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In this paper, we classify simple smooth modules over the mirror
Heisenberg—Virasoro algebra ®, and simple smooth modules over the twisted
Heisenberg—Virasoro algebra ® with non-zero level. To this end we generalize
Sugawara operators to smooth modules over the Heisenberg algebra, and develop
new techniques. As applications, we characterize simple Whittaker modules and
simple highest weight modules over ®. A vertex-algebraic interpretation of our result
is the classification of simple weak twisted and untwisted modules over the
Heisenberg—Virasoro vertex algebras. We also present a few examples of simple
smooth ®-modules and D-modules induced from simple modules over finite
dimensional solvable Lie algebras, that are not tensor product modules of Virasoro
modules and Heisenberg modules. This is very different from the case of simple
highest weight modules over ® and © which are always tensor products of simple
Virasoro modules and simple Heisenberg modules.
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1. Introduction

Throughout the paper we denote by Z, Z*, N, Z, Z<o, R, C and C* the sets
of integers, non-zero integers, non-negative integers, positive integers, non-
positive integers, real numbers, complex numbers and non-zero complex numbers,
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respectively. All vector spaces and Lie algebras are assumed to be over C. For a Lie
algebra G, the universal algebra of G is denoted by U(G).

The Virasoro algebra Uir and the Heisenberg algebra H are infinite-dimensional
Lie algebras with bases {c, d,, : n € Z} and {1, h,, : n € Z}, respectively. Their Lie
brackets are given by

m3—

[Bit, ¢] = 0, [dm, dy] = (M — 1n)dpsn + Tmamﬂ,oc, m,n € Z,

and
[H. ] =0, [hm,hn] =mépminol, mne€Z,

respectively. The twisted Heisenberg-Virasoro algebra ® is the universal central
extension of the Lie algebra

{#0% +90): f.ge i)

of differential operators of order at most one on the Laurent polynomial alge-
bra C[t, t7!]. Since the Lie algebra ® contains the Virasoro algebra Uit and the
Heisenberg algebra H as subalgebras (but not the semi-direct product of the two
subalgebras), many properties of ® are closely related to the algebras Uit and H.

The Virasoro algebra Uir, the Heisenberg algebra H and the twisted Heisen-
berg-Virasoro algebra ® are very important infinite-dimensional Lie algebras in
mathematics and mathematical physics because of their beautiful representation
theory (see [31, 32]), and their widespread applications to vertex operator algebras
(see [19, 23]), quantum physics (see [26]), conformal field theory (see [18]) and so
on. Many other interesting and important algebras contain the Virasoro algebra as
a subalgebra, such as the Schrodinger—Virasoro algebra (see [29, 30]), the mirror
Heisenberg—Virasoro algebra ® (see [7, 25, 38]) and so on. These Lie algebras have
nice structures and perfect theory on simple Harish—Chandra modules. The mirror
Heisenberg—Virasoro algebra ® is the even part of the mirror N = 2 superconformal
algebra (see [7]), and is the semi-direct product of the Virasoro algebra and the
twisted Heisenberg algebra (see definition 2.1).

1.1. Connection with representation theory of Lie algebras

Representation theory of Lie algebras has attracted a lot of attention of mathe-
maticians and physicists. For a Lie algebra G with a triangular decomposition G =
G+ @ bh @ G_ in the sense of [49], one can study its weight and non-weight represen-
tation theory. For weight representation approach, to some extent, Harish—Chandra
modules are well understood for many infinite-dimensional Lie algebras, for exam-
ple, the affine Kac—-Moody algebras in [12, 49], the Virasoro algebra in [20, 32, 44],
the twisted Heisenberg—Virasoro algebra in [4, 41], the Schréodinger—Virasoro alge-
bra (partial results) in [29, 30, 37] and the mirror Heisenberg—Virasoro algebra in
[38]. There are also some researches about weight modules with infinite-dimensional
weight spaces (see [9, 16, 43]).

Recently, non-weight module theory over Lie algebras G attracts more atten-
tions from mathematicians. In particular, U (h)-free G-modules, Whittaker modules
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and smooth modules have been widely studied for many Lie algebras. The nota-
tion of U(h)-free modules was first introduced by Nilsson [50] for the simple
Lie algebra sl,+1. At the same time these modules were introduced in a very
different approach in the paper [53]. Later, U (h)-free modules for many infinite-
dimensional Lie algebras are determined, for example, the Kac—Moody algebras
in [11, 17, 28], the Virasoro algebra in [39, 42, 46], the Witt algebra in [53],
the twisted Heisenberg—Virasoro algebra and W(2, 2) algebra in [13, 15, 43],
and so on.

Whittaker modules for slo(C) were first constructed by Arnal and Pinczon
(see [5]). Whittaker modules for arbitrary finite-dimensional complex semisim-
ple Lie algebra £ were introduced and systematically studied by Kostant in [34],
where he proved that these modules with a fixed regular Whittaker function (Lie
homomorphism) on a nilpotent radical are (up to isomorphism) in bijective corre-
spondence with central characters of U (£). In recent years, Whittaker modules for
many other Lie algebras have been investigated (see [1, 2, 8, 10, 17, 47, 48]).

1.2. Smooth modules

The smooth modules for a Z-graded Lie algebra are the modules in which any
vector can be annihilated by sufficiently large positive part of the Lie algebra. Whit-
taker modules and highest weight modules are smooth modules, and, in some sense,
smooth modules can be seen as generalization of Whittaker modules and highest
weight modules. Understanding smooth modules for an infinite-dimensional Lie
algebra with a Z-gradation is one of the core topics in Lie theory, for this class of
modules are closely connected with the modules for corresponding vertex operator
algebras. The first step of studying smooth modules is to classify all simple smooth
modules for a Lie algebra. But this is a difficult challenge. Up to now all simple
smooth modules for the Virasoro algebra are classified in [46]. There are some par-
tial results of simple smooth modules for other Lie algebras. Some simple smooth
modules for twisted Heisenberg—Virasoro algebra and mirror Heisenberg—Virasoro
algebra with level 0 were constructed in [14, 24, 38]. Different from the case of
level 0, the situation of non-zero level is much more challenging, we develop new
techniques to deal with the classification of simple smooth modules over the mir-
ror Heisenberg—Virasoro algebra and the twisted Heisenberg—Virasoro algebra with
non-zero level in this paper. Rudakov investigated a class of simple modules over
Lie algebras of Cartan type W, S, H in [51, 52|, and these modules are smooth
modules over the Cartan-type Lie algebras of the formal power series.

1.3. Vertex algebraic approach

For many infinite-dimensional Z-graded Lie algebras and superalgebras G, one
can construct the associated (universal) vertex algebra Vg with the property:

e Any smooth G-module is a weak Vg-module;

e Any weak module for the vertex algebra Vg has the structure of a smooth
G-module.

This approach is very prominent for the following cases:
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e Affine Kac—Moody algebra of type X,(LD, when the associated vertex algebra is
the universal affine vertex algebra V*(g) for certain simple Lie algebra g. This
approach was used in [2] for studying Whittaker modules.

e Virasoro Lie algebra, when the associated vertex algebra is the universal
Virasoro vertex algebra V{5, (cf. [35])

e Heisenberg vertex algebra, when the associated vertex algebra is M (1) (cf. [35]).
e Heisenberg—Virasoro algebra; super conformal algebras, etc.

From the vertex-algebraic point of view, the twisted Heisenberg—Virasoro algebra
and its untwisted modules were investigated in [3, 27].

The smooth representations of non-zero level for the twisted Heisenberg—Virasoro
algebra corresponds to representations of the Heisenberg—Virasoro vertex algebra
V¢ = VG, ® M(1), where V{7, is the universal Virasoro vertex algebra of cen-
tral charge ¢ = ¢; — 1, and M(1) is the Heisenberg vertex algebra of level 1 (see
definition 2.6). Since M (¢2) = M(1) for ¢5 # 0 (cf. [35]), we usually assume that
the level /5 = 1.

Moreover, the smooth representations of the mirror Heisenberg—Virasoro algebra
® can be treated as twisted modules for the Heisenberg—Virasoro vertex algebra
Ve =Vg,,. @ M(1).

We summarize the preceding discussion as follows.

e The category of smooth ®-modules of level 1 is equivalent to the category of
weak (untwisted) modules for the vertex algebra V¢;

e The category of smooth ®-modules of level 1 is equivalent to the category of
weak twisted modules for the vertex algebra V°.

1.4. Main results

In this paper, our main goal is to classify simple smooth modules for mirror
Heisenberg—Virasoro algebra ©, and classify simple smooth modules with non-zero
level for the twisted Heisenberg-Virasoro algebra ®. As applications, we describe
the simple untwisted and twisted modules for Heisenberg—Virasoro vertex algebras
V€. The main results are the following theorems:

Main theorem A (theorem 4.13) Let S be a simple smooth module over the
mirror Heisenberg—Virasoro algebra @ with level ¢ £ 0. Then

(i) S = H® where H is a simple smooth module over the Heisenberg algebra H,
or

(ii) S is an induced D-module from a simple smooth D(*>~™-module, or

(iii) S = U® @ H® where U is a simple smooth Wir-module, and H is a simple
smooth module over the Heisenberg algebra H.

Main theorem B (theorem 5.8) Let M be a simple smooth module over the
twisted Heisenberg—Virasoro algebra ® with level ¢ £ 0. Then
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(i) M = K(2)® where K is a simple smooth H-module and z € C, or

(ii) M is an induced D-module from a simple smooth (%~ -module for some
n € Zy, or

(ili) M = K(2)® @ U® where z € C, K is a simple smooth H-module and U is a
simple smooth Yit-module.

These simple smooth modules over the (mirror) Heisenberg—Virasoro algebra
are actually all simple weak (twisted) modules over Heisenberg—Virasoro vertex
algebras V¢. As a consequence, we obtain the classification of twisted and untwisted
simple modules for the Heisenberg—Virasoro vertex algebra V¢, i.e. we obtain all
weak simple V°-modules and all weak simple twisted V¢-modules.

It is important to notice that certain weak modules induced from simple smooth
D= _modules do not have the form M; ® My as (twisted) modules for V5, ®
M(€2) (see § 7). This is interesting, since in the category of ordinary (twisted)
modules for the vertex algebras, such modules don’t exist (see [21, Theorem 4.7.4]
and its twisted analogues).

1.5. Organization of the paper

The present paper is organized as follows. In § 2, we recall notations related to the
algebras ® and D, collect some known results and generalize Sugawara operators
to smooth H-modules. Moreover, we establish a general result for a simple module
to be a tensor product module over a class of Lie algebras (theorem 2.12). In § 3,
we construct a class of induced simple ®-modules (theorem 3.1). In § 4, by taking
difference of Sugawara operators and the Virasoro operators we construct a new
associative algebra on the smooth module. Then the universal enveloping algebra
of ® can be considered as a tensor product of the new associative algebra and the
enveloping algebra of the Heisenberg algebra. Using this tensor product, we are able
to determine all simple smooth modules over the mirror Heisenberg—Virasoro alge-
bra ® (theorems 4.13 and 2.10). In § 5, we use a similar method as in § 4 to classify
the simple smooth modules of level non-zero over the twisted Heisenberg—Virasoro
algebra © (see theorem 5.8). In § 6, we apply theorem 4.13 to generalize the result
in [45] to the algebra @, i.e. we give a new characterization of simple highest weight
modules over ® (theorem 6.1). We also characterize simple Whittaker modules over
D (theorem 6.3). In § 7, we present a few examples of simple smooth ©-modules
and ®-modules induced from simple modules over finite dimensional solvable Lie
algebras, that are not tensor product modules of Virasoro modules and Heisenberg
modules. This is very different from the case of simple highest weight modules over
D and D which are always tensor products of simple Virasoro modules and simple
Heisenberg modules.

