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On Deformations of 1-motives

A. Bertapelle and N. Mazzari

Abstract. According to a well-known theorem of Serre and Tate, the infinitesimal deformation the-
ory of an abelian variety in positive characteristic is equivalent to the infinitesimal deformation
theory of its Barsotti-Tate group. We extend this result to I-motives.

1 Introduction

Let R be an artinian local ring with maximal ideal m and perfect residue field k of
positive characteristic p. Let M;(R) denote the category of (smooth) 1-motives over
R. For any 1-motive M (resp. Barsotti-Tate group B) over R, let M, (resp. By) denote
its base change to k = R/m. Let Def(R, k) denote the category whose objects are
triples (Mo, B, €9) where M is a 1-motive over k, B is a Barsotti-Tate group over R
and g9: Bg = My[p™] is an isomorphism of B, with the Barsotti-Tate group of M.
The aim of this paper is to prove the following theorem.

Theorem 1.1  The functor

(11) ARMl(R) —>Def(R’k)
M — (Mo, M[p®], natural &),

is an equivalence of categories.

This result generalises the well-known Serre-Tate equivalence for abelian schemes
over artinian local rings R as above (cf. [6, Theorem 1.2.1], [8, V, Theorem 2.3]). Argu-
ments in [6,8] do not extend directly to the case of I-motives but are used to get some
intermediate results. Note that the proof of fullness (Proposition 4.3) and essential
surjectivity (Proposition 4.5) uses weights, a careful study of the case of 1-motives of
the form [Z — G,,] (Lemma 2.4), which is orthogonal to the classical case of abelian
schemes, and Galois descent arguments (Lemma 4.4). Another essential ingredient is
that tori and étale group schemes over k lift uniquely to R.

As an application, in Section 4.3 we extend the description of the formal mod-
uli space of an ordinary abelian variety over an algebraically closed field and its
Serre-Tate coordinates to 1-motives. Consequently, canonical liftings of (ordinary)
1-motives over k to 1-motives over W (k) exist (Proposition 4.10).

Received by the editors October 10, 2017; revised November 17, 2017.
Published electronically March 22, 2018.

AMS subject classification: 14L15, 14C15, 14L05.

Keywords: 1-motive, Barsotti-Tate group.

https://doi.org/10.4153/CMB-2017-076-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-076-2

12 A. Bertapelle and N. Mazzari
Notation

Let p°,s > 1, denote the characteristic of R. Then R is canonically endowed with the
structure of a finite W;(k)-algebra, where W;(k) = W (k)/(p®) denotes the ring of
Witt vectors of length s. We also fix a positive integer 7 such that (1+m)?" = {1}. For
any R-group scheme G, we identify G(R) = Homg(Spec R, G) with Hompg_g(Z, G)
by mapping a € G(R) to the morphism u:Z — G such that u(1) = a.

2 Barsotti-Tate Groups and 1-motives

Let M;(R) be the category of (smooth) 1-motives over R. Its objects are two term
complexes of commutative R-group schemes M = [u:L — G] in degrees —1 and 0,
where G is extension of an abelian scheme A by a torus T, and L is locally for the
étale topology on R isomorphic to Z" for some non-negative integer r. Recall that a
1-motive has a natural weight filtration

0SS WoM=[0-T]S WaM=[0-G]< WoM = M.

Since morphisms of 1-motives respect filtrations, M; (R) is a filtered category. We will
denote by M;(R); the full subcategory of M;(R) consisting of 1-motives such that
M = W; M. Given al-motive M, let My, = [uap: L — A], where u,y, is the composition
of u with the canonical morphism G - A. Let M;(R)>_; be the full subcategory of
M;(R) consisting of 1-motives M = M,p,. Similarly Def(R, k)5_; (resp. Def (R, k)<_1)
denotes the full subcategory of Def(R, k) consisting of objects such that M, is in
Ml(k)z—l (resp. in Ml(k)£—1)~
For any m € N, consider the cone of the multiplication by m on M:

M/mM:L 0, Gor L™, 6,

where L is in degree -2, and let M[m] = H}(M/mM) (see [4, 10.1.4] or [2, §1.3]
with a different sign convention); it is a finite and flat R-group scheme and it fits in
the diagram

2.1 —1
ER—
Tm[m]: 0 G[m] Ker((-m,u)) L 0
H | ¢
HMm]: 0 G[m] M[m] L/mL 0.

