt =0 (3.3)

i=0

as an algebraic equation over Z[z, t'], and x as a root of the equation.
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LemMa 3.13. The algebraic Equation (3.3) over Z[t, t™'] has no multiple root.
Proor. If we substitute 7 = 1 into the Equation (3.3), then we have
m+n—1 4
Z x'=0.
i=0

Since this equation has no multiple root, and its degree is equal to that of (3.3)
(=m + n — 1), the Equation (3.3) has no multiple root. m]

Let v be a row vector of size 1 X (m + n — 1), decomposed as
v=[e f gl
where f is a scalar and
e=le; e - el g=Ig1 & - &mal

are row vectors of size 1 X (n—1) and 1 X (m — 1), respectively. Then the matrix
M(m, n) in Lemma 3.4 satisfies

v-Mm,n)=[r"g (—e- Ty —1"f—1"g in1) el (3.4)

LevmMaA 3.14. If we take e; = t”@"=ix4o (i=1,2,...,n—1) as in Definition 3.11,
f=xep,pmand gi=t"x"e;(i=1,2,...,m— 1), then we have

y - M(m,n)=x"'v.

Proor. By Lemma 3.12 and the definition of e; and g;, we can see immediately that the
ith entry of v - M(m, n) is equal to that of M(m, n) multiplied by x~' except the case
i = m. The mth entry of (3.4) is computed as

n—1 m—1
— — .
—e-Ty 1 —1"f—1"g in :_Z;’ei_;"f_t"Zgj
P =1
n—1
- _ Z ta’(i)mxun(i) _ tmnxm+n—l
i=1
m—1
— Z PR W)
J=1
=1

by Definition 3.11, Lemma 3.12, bijectivity of o and p, Equation (3.3) and
Proposition 3.8(5). We have the lemma. O
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Proor oF THEOREM 3.2. By Lemma 3.14, x~! is an eigenvalue of the matrix M(m, n),
where x is a root of (3.3). Since the degree of Equation (3.3) and the size of M(m, n)
are identical (=m + n — 1), and Equation (3.3) has no multiple root by Lemma 3.13,

m+n-1
Do = det(x Lyeny — M(m, m).
i=0
By Lemma 3.4, we have the result. O

4. Reidemeister torsions of (4,,,; r, 0) and key lemmas
We compute the Reidemeister torsions of (4, ,; r, 0). The goal is Lemma 4.3.

4.1. The first homology of (A,,,; r,0). We calculate the first homology of M =
(A @/B,0). Let E denote the complement of A,,,,. We consider M = EU V| U V,,
see notation in Section 2.1. We set M, .= EU V; C M.

From now on, we always assume that gcd(e, 8) = 1, 8> 0, and

gcdm+n,a) =1,

which is equivalent to the condition for the first homology H;(M;Z) to be finite
cyclic by the elementary divisor theory. Then the order is (m + n)’8: H{(M;Z) =
Z/(m + n)*BZ.

We determine the first homologies of E, M| and M, define generators and study
relations. First, H{(E) is a free abelian group of rank two generated by [m;] and [m,]:

Hi(E) = (Im], [m2] | -) = Z*.
We have
[(L]=[m]™™ and [L]=[m]™™". 4.1)

Next, we attach V| to E to make M. We take integers vy, ¢ such that @é6 — By = -1,
and fix the meridian-longitude system m, [ of the solid torus V. In H;(M), we have
the relations (4.1) and

(m]=[m1°[LF =1 and [}]=[m]" L]
Thus,

Hy (M) = ([m], [ma] | [my1°[ma]™ ™ = 1)
=(T|-)=Z,

where T = [m;]” [m»]° by taking integers y’, &' satisfying @’ — pBy’ = —1. By the
relations above,
[ml] — [ml ]—a/é’+(m+n)ﬂy’
= ([m1*Tmo] " "8) = ([ ' [mp]”) 0P = TP,
[ma] = [ma] o memby
= ([m1 17 [ma) ™ BYY ([my 1Y [ma]* )™ =T,

(41 =[mh1°
= [ml]y[mz](M+n)5 = Tm+m)By—(m+mas _ pm+n

4.2)
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Finally, we attach V, to M; to make M. By (4.1) and (4.2) in H{(M),
5] = 1] = [y ™" = TP = 1, (1] = [my] = T7°,
and ,
Hi{(M) = (T | T"™" =1y = Z/(m + n)*BZ.

4.2. Reidemeister torsion of (A, ,;7,0). In this subsection, we compute the
Reidemeister torsion of (A,,,; r, 0). The goal is Lemma 4.3.

First, by the surgery formula II (Lemma 2.5) and the results on the first homology
in the last subsection,

(My) = Ag, (TP T2 (™" — 1), (4.3)

By the Alexander polynomial in Theorem 3.2 and (4.3),

m+n—1

T(Ml) = ( Z Tk[(m+n)ﬁ7i(1/)(Tm+n _ 1)71
i=0

Syl enpie _ iy gl e
+

Tm+n _ Tm+n _ |

4.4

~ m+n—1 w Tki(m+n)ﬂ -1 ( )

= (T o] )

i=0
T—(m+n)a/ -1
(T -17h
Tm+n _ |

Note that (T% — 1)/(T? - 1) is the polynomial 1 + T? + T? + ... + T@=Db,

Next, let d > 2 be a divisor of (m + n)?g. It holds that ged(d, @) = 1. By the surgery
formula I (Lemma 2.3) and the results on the first homology, the Reidemeister-Turaev
torsion of M is

M) = (M) - D7 4.5)

where p; =, 0t is the composition of a ring homomorphism ¢ : Z[H,(M))] —
Z[H{(M)] induced from the natural inclusion, and a ring homomorphism ¥, :
ZIH,(M)] — Q(Zy) such that y(T) = .

We take d as a divisor of (m +n) and a ring homomorphism ¢/, : Z[H,(M)] —
Q(Za) such that y/(T) = {;*, where =1 mod m + n. Then d is still a divisor of
(m +n)*B, and £;“ is still a primitive dth root of unity, since ged(d, @) = 1. By (4.4)
and (4.5),

m+n—1
) = B - 1) Y kil - af@i- 1 (4.6)
i=0
DeriniTiON 4.1. For a divisor d > 2 of (m + n), and the primitive dth root ({ = {;) of

unity, we define
m+n—1

Rmm:=(=1) ) k'

i=0
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By (4.6), the Reidemeister-Turaev torsion of M is expressed as
/(M) = {BR(m, n) — a)({ ~ 2.

Lemma 4.2.
(1)  R(m, n) is a real number.
(2 ROm,n)=mn+ 5 30 (ke = k) + 7).
(3)  ROm,m)=m(n+1) + 2" m = s )0 + {7,

where s; is defined by s; := [ jnl,, for an integer j, see notation in Section 3.2.
@) RGm,m)=m(n+ 1)+ 37 (m — )& +E7).
(5)  R(m,n) =& "D ((" =D/ = 1) +mn=|E" =1/~ DP +mn,

where € =" withmm =1 mod (m + n).

Proor. (1) The complex conjugate R(m, n) of R(m, n) is

m+n—1 m+n—1
Rimm ="' =1) Y kil =@=1) ) kg™
i=0 i=0
m+n—1

=@-1) > (mn—kygm!
i=0

m+n—1
== ) Fmneia ™
i=0
m+n—1 )
=(@-1) ) k' =Rom,n
i=0
by Proposition 3.8(1) and the equality 1 + ¢ + - - - + ™"~ = ().
(2) First,
m+n—1 . ‘ m+n ‘ m+n—1 .
Rommy = Y k(™ =gy= kil = Y kil
i=0 i=1 i=0
m+n—1 -
=mn + Z (ki-1 = k)"
i=1
By the proof of (1),

1 -
R(m,n) = E{R(m, n) + R(m, n)}
1 m+n—1 . .
=mn+ Zl (ki = k(@& + 7.
Before the proof of (3)—(5), we prove the following claim.

Cram (Properties of ;).

ey
2

The map from j to s;(=[jnl,) is a bijection on {1, 2, ..., m — 1} to itself.
It holds that s; + s,,—; = m.
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(3) There exists a unique element & in {1, 2, ..., m — 1} such that gcd(h, m) = 1 and
sp = 1. It holds that w, = —m mod m + n.
(4) For the same & in (3) and each elementa in {1,2,...,m — 1},

sqp=a and wg =aw, mod m+n,

where we regard w,;, as w; with j = [ah],,, precisely.

Proor oF Cramv. (1) The map is induced by the multiplication of n (that is, j+— jn)
over (Z/mzZ)\{0}. It is a bijection, since gcd(m, n) = 1.

(2) This is easy to see.

(3) By (1), there exists a unique element 2in {1, 2, ..., m — 1} such that 5, = 1. In fact,
it holds that s =n mod m. We have gcd(h, m) = 1. The second half is shown by

h h
—mwy, = —m(h + [_n]) =hn-— m[—n] =[hn],=s,=1 mod m+ n,
m m

see Proposition 3.8(2).
(4) Since s,;, =ahn=a mod m, we have s,;, =a, forain{l,2,...,m— 1}. Since
h h
mwg, = mah + m[ﬂ] = —(ahn - m[ﬂ]) = —lahn],, = =S4, = —a mod m + n.
m m

This concludes the proof. O

(3) We go back to the expression (2). We divide the set {1, 2, ..., m + n — 1} of indices
of k;, into M, R and L according to whether k;_; and/or k; belongs to mZ N 3(m, n).