2. Notations and preliminaries

In this section, we recall some notations and known results related to the algebras
D and .
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DEFINITION 2.1. The twisted Heisenberg—Virasoro algebra ® is a Lie algebra
with a basis

{dm, hm 61, 62, 63 S Z}
and subject to the commutation relations
m3 — me
12 1
[dim, hy] = =T hm g + 6m+7’,0(m2 + m)cz, (2.1)

[dma dn] = (m - n)dm+n + 6m+n,0

[h7‘7 hs] = 7"57«4_5,0(733,

[€1,D] = [c2,D] = [e3,D] =0,
form,n,r, s€Z.

It is clear that ® contains a copy of the Virasoro subalgebra Uit = span{¢y, d; :
i € Z} and the Heisenberg algebra H = &, ., Ch, © Ce3. So © has a quotient
algebra that is isomorphic to a copy of Heisenberg—Virasoro algebra

D= spang {dy,, by, C1,C3 : M, € Z}

whose relations are defined by (2.1) (but the second and fourth equalities are
replaced by [dm, hy] = —rhp, and [¢1, D] = [c3, D] = 0).

Note that ®© is Z-graded and equipped with a triangular decomposition: ® =
Dt h@ D, where

D* = @ (Cdin ®Chs,), b=Cdy®Chy® Ce; + Ce, + Ces.

n,r€l4

Moreover, ® = ®;cz9; is Z-graded with ©; = Cd; & Ch; for i € Z*, D¢ = b.
Another compatible Z-grading on ® can be given by deg(Wir) = 0, deg(h,) =1,
deg(ca) = 2.

DEFINITION 2.2. The mirror Heisenberg—Virasoro algebra © is a Lie algebra
with a basis

1
{dmahraclaCQmGZ,Te 2+Z}

and subject to the commutation relations
m3 —m

192 Cy1,

[dnu dn] = (m - n)dm—i-n + 5m+n,0

[dmy hr] = _Thm-‘,-m
[hr7 hs] = r5r+s,()c2a
[0179] = [Cg,@] = 0,

form,neZ,r,SE%—&—Z.

https://doi.org/10.1017/prm.2024.132 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.132

Heisenberg—Virasoro vertex operator algebras 7

It is clear that ® is the semi-direct product of the Virasoro subalgebra Uir =
span{cy, d; | i € Z} and the twisted Heisenberg algebra H = @TE%JFZ Ch, ® Ccs.
Note that © is %Z—graded and equipped with triangular decomposition: ® = DT @
D0 @ D, where

D* = P Cden® @ Chair, D°=CdyCecs & Ces.
n€EZy reé-ﬁ-N

Moreover, ® = @;c29; is Z-graded with ©; = Cd; & (Chi+% fori € Z*\ {-1},D¢ =
Cdy & Ch% HCcyand ®_1 =Cd_1 (C]’L_% ® Ccs.

DEFINITION 2.3. Let G = ®;eczG; be a Z-graded Lie algebra. A G-module V' is called
the smooth module if for anyv € V there exists n € N such that Giv = 0, fori > n.
The category of smooth modules over G will be denoted as Rg.

Smooth modules for affine Kac—-Moody algebras g were introduced and studied
by Kazhdan and Lusztig in [33].

DEFINITION 2.4. Let a be a subalgebra of a Lie algebra G, and V' be a G-module.
We denote

Kery(a) ={v €V :av=0}.
DEFINITION 2.5. Let G be a Lie algebra and V a G-module and © € G.

(1) If for any v € V there exists n € Zy such that x™v = 0, then we say that the
action of x on V is locally nilpotent.

(2) If for any v € V we have dim(}_, .\ Ca"v) < +o00, then the action of x on
V is said to be locally finite.

(3) The action of G on V is said to be locally nilpotent if for any veV
there exists an n € Z4 (depending on v) such that x1x9---xz,v =0 for any
L1, X2, *+, Tn elL.

(4) The action of G on'V is said to be locally finite if for any v € V there is a
finite-dimensional G-submodule of V' containing v.

DEFINITION 2.6. If W is a ®-module (resp. ®-module) on which ¢y (resp. €) acts
as complex scalar ¢, we say that W is of central charge c. If W is a ®-module
(resp. @-module} on which ¢y (resp. T3) acts as complex scalar £, we say that W is
of level /.

Note that if V' is a Bir-module, then V' can be easily viewed as a ©-module ( resp.
D-module) by defining HV =0 ( resp. (H + C&s)V = 0), the resulting module is
denoted by V® ( resp. V®).

For any H € Ry with the action of cy as a non-zero scalar ¢, we can give H a
D-module structure denoted by H® via the following map

1
dn = L = o > hp_rhi, Vn€Z,n#0, (2.2)
kezZ+1
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1 1
kez+3
1
hy — h,, Vr€§+Z, c1— 1, cogr /. (2.4)

The above operators were defined on highest weight modules H over H in [22].
We find that they are valid for smooth H-modules. This is crucial to our further
discussion on determining smooth ®-modules in § 4.

According to (9.4.13) and (9.4.15) in [22] which are also valid in our case, we
know that for all m, n € Z, r € % + Z, we have

[er hT] = _Thn+7'7

mem

Lo, Ln) = (m — 1) Loy + ———
(L Ln] = (0 = 1) D+

Smtn,0- (2.5)
Moreover, since

[, hn—ihi] = [dms By )i + hn—i[dims hi) = [Liny Bn—i) i + hn—ie[ L, I
= [Lm; hn—khk]7
we see that
[dma Ln] = [Lm7 Ln} (26)

By [43], for any z € C and H € Ry with the action of €3 as a non-zero scalar /,
we can give H a ®-module structure (denoted by H(2)®) via the following map

_ 1 (n+1)z
an»Ln::§Z§::ih_khk:+4——z—fhn, Vn € Z, (2.7)
keZ
_ 1222 _ _
hy+—h,., VYre€Z, ¢ —1-— 7 e c3 — £, (2.8)

where the normal order is defined as
:hyhg: = thghy: = hyhg, if r <s.

According to (8.7.9), (8.7.13) in [22] which are also valid in our case and by some
simple computation, we deduce that for all m, n, r € Z,

Lo, byl = —7homar + 5m+r70(m2 +m)z,

- - m3 —m

_ 1222

REMARK 2.7. The relations (2.9) can be obtained using commutator formula,
similarly as in [3].
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Moreover, since

[dma hn—khk] = [dm; hn—k]hk + hn—k[d’n’m hk] = [z/mv hn—k]hk + hn—k[imv hk]
- [-Z/mv hnfkhk]a

we see that

[dm, Ln] = [Lim, Ln). (2.10)

For convenience, we define the following subalgebras of ©. For any m € N, n € Z,
set

D™ =% " Cdpyi ® Chyyy iy ® Cey @ Cey,

1€N

fg(m,—OO) = Z (Cderi (&) Z (Cth% + Ccq + (CCQ,
i€N 1EZ

Pir™) = Z Cdyy1i @ Ceq,

€N
itz = Y Clpyi,

i€N (2.11)
mitgo = Z(Cd,i,

€N

Yir, =span{cy, d; : ¢ = 0},

H™ = "Ch,yip1 @ Co,

ieN

Hon = Z Chn+i+%‘

€N

Similarly, we define the subalgebras of D as following: for m € N, n € Z, set

D) =N " Cdpyi ® Chnyi ® Cey @ Cey + Ces,

€N
Dlm =) — Z Cdpti @ Z Ch; + Ceq @ Ce, + Ces,
i€N iE€Z
’Zﬁt(m) = Z Cdm+i 52 Célv
i€N

Vitzm = Y Clpyi,
ieN

mitgo = Z(Cd_i, (2.12)
ieN

Yiv, =span{cy, d; : ¢ > 0},
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H™ = " Chyyi @ Ces,
ieN
H}n == Z (Cthrz
1€N

Note that we use the same notations ‘ﬂit(m), Vits,, Virgy, Viry to denote the
subalgebras of ® and of ® since there will be no ambiguities in later contexts.
Denote by M the set of all infinite vectors of the form i:= (..., i2, i1) with entries
in N, satisfying the condition that the number of non-zero entries is finite. We can
make (M, +) a monoid by
(vooyinyin) + (oo oy doyd1) = (conyio + Joyin + J1)-

Let 0 denote the element (..., 0,0) €M and for i € Z; let ¢, = (..., 0, 1,0,
..., 0) € M, where 1 is in the ¢’th position from right. For any i € M we define

w(i)= > in-n, (2.13)

nezy
Let < be the reverse lexicographic total order on M, that is, for any i, j € M,
j < 1i<= there exists r € N such that j,. < i, and js =15,V 1 < s <.
We extend the above total order on Ml x M, that is, for all i, j, k, 1 € M,

. @ w(), w(i) +w(j) < (1, w(l), w(k) + w(1)), or
1J) < &) = = = . : .
G, w(@),w(i) +w() = (L, w(l),w(k) + w(l)), and i < k.

Now we define another total order <" on Ml x M: for all i, j, k, 1 € M,
1Lj) <" (k1) <= (,1) < (Lk).

The symbols < and =<’ have the obvious meanings.
It is not hard to verify that

(a,b) =2 (c,d) & (d,d') < (a',V) = (a—d,b-0V)<(c—(,d—d),

provided  (a, b), (¢, d) (¢, d'), (', V), (a—d', b=0), (c—¢,d—d)eMxM,
where the difference is the corresponding entry difference.

For n € Z, let V be a simple ®©~™-module. According to the PBW theorem,
every non-zero element v € Indgm,,n) (V') can be uniquely written in the following
form

V= Z hidk’l}i)k, (2.14)
i,keM
where
= hP, Gt ddY € UDT) eV,

and only finitely many v; i are non-zero. For any non-zero v € Ind(V) as in (2.14),
we will use the following notations for later use:

https://doi.org/10.1017/prm.2024.132 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.132

Heisenberg—Virasoro vertex operator algebras 11

(1) Denote by supp(v) the set of all (i, k) € M x M such that v; x # 0.
(2) Denote by

w(v) = max{w(i) + w(k) : (i,k) € supp(v)},
called the length of v.

(3) Denote by deg(v) to be the largest element in supp(v) with respect to the
total order <.

(4) Denote by deg’(v) to be the largest element in supp(v) with respect to the
total order <'.

We first recall from [46] the classification for simple smooth Uir-modules.

THEOREM 2.8. Any simple smooth Wir-module is a highest weight module, or
isomorphic to IndgngV for a simple Viv -module V' such that for some k € Z,

(a) dy acts injectively on V;
(b) d;V =0 for alli > k.

Simple smooth ©-modules with level 0 are classified in [38] by the following two
theorems.

THEOREM 2.9. Let V be a simple D%~ -module for some n € Z, and c € C such
that c1v = cv, cov = 0 for any v € V. Assume that there exists an integer k > —n
satisfying the following two conditions:

a) the action of hy 1 on V is bijective;
k+1 ]

(0) by 1V =0=dpninV for all m>k.
Then the induced ®-module Indgm,,") (V) is simple.

THEOREM 2.10. FEwvery simple smooth ®-module S of level 0 is isomorphic to a
smooth Bit-module with HS = 0, or S = Indg(o,,”) (V) for somen € N and a simple
D=1 module V' as in theorem 2.9.

Actually the simple D% ~™)_module V can be considered as a simple module over
a finite dimensional solvable Lie algebra ©(0:—") /9 (t+n+1Lt=n) for some ¢ € Z, and
injective action of h, ponV.

For simple smooth ©-modules with level 0, we know the following results from
[14].

THEOREM 2.11. Letn € N and V be a simple module over =™ or over ®(0:—)
with £ =0, hg = p, € = 2. If there exists k € N such that
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hy acts injectively on V, if k#0,
w4 (1—r)z#0,Yr € Z\ {0}, if k=0;

(b) hV =d;V =0 for alli >k and j > k +n.
then
(1) Ind(V) is a simple D-module;
(2) hi, dj act locally nilpotently on Ind(V') for all i >k and j > k + n.

Now we generalize Theorem 12 in [43] as follows.

Let g = a x b be a Lie algebra where a is a Lie subalgebra of g and b is an ideal of
g. Let M be a g-module with a b-submodule H so that the b-submodule structure
on H can be extended to a g-module structure on H. We denote this g-module by
HY. For any a-module U, we can make it into a g-module by bU = 0. We denote
this g-module by US.