Remark 2.1 Let us consider
§6[m0 — G[m] — G =G —o.
By direct computations one gets #/y[m] = —t4" Egm] as elements of Extg (L, G[m]).

Since the push-out of the extension 7, ,r) along the canonical morphism
G[p"] - G[p™'] is isomorphic to p - Fypr1), there is a morphism of complexes
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Nmlpr] = Nm[pr+] for any r > 1. One then gets a short exact sequence of Barsotti-Tate
groups (BT groups for short)

(2.2) Nmp=1: 0 — G[p~*] — M[p*] — L[p™] — 0,
where L[p>] := L ®7 Q,/Z,.

Lemma 2.2 Let My = [ug: Lo = Go], let M{, be 1-motives over k, and let ¢o: My —
M, be a morphism of 1-motives. Denote by Ty the maximal subtorus of Go.

(i)  Any finite and flat R-group scheme F that lifts Mo[m] is endowed with a unique
weight filtration that lifts the weight filtration To[m] € Go[m] € Mo[m].

(ii) Any morphism of finite flat R-group schemes F — F' that lifts @[ m] respects
filtrations.

(ili) Any BT group over R that lifts Mo[p*°] admits a unique filtration that lifts the
weight filtration on My[p®°] and any morphism of BT groups over R which lifts
@o[p°°] respects filtrations.

(iv) If My lifts to a 1-motive M over R, then the natural weight filtration on M[m]
agrees with the one induced by the weight filtration on M.

Proof Let F be a finite flat R-group scheme lifting My[m]. Let L be the unique étale
lifting of Ly over R. We claim that F fits into a short exact sequence

0—E—F— L/mL—0,

which lifts the sequence 7, [,] for My in diagram (2.1). Indeed, there exists a unique
lifting f: F — L/mL of the morphism Mo[m] — Lo/mLy, since L/mL is étale, and
we set E = Ker f. Note further that f factors through the epimorphism 7z: F — F =
F/F° with F° the identity component of F. Let f¢: F* — L/mL satisty f*' o np = f.
The morphism f¢! is an epimorphism of finite étale k-group schemes, hence so is f*'.
It follows that f is an fppf epimorphism, hence the short exact sequence as claimed.

Let Lj and F* be the Cartier duals of Ly and F, respectively, and let T be the unique
torus lifting Ty. We have seen that the canonical morphism My[m]* — Lg/mLg lifts
uniquely to a morphism F* — L*/mL* over R and hence, by Cartier duality, the
immersion To[m] — M,[m] lifts uniquely to an immersion T[m] — F over R. The
composition T[m] — F — L/mL is the zero map, since its reduction modulo m is the
zero map and L/mL is étale. The closed immersion T[m] — F factors thus through
E. By construction, the filtration

0cT[m]<ECF

of F lifts the weight filtration on My[m], so the existence of a filtration as in (i) is
proved.

With similar arguments, one shows statement (ii). Statement (iv) and the unique-
ness of the filtration in (i) follow from (ii), and statement (iii) is a formal consequence
of (i) and (ii). |

The classical Serre-Tate theorem states that deformations of an abelian variety over

k only depend on deformations of its BT group. As we will now explain, the analo-
gous result for 1-motives of the type [Z — G, x| can explicitly be deduced from the
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canonical isomorphism
(2.3) R* 5 k* x (1+m), x'—>(x0,x/[x0]),

where xj is the reduction of x modulo m and [xo] € W;(k) is the multiplicative rep-
resentative of x. Recall that (1+m)?" = {1}, and hence 1+ m = ppn (R) = tp= (R).

We now consider BT groups that are extensions of Q,, /Zj, by ppe. By [8, Proposi-
tion 2.5, p. 180], the map

V:1+m — Extr(Qp/Zp, pip=),
which associates with u € 1 +m the push-out along u: Z — - of the sequence
0—Z—Z[p™] — Qp/Zy — 0

is an isomorphism. In particular, p" kills Extg(Q,/Zy, pip=). For any u € R*, let
M* = [u:Z - G, ] and consider the homomorphism

(2.4) ®:1+m —> Extp(Qp/Zp, tip),

which maps u € 1+ m c R* to the extension #ygu[ =7 as in (2.2).
Lemma 2.3 We have ® = —¥; hence, ® is an isomorphism.