{1,2,...,m+n—-1}=MURUL (adisjoint union)
Definition of the subset Parameter j  k;_ — k;
M :={i|ki_y e mZand k; e mZ} — -m
Ri=l{ilki,emZandk g mZ} k= jn m[ﬂ] —in
m

L:={i|ki.y ¢ mZand k; e mZ} kg = jn Jn- m([ﬂ] i 1)
m

Note that the case both k;_; ¢ mZ and k; ¢ mZ (in other words, the case that both k;_;
and k; belong to nZ) never occurs, since m < n (Section 1).

For each i € R, there exists j with 1 < j <m such that k; = jn, equivalently i = w;.
Then, by Proposition 3.8(4), i’ := w,,_; + 1 belongs to L and it holds that i’ = (m +n —
1 —w;j)+ 1 =m+n—i. The correspondence between i € R and i’ € L above is one-to-
one. It also holds that /” = f¥m-i*! = ;™1 = /=i and

kioy —k; = m[%] —jn=~[jnl, = -sj,
ki—1 —ky =(m— jn- m([@] + l)

= [(m_j)n]m —m=Sy_j—m=-—-s;,
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by Claim (2). Thus
(kict = k) + ) + kit = k)@ +477)
=25, +¢7)
= =28, + ),
and

D kit =k m)& 4 )+ Y iy =k m)(C 4T

i€eR ieL
= D {r =k +m)( + ) + e =Ko +m)(E + )
ieR
m—1

=23 (m= s+ M),
=1

Thus, using 1 + ¢ + % + -+ "1 =0,
m+n-1

R(m, n) =mn + % ; (kiy = k)( + {7

1 m+n—1 i . m+n—1 i y
:mn+§ ; (k,-_l—k,-)({ +§ )+§ ; m(§ +§ )

m+n—1

=mn+m+ 3 ; (kicy — ki +m) (" + L7

1 . .
=mn+ D45 Y ki =k +m)(+

ieMURUL
m—1
=m(n+ 1)+ ) (m= )" + 7).
J=1

(4) We take h(=n mod m) in Claim (3). By Claim (4),
m—1
Rm, )= m(n+ 1)+ Y (m = s))(" + )
j=1
m—1

=mln+ 1)+ Y (m = s + )

a=1

m—1
=m(n+1)+ Y (m-a)(C™ + ™)
a=1

m—1

=min+1)+ Y (m-a)E +€),
a=1

where we set & = ¢, which is also a dth primitive root of unity.
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(5) Using elementary calculus

- s, X-mx—-1 xX"-1 X" -1 X
Z(m—a)xz + 5 =X 5 —m ,
= x—1 x-1 x-1 x—1
we have .
R(m, l’l) = g_(m_l) . (é;—_l) + mn.
The proof of Lemma 4.2 is completed. m|

The result of this subsection is summarized as the following result.

Lemma 4.3. Let M = (Aun; @/B,0) and d>2 a divisor of m+n. Then the

Reidemeister—Turaev torsion of M related with /(T = d_& is

a(M) = E™MBR(m, n) — (" - 1)7?
= f‘m{ﬁ it (a- mnﬂ)}(f’” -1
-1 ’

where & = ™ (thus €™ = () is a primitive dth root of unity.

4.3. Necessary conditions. We study some necessary conditions for (A,,,; @/B, 0)
to be a lens space by the Reidemeister—Turaev torsions.

LemmA 4.4. Suppose that (A, »; @/B, 0) is a lens space. Then there exist integers i and
J such that ged(i, m + n) = ged(j, m + n) = 1 and

BRm,n) —a}(&" - 2= - 1) ' -1, 4.7
fm -1 2 o m _ 1\=2 - 1
@ }(f e

{/3 £ 1 d-D@ -1y

where &' = a — mnB, and & is a primitive dth root of unity.

equivalently,

(4.8)

The equalities (4.7), (4.8) correspond to two expressions of 7¥¢(M) in Lemma 4.3.

Lemma 4.5. Let d > 2 be a divisor of m + n. Suppose that (Am.; @/B, 0) is a lens space.
Then we have:

(1) |N4(BR(m, n) — )| =1, where Ny is the d-norm, see Section 2.2;
2) & =a-mnB=0.

Proor. (1) We take the d-norm of the equality (4.7). Since Ny(&" — 1) = Ny(&' - 1) =
N4(& — 1) # 0 by Proposition 2.8(1) and Lemma 2.9, we have the result.

(2) Suppose that the integer @’ = @ — mnf < 0. Then we have

fm -1 2 ’
ﬂR(m,n)_a':ﬁ - >1,
&E-1
hence |N (BR(m, n) — )| > 1. By (1), we have the result. m]
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Fixing the combinatorial Euler structure, we will regard (4.8) as a control
equivalence of the value sequences of degree m + n, in the sense of Lemma 2.12(1).
Note that the first factor in the left-hand side is a real value. On the right-hand side,
we have to control (i, j) to use Lemmas 2.15 or 2.16.

Conditions on (i, j) and (e, f). We can take i and j satisfying 1 <i<j<(m+
n—1)/2. If i+ j is odd (then m + n is odd), then we replace j with m + n — j and
denote it by j again. Then, as a condition on (i, j), we may assume

1<i<j<m+n-1, 2<i+j<m+n-1 andi+ jiseven. (4.9)

From now on, we regard equality (4.8) as a control equivalence between the real value
sequences

—(i+)/2 fm_lz_ ogi i 1N emmpgm 132
ug f{ﬁ‘—f_l o' hE - DE - D =ETE =17, (4.10)

where u = +1, or +£"/2 only if m + n is even, by Lemma 2.13. We define the
integers

e::% and f::HT]. They satisfy 0<e< f < (m+n—1)/2.  (4.11)

Using (e, f), we can rewrite (4.10) as

UBE™ +E™) = (E+EN) + 2 - BHE +ET) - (& +¢79)

4.12
=@ ey _oEm EMET HEM) 2@+ E) + 4 12

We define two symmetric Laurent polynomials
FO ={BI" +t™) =’ (t+ 1)+ 2 = U + 1) = (° +179)), @13

GO ="+ ™Y 2" + ™y + (" + ™Y 20+ 17 + 4,

then (4.10) means that the two real value sequences (of degree m + n) induced by
F () and G(¢) are control equivalent, see Section 2.3. Note that F(1) = G(1) =0. By
Lemma 2.16, (4.12) lifts to a congruence of the symmetric Laurent polynomials.

Lemma 4.6 (Necessary condition). Suppose that (A /B, 0) is a lens space. We set
@ = a —mnf. Then there exist integers e and f such that 0<e< f<(m+n—1)/2,
and the following congruence holds.
(1) Ifm+nisodd we have F(t) = £G(tf) mod " — 1.
(2) Ifm+ nis even, we have F(f) = +G(f) or F(t) = +t"*"/2G(t) mod ™" — 1.

If m + n is even, then span(G(¢)) = 2(m + 1) < m + n, since the pair m, n is coprime,
thus both are odd and m + 2 < n. Furthermore, the congruence also induces an identity

() red(F(t)) = £G(r) or (ii) red(/"""™?F (1)) = £G(?), (4.14)
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as in the second half of Lemma 2.16. We will regard it as an equation of (e, f) on
the surgery coefficient /8 for M = (A,,..; @/B, 0) to be a lens space. Suppose that M
is a lens space, then there exists a solution (e, f) of the equation. We mainly use its
contraposition. If the equation has no solution (e, f), then M is not a lens space. The
case (2) looks troublesome. To prove that M is not a lens space, we have to show that
neither (i) nor (ii) has a solution. Fortunately, we only have to show one of them.

ReEmark 4.7. In either case m + n being odd or even, to prove that (A, ,; @/B, 0) is not a
lens space, it is sufficient to show that red(F'()) = +G(¢) has no solution (e, f), because
we can prove the following.

Lemma 4.8. In the case (2) m + n is even in Lemma 4.6, if the equation (i) red(F(t)) =
+G (1) in (4.14) has a solution, the other equation (ii) red(t"™/?F(t)) = ¥G(t) has a
solution, and vice versa.

Proor. We concentrate on the factor {(+/ + /) — (# + )} of F(f). We transform

(e, f)to (¢, f) by

el

+ +
:mzn_f and f,:mzn_e,
which satisfies the same condition 0 < e’ < f' < (m + n — 1)/2 as (4.11). For a solution
(e, f) of the equation red(F(¢)) = +G(¢), its transformation (¢’, f’) is a solution of
red(t™*"/2F (1)) = ¥G(t), and vice versa. O

In Section 5.3, we will prove that (e, ) = (0, 1) with @’ = 0 is the only solution for
the equation red(F(¢)) = +G() in general cases (see Lemma 4.9(1) below). Note that
a’ = 0 implies a/B = mn, which is related to the lens space surgery in Theorem 1.2.

Using the expression of R(m, n) in Lemma 4.2(4), we can prove the following

lemma.

LeEmma 4.9.

(1) The condition a/B = mn (that is, @' =0) is equivalent to (e, f) = (0, 1) (that is,
i=j=1)

2) In(4.8), if (e, f) = (0, m) (that is, i = j = m), then there is no root for a/p.