THEOREM 2.12. Let g = a X b be a countable dimensional Lie algebra where a is a
Lie subalgebra of g and b is an ideal of g. Let M be a simple g-module with a simple
b-submodule H so that an H® exists. Then M = H8 @ U® as g-modules for some
simple a-module U.

Proof. Define the one-dimensional b-module Cvg by bvg = 0. Then H = H ® Cuy
as b-modules. Now from Lemma 8 in [43], we have

Indf{ H = Ind} (H ® Cvg) = H® ® Ind]Cuy.

Note that IndjCug = W?® for the universal a-module W. Since M is a simple
quotient of Indy H, from Theorem 7 in [43] we know that there is a simple quo-
tient a-module U of W such that M = H® ® U9 as g-modules. Now the theorem
follows. O

Remark. This theorem has particular meaning for g = a & b since H® automat-
ically exists (see e.g. [36]). Also, theorem 2.12 holds for associative algebras.

Applying the above theorem to our mirror Heisenberg—Virasoro algebra © =
Vir x H and twisted Heisenberg-Virasoro algebra ® = Uit x (H + Ccy), we have
the following results.

COROLLARY 2.13. Let V' be a simple ®-module with non-zero action of co. Then
V=H®®U® as a D-module for some simple module H € Ry and some simple

Uit-module U if and only if V' contains a simple H-submodule H € Ry.

Proof. The sufficiency follows from theorem 2.12; and the necessity follows from
that H ® u is a simple H-submodule of H® ® U® for any non-zero u € U. ]
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3. Induced modules over the mirror Heisenberg—Virasoro algebra ®

In this section, we construct some simple smooth ®-modules induced from some
simple ones over some subalgebras (%™ for n € Z. . For that, we need the follow-
ing formulas in U (D) which can be shown by induction on ¢: let i, j, € Z, 1 < s <t
with j1 < j2 <+ < i,

1 .
R R DL (2> S e e

1<s<t
(3.1)
o1 5
{di’hj1+%hj2+% "'hjt+§} = Z (_Js - 2) S N N A
1<s<t
. 1 o 1
+ Z —Js1 — 5 (3 +]Sl + 5 6i+j51+j52+1*002hj1+%
1<s1<s2<t
h]51+% ...hj52+% .”hjt"!‘%’ (3.2)
1 -
{hifévdjld]é "'djt] = > (Z - 2) dj, - -dj, - djhiyg 1
1<s<t
+ Z Usysolljy -y oy, o djhy g gt
1<s1<s2<t
Fare, i getetg— 1 (3:3)
iy djydy, - dj ] = > (i = o)dy, -+ dy, - djdig,
1<s<t
+ Z bey sy, o dj, od o dydig, g, o
1<s1<sa2<t
+ b1721"'ytdi+j1+j2+“'+jt7 (34)

where h; o1, d;, mean that h; .1, d;, are deleted in the corresponding prod-
UCES, sy 555 " 5 Q12,8 b81782’ ) b172,"' t € C, and di+]'1+~~+js = di+j1+-~~+js +

i2—1
57 Ot 4ie,0€1, L S8 L
We are now in the position to present the following main result in this section.

THEOREM 3.1. Letk € Zy andn € Z with k > n. Let V be a simple DO0.:=1) _module
with level £ # 0 such that there exists | € N satisfying both conditions:

(a) hy_1 acts injectively on V;

(b) A,

3

1V =d;V =0 foralli>k and j > I.

Then Indgw,,n) (V') is a simple D-module if one of the following conditions holds:

(1) k=mn,l>2n and d; acts injectively on V;
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(2) k>n, k4+n=>2andl=n+k—1.

Theorem 3.1 follows from lemmas 3.2-3.5 directly.

LEMMA 3.2. Letn € Z, and V be a ®~™ -module such that hn7% acts injectively
onV, and h;_yV =0 for all i > n. For any v € Ind(V) \ 'V, let deg(v) = (i, j). If
i#0, then deg(hy,,,,_1v) = (i —€p, j) where p=min{s : is # 0}.

Proof. Write v in the form of (2.14) and let (k, 1) € supp(v).

Noticing that hp+n7%V = 0, we have

hp+n7%hkdlvk71 = [thrnf% , hk]dl’vk,] + hk [hp+n7% , dl]’Uk,].

First we consider the term [h, .,

that k, > 0, since the level £ # 0, it follows from (3.1) that [k
for some A € C*. So

1, hk]dlvk,I which is zero if k, = 0. In the case
hk} — )\hkfep

1
ptn—3>

deg([h R¥|d' o) = (k — e, 1) < (i — €y, ),

ptn—g°
where the equality holds if and only if (k, 1) = (i, j).

Now we consider the term 7*[h,,,_1, d'Jvi; which is by (3.3) a linear combi-
nation of some vectors in the form h*dl Ppin—1_jviy with j € Zy and w(l;) =
w(l) —j. If hkdljhp+n7%7jvk71 =# (0, we denote deg(hkdlﬂ'hp+n,%,jvk,l) = (k*, I").
We will show that

(k*v 1*) = (l - Epaj)' (35)
We have four different cases to consider.

(a) é <p.Thenp+n—j >nand hp_‘_n_%_jka = 0. Hence h¥d hp+n_%_jvk71 =

(b) j = p. Noting that h,,_1 acts injectively on V', we see (k*, I") = (k, 1) and
w(k*) +w(l*) = (k) + w(l)-p with w(l,) = w(l) — p < w(l).
If wk) + w(l) < w(i) + w(j), then (k*, I*) < (i — ¢, ).
If w(k)+ w(l) =w(i) + w(j), then there is 7 € M such that w(r) =p and
1, =1— 7. Since (¢p, 0) < (0, 7) and (k, 1) < (i, j), we see that

(k*al*) = (k7 1) - (07T) = (i7j) - (61770) = (i - €p7j)'
In both cases, (3.5) holds.
€D~ and h

(¢) p<j<2n+p. Then h vk1 € V. So

ptn—3—j ptn—3—j

w(k*) +w(l*) =wk)+w(l) —j <wk)+w(l)—p

and (3.5) holds.
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(d) j=2n+p. Then p+n— % -7 < —n—i—%. Assume p—i—n—%—j: —5—

n+ % for some s € Z,, that is, —j+s=—2n—p+1 < —p. Clearly, the

corresponding vector h¥d h,, +n—1_jUk1 can be written in the form

hkh_s_n_%dlf vk,1 + lower terms,
which means
w(k®) +w(l") = w(k) + w(l) = j + s <w(k) +w(l) —p,
and hence (3.5) holds.

In conclusion, deg(hpﬂk,hkd vk1) = (1— €p, j), where the equality holds if and
only if (k, 1) = (i, j), that is, deg(h,,,,,_1v) = (i — €, J). O

LEMMA 3.3. Let n € Zy and V be a D~ -module satisfying conditions (a), (b)
and (1) in theorem 3.1. If v € Ind(V)) \ V' with deg(v) = (0, j), then deg(dy+iv) =
(0, j — €4) where ¢ = min{s : js # 0}.

Proof. Write v in the form of (2.14) and let (k, 1) € supp(v).
Since dg4;V = 0, we have

qurlhkdl'UkJ = [dq+l, hk]dlUkJ + hk [qurlv dl]’Uk,].

We first consider the degree of hX[d,.;, d'Jvx1 with d,h*dv; # 0. Clearly,
by (3.4) we see that hX[d,y, d']vi1 is a linear combination of some vectors of
the forms h¥d%id, ;_jvk,, j € Zy and h¥d'+ivy ) where w(l;) = w(1) — j. Clearly,
deg(hkd'+ivy 1) = (k, 1,41) has weight

w(k) +w(l) —g -l <w(k)+w(l) —¢ <w(j) — g,

SO deg(hkdlﬁlvm) < (0, j —€4). Then we need only to consider hkql dgt1—jVk,1-
Denote deg(h¥d'd,4;—;vi1) by (k, 1*). We will show that

(1,17 < (0,5 — &), (3.6)

where the equality holds if and only if (k, 1) = (0, j). We have four different cases
to consider.

(i) j <gq. Then ¢+1—j > 1 and h*dYd, ;v = 0.

(i) j=¢q. Then ¢g+1—j=1. Since d; acts injectively on V, we see
(k, I") = (k, 1;) and wk)+wl*)=wk)+w(l)—q¢ I wk)+w(l) <
W( < bre > 0) + w(j), then (k,1") < (0, j —¢q). If w(k)+ w(l) = w(< brc >
0) + w(j), there is 7 € M such that w(7) = ¢ and 1, =1— 7. Then (0, ¢;) <
(0, 7). Since (k, 1) =< (0, j), we see that

(k,1") = (k1) = (0,7) = (0,j) — (0,¢4) = (0,j — &)

In both cases we have that

(k,l*) j (0>j - 6q)v
where the equality holds if and only if (k, 1) = (0, j).
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(ili) ¢g+1<j<g+1!l. Then 0<qg+!i—-j<l—1 and dgy;—juk1 €V. So if
hRdYidg—jviy # 0, then w(k) + w(1*) = w(k) + w(l) — j < w(k) + w(l) — q.

(iv) j>q+1 Then ¢+1—j <0. Clearly, w(I*) = w(l;) + (j —¢—1) = w(l) —
q — [, and hence
wk)+wl1*) =wk)+wl) —g—1 <wk)+w(l) —q.

Therefore, we conclude that (3.6) holds, ie. > h¥[d,+1, d'Jvi) has degree

(0, j—¢€q)-

Next we consider the degree of the non-zero vector [dy;, h¥]d'vx 1. By (3.2) we
can see that [dg4;, h¥]d'vk, is a linear combination of some vectors of the forms
hks hq+l_s_n+%dlvk71, s € Zy and hka+tr1-2ndly 1 where w(ks) = w(k) — s. Noting

that [ > 2n, the degree of hKat+i+1-2n dlvk,I has weight
w(k)—(¢+1+1-2n)+w(l) <wk)+w(l) —g.
So
deg(h*eri+1-2ndluy 1) < (0,5 — €).
Next we will show that
deg (R hyyy_s_pyidioin) < (0§ — €). (3.7)

We have two different cases to consider.

(a) s > g+ (. The degree of pks thfsfnJr%dlvkyl has weight

w(ky) + (s — g — 1)+ w(l) = w(k) + w(l) — g — 1 < w(k) +w(l) .
So, (3.7) holds in this case.
(b) 1 <s<q+1. We have
h' hq+l—s—n+%dlvk71 = hi [hq-i-l—s—n-ﬁ-%’dl]vkal + bl dlhq-‘rl—s—n-i-%vkvl'

Noting that hg;__pi1vk1 € V (in particular, by, 10k =0 for 1
s < q+1—2n), we see that if hdelhq+l_S_n+%vk71 #0forg+1—-2n+1
s < g+ 1, its degree has weight

<
<

w(ks) +w() =w(k) +w(l) —s < w(k)+w(l) —q.

Now we consider deg(hks [hgti—s—n+1 d"Jvk1) which is denoted by (k, 1).
(bl) 1 <s<gq,thatis,¢g+1—s—n>=n. Thenq—i—l—s—n—i—%:n—i—p—%
for some p € Z and hence s +p=q+1—2n+ 1> g+ 1. Thus, by the
same arguments in the proof of lemma 3.2, we see

w(k)+w(l) <wks)+w(l)—p=w(k)—s+w(l)—p

<wk)+w(l)—g—1<wk)+w(l) —q.
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So, (3.7) holds in this case.

(b2) ¢+ 1< s< g+ Then by (3.3) and the same arguments in the proof of
lemma 3.2, we see

w(k) +w(l) < wks)+wl)=wk)+wl) —s<wk)+wl)—¢g-—1
<w(k) +w(l) —gq.

So, (3.7) holds in this case as well.
Therefore, deg(dg+iv) = (0, j — €,), as desired.