Proof Let Extypnz(-,-) denote classes of extensions of p”-torsion R-group
schemes. By [8, p. 183], we have isomorphisms

(25)  Extr(Qp/Zp, pp=) = lim Extr (Z/p" Z, pp=)

m
~ Extr(Z/p"Z, “,[peo) ~ EXtZ/an(Z/an, [lp"),

where the first isomorphism is induced by pull-back along Z/p™Z — Q,/Z,, the
second isomorphism follows, since p” kills Extg (Q,/Z,, tp~), and the third iso-
morphism is obtained by passing to kernels of the multiplication by p”, since pp is
divisible. Note that the composition of the isomorphisms in (2.5) associates with an
extension of Q,/Z, by p,e the corresponding sequence of kernels of the multiplica-
tion by p”. Let

Vo, @yt 1+ m — Extypnz (Z/p" 7, piypn)

denote the composition of ¥ (resp. @) with the isomorphisms in (2.5). We are left to
prove that ®, = -,,.

Note that ¥, (u) can also be constructed taking first the push-out along u:Z —
Gmr of (:0 > Z - Z — Z/p"Z — 0 and then considering the sequence of kernels
of the multiplication by p”. Indeed, u.{ = 1,1, ¥(u) with 1,:Z/p"Z — Q,/Z, and
1:pe — Gy g the usual morphisms. Since Cartier duality induces the identity both
onl+m = Homp g (%, G, ) and on Exty yny (Z/ p" Z, pipn ), ¥, (1) is also represented
by the sequence of cokernels of the multiplication by p” of the sequence obtained via
pull-back along u: Z — G,, g from the sequence fﬂp,, 10> ppn > Gpp = Gpr — 0.
On the other hand, @, (u) is the sequence #u[,n] in diagram (2.1). By Remark 2.1
and diagram (2.1), we conclude that ®,(u) = =¥, (u). [ |
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We now see how to interpret (2.3) in terms of deformations of 1-motives.

Lemma 2.4  Given al-motive My = [ug:Z — G i ] and a B € Extg(Qp/Zyp, pip=)
there is a unique 1-motive M = [u:Z — G, r] that lifts Mo and whose BT group is
isomorphic to B as extension of pp= by Q,/Z,.

Proof Note that if B, B’ are two liftings of Mo[p>°], there is at most one morphism
B — B’ as extensions of Q/Z, by yp~. We have to prove that the homomorphism

R* — k" x Extr(Qp/Zy, pp=), 1> (thos Npup=])

is an isomorphism. Note that if u = [ug], up € k*, then u admits p”-th roots for any
r 2 1, since k is perfect; hence, #pgu[pe-q is split, since Extg(Qp/Zy, pp=) is killed by
p". We are then reduced to checking that the homomorphism

1+ m — Extp(Qp/Zp, php=), > Hppu[pe=1>

is an isomorphism. But this homomorphism equals ® in (2.4), and the latter is an
isomorphism by Lemma 2.3. ]

3 Auxiliary Results

3.1 Galois Actions

Let k'/k be a finite Galois extension of I' = Gal(k’/k) and set R" = R ®yy () W(k).
Note that R’ is an artinian local ring with residue field k" and Spec R’ — SpecR is a
Galois covering of group T'. Then T naturally acts on M;(R") and Def (R’, k") and the
Serre-Tate functor Ay (1.1) commutes with the Galois action.

Note that the datum of a I-motive M over R is equivalent to the datum of a 1-motive
M’ =[u":L" - G'] over R’ with a I'-action compatible with the T'-action on Spec R’
Indeed, L’ descends to a lattice over R. Further, since the topological space underlying
G’ coincides with the topological space underlying the semi-abelian k’-variety Gy, it
can be covered by affine open subschemes which are stable under the I'-action and
hence it descends to an R-group scheme. The maximal subtorus T’ of G’ descends
to a subtorus T of G and G/T is an abelian scheme, since it is an abelian scheme
after base change to R’. Similarly, the datum of an object (Go, B, &y) in Def(R, k)
is equivalent to the datum of a (Gg, B', ¢;) in Def(R’, k’) together with a T-action
compatible with the T'-action on k' (in the first and third entries) and the I'-action on
R’ (on the second entry).