Proor. (1) Suppose that /8 = mn. Then we have t%4(M) = (¢ — 1)™? by Lemma 4.3,
and equality (4.8) becomes

1 1
€E-1D E@-DE -1

We have i = j = 1 by the Franz lemma (Lemma 2.10).
Conversely, suppose that i = j = 1. Then equality (4.7) can be written as

f’”_—l){

BR(m, 1) — o = u§—<m—1>( -
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where u = 1 or +£*"/2 Using the expression of R(m, n) in Lemma 4.2(4) and the
calculus in the proof of Lemma 4.2(5),

m—1 m=1
pn+ )=ty Bom = )€+ € =ufm + Y on= &+ D).
=1 =1

By taking the symmetric polynomial lift and Lemma 2.15 (note that the span is
2(m — 1) <2([(m + n)/2] — 1)), the case u = +£"*/2 does not occur, by Lemma 2.17.
We have =1 and o = mn.

(2) Suppose that i = j = m. Then equality (4.7) becomes

BR(m,n) — a=u,

where u = +1 or +£*"/2_ By the same method as above,

m—1
pmn+ 1) —a+ Y Bom—jE +&) =u.
j=1
By Lemmas 2.15 and 2.17, we have 8 = 0. Hence there is no root for «/. O

Lemma 4.10. Suppose that @’ > 0.

() ged@,B)=1.
(2) If & =B, then the congruence F(t)=+G({) mod (f"*" —1) has a unique
solution (m, n) = (2, 3).

Proor. (1) By the Euclidean algorithm,
gcd(o/, B) = ged(a — mnB, B) = ged(a, B) = 1.
(2) Suppose @’ = B. Then, by (1), we have o’ = 8 =1 and the polynomials (4.13) are

F@O)y =" /@™ - D™ - D)@ - D)@ - 1),
G@) =t '@ - 1D)*(t - 1>

The congruence F(f) = +G(f) mod (#"*" — 1) implies
F({) =G,

where { is a primitive (m + n)th root of unity. Suppose ged(m —1,m +n)>2 or
ged(m + 1, m + n) > 2. Then the left-hand side of the equation above is 0 for some
d. Hence we have gcd(m — 1,m+n)=1 and gcd(m + 1,m + n) = 1. By the Franz
lemma [Fz] (Lemma 2.10),

{x(m — 1), x(m + 1), £i, £j mod m + n} = {£1, £1, +m, £m mod m + n}

as multiple sets. It has a unique solution (m, n) = (2, 3) with (i, j) = (1, 3). ]
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5. Proof of Theorem 1.4 (Lens space surgeries along A,, )

The ‘if part’ of Theorem 1.4(1) follows from Theorem 1.2, thus our main purpose
is to prove the ‘only if part’. We study the condition on «/g for the Equations (4.10)
or (4.14)(i) to have a solution (i, j) or (e, f), respectively. Our proof is divided into
three cases: m =2 (Section 5.1), n =m + 1 (Section 5.2), and the general case where
m >3 and n > m + 2 (Section 5.3). Note that the first two cases contain the exceptional
case (Az3;7,0). In Section 5.4 and 5.5, we prove Theorem 1.4(2) by using the values
of the Reidemeister torsions. We also use Kirby moves.

To make expressions of symmetric Laurent polynomials short, we use the notation
(t%y = t* + t~* for any integer x. We regard {t*) as (+~) if x <0, and {({°) =2. For
the terminologies ‘reduce, reduction (denoted by red(P(t)))’ of symmetric Laurent
polynomials, see Definition 2.14.

5.1. The case m=2. In this case, n and m+n=n+2 are odd. Let & denote
any dth root of unity, where d is a divisor of n +2 with d >2. We have R(2,n) =
€+ 1% +mn=¢&+ & +mn+2 by Lemma 4.2(5), thus the Equation (4.10), divided
by £71(£€ — 1)? as a value sequence, becomes
—(i+ 71— —_ 173 ('fl - 1)(§j - 1) —1 (52 - 1)2
FER e+ e~ ) s — = 22— ()
€-17 €-12
where o’ =a’ —2B8=a - 2(n+ 1)B, n = %1 and (i, j) satisfies the condition (4.9) in
the last section. We regard (5.1) as an equality between real value sequences, defined
in Section 2.3.

(1) The case 2 <i+ j<n+ 1. Note that i + j is even, see (4.9).
By Lemma 2.15, the equalities (5.1) lift to a congruence and

- -1 @ -1)?

—(i+j-2)/2 | -1\ _ ¢ — .
[ B+t ) —a"} 17 nt TR

Note that (#* — 1)/(t — 1) is a polynomial for an integer x and that both hand sides
are symmetric Laurent polynomials. The span of the left-hand side is i + j < 2([(m +
n)/2] —=1)=2n. From >0, we have i=j=1, f(t+t ) -’ =t"'(t+ 1), B=1,
o’ =-2,and o = 2n.

(2) Thecase i+ j=n+1(=2f, see (4.11) in Section 4.3).
Then e = (j — i)/2 is an integer satisfying 1 < e < (n + 1)/2. The Equation (4.10) is

EWDRABE+EN) — ' WE - DE - D =ne? - (& - DA
By Lemma 2.16, it lifts to

(B_ a,//)(t(nJrl)/Z + t—(n+l)/2) +IB(t(n—l)/2 + t—(n—l)/z)
—Bu + D) w1 + 7 = pa +7TY) (5.2)
= (e +17) - 2},
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which is, using the notation (¢+*) =* + %,
(B — ")ty 4 B D2y — Bty + @ (1) = BT = () - 2).

Here we used (1"*3/2) = ({"*1/2y ‘mod (#"*> — 1). Note that the span of the left-hand
side is at most n + 1 =2[(m + n)/2]. We have e=1,n=8=1 and n = 3. Then (5.2)
becomes

P+ +A+)+H-2=F +1) -2

Hence we have @’ = —1 and @ = 7. In this case, (i, j) = (1, 3). This corresponds to the
case (Az3; 7, 0), and it is a lens space, see Section 5.5.

5.2. The case n = m + 1. In this case, m + n=2m + 1 is odd. Let £ denote any dth
root of unity, where d is a divisor of 2m + 1 withd > 2. We use { = £ asin Lemma 4.3,
then & = £~2. The Reidemeister torsion in Lemma 4.3 becomes

-1

o = el L o) -1y

i1
YNESIY RO
- —gz{a’g‘(f_—_ll)z -Bj@ -1

= -+ H - - D

We apply the same argument to this equality as in Section 4.3 and take (i, j) satisfying
the condition (4.9). The equality of the real value sequence (4.10) is

o 212 . .
R () - - 0@ = D =t - 1
Divided by £~!(¢ — 1)?, it induces a similar equation to (5.1). We can apply the same
argument as in Section 5.1. Instead of (5.1), we study

—(i+j-2)/2 . ’ -1\ _ (gl_l)(gj_l)_ —1.(42_1)2
R R B S a1t

where ' = —2a'(=8 - 2(a — mnB)). Equation (5.3) is obtained from (5.1) by
changing & to £, S to o/ and @” to B, respectively. Thus, using the correspondence,
we can study their roots by the same argument. In the last subsection, 8 = 0 was not
allowed, but here o’ = 0 is allowed (Lemma 4.5).
(1) Thecase @’ =0 (/B =m(m+ 1) =mn).
In this case, @/ = m(m + 1) is a root by Lemma 4.9(1).
(2) The case @’ > 1. The argument is similar to the case m = 2 in Section 5.1.
(i) Thecase2<i+ j<2m-2.
There is no root for @', 3, by the argument with (1) in Section 5.1,
since the corresponding root (¢, 8') = (1, —=2) implies 8 = 0, which is not
allowed.

(5.3)

https://doi.org/10.1017/51446788713000372 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000372

106 T. Kadokami and Y. Yamada [29]

(i) The casei+ j=2m.
Then e = (j —i)/2 is an integer satisfying 1 < e <m. The argument is
similar to that of (2) in Section 5.1. We have

(a/ _ﬁ/)(tm> + a/<tm—1> _ a/<te+l> +ﬁ,<te> _ a/<te—l> — ﬂ(<t2> _ 2)

Here we used (¢"*') = (/") mod (#*"*! —1). The span of the left-hand
side is at most 2m = 2[(m + n)/2]. Corresponding to that the Equation
(5.1) has a root (8, @) = (-1, 1), this equation has a root (¢, 8') = (1, —1)
only if m =2, which implies («, §) = (7, 1). This corresponds to the case
(A23;7,0), and it is a lens space, see Section 5.5.

5.3. Thecasem >3 and n > m + 2. Let P(¢) be a symmetric Laurent polynomial in
Definition 2.14 of the form:

P(t) = ag + Z a(t + 1) = ap + Z ailty.
i=1 i=1

We call ag the constant term, a;{t') the ith term, and a; the ith coefficient. When P(t)
is considered in Q[t, t~1]/(t" — 1), P(¢) (as above) is reduced if a; = 0 for all i > [N/2].
We denote the reduction of P(t) by red(P(¢)).

AssumptioN (of this subsection). Let (m, n) be a fixed pair of positive coprime integers
with m >3 and n>m + 2. We assume that 8> 1, @’ = a — mnB >0, see Lemma 4.5.
We set F(t) and G() as:

F(t) = {B("y — a/{t"y + 2(a’ = B ) = (1)),
G@t) = ™Yy = 2™y + ™Yy = 2(¢'y + 4

in (4.13) in the last section. From now on, we fix N = m + n. Note that G(¢) is already
reduced. Let

red(F (7)) = +G(f) (5.4)

be an equation for (e, f). Existence of an integral solution is a necessary condition for
(Ayns @/B, 0) to be a lens space. We show that there exist no integral solution of (5.4)
with0<e< f<(m+n-1)/2 for o’ >0, see Lemma 4.9(1) for the case o’ =0. By
Lemma 4.10, we assume that o’ # .