O

LEMMA 3.4. Letk € Zy,n € Z withk >n and k+n > 2, and let V be a D0~
module such that h,%% acts injectively on V', and h, 1V =0 for alli > k. If v €

—3
Ind(V) \ V with deg’(v) = (i, j) and j # 0, then deg’(hp+k7%v) = (i, j — €p) where
p =min{s : js # 0}.

Proof. As in (2.14), write v = Z(k,l) hkdlvkyl. Consider deg'(hp+k_%hkdlvk,1) if

hp_‘_k_%hkdlvm # 0. Noting that h, 1V =0, we see

2

By PEd v = [hy s, BN oier + B[y, d' o

First we consider the term [h, 1, h¥]d'vy1 which is zero if k, =0 for p' =
p+k—mn. In the case that k, >0, since the level £ # 0, it follows from (3.1)
that [h, 41, hX] = Ahk=%' for some A € C*. Note that (k, 1) =’ (i, j), (0, ¢,) <’
(Gpl, 0). So

deg/([thrkf%ahk]dlUk,l) = (k ) l) = (k7 1) - (ep’7 0) < (iuj) - (0’ 610)
=(1,j— &)

Now we consider the term hk[hp+k7%, d|vi 1 which is by (3.3) a linear combination

of some vectors in the form hXd% hpik—1 vk with j € Zy and w(l;) = w(l) —j.
We will show that

deg' (W dY hy,yp 1 o) = (K1) </ (1, — &), (3.8)

where the equality holds if and only if (k, 1) = (i, j). We have four different cases
to consider.

(a) j <p.-Thenp+k—j>nandh, ;. 1_;vc1=0.Hence, kgl Pyt jUic1 =
0.

(b) j = p. Noting that hy_1 acts injectively on V, we see (k*, 1") = (k, 1) and
w(k*) +w(l*) = w(k) + w(l)-p.

If w(k) + w(l) < w(i) + w(j), then (k*, 1") =" (i, j — €p).
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If w(k) + w(l) = w(i) + w(j), then there is 7 € M such that w(7) =p and 1, =
1 — 7. Since (0, ¢,) <’ (0, 7) and (k, 1) <’ (i, j), we see that

(k" 17) = (k1) = (0,7) 2" (,]) — (0,¢p) = (i, — &),
where the equality holds if and only if (k, 1) = (i, j).
(c) p<j<n+k+p Thenh, 1 ;€ D0~ and Ppir—1_jvk1 € V. So
W) + w(I*) = w(k) + w(l) — j < w(k) + wl) - p
and (k*, 1*) <’ (i, j — ).

(d) 72n+k+p. Then p—&—kz—%—j<—n+%. Assume p—l—k—%—j:
—s—n—&—% for some se€Zy, that is, —j+s=-n—k—p+1<—p
since k+mn>2. Since the corresponding vector h*dYh, ., 1) =
hkh787n+%dljvk71 — hk[hfsfwr%» d']uey, by (3.3) and simple computa-
tions, we see h¥dli hp+k7%7jvk,1 can be written as a linear combina-
tion of vectors in the form hkh_s,_s_mr%dIS’H vk1 where s’ € N and
deg'(hkh75,757n+%dl-ﬂ’+ﬂ' vk1) has weight

w(k) + " + s+ w(lyy,) = w(k) +w(l) + s — J.
So
w(k®) +w(l") = w(k) +w(l) —j +s <w(k) +w(l) —p <w(i) + w(j) —p,
and hence (k*, I") <" (i, j — €p).
In conclusion, deg'(thrk_%hkdlka) =<' (i, j — €p), where the equality holds if and

only if (k, 1) = (i, j), that is, deg/(hp+k_%v) =, j—¢p). O

LEMMA 3.5. Letk € Zy,n € Z such thatk >mn and k+mn > 2, and V be a D0.—n)_
module such that hk._% acts injectively on V', and hi_%V =d;V =0 for all v > k,

J>k+n—1 Assume that v =3}, h¥d'vyy € Ind(V) \ V with deg’ (v) = (i, 0).
Set ¢ = min{s : i5 # 0}.

(1) If the sum Z(kJ) hkdlvk,l does not contain terms hkdlka satisfying
w(k) + w(l) = w(i), w(i) — ¢ < w(k) < w(i), (3.9)
then deg'(dgtk+n—10) = (1— €4, 0);

(2) Assume that the sum 3 ;) h¥d'wi 1 contains terms h¥dvy ) satisfying (3.9).
Let v'=v—=3" 00w h*vx o and deg’(v') = (k*, 1*) with t=min{s : I* # 0}.
Then deg'(hk+t7%v) = (k*, I* —¢).
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Proof. Consider deg’(dq+k+n,1hkdlvk,1) with dq+k+n,1hkd1vk,1 # 0. Noting that
dgtiyn—1V =0, we see that

dysrrn_1h d o) = [dysrrn1, M¥]d"vicr + B¥[dgskin—1, d'Jvi.

First we consider the term [dgtkin—1, hk]dlvkjl. It follows from (3.2)
that [dq+k+n,1, hk]dlka is a linear combination of vectors in the forms
hki h(qu)Jrkf%dlvk,] and hd'vi where k; =k — ¢, w(s) = w(k) — (k +q—n). If
1=0, it is not hard to see that deg'(dy4krn—1h¥d'vi1) <’ (1— €4, 0) where the
equality holds if and only if (k, 1) = (i, 0).

Next we assume that 1 # 0, and continue to consider the term [dg{x4n—1, hk]dlvkyl.
We first consider the term h¥i h(qu) h-L dlvk,l. We break the arguments into four
different cases next.

(a) 7 < g. In this case, we have hkfh(qu)Jrkf%dlvk,] = hki (hg—g)4r—1> dok .
Then it follows from (3.3) that hks (Pg—j)+k—1> d"vk 1 is a linear combination
of vectors in the form h%i dlﬁh(q7j75)+k7%vk,1 where w(ly) = w(l) — s.

(al) If s < g — j, then hkidISh(qu,s)Jrk,%vk,l =0.
(a2) If s = g — 7, then deg’ (h¥sdls hy,—1vi,1) has weight
w(k;) +w(ls) =wk)+w(l) —j—s=wk)+w(l) —g.

If wk)+w(l) <w(@), or wk)+w(l)=w(i) and w(k) <w(i) —g¢, then
deg’ (hks dIShk_%ka) <" (i— €4, 0). We will discuss the remaining cases that
(k, 1) satisfies (3.9) in case (2) later.

(a3) Ifg—j<s<qg+k+n—1-j, then h
hk_%vkyl) has weight

g—j—s) k-1 Vi1 € V and deg' (h*id"
w(k;) +w(ls) =wk)+wl)—j—s <wk)+w(l) —¢g<w(i)—q.
So deg/ (i d"hy_; o1 k—1vk1) < (1= ¢€g, 0).

(ad) If s>q+k+n—1—j, theng—j—s+k—1=—s —n+3 for some s €
Z, . It is easy to see h¥id' h(q_j_s)+k_%vk71 can be written as a linear combi-
nation of vectors of the form h¥i h_s,_s,,_n+%dls+s“ vk1, 0 < s” < w(ly). Note
that both deg'(hh_y__, 1d+"v1) and deg'(Wh_y_, 1d"viy)

have the same weight and —j— s+ =—-q¢—k—n+1< —q, we see
deg’ (hks dISh(quszkfévk}l) has weight

wlky) 4 w(la) + o = w(k) + wll) —j— s+ < w(k) +w(D) — g < w(i) — g
So deg,(hkj dlsh(Q*j*s)Jrkf%Uk,l) < (i~ €q> 0)'

(b) j = q. In this case, we have hX hk_%dlvm = hk‘Jdlhk_%ka + hka (k-1 dNok 1.
Clearly, deg'(h*ed'h;_1vi1) = (kg 1) <" (i—¢€g, 0) since 14 0. By (3.3)
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and the similar arguments in cases (a3) and (ad) we can deduce
that deg'(th[hkfé,dl]ka) <’ (i— €4, 0). Hence, deg’(hkqhkfédlvk’l) </

(i—¢€g, 0).
(¢) g<j<qg+k+n-—1. 1In this case, we have hkfh(q_ij_%dlka =
his dlh(qu)Jr}c,%Uk,l + hki [h(q,j)Jrk,%, dl}vk,l. Clearly, deg’(hks d!

hg—j)+k-1k1) = w(k) + w(l) = j <w(i) —¢q. Then by (3.3) and the
similar arguments in cases (a3) and (a4) we can deduce that
deg' (b« [hg—g)r—1> do1) <’ (i — €, 0). Hence, deg’ (k% h(qu)Jrkf%dlUk,l)
<" (i—¢4, 0).

(d) j>q+k+n—1. In this case, we have hks h(q_j)+k_%d1vk,1 = hki
hf(jf(q+k+n71))fn+%dlvkal' Then deg/(hki h(qu)+k7%dl’l)k’1) = (k*, l) with
weight  w(k*) +w(l) =w(k)+w(l)—(g+k+n—1)<w(i)—¢  Hence,

degl(hkj h(q_j)+k_%dlvk,1) </ (i — €q, 0).

Next consider the term hSdlvy 1. Since w(deg’ (h3d vy 1)) = w(s) + w(l) < w(k) +
w(l)-¢ < w(i)-g, it follows that deg’(h3d'vi 1) <’ (i — ¢, 0).
Thus, if A*dlvy ) does not satisfy (3.9) we have

deg'([dgthsn—1, h]d"vic1) ' (i — €4, 0)

where the equality holds if and only if (k, 1) = (i, 0).

Now, consider the term hK [dg+ktn—1, dl]vk,l where we still assume that
1#0. By (3.4) we see hk[dq+k+n,17 dl]ka is a linear combination of vec-
tors hXdl dgtktn—1—;Vk,1 and h¥dla+r+n—19, | where w(l;) =w(l) —j, j € N. Since
deg’ (R dla+r+n-19y 1) has weight

w(k)+w(l) - (¢g+k+n—1) <w(k)+w(l) —qg<w(i)—q,

we see deg (hXdlatk+n-1yy 1) <" (i — €4, 0). So we need only to consider the vectors
Kkl dg+k4+n—1—;Vk,1. There are four different cases.

(i) j<gqg . Then g+ k+n—-1—j>k+n—1 and hkdlqu+k+n_1_jvk,1 =0.In

particular, for w(l) < ¢ we have h*d dgtkgn—1—Vk,1 = 0.

, 1) (in the case ditn—1vk1 # 0 ) with w(k) + w(ly) = w(k) + w(l) — q.
w(k) +w(l) < w(i), or w(k)+w(l)=w(i) and w(k) < w(i) —¢, then
1) <" (i— €4, 0). We will discuss the remaining cases that (k, 1) satisfies
9) in case (2) later.

(lll) qg<j<q+ k +mn — 1. Then dq+k+n_1_jvk71 € V and h¥dY dq+k+n_1_jvk71 =
0 or deg’(h¥dY dgtktn—1—;Vk1) has weight

w(k) +w(l;) = w(k) +w(l) —j <w(k) +w(l) — g <w(i) — g,

SO deg’(hkdlﬂ'dq+k+n,1,jvk,1) <" (i—¢q, 0).
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(iv) j>q+k+n—1. Then g+k+n—-1—35<0. Assume ¢g+k+n—1-—
j=-4, j€Zy. Then —j+j =—(q+k+n—1)< —q. So deg'(hkdVy
dgtk+n—1—;Vk,1) has weight
wk)+wl)+i =wk)+wl)—j+7 =wk)+wl)—(g+k+n-1)
which means deg’ (h¥d% dgthtn—1—5Vk1) < (1—€g, 0).

(1) Ho=> 4y h¥d'vy ) does not contain a term h¥d'vy; satisfying (3.9), then
by the above arguments we see deg(dg1kn—1v) = (i — €4, 0).

2) If v= h¥d'wi ) contains terms h¥d'vy; satisfying (3.9), then we see
(k1) ; ;
deg’(v') = (k*, 1*) with
w(k®) + w(l*) = w(i), w(k") 2 w(i) —¢, 1 < w(l") < q.