3.2 Refinements

Recall thatany 1-motive M = [u: L - G] over R admits a so-called universal extension
M" = [uf:L — G'] that fits into a short exact sequence of complexes of R-group
schemes

(3.1) 0— [0 — V(M)] — M"— M —0,
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where V(M) is the vector group associated to the dual sheaf of Ext},, (M, G, ). Note
that V(M) is killed by p*, since the multiplication by p* morphism is the 0 map on
G, Note that M" is denoted by E(M) = [L — E(M)¢] in [1,2].

Remark 3.1 We can refine some preliminary results in [6]. Let s’ > s be the minimal
integer such that m*’ = 0.

(i) Let G be any smooth commutative R-group scheme. By [6, Lemma 1.1.2] the
kernel of the reduction map G(R) — G(k) is killed by p**" ). In our hypothesis
one can prove that it is killed by p°* "1, Indeed, by the theory of Greenberg functor the
sections G(R/m'), 1 < i < s’, can be identified with the group of k-rational sections
of a smooth k-group scheme Gr;(G). Further, there are so-called change of level
morphisms p}: Gr41(G) — Gr;(G) such that p! (k) coincides with the reduction map
G(R/m'*!) - G(R/m'). By Greenberg’s structure theorem ([5],[3, Thm. A.17]) the
kernel of p} is a k-vector group, thus killed by p. It follows then by induction that
Ker(G(R) — G(k)) is killed by p* .

(ii) By [6, Lemmal.1.3 (3)] a morphism of semi-abelian varieties ¢o: Gy - Hp lifts
over R up to multiplication by p*¢'~. We can also improve this estimate if p > 2. Let
M, N be 1-motives over R. By [1, Thm. 2.1] there exists a canonical morphism between
universal extensions (3.1) ¢': M" — N that lifts ¢f. If " (V(M)) € V(N), then ¢"
induces a morphism ¢: M — N that lifts ¢o. In general, since the multiplication by
p* morphism kills V(M), the morphism p*¢" maps V(M) to 0. Hence, p* ¢ lifts to
amorphism “p*¢”™: M — N.

4 Proof of the Main Theorem

4.1 Full Faithfulness

Proposition 4.1 Let M, N be two 1-motives over R. Then the reduction map
Holi(R) (M, N) e Holi(k) (Mo, No)

is injective.

Proof Consider a morphism ¢: M — N and assume that its reduction modulo m is

the 0 morphism. If p > 2, then ¢ = 0, since the induced morphism between universal

extensions g% M" — NP is the zero map [1, Thm. 2.1]. In general, one has ¢ = 0 in

degree —1 by the equivalence of the étale sites over R and over k, and ¢ = 0 in degree
0 by [6, Lemma 1.1.3 2)]. [ |

Corollary 4.2 The functor (1.1) is faithful.

Proposition 4.3  The functor (1.1) is full.

Proof LetM =[u:L —» G],N = [v:F > H] be two l-motives over R, ¢o: My — Ny
a morphism between their reduction modulo m, and y: M[p>] — N[p*] alifting of

@o[p]: Mo[p™] = No[p™]. We have to prove that there exists a lifting p: M - N
of @o over R such that ¢[p*°] = .
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As afirst step, consider the case L = F = 0. We assume that p > 2; if p = 2, the same
proof works replacing s with s(s’ —1), where m* = 0, and it coincides with the one in
(6, p. 144]. Givena ¢g: Gyp - Hg and a morphism y: G[p>] — H[p>]lifting ¢o[p*°],
by Remark 3.1(ii) there exists a morphism “p*¢”: G — H lifting p*¢,. Further, p*y =
“p*@”[p>]by[6, Lemma1.1.3(2)], since both morphismslift p* o[ p>]. Hence, “p°¢”
kills G[p°] and thus “p*¢” = p°¢ for a morphism ¢:G — H (necessarily unique
since Homp_¢, (G, H) has no p-torsion). Thus, the restriction of the functor (1.1) to
MI(R)Sfl is full.

As a second step, consider the case where G and H are abelian varieties. Fullness
of the restriction of the functor (1.1) to M;(R)»_; follows from the previous step via
Cartier duality.