Using () - (%) = (¢*?) + (¢,

F(t) = By + g™y — o (Y — &/ (Y + 2(a’ - B))
— B = BTy + &Y + & (7Y = 2> - B,

This consists of ten nonzero terms, but may not be reduced. On the other hand, G(¢)
has five terms and is already reduced. Thus our problem is ‘Which term in F(¢) is
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y
m-+n

m+ 1 2

m

m —1
m+ 1

m m

m—1

1 1 1

0 0

(b) n>3m

Ficure 4. Graph of the degrees 1.

reduced to a term in G(¥)?" and ‘Which terms in F(¢) are canceled with other terms?’
On the terms ("), (#/*=F), (#"*¢) and ("¢,

@™y ifx<(m-m)/2,

<t"—x> if x> (7’1 _ m)/2 red((fn_)‘)) — <t|m—x‘>’

red((/"")) = {

for x = e or f (thus 0 < x < (m + n — 1)/2). The term {(#/*') is already reduced except
only one case.

Case F. If (im + n) is odd and f = (m + n — 1)/2, it holds that red((¢/*')) = (/).

In Case F, it holds that f —m=(n—m—1)/2 > 1/2, thus we have the following
lemma.

Lemwma 5.1. In Case F, it holds that f >m + 1. Furthermore, for an integer a > 1,
f=m+ aisequivalent ton=m+ 2a + 1.

We will often take care of this exceptional case. The other five terms are already
reduced. It is easy to see the following result.

LEmMma 5.2.

(1) Neither (") nor (t**'y can be reduced to the constant term.
(2)  The term {*") ({"**) with x = m) can be reduced to neither the constant term
nor the first term.

The graph of the degrees of red({(#"**)), red({t"~*)), red({+**')) and red({+*!)) are
useful, see Figure 4. We are interested in only the points whose coordinates are
integers. We set the rectangle formed by y = deg(red((#"**))) and y = deg(red({f"~*)))
as R. The intersection points of R and the line y = k correspond to solving the equation
red({#"**)) = (). The point Q is one of the intersections for k = m other than (0, m).
The (x, y)-coordinate of Q is as follows.
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m+n Y . m+n Y
Sravwy BN
m+1
m g o m
m —1
m+ 1
m - m
/Q m—1
i NZ 1115 IR/ N7 £
1 m m+n 1 m m+n 0
2 2
(a) n < 3m (b) n > 3m

FiGure 5. Graph of the degrees II.

If n < 3m, then Q(n — m, m), which corresponds to red({(#"**)) = (¢"").
If n > 3m, then Q(2m, m), which corresponds to red({t"*)) = (t"").
Here, note that n = 3m contradicts coprimeness of m and n.

Lemma 5.3 (The case red((#"*")) = (1"")). By xo we denote the x-coordinate (=n —m
or 2m) of Q. Then we have:

1) xp#m
(2) xpg=m+aonlyifn=2m+a, fora=-2,-1,10r2;
(3) xp=aonlyifn=m+a, fora=2or3.

Since G(¢) has the nonzero constant term, by Lemma 5.2(1),
{e, /1N {0, 1, m} #0.

The proof is divided into the five cases: (1) e =0; (2) e =1 withm > 4; (3) e = m; (4)
‘e#0,1 and f =m’; and (5) e = 1 with m = 3. Note that f = 0 is impossible and that
the case f =1 is included by the case e = 0, because of the assumption e < f.

Case l: e=0.

F(t) = By + ™y — o ¢y — o/ (1Y + 2(a” - B))
—2B("™) + 22/ (1YY — A(a’ - P).

Since G(¢) has a nontrivial (m + 1)- and (m — 1)-term, by Lemma 5.3, we have (taking
into account Case F)

fell,xo+temm+1,m+2}N{l,xg—€,m—-2,m-1,mj},

where € =—1 if n<3m (and e =+1 if n>3m, respectively). Figure 5 helps to
understand this. Thus we have four cases: (i) f =1; (ii) f =m; (i) f=m+2 (it n=
2m+1(xg=m+1));0r(iv) f=m—-2(@{fn=2m -1 (xp =m - 1)) by Lemma 5.3(2).

https://doi.org/10.1017/51446788713000372 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000372

[32] Lens space surgeries along certain 2-component links 109

In each case, Case F (that is, red({t/*')) = (¢/)) does not occur because f < m in (i),
(ii) and (iv), and because f # (m + n — 1)/2 in (iii), by Lemma 5.1.

Subcase(1-i): (e, )= (0, 1).
F() =By = 288"y + By — /() + 220’ - BX(t') — 2(3a’ - 2B).

Since @’ #0, to cancel —a’{t*), we need m =3 and o’ =, which contradicts the
assumption. (If we admit o/ = 0, then (e, f) = (0, 1) is a solution, see Lemma 4.9(1).)

Subcase(1-ii): (e, f) = (0, m).
F(t) = B™) — o/ (™Y + 2(a’ = 2B)(1™) — o/ (™Y + 2/ (1! — 2(2¢ - 3P).

Since 2m > m + 1, the 2mth term is not reduced. By Lemma 5.2(2) and the ratio of the
(m + Dth and (m — Dth coefficients (=1), we have red((+*")) = (") and n —m = m.
This contradicts coprimeness of m and n.

Subcase(1-iii): (e, f) = (0, m + 2) with n = 2m + 1. It holds that red((**"*?)) = (#"~').
F(r) = =a/(0"%) +2(a/ = BY("?) — /(") = 2" + ()
+ () + 2/ (1) — A’ - ).

Since m>3 (thus m+2<(m+n)/2) and o #8, the (m+2)th term cannot be
canceled. We have a contradiction.
Subcase(1-iv): (e, f) = (0,m —2) withn =2m — 1. If m =3, we go back to (1-i), thus
we assume m > 4. It holds that red((*>"~2)) = (£"™*1).
F(t) = ™ty = 28"y — o/ (") + 2> = BUI"PY = /(1)
+ By + 22/ (1" — 4(a’ - ).

All terms are already reduced. By the signs of the (m + 1)th and (m — 1)th coefficients,
we have a contradiction.

Case 2: e =1 withm > 4.

F(o)y =A™y + By — a1y — o/ 7h) + 20 - p)eT)
=B = BT + o () = 2e” = Pt + 20

Recall the assumption f>e=1. Comparing F(f) and G(¢), we have that at least
one term in F(f) is equal to or reduced to the mth term, and that the term a’(r?) is
canceled with another term whose coefficient is negative. Here we used m > 4 (that is,
(#"=1y # (£*)). We have (taking into account Case F)

felm—-1,mm+1,xp}N{2,3},
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m+ n Y

2

m+1 m+1
m m

m—1 m —1
2
I 1
- 0

FiGure 6. Graph of the degrees II1.

where x is the value defined in Lemma 5.3. Figure 6 helps to understand this. Since
f <3, Case F does not occur by Lemma 5.1. Thus we have three cases: (i) m =4
and =3, (i) f=2 (@ n=m+2 (xp=2)), (D) f=3 (@ n=m+3 (xg=3)), see
Lemma 5.3(3).

Subcase(2-i): m =4 and (e, f) = (1, 3).
F() =By = By — o/ (i) + (2 = 3BXP) — (22’ = 3B)(t") + 20’

The term 3(t”) has to be reduced: red({t)) = (") and 3 < n — 3 < 5. By coprimeness
of m and n, we have n = 7. By the fifth and fourth coefficients, we have a contradiction.

Subcase(2-ii): m>4, f =2 (if n =m + 2 (xg = 2)). It holds that red((f"+2)) = (™).

F(t) = =By + ™) = By + B
— &P+ (3o’ — 2B)P) — (Bor — 2B)1') + 20

All terms are already reduced. Considering the ratio of the (m + 1)-st and mth
coefficients, we have a contradiction.

Subcase(2-iii): m >4, f =3 (if n=m + 3 (xo = 3)). It holds that red((¢"*%)) = (/).

F(t) = =p™ Yy + Ba™y = Bty + gy
— (" + 2 - By = 2( = B!y + 2.

All terms are already reduced. If m > 5, then we have a contradiction by the same
method as in the last case. If m =4,

red(F(1) = —B(£) — (@’ = B)t*) + (22 = 3B)(F) — (22 - 3B)(¢") + 20’

Considering the ratio of the first two coefficients, —: —(a’ —8) = 1: -2, that is,
B =—a’ <0. We have a contradiction.
In the rest of the proof, we will often use the following lemma.
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LEmMA 5.4. Even ifred({(t*)) = (t*), the sum +B{t")y + o/'{t*) of any signs never cancels
by the reduction.

This lemma is easily shown by the assumption o’ > 0,8 > 0 and o’ #S3.

Case 3: e =m.

F(t) = BA™y + By — o/ () — o/ (1) + 20 - B
— B = 2B+ &y + () = 2 - B,

Recall the assumption f > e = m. Comparing F(¢) and G(t), at least one term in F(¢)
is equal to or reduced to the first term. By Lemma 5.2(2), we have two cases: (i)
f=m+1 (it can be in Case F) and (ii) red((/"*/)) = (+'). But in the latter case,
f=n—-1<(m+n)/2 (see the graph in Figure 4), thusn=m+2and f=m+ 1. We
only have to study the case (i).