Then by lemma 3.4 we see deg/(ht+k7%v') = (k*, 1" — ¢).

Noticing that k& > n, by (3.1) we see ht_HC_%hkvk)g =0or )\hkt’vkp, A € C* with
t'=t+k—n>tand wky)=wk)—1t, so deg/(ht+k_%(hkvk70)) = (kys, 0) has
weight w(ky) = w(k) —t' < w(k*) + w(1*) — ¢t = w(k*) + w(1* — ¢). Hence

deg’(ht+k7%v) = deg’ (hH,%% (v - Z hkvk’())) = (k" 1" — ).
w(k)=w(i)

4. Simple smooth ®-modules

In this section, we will determine all simple smooth ®-modules. Based on theorem
2.10, we only need to determine all simple smooth ®-modules S of level ¢ # 0.

For a given simple smooth ®-module S with level £ # 0, we define the following
invariants of S as follows:

S(r) = Kers(Hsr),ns = min{r € Z : S(r) # 0}, Wy = S(ns),
and
U(r) = Kerw, (Birs,),ms = min{r € Z : U(r) # 0}, Uy = U(mg).
LEMMA 4.1. Let S be a simple smooth ©-module with level £ # 0.
(i) hng—1 acts injectively on Wy, dps—1 acts injectively on Uy.
(ii) ng, mg € N.

(iii) Wy is a non-zero ") -module, and is invariant under the action of the
operators Ly, defined in (2.2)~(2.4) for n € N.
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(iv) If ms > 2ng, then Uy is a non-zero ®~"s)_submodule of Wy, and is
invariant under the action of the operators L, defined in (2.2)—(2.4) for
n € N.

Proof. (i) follows from the definitions of ng and mg.

(ii) Suppose ng < 0, take any non-zero v € Wy, we then have

h%UZOZhilv.

2

This implies that %KU = [h%, hfé]v =0, a contradiction. Hence, ng € N.
Suppose mg < 0. Take any non-zero v € Uy, we then have d_jv=0=
By gy 1v. Then

Yo, . 1v=[d_q,h Jv=0,

ns+%
a contradiction with (1). Hence, mg € N.

(iii) It is obvious that Wy # 0 by definition. For any w € Wy, i, j, k € N, we have

1
Metns 43 diw = diltyepn gy w + (k +ns 2) hitkins+yw =0,

and
Metns+3 M ns+3W = Bjns it Pyngqw = 0.

Hence, d;u € Wy and hj_ns+%u € Wy, i.e. Wy is a non-zero ©(©~"5)-module.
Forn € N, i € N, w € Wy, by (2.5) we have

. 1
hiJrner%an = (thiJrner% - (Z +ns + 2) hn+i+ns+%)w =0.

This implies that L;w € Wy for ¢ € N, that is, W, is invariant under the action
of the operators L; for i € N.

(iv) Tt is obvious that 0 # Uy C Wy. Suppose that mg > 2ng. For any u €
Uy, i, j, k€ N, it follows from (iii) that d;u € Wy and hj_ns+%u e Wy.
Furthermore,

dk—i—msdiu = d,;dk_,_msu + (k —7— mg)dk+i+m5u =0,

and
. 1
dk-i-mshj—ns—&-%u = hj—ns—i-%dk-‘rmsu —|\J—ns+ 5 hk+j+ms—ns+%u =0.

Hence, d;u € Uy and hj_ns+%u € Uy, i.e. Uy is a non-zero ©(0—7s) gubmodule
of W(].
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Furthermore, if in addition mg > 0, then for n, i € N, u € Uy, it follows from
(iii) that L,u € Wy. Moreover, for n € N, using (2.2-2.6) we have

ditmeLnt = Lpdiimet + [ditms, Ln]u = [ditms, Lnlu
=(n—1—mg)Litntmeu = 0.
This implies that L;u € Uy for ¢ € N, that is, Uy is invariant under the action

of the operators L; for ¢ € N.
O

PROPOSITION 4.2. Let S be a simple smooth ©-module with level £ # 0.

(i) If ng =0, then S = H® @ U® as D-modules for some simple modules H €
Ry and U € Ry

(i1) If mg > 2ng > 0, then S = Indg(o,,ns)(Uo) and Uy is a simple DO~"s)-
module.

(iii) If ms < 2ng, then Uy is a non-zero D~ ms=n3)) _sybmodule of Wy. More-
over,
(iii-1) If mg > 2, then S Indgm,—(ms_ns))(Uo) and Uy is a simple
DO=(ms=ns)) _module.

(iii-2) If ms =0 or 1, and ng > 1, then U(2) is a simple D*~C=7s) _module,
and S = Indg .- @-ngyn (U(2)).

Proof. (i) Since ng = 0, we take any non-zero v € Wy. Then Cuv is a trivial H(%)-
module. Let H = U(H)v, the H-submodule of S generated by v. It follows
from representation theory of Heisenberg algebras (or from the same argu-
ments as in the proof of lemma 3.2) that Ind%m) (Cv) is a simple H-module.
Consequently, the following surjective H-module homomorphism

p: Ind%o) (Cv) — H
Z aihi RV Z aihiv
ieM ieM

is an isomorphism, that is, H is a simple H-module, which is certainly smooth.
Then the desired assertion follows directly from corollary 2.13.

(ii) By taking V = Uy, k =n =ng and l = mg — 1 in theorem 3.1(1) we see that
any non-zero ®-submodule of Indgm,,n +) (Up) has a non-zero intersection with
Up. Consequently, the surjective ®-module homomorphism

P Indg(oﬁns)(Uo) — S

Z hidk ® Vi Z hidkvi,k

i,keM i,keM

is an isomorphism, i.e. S = Indg(o,,ns)(Uo). Since S is simple, we see Uy is a
simple ®©~"s)_module.
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(iii) Suppose that mg < 2ng. For any u € Uy, i, j, k € N, it follows from lemma
4.1 (iii) that d;u € Wy and hj—(ms—ng)+1u € Wo. Furthermore,
dk+msdiu = didk+msu + (k —1+ ms)dk+i+msu = 07

and

Ditms i (ms—ns)+ 38 = Py (ms—ng)+ 4 Detms U

. 1
- (J — (ms —ns) + 2) Piotjing+1u = 0.

Hence, d;u € Uy and h
submodule of W.
Now suppose mg > 2. Then it follows from theorem 3.1(2) that any non-
zero ®-submodule of Indg(o,,<,,LS,,LS>)(U0) has a non-zero intersection with U
by taking k=mng,n=mg—ng and [ =mg—1 therein. Consequently, S =
Indgm,,(ms,ns)) (Up) by similar arguments as in (ii). Since S is simple, we see Uy is
a simple ®(%~"s)_module.
Suppose that mg =0 or 1, and ng > 1. Then D(©:~2=ns)) € ©0.—ns) Hence,
Wo is a ©0~(C="s)_module. Moreover, for any u € U(2), i, j € N, we have

i i - (0,=(ms—ns))
j—(ms—ng)+iU € Uy, i.e. Uy is a non-zero ®

dj+2d7;u == didj+2u = 0,
and

1
dj+2hi_(2_ns)+%u = hi_(Q_nSH_% j2u + (2 —ng —1i— 2) hi+j+n5+%u =0.
Therefore, U(2) is a ©(%~(=7s)_module. Then it follows from theorem 3.1(2) that
any non-zero ®-submodule of Indg(o,,(«‘\,ns» (U(2)) has a non-zero intersection with
U(2) by taking V =U(2), k =ng, n=2—ng and [ =1 therein. Consequently,
S = Indg(0,_<2_ns)>(U(2)) by similar arguments as in (ii). In particular, U(2) is a
simple ©©~2=75))_module. 0

From proposition 4.2, what remains to consider are the following two cases: (1)
mg =2ng >0, (2) mg=0or 1, and ng = 1.

Now we first consider case (1): mg = 2ng > 0. For that, we define the operators
d), =d, — L, on S for n € Z. Since S is a smooth ®-module, then d], is well-defined

for any n € Z. By (2.5) and (2.6), we have
, m3 —m

[d;nv Cl] = Ov [d/ dl ] = (m - n)dm+n + T

m?'n

6m+n70(c - 1)7 m,n Z, (41)
where ¢} = ¢; — idg and ¢ is the central charge of S. So the operator algebra

i’ = (P Cd;, © Cc}

neZ

is isomorphic to the Virasoro algebra Pir. Since [dn, hyy1] = [Ly, by 1] =
—(k+ %)hn+k+%> we have [d), hiy1]=0,n,k€Z and hence [Vir', H] = 0.
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Clearly, the operator algebra ®' = Uit' & H is a direct sum, and S =U(D)v =
UD')v, 0# v € S. Similar to (2.11) we can define its subalgebras, ®'("™ and the
likes.

Let

Y, = ﬂ Kery,(d)),rs = min{n € Z: Y,, # 0}, Ko = V..
p=n

If Y, # 0 for any n € Z, we define rg = —00. Denote by K = U(H)Kj.

LEMMA 4.3. Let S be a simple smooth ©-module with level £ # 0. Assume that
mg = 2ng > 0. Then the following statements hold.

(i) =1 <rg <mg orrg =—c0.
(ii) Ko is a D) -module and hng—1 acts injectively on Ko.
(iii) K is a ©©=°) module and K® has a ®-module structure by (2.2)-(2.4).
(iv) Ko and K are invariant under the action of d), for n € N.
(v) If rs # —oo, then d,.._ acts injectively on Ko and K.

Proof. (i) Since mg = 2ng > 0, the operators d,, and L,, = i ZkeZ+% Rop—1 P
act trivially on Uy for any m > mg. This implies that Y,,, = Uy # 0.
Consequently, rs < mg by the definition of rg.

IfY_5 # 0, then d Ko = d'_; Ko = 0. We deduce that Uit' Ky = 0 and hence
rs = —0OQ.
If Y_5 =0, then r¢ > —1 and hence —1 < rg < mg.

(ii) For any 0 # v € Ko and = € ©(=79) it follows from lemma 4.1(iv) that zv €
Up. We need to show that d,zv = 0, p > rg. Indeed, d;h,ﬂ_%v = hk+%d;v =0
by (2.5) for any k > —ng. Moreover, it follows from (2.6) and (4.1) that

dyydnv = dpdyv + [dy,, dp]v = (p — n)d,

pt+n

v =0.

Hence, dj,7v =0, p > 75, that is, zv € Ko, as desired.
Since 0 # Ky C Uy C Wy, we see that hns_% acts injectively on K by lemma
4.1(31).

(iii) follows from (ii).

(iv) It follows from lemma 4.1(iv) that Uy is invariant under the action of d, for
n €N, so is Ky by (4.1). Moreover, since [Uit’, H] = 0, K is also invariant
under the action of d), for n € N.

(v) follows directly from the definition of rg and K.
O

PROPOSITION 4.4. Let S be a simple smooth ®-module with central charge ¢ and
level £ # 0. Assume that mg = 2ng > 0. If rg = —o00, then ¢ = 1. Moreover, S =
K?® and K is a simple H-module.
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Proof. Since rg = —oco, we see that Uit' Ky = 0. This together with (4.1) implies
that ¢ = 1. Noting that [Uit’, H] = 0, we further obtain that Uit'K = 0, that is,
d,v = L,v € K for any v € K and n € Z. Hence, K® is a ®-submodule of S,
yielding that S = K®. In particular, K is a simple H-module. |

PROPOSITION 4.5. Let S be a simple smooth ®-module with level £ # 0. If rg > 2,
then Ko is a simple ") .module and S = Indg(o,fns)Ko.

Proof. We first show that Ind%éﬁjiﬁ Ky = K as D7) modules. For that, let

¢: IndD0 ) Koy — K

Z h¥ @ vy Z h*uy,

keM keM

where hX = - .. h11227ns+%hﬁl17ns+%' Then ¢ is a ©(©~>)-module epimorphism and

®| i, is one-to-one. By similar arguments in the proof of lemma 3.2 we see that any
(0,-00)
non-zero submodule of Indg(o,_ns>K0 contains non-zero vectors of Ky, which forces
that the kernel of ¢ must be zero and hence ¢ is an isomorphism.
By lemma 4.3(v), we see that d;.__; acts injectively on K.
As ®-modules,

Ind3 0 gy Ko 2 Indgo o) (Ind iy %5 Ko) 2 Indo o) K.