For the general case, let M = [u: L - G],N = [v:F — H] be two l-motives over
R, ¢o: My - Nj a morphism between their reduction modulo m and y: M[p>°] —
N[p>] alifting of go[p™]: Mo[p™] = No[p*™]. Let 9o = (fo,80), i.e, fo:Lo —
Fo,80:Go — Hp and gy o ug = vg o fo. Recall that any lifting v of ¢o[p™] respects
weight filtrations by Lemma 2.2. Hence, by the first step of the proof there exists
a unique morphism g:G — H lifting go. Further, by the equivalence between the
category of étale group schemes over k and the category of étale group schemes over
R, there exists a unique f: L — F lifting fo. We are left to prove that gou =v o f, so
that ¢ = (f, g) is a morphism of 1-motives, and that ¢[p>] = y. The latter equality
follows from [6, Lemma 1.1.3 2)], since both morphisms are liftings of o[ p*°].

Let Z = [w:L - H] withw = gou —vo f. We claim that #;[ 7 in (2.2) is split.
For proving this claim, it is sufficient to check that #z[,-] (and hence %[, in (2.1))
is split for any r. Since y[p"] restricts to the morphism g[p"]: G[p"] — H[p"] on
weight < —1 subgroups and induces f/p"f: L/p"L — F/p"F in weight 0, it is

(f10" ) nwtpry = 810" 1enmgprs
and hence
F Tnipr) = 8L 1 Tmppr)-
By Remark 2.1, we have

zpr) = (W) Eapry = 7 (V" Erpr) — (87 Eragpry) = S ingpr) — 47 810" 1w
= [Nty = 8L 1T mpry = 0.
Hence, Z is a 1-motive such that #;[,=] is split extension of L[p>°] by H[p**] and
wo = 0. We are left to prove that w = 0. We can work étale locally on R and then
assume that L is constant and the maximal subtorus S of H is split. By the second
step of this proof, wo,: L — B is the 0 morphism. Hence, w factors through S. Let
M; = [w:L - S] and note that M,[p>] is split extension of L[ p*°] by S[p*°]. Hence,
w = 0 by Lemma 2.4. ]

4.2 Essential Surjectivity

The strategy of the proof of essential surjectivity is first to construct the desired 1-mo-
tive étale locally and then to apply descent. We then need the following result.
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Lemma 4.4 Let k'[k be a finite Galois extension of Galois group T and set R’ =
R ®w(ky W(K'). A l-motive M over R’ descends to R if and only if its image in
Def(R’, k") via (1.1) descends to Def(R, k).

Proof The necessity is clear. For sufficiency, let M’ = [u’: L’ - G'] and assume that
(M}, B" = M'[p>], can: B, > M}[p>]) descends to an object
(M() = [L() - Go],B,S()ZBO ;> M()[poo]))
in Def(R, k). For any ¢ € I' we then have an isomorphism in Def(R’, k")
(96,00 Wo): (M, B', can) — (a* M}, 0*B’, *can),

where
@,0: My — " My, Ve B — 0*B’,

make the diagram

B Yoo o*B)
can\L \Ln*can
/ %) ¢a,0[P°°] * 7 o0
Mi[p™] 0" Mg[p*]

commute. By the full faithfulness of (1.1) proved in Corollary 4.2 and Proposition 4.3,
the isomorphism (@0, ) gives a unique isomorphism @,: M’ = ¢*M’ that lifts
¢,0 and restricts to ¥, on BT groups. Hence, we have defined an action of I’ on M’
compatible with the I'-action on R’ and thus M’ descends over R, as explained in
Section 3.1. |

Proposition 4.5  The functor (1.1) is essentially surjective.

Proof Let(My =[Lo — Go], B, o) be an object of Def(R, k).

Asafirst step, consider the case where Ly = 0. Thanks to Lemma 4.4 we can assume
that the maximal subtorus T, of Gy is split of dimension d. The Cartier dual of Gy is
al-motive [wo: Z? — A} ], where A} is the dual of the abelian quotient A of G. The
abelian variety Ag lifts to an abelian scheme A over R, and since the reduction map
A(R) — A(k) is surjective, the morphism wy lifts to a morphism w: Z¢ — A*. Passing
to Cartier duals, we obtain an R-group scheme G that is an extension of A by G¢, ,
and lifts Go. Now, the BT group G[p*] might not be isomorphic to B. Repeating
word by word the proof of the classical Serre-Tate theorem [6, Thm. 1.2.1, pp. 145-
146], one finds a finite flat subgroup scheme K of G[p**] such that G/K is a lifting of
Gy with BT group isomorphic to B.