Subcase(3-i): (e, f)=(m, m+ 1).

F(t) = ™"y = By — o/ (") + 3a’ = 28)("") = (3’ — 2B)(t™)
+ /(" + Bty - 28.

We focus on —a/(#"*?). Neither S(*"*'y — o/ (#™*?) nor —B{t*") — a’("*?) cancel by
the reduction by Lemma 5.4. Thus, if m + 2 < (m + n)/2 (that is, n > m + 4), the term
—a/("*?) is left after the reduction, which is a contradiction. We have n =m + 2 or
n=m+3.

First we assume 7 = m + 2, then red(B(t?"*1y — B(+*™) — o/ (#"*?)) = (') — B(t?) —
a’(t™). Considering the ratio of the (m + 1)th and (m — 1)th coefficient, we need
o’ =f. We have a contradiction. Next we assume n =m + 3, which implies m > 4.
Then red(B(t>™*1y — B(™) — o’ (#"*?)) = B(t*) — B(3) — o/ (¢™* ). (Itis in Case F.) The
second coeflicient is 8 # 0, so we have a contradiction.

Case 4: f =m. Itis notin Case F by Lemma 5.1.

F(t) = =By = BU™ ) + &/ (¢ 1y + o/ (1) — 2(a = BX(°)
+ 8™y + 2B — /(Y — o/ (7YY + 2(a - BT,

Recall the assumption e < f = m. Comparing F(¢) and G(¢), we have that at least one
term in F(f) is equal to or reduced to the first term. By Lemma 5.2(2), (*") is not
reduced to the first term. It does not hold that red((#"*¢)) = (¢), because it implies
e=n— 1, which contradicts to e < f =m. Thus we need red({(#"~¢)) = (¢'), that is,
e=m-—1.

F(1) = Ba*™y = B2ty — o/ (™ 1y + (32’ — 281"y — (32’ — 2B)("™ )
+ /("2 - Bty + 28.
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One of the first two terms has to cancel o’ (#"~?), but this is impossible, because neither
By + o/ (#72) nor —B{(t*""') + a/(t"~2) cancel by Lemma 5.4.

Case 5: e = 1 with m = 3. Note that G(¢) = (¢*) — 2(£3) + (1*) = 2(t') + 4.
F() = By + B — /@) — o/ (71 + 20 - B
=B + (@ = BXP) = 2(a’ = BX1r') + 20/
The proof is divided into four cases: (i) f =2; (ii) f = 3; (iii)) f =4 or (iv) f = 5.
Subcase(5-i): (e, f) = (1,2).

F(0) =) = By = & (F) +3(’ = BX*) = 3(a’ = B)(t') + 20

The term B(t>) has to be reduced: red({’)) = ("~%) and n — 2 > m > 3. Considering the
ratio of the first coefficient and the constant term, we have —3(a’ — 8) : 2’ = -2 : 4,
that is, 22’ = 38. Considering the ratio of the second and the first coefficients, we have
a contradiction.

Subcase(5-ii): (e, ) = (1, 3).
F(t) =B — (@ + Bt + 2(a’ = BPY = B() = 2(a’ = P)t') + 2( + ).

The term 3(¢°) has to be reduced: red({s°)) = (#"~3) and n — 3 > 2. Considering the ratio
of the first coefficient and the constant term, we have —2(a’ —8) : 2(¢’ + 8) = -2 : 4,
that is, @’ = 3.

F(t) =B ({8 — 4"y + 48 — (%) — 41"y + 8).

In any of the cases red({t®)) = (t*), (¢*) or (¢?), it does not hold that red(F (1)) = +G(1).
We have a contradiction.

Subcase(5-iii): (e, ) = (1, 4).
F() ="y — /() + 2o/ = 3B)1*) — /() + (& = BUI) — 2/ = 3B)(t') + 2.

By Lemma 5.4, both terms 3(t’) and —a’(#’) have to be reduced. This is possible only
if (m+ n)/2 <5, thatis,n < 7. Since n > m + 2 =5 and n is coprime to m = 3, we have
n=>5. Thenred((s’)) = (') and red((#’)) = (+*). Considering the ratio of the fourth and
the second coefficients, we have (2a’ — 38) = (@’ — ), thatis, @’ = 2. In this case, we
lose the first term: red(8(t") — (2a’ — 3B8)(t')) = 0. We have a contradiction.

Subcase(5-iv): e=1and f >5.

F(t) = B3y — o/ Yy + 2 = Bty — &/ (P71 + B(T3)
= BNy + (@ =PI = 2(a’ = Bty + 20
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The fth term has to be canceled. If it is canceled by the (f + 3)th term, then the
(f + Dth term is left after the reduction. If it is canceled by the (f + 1)th term, which
is in Case F, we have o/ =28, n = 2f — 2, and red({¢/**)) = (¢/?) with f — 2 > 3, thus

red(F()) =B - (=21 + (/72 + (' 2y — (') + (1) = 2(¢tYy + 4).
If £ > 5, then the top degree is f — 1 > 4, so we have a contradiction. Otherwise f =5,
red(F(0) = 8- (=3(t*) + () + 2(*) — 21"y + 4).

The ratio of the coefficients is different from that of G(f). We have a contradiction.
In any of the cases, we have a contradiction. The proof of Theorem 1.4(1) is
completed.

S.4. Type of the lens space (A, ,; mn, 0). We verify the second term (=mn) of the
lens space (A,,,; mn, 0) = L((m + n)?, mn) by the Reidemeister torsion. Here we are
also interested in the possibility of the transformation between the parameters (m, n)

and (p, q).

We use the notations 3(m, n) = {k; |i=0,1,..., m+n—-1},u; (j=0,1,...,n)and
w; (j=0,1,...,m)defined in Section 3.
LeEmMA 5.5.

() We set ki =kim+n)—imn (i=0,1,...,m+n—1). Then we have k; +
kl,n+n717i = mn and k(,) =0< kz’ < k;nJrnfl

(2 3m,n)={k1i=0,1,...,m+n—1}
Proor. (1) By the definition of k] and Proposition 3.8(1),

= mn.

ki + k. =ki(m+n)—imn+ kysp1—-i(m+n)—(m+n—1-imn
= (ki + kipsn—1-)(m + n) — (m + n — 1)mn

=mn(m+n) — (m+n— 1)mn=mn.

By Proposition 3.8(2), every element k; € 3(m, n) is uniquely expressed in the form k,,

or k. It is easy to see that kg =0 and k; | = mn.

(i) The casei=u; (j=1,2,...,n—1). Since k; = k,; = jm by Proposition 3.8(2) and
ged(m, n) =1,

ki = jm(m + n) — ([%] + j)mn = mn(%n - [%]) > 0.

Since k] + k

o] = mn, we have 0 < k! <mn.
(ii) The case i=w; (j=1,2,...,m—1). Since k; = k,, = jn by Proposition 3.8(2)
and ged(m, n) = 1,
ki = jn(m + n) — ([ﬂ] + J)mn = mn(ﬂ _ [ﬂ]) > 0.
m

m m

Since k] + k

an_1 = mn, we have 0 < k; < mn. Therefore, we have the result.
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(2)(d) The case i=u; (j=1,2,...,n—1). By the proof of (1)(i), k. is of the form
k! = j'm for some j’ € Z and j' = jm mod n is uniquely determined.
(i) The case i=w; (j=1,2,...,m—1). By the proof of (1)(ii), k; is of the form
k! = j'n for some j’ € Z and j' = jn mod m is uniquely determined.

From (i), (ii) and (1), the set {k; | i =0, 1,...,m + n — 1} consists of m + n distinct
elements, and we have the result. |
Lemma 5.6. For a coprime positive pair (m, n), the Alexander polynomial 44, (1, x) of
Ay satisfies that
(Tml’l _ 1)(T}71+l’l — 1)

(Tm-1)(T"-1)
Proor. As we remarked in Section 1, the first component K; of A,, , is the (m, n)-torus
knot T, ,. By Theorem 3.2 and the Torres formula (Lemma 2.7),

AAm.n (Tm+n, T—mn) .

m+n mn m+n min-1

- (e = 1 — 1) .

A4, (8, 1) = -Ar,,, (1) = = .
D2 02 TR =

By Theorem 3.2, it holds that

m+n—1 m+n—1

AAW’(TmHz’ T—mn) - Z Tk,-(m+n)—imn — Z Tklf’
i=0 i=0
and hence we have 4, (T"*", T™"") = 4,, (T, 1) by Lemma 5.5(2). O

PROOF OF (A, ,,; mn, 0) = L((m + n)?, mn). Assuming that M = (A mn,0) is a lens
space L(P, Q), it is clear that P = (m + n)? by the first homology. By Lemma 5.6 and
the formulae (4.3) and (4.4),
+ + 1 rm -1
M) =4 ™", Tt -1y s —/
(M) = 4y, ( X = T
o (M) = (e = D7 (e = D7

Because of the ambiguity of the Reidemeister torsion, the parameters of the lens space
are almost decided but the orientation (the choice +) is left undecided:

M = L((m + n)*, tmn),

where 7 is taken modulo (m + n)>.

Using the knowledge of existence of a lens space surgery (A,,,; mn, 0) = L(p?,
pgq — 1) in Theorem 1.2, we can determine the sign of +mn as follows. Suppose that it
is —mn. Then we have pg — 1 = —-mn mod p?, and

pg=1-mn=nn-m) mod p>.