L
And we further have Ind3 - ) K = Indgiz,m)K as vector spaces. Moreover, we

have the following ©-module epimorphism

’

7 Ind3 0,0y K = Indgis, ) K — S,

Z d"' @ v — Z d" oy,

leM leM

where d" = - (d"_,)"2(d"_;)"r. We see that 7 is also a Uir’-module epimorphism.
By the proof of Theorem 2.1 in [46] we know that any non-zero it'-submodule
of Indgizi(o)K contains non-zero vectors of K. Note that 7|x is one-to-one, we
see that the image of any non-zero ®-submodule ( and hence Uit'-submodule ) of
Indg(o,,m K must be a non-zero ®-submodule of S and hence be the whole module
S, which forces that the kernel of # must be 0. Therefore, 7 is an isomorphism.
Since S is simple, we see K is a simple ©(%~"s)-module. O

As a direct consequence of proposition 4.5, we have

COROLLARY 4.6. Let S be a simple smooth ®-module with level £ # 0. If mg < 1
and ng = 1, then Kq is a simple ©%~Y -module and S = Indg(o,_l)Ko.
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Proof. For any non-zero u € Uy, since mg <1 and ng =1, it follows from the
definitions of mg, ng and lemma 4.1(i) that

)2u # 0.

1
2

1 1
diu=0, L= hghu=(h
k€Z+3

This implies that dju # 0, i.e. d] acts injectively on Uy. Hence, rg > 2. More
precisely, since

d2+7;’l) = L2+7;’U =0, VieN,vel,

we see that rg = 2. Now the desired assertion follows directly from proposition
4.5. O

REMARK 4.7. From corollary 4.6, we have dealt with case (2).

What remains to consider for case (1) is that mg = 2ng > 2 and rg < 1. In this
case, we will show that K is a simple H-module.

For the Verma module Mgyic(c, h) over Uir, it is well-known from [6, 20]
that there exist two homogeneous elements P, P, € U(Uiv” )Wir~ such that
U(Bit” ) Prwy + U(Biv” )Powy is the unique maximal proper Uir-submodule of
Mic(c, h), where Py, P, are allowed to be zero and wy is the highest weight vector
in Myic(c, h).

LEMMA 4.8. Let d =0, —1. Suppose M is a Bir' -module on which do acts as
multiplication by a given scalar X. Then there exists a unique mazximal submodule
N of Indg:m)M with NN M = 0. More precisely, N is generated by PiM and
PoM, i.e. N =U(Biv” ) (PLM + PoM).

Proof. Note that dy acts diagonalizably on IndgizmM and its submodules, and
M = {u € Indy M | dou = Au},

i.e. M is the highest weight space of Indgx(d)M. Let N be the sum of all Uir-
submodules of Ind%z(d)M which intersect with M trivially. Then N is the desired
unique maximal Yir-submodule of IndgiimM with N N M = 0.

Let N’ be the Uit-submodule generated by PiM and P,M, ie. N' =
U(Bic™ )(PLM + PoM). Then N’ N M =0. Hence, N' C N. Suppose there is a
proper submodule U of Indgzz(@M that is not contained in N’. There is a non-zero
homogeneous v = Y .._, u;v; € U\ N’ where u; € U(Tir™) and vy, ..v, € M are
linearly independent. Note that all u; have the same weight. Then some w;v; ¢ N,
say uyv; € N'. There is a homogeneous u € U(Dir) such that uujvy = vy. Noting
that all wu; has weight 0, so uu;v; € Cv;. Thus, uv € M \ {0}. This implies that
N C N’. Hence, N = N’, as desired. O

PRrROPOSITION 4.9. Let S be a simple smooth ®-module with level £ #£ 0. If mg =

2ns > 2, and rs =0 or —1, then K is a simple H-module and S = U® @ K® for
some simple U € Ragie.
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Proof. By lemma 4.3 (iii), we see that K® is a ®-module, and hence K? is a
©’-module with d/, K = 0 for any n € Z. Let Cvg be a one-dimensional ®’("s:=%°)_
module with module structure defining by d}, vy = h,H_%vo =covg=0,n>rg, k€
Z, ctvyg = (¢ — 2)vg. Then Cug ® K®' is a ©'(rs:=)_module with central charge
c¢—1 and level £. It is easy to see that we have the following ©’("s:~>)_-module
homomorphism

TKICU()@K@/ — S,
v ® u +— u,Vu € K.

Clearly, 7 is an injective map and can be extended to a ®’-module epimorphism

T Indg:(rs,,w)(((:vo ® KQI) — S,
z(vg @ u) — zu,z € UD'),u € K.

By Lemma 8 in [43] we know that
Indg:(rs‘_m) (Cop @ K = (Indg:(rs,_m(Cvo) ® K® = (Indgzti(rs)(:vo)g/ ® K.
Then we have the following D®’-module epimorphism

T/ . (Indgizi(rs)(:vo)gl ® Kgl — S,
TV @ u > zu,x € U(Tir'),u € K.

Note that (Indgziius)(ﬁvo)g/ Q@ K? =~ Indggi(rs) (Cvp ® K®') as Wir'-modules,
and 7/ is also a it-module epimorphism, 7’ |(Cv0 @K® s one-to-one, and
(Indgi:(rsﬁ(jvo)?// ® K®' is a highest weight Uit-module.
Let V = Indgg,(rs)Cvo and K = Ker(7'). It should be noted that
Coo @ K? ={ueV® @ K?' | dyu = 0}.

We see that (Cvp® K®' )N & =0. Let & be the sum of all Vir’-submodules
W oof V® @ K® with (Cvp® K®' )N W =0, that is, the unique maximal Uit'-
submodule of V®' ® K® with trivial intersection with (Cvg ® K®'). It is obvious
that £ C &. Next we further show that £ = &’. For that, take any Uit’-submodule
W of V® @ K® such that (Cug® K®)NW =0. Then for any weight vec-
tor w =Y.y d"vo ® uy € W, where u) € K2 d" = (d_y)(d )" if rg =0,
or d'=...(d" ;)" if r¢ = —1, and all w(l) > 1 are equal. Note that hppiw =
D lem d" g ® h,H_%ul either equals to 0 or has the same weight as w under the

action of dj). So U(D')& N (Cvp ® K?') = 0. The maximality of & forces that
R =U(D')R is a proper D’-submodule of V® @ K®'. Since £ is a maximal proper
©'-submodule of V® @ K®', it follows that & = &

By lemma 4.8 we know that £ is generated by P;(Cuvp ® K’D,) = CPivy ® K
and P (Cvy ® KQI) = CPyuo ® K®'. Let V' be the maximal submodule of V
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generated by Pjvg and Pyvg, then R = VP @ K. Therefore,
SV oK)/ (V™ oK)= (V/V)® o K,

which forces that K®' is a simple ®’-module and hence a simple H-module. So S
contains a simple H-module K. By corollary 2.13 we know there exists a simple
Yir-module U € Rasie such that S = U® @ K?, as desired. O

LEMMA 4.10. Let M be a it -module on which Tit™ acts trivially. If any
finitely generated Cldp]-submodule of M is a free C[dp]-module, then any non-zero
submodule of Indg:(mM intersects with M non-trivially.

Proof. Let V be a non-zero submodule of Indgg(o)M. Take a non-zero v € V. If
u € M, there is nothing to do. Now assume u € V\M. Write u = > ; a;u; where
a; € U(Virgp), u; € M. Since M; = E1gignc[d0]ui (a Tit®) _submodule of M )
is a finitely generated C[dp]-module, we see M; is a free module over C[dy] by the
assumption. Without loss of generality, we may assume that M; = ®1<i<nCldo]u;
with basis uy, -+ -, u, over C[dy]. Note that each a; can be expressed as a sum of
eigenvalue subspaces of addy for 1 < ¢ < n. Assume that a; has a maximal eigen-
value among all a; for 1 < ¢ < n. Then aju; ¢ M. For any A € C, let M;()) be the
Cldp]-submodule of M; generated by ug, us, -+ , Uy, dour — Auy. Then My /My ()
is a one-dimensional Yit(”-module with do(u1 + M; (X)) = Aug 4+ M;()). By the
Verma module theory for Virasoro algebra, we know that there exists some
0 # Ao € C such that the corresponding Verma module U = Indy: ) (Mi/Mi(\o))
is irreducible. We know that v = aju; # 0 in . Hence, we can find a homogeneous
w € U(Bir") such that wayur = fi(do)us in Indyicoy M, where 0 # f1(do) € Cldo].
So wu = Y1 wasu; = Y i fi(do)u; for fi(do) € Cldp], 1 < i < n. Therefore, 0 #
wu € VM CVNDM, as desired. O

PROPOSITION 4.11. Let S be a simple smooth ®-module with level £ # 0. If mg =
2ng =2, rg =1, then djy has an eigenvector in K.

Proof. Suppose first that any finitely generated C[dj]-submodule of K =
Indz(_ns)Ko is a free C[dj]-module. By lemma 4.10 we see that the following
D’-module homomorphism

T Indg:(o,,m)K = Indg:;(mK — S,
T ®u— zu,z € UDit),u € K

is an isomorphism. So S = Indg:ﬁ(o)K , and consequently, K is an irreducible
©/(0,-)_module. Since Vi VK = 0, we consider K as an irreducible module over
the Lie algebra H @ Cdj,. Since dj, is the centre of the Lie algebra H & Cdj, we see
that the action of df, on K is a scalar, a contradiction. So this case does not occur.

Now there exists some finitely generated C[dj]-submodule M of K that is
not a free C[d{]-module. Since C[d{] is a principal ideal domain, by the struc-
ture theorem of finitely generated modules over a principal ideal domain, there
exists a monic polynomial f(df,) € C[d{] with positive degree and non-zero element
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u € M such that f(df,)u = 0. Furthermore, we can write f(dj) = (dj — M\ )(dy — A2)

-+ (dy — Ap) for some Aq, ---, A, € C. Then there exists some s < p such that
w:=1I__  (dy — Aj)u # 0 and dyw = Ayw, where we make convention that w = u
if s = p. Then w is a desired eigenvector of dj,. 0

PROPOSITION 4.12. Let S be a simple smooth ®-module with level £ # 0. If mg =
2ng =2, rg = 1, then K is a simple H-module and S =2 U® @ K® for some simple
U € Ryie-

Proof. We see that S is a weight ©’-module since S is a simple ©’-module and dj,
has an eigenvector. From lemma 4.3(iii), K and Ky are weight ©’-modules as well.
We can take some 0 # ug € K such that djug = Aug for some A # 0 by proposition
4.11. Set K' = U(H)ug, which is an H submodule of K. Then we have the ®’-
module K", on which Dit’ acts trivially by definition for any n € Z. Let Cuvg
be the one-dimensional D'(°:=>)_module defined by djvy = \vg, d’,vg = h,H%vo =
Covg=0,n€Zy, keZ, vy = (c—2)vg. Then Cug @ K'® is a ©'(©:=>°)-module
with central charge ¢ — 1 and level £. There is a ®'(®~>)_module homomorphism

TK! 2(C1)0®K/D/ — S,
vo ® u— u,Yu € K',

which is injective and can be extended to be the following ®’-module homomor-
phism

T Indg:(o,,m(((fvo ® K’QI) — S,
z(vg ®@u) — zu,x €UD'),u € K'.

Since S is a simple ©’ module and 7 # 0, we see that 7 is surjective. By similar
arguments in the proof of proposition 4.9, we can obtain that K’ is a simple H-
module. By corollary 2.13 we know there exists a simple Uit-module U € R, such
that S = U® ® K'®, as desired. Now it is clear that K = K’. O

We are now in a position to present the following main result on a classification
of simple smooth ®-modules with non-zero level.