The case when Mg = M b follows immediately by Cartier duality from the previ-
ous step.

For the general case, we can assume that L is constant and the maximal torus in
Gy is split, again by Lemma 4.4. Recall that by Lemma 2.2 the BT group B is naturally
filtered so that W_ B is a lifting of Go[ p>] and B/W_,B is a lifting of Mg .,[ p™]- By
the previous steps we know that Gy lifts to an R-scheme G, which is an extension of
an abelian scheme A by G¢, 1, and G[p™] = W_,B; further Mo 4 lifts to a 1-motive
My = [ua:Z" - A] whose BT group is isomorphic to B/W_,B.
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Let M’ = [u’:Z™ — G] be any extension of M4 by T; it exists, since H' (R, G,,z) =
0. Since T(R) — T(k) is surjective, we can assume that u is also a lifting of uy. We
are then left to alter u’ so that M'[p* ] ~ B[p>] in Extr ((Q,/Z,)™, G[p]).

Let & = B[p™] - M'[p>], as extension of (Q,/Z,)™ by G[p*°]. Since the push-
out along G[p*°] - A[p>] maps € to the trivial extension of (Q,/Z,)™ by A[p>],
there exists by Lemma 2.4 a I-motive N = [v:Z™ — T] such that vy = 0 and the
push-out of N[p*°] along T[p>=] = G[p*=°]is &. Then M = [u = v’ + v:Z™ - G] is
a lifting of My and M[p*] is isomorphic to B[p*°]. [ |

With this proposition, the proof of Theorem 1.1 is completed.

Remark 4.6 Note that some results on deformations of 1-motives (but not Theo-
rem 1.1) were proved with other methods in Madapusi’s thesis [7]; however, they are
not included in the preprint written by the author under the name K. Madapusi Pera
and bearing the same title of the thesis.

Since any extension of an étale BT group by a toroidal BT group is split over k, we
deduce from Theorem 1.1 the following generalization of Lemma 2.4.

Corollary 4.7  Suppose T is an R-torus and L is a lattice. Given a 1-motive
My = [ug: Lo > Ty] and any BT group B that is an extension of L[ p*°] by T[p°°] there
is a unique 1-motive M = [u: L — T that lifts My and whose BT group is isomorphic
to B.

4.3 Formal Moduli and Serre-Tate Coordinates

Let k be an algebraically closed field of characteristic p > 0. We say that a 1-motive
M, over k is ordinary if gr Mo = Ay is an ordinary abelian variety (possibly trivial).
Thanks to Theorem 1.1 one can easily extend Serre-Tate theory for ordinary abelian
varieties to ordinary 1-motives. In this section, we will illustrate some results in this
direction. Proofs are only sketched, since no new phenomena appear.

Following [6, § 2] one can define the formal moduli of a given 1-motive M, over
k. Namely, let .#y, = .# be the functor

M (R) = {R-liftings of My} /iso,

where R is an artinian local ring with residue field k. By Theorem 1.1 we get a bijection

A (R) = {R-liftings of M, [p*]} /iso.

Theorem 4.8 Let My, Ny be ordinary 1-motives over k.

(i) Let R be an artinian local ring as above. For any 1-motive M over R lifting My,
there exists a canonical Z,-bilinear form (the Serre-Tate coordinates)

a(M/[R, -, -): Ty Mo(k) © T, M (k) — Cun(R),

where Mg denotes the Cartier dual of Mo and T,Mo(k) := 1<1Lnn Mo[p"](k). It
induces an isomorphism of functors

M) = Homyz, (T,Mo(k) ® Tng(k),@m( ).
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(ii) Let ¢o: Mo — Ny be a morphism of 1-motives and let M, N be liftings over R of
Mo, Ny, respectively. Then @q lifts to an R-morphism ¢: M — N if and only if

q(M/R, , 95 (B)) = g(N/R, po(), B)
for every a € TyMo(k) and 3 € T, Mg (k). Further, if a lifting exists, it is unique.

Proof The proof goes exactly as in the classical case. For the convenience of the

reader we point out the main steps (cf. [6, p. 152]).