Since ged(pgq, p?) = p=m+n is changed to ged((n —m), (m+n)>)=m+n (we
regard 7 as an integral lift), this contradicts that gcd(m, m + n) =1 and ged(n — m,
m+n) =ged(n —m, 2m) <2m <m+ n. m]
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FIGURE 7. (A33;7,0) is L(25,7) L.

5.5. Type of the lens space (Az3;7,0). Suppose that (m,n) =(2,3) and a/B="7.
Then we have
Apys(t, x) =1+ Px+ 227 + 1127 + 5%

by Theorem 3.2, and (4.3) is computed as

1+T3+T+T' +717 1
M) =A, (T2, TN - 1) = = .
T(My) = Ay, ,( ) ) 51 71

Hence we have

M) = (s = 7G5 - !
by (4.4). Assuming that (Ay3;7,0) is a lens space, only by our method of
Reidemeister-Turaev torsion, we can say that the lens space is homeomorphic to
L(25,7) = L(25, =7).

By Kirby calculus in Figures 7 and 8, we have (A,3; 7, 0) = L(25, 7). For the moves
in Figure 7, see [ Yam3]. By setting & = 0, we have (4, 3; 6, 0) = L(25, 9). In the moves
‘> in Figure 8, we used the formula in Figure 9 on a —2-framed unknot. In the second
f move, the union of two (3- and —4-framed) components are regarded as x, and get
unlinked by the positive full twist.

6. Proof of Theorem 1.5 (Lens space surgeries along B, ;)
In this section, we prove Theorem 1.5 on lens space surgeries along B), ;.

6.1. Alexander polynomial of B,,. The goal of this subsection is the following
lemma.

Lemma 6.1. The Alexander polynomial of the link B, ; is

tixP —1

tix—1

)

A, ,(t, x) =
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NS 4

K, |

Ficure 10. Link L (ex. (p, ¢) = (8, 3)) and L.

where t (and x, respectively) is represented by the meridian of the torus knot component

K (that of the unknotted component K).

Proor. We add the third component K3 to B, , = K; U K> such

a sense), see Figure 10.
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that H := K, U K3 is
a Hopf link and K] is isotopic to a simple closed loop in the level torus under the
identification of the complement of H and 72 x (-1, 1). We set L := B, , U K3 and use
the notations defined in Section 2.1. The complement E; of L is homeomorphic to
that E; of the connected sum L = K; U K, U K3 of two Hopf links (L is ‘B U K3’ in
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Our strategy of the proof is as follows: first we prove the Alexander polynomial of
L by studying the transformation of the homologies from the easier L to L, and use the
Torres formula (Lemma 2.7) on the sublink B, ; of L.

We take a homeomorphism f : E; — E that carries each regular neighborhood of
K, to that of K; (i=1,2,3). We will use a tilde for the notation of each component of L.
We denote the meridian-longitude system of K; by /#;, [;, and its Alexander polynomial
of Lby A; (1, 1>, 3). In H{(E) and H,(E;), the longitudes are presented by meridians:

(1] = [ma]P[ms)?, (L] = [m)Plms),  [l3] = [mi]9[my],

I =lsl,  [h] =0l [5]= [l ©.1)
We note that
[ma2]P[1L]7 = [ma]? (Im1 1P [ms)? = [m179[11]. (6.2)
We take integers a, b satisfying ag — bp = 1. The isomorphism f. : H|(E;) — H(EL)
induced by f satisfies:
L) =[mil, (L)) = [me]?[L]9 = [my17]1],
L)) = [m'[L1°, £(LD) = [m]P[L]4, (6.3)

fulma]) = [m3)[51°, ful]) = [m3]’[15]°.
Thus, setting ¢; := [m;] and 7; := [/;] (i = 1, 2, 3), by (6.1)—(6.3),

£y =n, [l =668 fu(5) =186, (6.4)

The Alexander polynomial of L is known:
Ai(f, b, 1) =13 — 1.
Substituting (6.4) into this, we have the Alexander polynomial of L:
Ap(ty, 1, 13) = 6716065 — 1.

Hence, by the Torres formula (Lemma 2.7), we have the Alexander polynomial of B, ;:

At x 1) i — 1
Ap,, (1 2) = fx—1  fx—1"

This concludes the proof. O

6.2. Conditions from the first homology of (B, 4; r,0). We set M = (B, 4; a/f, 0).
The arguments are parallel to Section 4.1. We let E denote the complement of B,
and regard M = E U V| U V>, see the notations in Section 2.1. We set M| = E U V.

We assume that gcd(p, @) = 1, which is equivalent to the condition for H,(M; Z) to
be finite cyclic. Then we have H,(M; Z) = Z/ p*BZ.

We determine the first homologies of £, M| and M, and represent some elements
by the generators. First, H|(E) is a free abelian group of rank two generated by [m;]
and [m;]:

Hi(E) = ([my], [ma] | -) = Z%.
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We have
[[1]1=[my]” and [L]=[m]". (6.5)

We attach V) to E to make M. We take integers 7, ¢ such that @ — By = —1, and fix
the meridian-longitude system m/, [} of the solid torus V;. In H{ (M),

[mi]=[m1° (WY =1, [[]=[m] L]
and (6.5) also hold. Thus,

Hi(My) = (], [ma] | [ 1 [ma ) = 1)
=(T|-)=Z,

where T = [m;]” [m,]® by taking integers y’, &’ satisfying @’ — pBy’ = —1. By the
relations above,

[my] = [my]*9+PAY

= ([m 1% [ma1P8) ™% ([my 17 [mp]% yP = TPE,
[my] = [mp] @9 +PBY

= ([mi 1% [ma P2 (I 1Y [mp]° )™ = T,
1 =[mh1°

= [m ]’ [my]?® = TPBYy—Ped = TP,

(6.6)

Next, we attach V, to M| to make M. By (6.5) and (6.6) in H{(M),
[m5] =[] = [m ]’ = TVF =1, (L] =[ma] =T7°,
and ,
H{(M)=(T |T"* =1)=7Z/p*BZ.

6.3. Proof of Theorem 1.5. By the surgery formula II (Lemma 2.5)(2), Lemma 6.1
and (6.6),

TP=a+pgB) _
= B - P _ g
T(My) = A, (TP, T™*) TP - 1) = T — D@7 D) (6.7)

Let ¢: Z[H|(M,)] — Z[H{(M)] be a ring homomorphism induced from the natural
inclusion, Y, : Z[H;(M)] — Q({,) a ring homomorphism such that y,(T) = {4, and set
Pa =g 01, where d is a divisor of p. Note that gcd(d, @) = 1. Then by the surgery
formula I (Lemma 2.3), (6.6) and (6.7),

M) = UM - 1) = (@ - pgB)(Ls - D72

Suppose that M is a lens space. Then its Reidemeister torsion is equal to that of
a lens space (Example 2.6), that is, there exist integers i and j such that gcd(p, i) =
ged(p, j)=1and

(@—-pgB)¢s -2 = (-7 -
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By taking the d-norm (see Section 2.2) of both sides, we have a necessary condition

la — pgpl =1

by Lemma 2.9.

Conversely, suppose |@ — pgB| =1 and set € = @ — pgB(= + 1). We can prove that
(Bp4; a/p, 0) is homeomorphic to the lens space by Kirby—Rolfsen moves [Ro] as
follows (see [Mos], see also [IS, Proposition 4.1]): M is the result of («/B, 0, c0)-
surgery along L = B, , U K3. It is homeomorphic to that of (¢/8, —p/a, —a/ p)-surgery
(ag — bp = 1) along L because of the identification between E; and E; in (6.3), and that
of (=p/a, —(a + epB)/ p)-surgery along the Hopf link by (—gB)-twist on K;. Therefore,
we have M = L(p*B, a). i

6.4. Other surgeries along B,,. The link B, is included in a family of Burde—
Murasugi’s links [BM], whose complements admit structures of Seifert fiber spaces.
The complement of B, , U K3 in Section 6.1 is homeomorphic to that of the (3, 3)-
torus link (and to that of the link in Figure 10 also). Thus we can determine all
Dehn surgeries along B, ; by a result of the first author and Shimozawa [KS] on Dehn
surgeries along torus links.

Let (B, 4; a1/B1, a2/fB>) be the result of (a1 /B1, a2/B2)-surgery along B, ,, where «;
and B; (i = 1, 2) are coprime integers with 5; > 1.

THEOREM 6.2. We set &) = ay — B1pq, € = a2q — PBap, P = a1y — B182p% and a and
b as coprime integers such that aqg—bp=1. Then the result of surgery M =
(Bp.gs @1 /B1, a2/B2) with p > 2 is as follows.

(1) Ifeie; 0, then M is a Seifert fiber space over S* with at most three singular
fibers whose multiplicities are |e1], || and p.

(2)  Suppose g1g, #0. Then M is a lens space if and only if |le;| =1 or |ex| = 1. The
resulting lens spaces are

L(P, —Bre1 — B162q) = L(P, —a12 — aaf1q* + 2B1821q)

in both cases.
(3) () Ife; =0/(thatis, a;/B1 = pq), then M is a connected sum of lens spaces

L(&>, axb — Bra)iL(p, —q).

(i) Ifey, =0 (that is, ar /B> = p/q), then M is a connected sum of lens spaces

L(e1, =BEL(p, —q).
Here we regard L(x1, Q) (253) and L(0, Q)(=S ' x §?) for any Q as lens spaces.