THEOREM 4.13. Let S be a simple smooth ©-module with level £ # 0. The invariants
mg, ng, rs of S, Uy, U(2), Koy, K are defined as before. Then one of the following

Cases occurs.

Case 1: ng = 0.
In this case, S = H® @ U® as ©-modules for some simple modules H € Ry and
U € Ryie-

Case 2: ng > 0.
In this case, we further have the following three subcases.
Subcase 2.1: mg > 2ng.
In this subcase, S = Indg(o,,ns)(UO).
Subcase 2.2: mg = 2ng.

https://doi.org/10.1017/prm.2024.132 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.132

Heisenberg—Virasoro vertex operator algebras 31
In this subcase, we have
K3, if rg = —o0,
S=UP @K, if —1<rs<1,
Indg(o,,nS)Ko, otherwise,

where U € Ragie.
Subcase 2.3: mg < 2ng.
In this subcase, we have

Indg(oq—(ms—ns))(Uo)a Zf mg > 27
S22 dIdo - -ns)(U(2), if ms < 2,ns >1,
Indgm,,l)Ko, otherwise.

Proof. The assertion follows directly from proposition 4.2, proposition 4.4,
proposition 4.5, corollary 4.6, proposition 4.9 and proposition 4.12. (]

REMARK 4.14. By theorems 2.10 and 4.13, we know that any simple smooth module
S is a highest weight Uir-module with trivial action of H, or a tensor product of a
simple smooth Uir-module and a simple smooth H-module, or an induced module
from some simple module M over certain subalgebra of ©. Moreover, M can be
viewed as a simple module over some finite-dimensional solvable Lie algebra. This
reduces the study of such ®-modules to the study of simple modules over the
corresponding finite-dimensional solvable Lie algebras.

5. Simple smooth D-modules with non-zero level

In this section, we will determine all simple smooth ®-modules M of level £ # 0.
The main method we will use is similar to the one used in § 4.

For a given simple smooth ®-module M with level £ # 0, we define the following
invariants of M as follows:

M(r) = Kerpr (H"),np = min{r € Z: M(r) # 0}, Mo = M (nar).
LEMMA 5.1. Let M be an irreducible smooth ®-module with level £ # 0.
(i) ny €N, and hy,,—1 acts injectively on M.

(ii) My is a non-zero D= =) _module, and is invariant under the action of
the operators L,, defined in (2.7) for n € N.

Proof. (i) Assume that ny; < 0. Take any non-zero v € My, we then have
hl’U =0= h,ﬂ}.

This implies that v = %[hl, h_1]v = 0, a contradiction. Hence, ny; € N.
The definition of nys means that h,,, 1 acts injectively on M.

(ii) It is obvious that My # 0 by definition. For any w € My, i, j, k € N, we have
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hk—‘r’ll}\/jdiw == dihk-‘rn]uw + (k + nM)h”L—‘rk—i-’n]uw = 07
and

hk’-l-nM hj—7LM+1w = hj—nM-l-lhk-‘rnMw =0.

Hence, d;w, hj_pn,,+1w € My, i.e. My is a non-zero D0.=(v=1)_module.
For i, n € N, w € My, noticing nps = 0 by (i), it follows from (2.4) that

Rty Lnw = (Enhi—&-nM + (i + nM)hn+i+nM)w =0.

This implies that L,w € M, for n € N, that is, My is invariant under the action of
the operators L,, for n € N. O

PROPOSITION 5.2. Let M be a simple smooth D-module with level £ # 0. If ny =
0,1, then M = H® @ U® as ®-modules for some simple modules H € Ry and
U € Ryie-

Proof. Since ny =0, 1, we take any non-zero v € My. Then Co is a H®-module.
Let H =U(H)v, the H-submodule of M generated by v. It follows from repre-

sentation theory of Heisenberg algebras that Indgm) (Cv) is a simple H-module.
Consequently, the following surjective H-module homomorphism

p: Indg(o) (Cv) — H

Zaihi XU Zaihiv

ieM iecM

is an isomorphism, that is, H is a simple H-module, which is certainly smooth.
Then the desired assertion follows directly from [43, Theorem 12]. O

Next we assume that ny; > 2. -
~ We define the operators d, =d, — L, on M for n € Z. Since M is a smooth
®-module, then d, is well-defined for any n € Z. By (2.4) and (2.10), we have

m3 —m
[d;n, (_:ll] = 07 [d;n, d,/n] = (m — n)d;n+n + T5m+n,06l17 m,n S Z7 (51)
where €] =c— (1 — 12;2 )idas and ¢ is the central charge of M. So the operator
algebra
i’ = (P Cd,, & Ce}
nez
is isomorphic to the Virasoro algebra Wir. Since [d,,, hx] = [Ln, hi] = —khpys +
Sn+k,0(n* + n)ca, we have
[d he] =0,n,k €Z (5.2)
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and  hence [Vitr', H + Ces] = 0. Clearly, the operator algebra D =Tir' ©
(H + Ccy) is a direct sum, and M =U(D)v = U(D')v for any v € M \ {0}. Let

Y, = ﬂ Kerg, (d)), i = min{n € Z : Y, # 0}, Ko = Yy,

p=n

Noting that M is a smooth ®-module, we know that ry; < +o0c. If ¥, # 0 for any

n € Z, we define rp; = —oo. Denote by K = U(H)K).

LEMMA 5.3. Let M be a simple smooth ®-module with level £ # 0. Then the
following statements hold.

(i) rar = =1 orrpy = —o0.
(i) Ifra = —1, then Kq is a DO~ =) _module and hy,,, 1 acts injectively on
K.
(i) K is a D) module and K (2)° has a D-module structure by (2.7)~(2.8).
(iv) Ko and K are invariant under the actions of L, and d., for n € N.

(v) If rar # —oo0, then d;. | acts injectively on Ko and K.

Proof. (i) If Y_5 # 0, then d;Ko =0, p > —2. We deduce that Bir' Ky = 0 and
hence ry; = —o0.
If Y_5 =0, then rp; > —1.

(ii) For any 0 # v € Ko and 2 € 0~ =1) "it follows from lemma 5.1(ii) that
zv € My. We need to show that dj,zv = 0, p > ry. Indeed, d,hyv = hpd,v =
0 by (5.2) for any k > —(npr — 1). Moreover, it follows from (2.10) and (5.1)
that

dydv = dpdyv + [d,, dpJv = (n — p)d, ,v=0,Yn € N.

p+n

Hence, d;,xv =0, p > 7y, that is, zv € Ko, as desired.
Since 0 # Ko C My, we see that h,,,—1 acts injectively on Ky by lemma
5.1(1).

(iii) follows from (ii).

(iv) Note that if ny; = 0, then L,, Ko = 0 for any n € N. For ny; > 0 we compute

that
_ 1 (n+1)z
L, = @Z S
kEZ
1 (n+1)z
=5 Z byt =, n € N.

—(npm—1)<k<na—1

We see L,KoC Ko and L,K C K by (ii), and hence d/, K, C Ky and
d K CK.

https://doi.org/10.1017/prm.2024.132 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.132

34 H. Tan, Y. Yao and K. Zhao

(v) follows directly from the definitions of rj; and K.

We first consider the case ry; = —oc.

PROPOSITION 5.4. Let M be a simple smooth D-module with central charge ¢ and
level £ #0. If rpp = —oo, then M = K(2)® for some z € C. Hence, ¢ =1 — %
and K is a stmple H-module.

Proof. Since ry; = —oo, we see that Uit' Ky = 0. This together with (5.1) implies
that c =1 — % Noting that [Uit’, H + Ces] = 0, we further obtain that Ui’ K =

0, that is, d,v = L,v € K for any v € K and n € Z. Hence, K (2)® is a D-submodule
of M, yielding that M = K(z)®. In particular, K is a simple H-module. O

PROPOSITION 5.5. Let M be a simple smooth ®-module with level CF0. Ifrag > 2
and nyr > 2, then Ko is a simple 0= =1) _module and M = Ind%(o,_(nM_l))Ko.

Proof. We first show that Indgég:::)M,l))Ko ~ K as ©(0=°°) modules. For that,

let
H(0,-c0)
¢ Ind50.—np -1 Ko — K
S B Y e,
keM keM
where bk = ~~~h6227(nM71)h5117(anl) € U(H). Then ¢ is a D(0:=)_module epi-

morphism and ¢|x, is one-to-one.
. 5(0,—00) . .
Claim. Any non-zero submodule V' of Indg(g,_(n -1 Ko does not intersect with

K trivially.
Assume VN Ko=0. Let v=> h¥ @ vy, € V\Ky with minimal degree i.
Then 0 < i.
Let p=min{s:is #0}. Since hpin, -1« =0, we have hp+nM_1hkvk =
[Aptnar—1, P¥]vk. The following equality
i hyhgy by = Y Sigjo0iCshy, -+ hy, Dy iy < ja <o <y €
1<s<t

implies that if k, = 0 then h,yn,, —1h*v = 0; and if k, # 0, noticing the level £ # 0,
then [hyn, hX] = AhK=¢ for some A € C* and hence

deg([hp-i-nM—l’ hk]vk) =k- €p 2 i- €p;

where the equality holds if and only if k = i. Hence, deg(hpin,—1v) =i—¢, <1
and hpip,,—1v € V, contrary to the choice of v. Thus, the claim holds.

From the claim we know that the kernel of ¢ must be zero and hence ¢ is an
isomorphism.

By lemma 5.3(v), we see that d;. _ acts injectively on K.
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As ©-modules,

) ~ D D00 oD
Indg5 0.~ (np -1 Ko = Ind 50, - o) (A (0.~ (1, 19 Ko) = Ind g0, ) K-
_ »
And we further have Ind%(o,,w)K ~ Indg:,(o)K as vector spaces. Moreover, we

have the following ®-module epimorphism

e Ind%(g,,N)K = Indgzzi(mK — M,
Zdll @ vy — Zdll’l}l,
1eM 1eM
where d! = .- (d'_5)"2(d"_;)". We see that 7 is also a Pit’-module epimorphism.

By the proof of Theorem 2.1 in [46] we know that any non-zero Uit’-submodule
of Indggi(mK contains non-zero vectors of K. Note that 7|k is one-to-one, we
see that the image of any non-zero ®-submodule (and hence Wir'-submodule) of
Indg(o‘,o@ K must be a non-zero ®-submodule of M and hence be the whole module
M, which forces that the kernel of m must be 0. Therefore, 7 is an isomorphism.
Since M is simple, we see Ky is a simple (v —D)_module. O

PROPOSITION 5.6. Let M be a simple smooth ©-module with level £ # 0. If ryy = 1,
then df, has an eigenvector in K.

Proof. Lemma 5.3 (iv) means that K is a ©'(*:~°)-module. Assume that any finitely
generated Cldp]-submodule of K is a free C[dy]-module. By lemma 4.10 we see that
the following ®’-module homomorphism
T: Indg:(o,_m>K = Indgiz;(mK — M,
T ®u— zu,z € UTit),u € K

’ —

is an isomorphism. So M = Indgiz,m)lﬂ and consequently, K is a simple D/(0,—00)_
module. Since r3; = 1 and i VK = 0, K can be seen as a simple module over the
Lie algebra H & Cco @& Cdf, where Cdj lies in the centre of the Lie algebra. Schur’s
lemma tells us that df, acts as a scalar on K, a contradiction. So this case will not
occur.

Therefore, there exists some finitely generated C[dj]-submodule W of K that is
not a free C[d}]-module. Since C[d[] is a principal ideal domain, by the structure
theorem of finitely generated modules over a principal ideal domain, there exists
a monic polynomial f(d}) € C[d{)] with minimal positive degree and non-zero ele-

ment v € W such that f(dy)u = 0. Write f(dj)) = i<ics(dy — Ni), A1, -+, As € C.
Denote w := Hf;ll (dy — Ni)u # 0, we see (djy — As)w = 0 where we make convention
that w = u if s = 1. Then w is a desired eigenvector of dj,. O

PROPOSITION 5.7. Let M be a simple smooth D -module with level £ # 0. If ra; = 0,
+1, then K is a simple H-module and M = K (2)® @ U® for some simple module
U € Ryic and some z € C.
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Proof. If rp; = 1, then by proposition 5.6 we know that there exists 0 # u € K such
that djyu = Au for some A # 0; if rpr = 0, —1, then djK = 0. In summary, for all
the three cases, d{, has an eigenvector in K. Since M is a simple ©’-module, Schur’s
lemma implies that hg, €}, €z, €3 act as scalars on M. So M is a weight ©’-module,
and K is a weight module for ®'" ~%ra 1 =)
dfyug = Aug for some \g € C.