* Since k is algebraically closed and My is ordinary, the BT groups My[p*°]° is split
multiplicative and My[ p* ] is split étale. Hence, the same are true for M[p°°]° and
M[p>]* for any lifting M of M, over R. For this reason we may write My[p]°
(resp. Mo[p™]¥") for the corresponding functor on the category of artinian local
rings with residue field k.

* By Cartier duality, there is a perfect pairing Mo[p"] x Mg [p"] = ppn [4,10.2.5],
inducing an isomorphism of functors

Mo[p™]° — Homg, (T,M; (k),G),

on the category of artinian local rings with residue field k. We denote the corre-
sponding pairing by Ey: Mo[p*]° x T,Mg (k) = G,

* By [8, Proposition 2.5 p. 180] and the previous steps, for any R as above and any
lifting M of M, over R, we have isomorphisms

Extr (M([p*=]%, M[p*]°) = Extr (T, Mo (k) ® Q,/Z,, M[p™]°)
~ Hom ( T, Mo (k), M[p™]°(R));

thus, there exists a unique ¢ € Hompg(T,Mo(k), M[p=]°(R)) associated with
the class of the BT group M[p®], viewed as extension of M[p®]¢ by M[p>]°.

Then we can define g(M/R, a, ) := Ep(¢p(a),B) in G,,(R) and follow word by
word the proof in [6]. [ |

Remark 4.9 Let M, be an ordinary 1-motive over K and denote its graded quo-
tients (by the weight filtration) by Lo, Ag and Tp. Fix basis: a, ..., &, of T,Aq(k)
with g = dim Ag; agy1,..., @gse of TpLo(k) with € = rank Lo; By, ..., By of T, A5 (k);
Bgs1s-- s Pg+t of T, Ty (k) with t = dim Ty. Then the coordinate ring of M is iso-
morphic to
W(k)[l:Tl)]]] where Ti,j = q(oc,-,ﬁj)—l,

where q(-.-) is the bilinear form associated with the universal formal deformation.
In particular ./ is represented by a (g + €) x (g + t)-dimensional formal torus.

Proposition 4.10 Let My be an ordinary 1-motive over k. Then there exists a 1-motive
M over W (k) lifting My such that Endyg, (w(ky) (M) — Endyy, (k) (Mo) is bijective.

Proof By Theorem 1.1there exists a unique 1-motive M,, = [L, - G, ] over W,,;;(k)

lifting My such that M, [ p> ] has split connected-étale sequence. As n goes to infinity,
these liftings form a compatible system. In order to see that the limit is algebraizable it
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is enough to check that lim G, is algebraizable, since all L, are torsion-free constant
abelian groups of the same rank, and for any group scheme J of finite type over W (k)

(4.1) J(W(k)) =1im J( Wi (k).

Now, by Cartier duality, the system (G, ), corresponds to a compatible system of 1-
motives [T, — A} ]. The latter is algebraizable if the system (A},), is. Since M, [p™]
has split connected-étale sequence, the same are true for A,[p*°] and A%[p™]. So
(A7), is algebraizable by the proof of [8, Ch. 5, Thm 3.3, p. 173].

Let us denote by M = [u: L — G] (resp. A) the lift of My (resp Ag) over W (k) con-
structed in the previous paragraph; then G is extension of A by the unique torus T lift-
ing Ty. By construction and Theorem 1.1, any reduction map Endyg, (w,., (k)) (Mn) —
Endyq, k) (Mo) is bijective. We are left to check that the map Endug, (w k) (M) —
@Endml(w,,ﬂ(k))(Mn) = Endy, (k) (Mo) is bijective. Let ¢ = (f,g) be an endo-
morphism of M, i.e., we have morphisms f:L - L,g:G - G suchthatuo f = gou.
If po = 0, then ¢ = 0 by devissage, since

(4.2) Endyy (1) (L) = Endx(Lo), Endy (1) (T) = Endy(To),

and Endy(x)(A) = Endi(Ao) by [8, Ch. 5, Thm 3.3]. For surjectivity, let ¢, =
(fn>gn): My, = M, be a compatible system of endomorphisms. By (4.2) and (4.1) it
suffices to show the existence of g: G — G lifting the morphisms (g, ),. We can work
with the Cartier dual [T* — A*] of G instead, and lift the Cartier duals of (g, ),; as
above, we can reduce to the case T* = 0 and then conclude by [8, Ch. 5, Thm 3.3]. W
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