Proor. Let L, , be the link L in the proof of Lemma 6.1. Then L, ; is the (3, 3)-torus
link. We set L; | = L=K, UK, k3. Let /7; and /; be a meridian and a longitude of
K (i=1,23), respectively.
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Ficure 11. Seifert fiber space (B, 4; @1 /B1, @2/B2).

Let h: E; — E; be a homeomorphism inducing an isomorphism h. : H;(EL) —
H,(E};) such that

ho(lm]) = Uinl,  h([L]) = D 17PN 1],
ho(lmal) = [l ™[]0, hu(lh]) = U] P[54,
ho([ms]) = s1°l177%, ha([s]) = s ] [131970.

By the relations,

he(lm ] [P = [ ] PO P,
ho([ma] 2 [LF?) = [ing |20 Rt
ho(lms]) = [1° L5177,
and hence M is the result of ({a; — B1(pg — 1)}/B1, {az(g — b) — B2(p — a)}/(—axb +
Bra), a/(—p + a))-surgery along the (3, 3)-torus link. By [KS, Theorem 3.3(3)], if
£1&, # 0, then M is a Seifert fiber space over S? with at most three singular fibers
whose indices are
(_1_ Bi —amb+pra —p +a) 3 (O' B —ab+pha g)

b 9
€1 & p €l & p

see Figure 11. Other cases are obtained from it. m|

Remark 6.3. The convention on lens spaces in [KS] is different from that in the present
paper. Theorem 1.5 corresponds to the case @, = 0 and 8, = 1 in Theorem 6.2(2), and
we can deduce Theorem 1.5(2) from Theorem 6.2(2) after some deformations.

7. Lens space surgeries along A,, , other than (r, 0)-surgery

In contrast to the case of B,, in Section 6.4, to determine all Dehn surgeries
along A,,, is a hard problem. Related to Conjecture 1.11, in Sections 7.1 and 7.2,
we compute the Reidemeister torsions of M in the cases: (1) «;/B; =mn; and (2)
a1 /B =17 for (m, n) = (2, 3), respectively.

7.1. The case (A ,; mn,r). For A,,=K;UK,, we compute the Reidemeister
torsions of M = (A,,,; mn,r). We set r = /B, where « and 8 are coprime integers
with 8> 1, and P = (m + n)*8 — mna. Let d(>2) be a divisor of P.
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We use the notations E, M; and M defined in Section 2.1. By the similar way to
Section 4.1, we have two lemmas.

Lemwma 7.1. We take integers u and v as (m + n)u — mnv = 1, and set T = [m]*[m,]" in
H1 (M] ) Then:

(1) T is a generator of H(M,);
(2) [m]=T""and [my] =T7"".

Lemma 7.2. Let T be the generator of H\(M) which is induced by that of H\(M,) in
Lemma 7.1. Let Yy : Z[H{(M)] — Q(&y) be a ring homomorphism such that y4(T) =

ly. Then the core of V, (that is, [1,]) is mapped to { Gn4n)75-mny

p by Y4, where vy and 6
are integers such that a6 — By = —1.

LemMa 7.3. The integer (m + n)>8 — mny is coprime to P.

Proor. We have

(af ,8) ( —mn ) _ ((m +n)’B8 - mna) . 1)

y &) \(m+n)? (m + n)*s — mny
Since @d — By = —1, the matrix is invertible over Z, thus we have
ged((m + n)z,B — mna, (m + n)*s — mny) = ged((m + n)?, mn) = 1.
This concludes the proof. O

THeoreM 7.4. The Reidemeister torsion of M related with {; is as follows:
p -1
(M) = > .
(4’}” _ 1)(2::; _ 1)({5;'””) o—mny 1)

Proor. We use the surgery formula II (Lemma 2.5). By Lemmas 7.2 and 7.3,
2
{(g’“") 07™Y s a primitive dth root of unity. By the Alexander polynomial of A,

in Theorem 3.2, Lemmas 7.1, 7.2 and 5.6, we have the result. ]

By the Franz lemma (Lemma 2.10), 7¥¢(M) is equal to the Reidemeister torsion of
a lens space if and only if

m==1, n==+l 0r(m+n)26—mnyEJ_rmn mod P.

LemMma 7.5.

(1) IfB=1, then M has the same Reidemeister torsions as a lens space L(P, +tmn),
where nn =1 mod P.

(2) (m+n)*6 —mny=+mn mod P is equivalent to f=+1 mod P.

(3) Suppose that @ <0, and M has the same Reidemeister torsions as a lens space.
Then we have = 1.
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Qo)

Ficure 12. Seifert manifold (A, ,; mn, a/B).

Proor. (1) If B=1, then we can take y=1, § =0, thus (m + n)’>6 — mny = +mn
mod P.
(2) Suppose that (m + n)>6 — mny = +mn mod P. Then by (7.1), it holds that

_mn2 _ -0 B 0 _ :_rﬁmn mod P,
(m+n) y —a\tmn Famn
hence S =+1 mod P. Conversely, suppose that §=+1 mod P. Then we can take
y=+1,6=0 mod P, thus (m + n)>§ — mny = +mn mod P.

(3) P=(m+n)*8—mna = (m+n)*B+mnlal. By the assumption 2 <m <n, it
holds that m # +1 and n # £1 mod P. Since 0 <8 < P — mn|a|, we have 5= 1. |

Extending the Kirby calculus in [ Yam3], one can prove the following lemma.

Lemma 7.6 (An extension of [Yam3]). The surgered manifold (A,n;mn,a/B) is a
Seifert fiber space over S* with at most three singular fibers whose indices are

see Figure 12.
As a corollary, we can prove some lens space surgeries.

CoroLLARY 7.7. The surgered manifold (A, ,; mn, a/B) is a lens space if and only if
B =1 (thus P = (m + n)> — amn) and the lens space is L(P, mn), where nin = 1 mod P.

Proor (Using Lemma 7.6). We apply [KS, Lemma 2.2] to the description in Figure 12
in the case 8 = 1. Then the manifold is L(P, Q) with

P = (m+n)> — amn, O =mx + {m(a — 2) — nly,
where x, y are coprime integers satisfying nx + my = 1, and it holds that

nQ = mnx + {mn(a — 2) — n*}y

mnx + {(m + n)> = 2mn - nz}y mod P

= mnx + m*y

m(nx + my)

=m. O
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@;g - Qj;@g Ly

Ficure 13. Lens space (A23; 7, a/f).

7.2. The case (A3; 7, r). Weset(m, n) = (2, 3), r = a/f, where @ and 8 are coprime
integers with 8> 1 and P =258 — 7a. Let d(>2) be a divisor of P. We compute the
Reidemeister torsions of M = (A3; 7, r).

TueEOREM 7.8. Let g : Z[H(M)] = Q(£y) be a ring homomorphism which maps a
generator of Hi(M) to {;. Then we have

M) = (G- DTG D

where integers y and § satisfy ad — By = —1.
In particular, M has the same Reidemeister torsions as a lens space L(P, =(7y —
256)).

We can verify the lens space surgeries.
LemmA 7.9. The surgered manifold (A, 3; 7, a/p) is a lens space L(256 — Ta, 2a — 1B).

Proor. We modify the Kirby calculus in Figures 7 and 8 as in Figure 13. O

8. Final remarks
In this section, we give some remarks concerning our results.

8.1. Alternative proof for Theorem 1.4(1). At the beginning of our study, the
authors did not know whether (A, ,; 0, 0) is proved to be non-Seifert, and our method
by Reidemeister-Turaev torsion works without the knowledge. In fact, we are
interested in the condition on the Alexander polynomial for a link to admit a lens
space surgery.

In the preparation of this paper, K. Motegi informed us that (4,, ,; 0, 0) is proved
to be non-Seifert. We give an alternative rough proof of Theorem 1.4(1) by assuming
(A 0, 0) is non-Seifert and by using the cyclic surgery theorem [CGLS].

Proor oF THEOREM 1.4(1) (Using the results in [DMM1, DMM2, CGLS]). We set
M = (Apn; 1, 0) (r€Q). By the cyclic surgery theorem [CGLS], only r=mn — 1 or
mn + 1 can be a solution of Problem 1.1 other than r = mn.

Case I: r=mn - 1.
This case does not occur by Lemma 4.5(2).
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Case2: r=mn+ 1.
By Lemma 4.3,

a(M) = (€ - DE™! - DE-D2Em - 1),

where ¢ is a primitive dth root of unity (d |m+nand d >2). If M = (A, ,; mn+1,0)
is a lens space, there exist integers i and j such that gcd(i, m + n) = ged(j, m +n) =1,
as in (4.7):

@ = DE™ - DE - DE =D =E=-1DXE - 1)
Similarly to the proof of Lemma 4.10, using the Franz lemma [Fz] (Lemma 2.10),
{x(m—1), £(m + 1), £i, £j mod m + n} = {£1, £1, +m, £m mod m + n}

as multiple sets. It has a unique solution (m, n) = (2, 3) with (i, j) = (1, 3). Thus we
have r =7. O

8.2. Algebraic generalization. Our main theorems can be extended to the cases of
2-component links in homology 3-spheres with the same Alexander polynomials as
Aynand By .

TueoreM 8.1. Let L,,,, be a 2-component link in a homology 3-sphere with the same
Alexander polynomial as A, (Theorem 3.2). If (Ly,;1,0) is a lens space, then
we have r=mn, or r="7 for (m,n)=(2,3). Moreover, we have (Ly,; mn,0) =
L((m + n)?, £mn) or (Lp3:7,0) = L(25, 7) respectively, where nn =1 mod (m + n)2.

Tueorem 8.2. Let L), , be a 2-component link in a homology 3-sphere with the same
Alexander polynomial as By, (Lemma 6.1). If (L, ;s @/B, 0) is a lens space, then we
have |\« — pqpB| = 1. Furthermore, in this case, we have (L;Lq; a/B, 0) = L(p*B, +a).

We remark that the converses of the theorems above do not always hold in general.

Acknowledgements

The authors would like to thank to Kenneth Baker, Yanki Lekili, Takayuki Morifuji,
Kimihiko Motegi and the anonymous referee for their useful advice.

References

[Ak] S. Akbulut, ‘On two-dimensional homology classes of 4-manifolds’, Math. Proc. Cambridge
Philos. Soc. 82 (1977), 99-106.

[Ba] K. Baker, ‘Knots on once-punctured torus fibers’, Dissertation, The University of Texas at
Austin, 2004.

[BBL] K. Baker, D. Buck and A. Lecuona, ‘Some knots in S' x S with lens space surgeries’,

arXiv:math.GT/1302.7011.

[Ber] J. Berge, ‘Some knots with surgeries yielding lens spaces’ (unpublished manuscript, 1990).

[Bir] J. S. Birman, Braids, Links, and Mapping Class Groups, Annals of Mathematics Studies,
Vol. 82 (Princeton University Press, Princeton, NJ, 1974), University of Tokyo Press, Tokyo.

https://doi.org/10.1017/51446788713000372 Published online by Cambridge University Press


http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
http://arxiv.org/abs/math.GT/1302.7011
https://doi.org/10.1017/S1446788713000372

(48]

[BL]

[BM]
[CH]

[CGLS]
[DMMI1]
[DMM2]
[EMM]
[FS]

[Fz]
[GS]

[Go]
(18]
[Kadl]
[Kad2]
[Kad3]
[Kad4]
[KS]
[KMS]
[KY1]
[KY2]

[KY3]

[Kaw]

[Kir]
[LM]

[Li]
[Mil]

[Mos]

Lens space surgeries along certain 2-component links 125

S. Boyer and D. Lines, ‘Surgery formulae for Casson’s invariant and extensions to homology
lens spaces’, J. reine angew. Math. 45 (1990), 181-220.
G. Burde and K. Murasugi, ‘Links and Seifert fiber spaces’, Duke Math. J. 37 (1970), 89-93.
A. Casson and J. Harer, ‘Some homology lens spaces which bound rational homology balls’,
Pacific J. Math. 96(1) (1981), 23-36.
M. Culler, M. Gordon, J. Luecke and P. Shalen, ‘Dehn surgery on knots’, Ann. of Math. (2)
125 (1987), 237-300.

A. Deruelle, K. Miyazaki and K. Motegi, ‘Networking Seifert surgeries on knots II: the
Berge’s lens surgeries’, Topology Appl. 156(6) (2009), 1083-1113.

A. Deruelle, K. Miyazaki and K. Motegi, ‘Networking Seifert surgeries on knots’,
Mem. Amer. Math. Soc. 217 (2012).
H. Endo, T. Mark and J. Horn-Morris, ‘Monodromy substitutions and rational blowdowns’,
J. Topol. 4(1) (2011), 227-253.
R. Fintushel and R. Stern, ‘Rational blow downs of smooth 4-manifolds’, J. Differential Geom.
46(2) (1997), 181-235.
W. Franz, ‘Uber die torsion einer iiberdeckung’, J. reine angew. Math. 173 (1935), 245-254.
R. Gompf and A. Stipsicz, 4-manifolds and Kirby Calculus, Graduate Studies in Mathematics,
20 (American Mathematical Society Providence, RI, 1999).
C. McA. Gordon, ‘Dehn surgery and satellite knots’, Trans. Amer. Math. Soc. 275(2) (1983),
687-708.
K. Ichihara and T. Saito, ‘Surgical distance between lens spaces’, Tokyo J. Math. 34(1) (2011),
153-164.
T. Kadokami, ‘Reidemeister torsion and lens surgeries on knots in homology 3-spheres I’,
Osaka J. Math. 43(4) (2006), 823-837.
T. Kadokami, ‘Reidemeister torsion of Seifert fibered homology lens spaces and Dehn
surgery’, Algebr. Geom. Topol. 7 (2007), 1509-1529.
T. Kadokami, ‘Reidemeister torsion and lens surgeries on knots in homology 3-spheres II’,
Topology Appl. 155(15) (2008), 1699-1707.
T. Kadokami, Hyperbolicity and identification of Berge knots of types VII and VIII,
arXiv:math.GT/1107.0379.
T. Kadokami and M. Shimozawa, ‘Dehn surgery along torus links’, J. Knot Theory
Ramifications 19(4) (2010), 489-502.
T. Kadokami, N. Maruyama and M. Shimozawa, ‘Lens surgeries along the n-twisted
Whitehead link’, Kyungpook Math. J. 52(3) (2012), 245-264.
T. Kadokami and Y. Yamada, ‘Reidemeister torsion and lens surgeries on (-2, m, n)-pretzel
knots’, Kobe J. Math. 23(1-2) (2006), 65-78.
T. Kadokami and Y. Yamada, ‘A deformation of the Alexander polynomials of knots yielding
lens spaces’, Bull. Aust. Math. Soc. 75(1) (2007), 75-89.
T. Kadokami and Y. Yamada, ‘Lens space surgeries along two component links and
Reidemeister-Turaev torsion’, RIMS Koky(roku, 1747 Twisted Topological Invariants and
Topology of Low-dimensional Manifolds, T. Morifuji (ed.), (2011), 67-76.
A. Kawauchi, A Survey of Knot Theory (Birkhduser, Basel, 1996), translated and revised from
the 1990 Japanese original by the author.
R. Kirby, ‘A calculus for framed links in §3°, Invent. Math. 45(1) (1978), 35-56.
Y. Lekili and M. Maydanskiy, “The symplectic topology of some rational homology balls’,
Comment. Math. Helv., to appear, arXiv:math.GT/1202.5625.
P. Lisca, ‘On symplectic fillings of lens spaces’, Trans. Amer. Math. Soc. 360(2) (2008),
765-799.
J. W. Milnor, ‘A duality theorem for Reidemeister torsion’, Ann. of Math. (2) 76 (1962),
137-147.
L. Moser, ‘Elementary surgery along a torus knot’, Pacific J. Math. 38 (1971), 737-745.

https://doi.org/10.1017/51446788713000372 Published online by Cambridge University Press


http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1107.0379
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
http://arxiv.org/abs/math.GT/1202.5625
https://doi.org/10.1017/S1446788713000372

126

[Pa]
[Ro]

[Sa]
[SSW]

[Tor]
[Turl]

[Tur2]
[Was]
[Yaml]
[Yam2]
[Yam3]

[Yam4]

T. Kadokami and Y. Yamada [49]

J. Park, ‘Seiberg—Witten invariants of generalised rational blow-downs’, Bull. Aust. Math. Soc.
56(3) (1997), 363-384.

D. Rolfsen, ‘Rational surgery calculus: extension of Kirby’s theorem’, Pacific J. Math. 110
(1984), 377-386.

T. Sakai, ‘Reidemeister torsion of a homology lens space’, Kobe J. Math. 1(1) (1984), 47-50.
A. 1. Stipsicz, Z. Szabé and J. Wahl, ‘Rational blow downs and smoothings of surface
singularities’, J. Topol. 1(2) (2008), 477-517.

G. Torres, ‘On the Alexander polynomial’, Ann. of Math. (2) 57 (1953), 57-89.

V. G. Turaev, ‘Reidemeister torsion in knot theory’, Russian Math. Surveys 41-1 (1986),
119-182.

V. G. Turaev, Introduction to Combinatorial Torsions, Lectures in Mathematics (ETH Ziirich,
Birkhéiuser, Basel, 2001).

L. C. Washington, Introduction to Cyclotomic Fields, Graduate Texts in Mathematics, 83
(Springer, New York, 1982).

Y. Yamada, ‘Berge’s knots in the fiber surfaces of genus one, lens spaces and framed links’,
J. Knot Theory Ramifications 14(2) (2005), 177-188.

Y. Yamada, ‘Lens space surgeries as A’Campo’s divide knots’, Algebr: Geom. Topol. 9 (2009),
397-428.

Y. Yamada, Generalized rational blow-down, torus knots and Euclidean algorithm,
arXiv:math.GT/0708.2316.

Y. Yamada, ‘Canonical forms of the knots in the genus one fiber surfaces’, Bull. Univ. Electro-
Comm. 22(1) (2010), 25-31.

TERUHISA KADOKAMI, Department of Mathematics,
East China Normal University, Dongchuan-lu 500, Shanghai, 200241, PR China
e-mail: mshj@math.ecnu.edu.cn

YUICHI YAMADA, Department of Mathematics,
The University of Electro-Communications, 1-5-1, Chofugaoka, Chofu, Tokyo
e-mail: yyyamada@sugaku.e-one.uec.ac.jp

https://doi.org/10.1017/51446788713000372 Published online by Cambridge University Press


http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
http://arxiv.org/abs/math.GT/0708.2316
https://doi.org/10.1017/S1446788713000372