Set K' = U(H)ug, which is an H submodule of K. Now we define the ©’-module
K'®' with trivial action of Dit'. Let Cuvg be the one-dimensional D" %1 =)
module defined by

. Take a weight vector uy € K with

1222
cluvo=(c—1+ —Z)vo,

14
d6’U0 = )\01}0, d;vo = hk’UO = C2¥g = C3Vg = 0, 0 7£ n = M, k € 7.

Then Cuvy ® K™ is a ®'"™ %41 =%) _module with central charge ¢ — 1 + %

and level £. There is a '™ =91 =) _module homomorphism

TR :Cv0®K@/ — M,
vo @ u — u,Vu € K',

which is injective and can be extended to be the following ©’-module epimorphism
7 d s, o (Coo ® K7) — M,
z(vg @u) > zu, 2 € UMD ), u € K'.

By Lemma 8 in [43] we know that

’

Indg,ﬁM_MM’l,_oo)(Cvo ® K®') =~ (Indg,(rM_éTM‘1,_OO)CUO) @ K'®
vir! E T Y
= (Indm:,“.M,arM’l)CUo) [ K’ .
Then we have the following ®’-module epimorphism
. Vir ol D’
T/ : (Indm:,(erngyl)(cvo) & K/ N ]\47
v ® u — zu,x € U(Tit'),u € K'.

Note that (Indgitj(,.]\i,ng71)(Cvo)@, ® K™ = Indg:;(,.M,ngyl)((Cvo ® K as
it’-modules, and 7’ is also a Pir'-module epimorphism, 7 5/ 18 one-to-
Bir'-modul d 7' is al Pir'-module epi hi Nevgerre | t
one, and (Indgr:(w,gw HC)® © K’ is a highest weight it-module. Let V =
v ’

Indz:Z:(TMde‘JW,I)C’UO and K = Ker(7'). It should be noted that

Coo @ K® ={ueV® @ K" | dju = Mu}.

We see that (Cvg® K’ )N & =0. Let & be the sum of all Bir’-submodules W
of VP @ K'® with (Cvo® K'® )N W =0, that is, the unique maximal (weight)
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Bir'-submodule of V® @ K" with trivial intersection with (Cvo ® K'®'). Tt is
obvious that & C &. Next we further show that & = &'. For that, take any Uit
submodule W of V®' @ K’ such that (Cvp ® K'®) N W = 0. Then for any weight
vector w ="y dMvg @ wy € W, where uy € K™ dh = (d )2 (d ) if ryy =
1,0, or d'=---(d",)" if rpy = —1, and all w(l) > 1 are equal. Note that hyw =
> leMm d" o ® hyuy either equals to 0 or has the same weight as w under the action
of df). So UD)W N (Cug ® K'Y =0, i.e. U(D')W C K. Hence, U(D')R' N (Cvp ®
K'®") = 0. The maximality of & forces that & = U(D’)&’ is a proper ®’-submodule
of V® ® K’ Since 8 is a maximal proper ®’-submodule of V" @ K@’ it follows
that & = &'. ) )

By lemma 4.8 we know that & is generated by Py(Cvy @ K?') = CPyvy @ K’
and Py(Cug ® K@l) = CPyvy ® K'™'. Let V’ be the maximal submodule of V
generated by Pyvg and Pyug, then & = V' @ K'®'. Therefore,

M=V oK)/ oK)= V/V) oK, (5:3)

which forces that K" is a simple ®’-module and hence a simple H-module. So
K’ is a simple H-module. By [43, Theorem 12] we know there exists a simple
Yit-module U € Ry, such that M = K ™ & U®. From this isomorphism and some
computations we see that Ky C K'® ® vy where vg is a highest weight vector. So
K =K' O

We are now in a position to present the following main result on characterization
of simple smooth ®-modules with non-zero level.

THEOREM 5.8. Let M be a simple smooth ®-module with level ¢ # 0. The invariants
na, T of M, Ko, K are defined as before. Then

K(Z)©7 ’LfTM = —00,
M={K(z)®eU?, if —1<ry<1orny =01,
Ind%o,%nMﬂ))Ko, otherwise,

for some U € Ryir and some z € C.

Proof. The assertion follows directly from proposition 5.2, proposition 5.4,
proposition 5.5 and proposition 5.7. [

The following result characterizes simple Whittaker modules over the twisted
Heisenberg—Virasoro algebra ©.

THEOREM 5.9. Let M be a D-module (not necessarily weight) on which the algebra
D+ acts locally finitely. Then the following statements hold.

(i) The module M contains a non-zero vector v such that ®+ v C Co.

(ii) If M is simple, then M is a Whittaker module or a highest weight module.
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Proof. (i) Let (M, p) be a finite dimensional ®*-submodule of M. Then M; is
also a finite dimensional Uiry;-module. Let a := ker(p|wir.,) be the kernel
of the representation map of Uir>; on M;. Then a is an ideal of Yir>; of
finite codimension. We claim that d,, € a for some n € Z, . If this is not true,
then there exists a minimal m € Z, such that a contains an element of the
form a; di, + ag,di, + -+ ag,, di,,, for positive integers i3 <ig < -+ <
im+1 and non-zero complex numbers a;,, a;,, -+, a;,, . We further see that
a contains

[di17ai1di1 + a‘izdiz +- 1+ aim+1dim+1]
= a;, (i2 — 01)diy iy + Qig (i3 — 1) diy iy + 0+ @iy (g1 = 11)diy iy

which contradicts with the minimality of m. Hence, the claim follows.
Consequently,

Vies, = > Cd; = Cdy + [dy, Virs] C o

izn,i#2n
Then
Qf]\i;)n + ﬂ>n+1 = mNit;n + [7‘_{21, ﬁ;;n] - ker(p).

This implies that M; is a finite dimensional module over a finite dimensional
solvable Lie algebra ©%/(Uirs,, + Hspi1). The desired assertion follows
directly from Lie theorem.

(ii) follows directly from (i) and [46].
O

REMARK 5.10. From theorem 5.9 we know that if M is a simple Whittaker module
over ® with non-zero level, and ®+v C Cv for some non-zero vector v € M, then
K =U(H)v = U(Dre—z,Chy)v is a simple Whittaker module over H. Therefore,
[43, Theorem 12] implies that M = U® @ K (z)® for some U € Ruyi.. Clearly, U is
a simple Whittaker module or a simple highest weight module over Uir.

6. Application: characterization of simple highest weight modules and
Whittaker modules over the mirror Heisenberg—Virasoro algebra

Based on the results on the structure of simple smooth modules over the mirror
Heisenberg—Virasoro algebra © given in theorems 2.10 and 4.13, we give charac-
terization of simple highest weight ®-modules and simple Whittaker ©-modules in
this section.

We first have the following result characterizing simple highest weight modules
over the mirror Heisenberg—Virasoro algebra.

THEOREM 6.1. Let® be the mirror Heisenberg—Virasoro algebra with the triangular
decomposition ® = DT & D°®D~. Let S be a D-module (not necessarily weight)
on which every element in the algebra © acts locally nilpotently. Then the following
statements hold.
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(i) The module S contains a non-zero vector v such that ® v = 0.

(ii) If S is simple, then S is a highest weight module.

Proof. (i) It follows from [45, Theorem 1] that there exists a non-zero vector
v € S such that d;v =0 for any i € Z . If h%v =0, then ®Tv =0 as dy, do
and h% generate DT. Assume that w := hév # 0. Then

1
diw = dlh%v = h%dlv + [dl,h%}v = —§h%v.

Similar arguments yield that the element alj w = Ah; 41U for some A € C* and
j € Zy. As dy acts locally nilpotently on S it follows that there exists some

n € Zy such that hﬁ%v =0 for j = n.

We now show that for every m € N there exists some non-zero element u € S
such that d;u = hk+%u = 0for¢ € Z; and k > m by a backward induction on
m. The above arguments imply that the assertion is true for m > n. Assume
that 0 # u € S satisfies that dyu = hy,1u=0for i € Z; and k > m > 0. If

hmféu = 0, then the induction step is 2proved Otherwise, hmf,u # 0, and
there exists some [ € N such that v/ := hl 1u ;é 0 and h,, u = hiil 1u =
0. Moreover, dju" = hy 1u’ = 0fori € Z, and k>m—1. The induction step
follows.

(ii) By (i), we know that S is a simple smooth D-module with ng = 0 and mg < 1.
From theorem 2.10 and case 1 of theorem 4.13 we know that S = H® @ U®
as ®-modules for some simple modules H € Ry and U € Ryi.. Moreover,
H= Ind;f((o) (Cv) is a simple highest weight module over ©. Note that every
element in the algebra Tir® acts locally nilpotently on Cv ® U by the
assumption. This implies that the same property also holds on U. From
[45, Theorem 1] we know that U is a simple highest weight Uir-module.
This completes the proof.

O

As a direct consequence of theorem 6.1, we have

COROLLARY 6.2. Let S be a simple smooth ©-module with ms <1 and ng = 0.
Then S is a highest weight module.

Proof. The assumption that mg < 1 and ng = 0 implies that there exists a non-zero
vector v € M such that ®Fv =0. Then M =U(D~ + D). It follows that each
element in DT acts locally nilpotently on M. Consequently, the desired assertion
follows directly from theorem 6.1. O

The following result characterizes simple Whittaker modules over the mirror
Heisenberg—Virasoro algebra.

THEOREM 6.3. Let M be a ®-module (not necessarily weight) on which the algebra
DV acts locally finitely. Then the following statements hold.

https://doi.org/10.1017/prm.2024.132 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.132

40 H. Tan, Y. Yao and K. Zhao

(i) The module M contains a non-zero vector v such that ® v C Cu.

(ii) If M is simple, then M is a Whittaker module or a highest weight module.

Proof. (i) Let (M, p) be a finite dimensional ®-submodule of M. Then M is
also a finite dimensional Virs;-module. Let a := ker(p|wic.,) be the kernel
of the representation map of Uir>; on M;. Then a is an ideal of Uity of
finite codimension. We claim that d,, € a for some n € Z, . If this is not true,
then there exists a minimal m € Z, such that a contains an element of the
form a;, d;, + az,ds, + -+ - +a;,,d;,, ., for positive integers iy <ig <--- <
im+1 and non-zero complex numbers a;, , a4y, -+, a;,, .. We further see that
a contains

[di17ai1di1 + a‘i2di2 +- 4+ aim+1dim+1]
= a;, (i1 — d2)diy iy + iy (i1 — 3)diy iy + 0+ @iy (11 = Gt 1) iy iy

which contradicts with the minimality of m. Hence, the claim follows.
Consequently,

Dits, == Y Cd; = Cdy + [d, Birsy] C a.

i>n,i#£2n
Then
mNi'CZn +Hen = ﬁggn + [(Ch% + Ch%,m/wi‘c;n] - ker(p).

This implies that M; is a ﬁnitg\iiimensional module over a finite dimen-
sional solvable Lie algebra ©* /(Dirs,, + Hxy). The desired assertion follows
directly from Lie theorem.

(ii) follows directly from (i).

7. Examples

In this section, we will give a few examples of simple smooth ®- and ®-modules,
which are also weak (simple) untwisted and twisted V¢-modules.

EXAMPLE 7.1. For any n € Z, let Wy = Clzq, -+ , x,] be the polynomial algebra
in indeterminates 1, - - , &,,. Define the H(~™-module structure on W, by

h’i—% 'f(xla"' s Ly w vt 7l'n) :Alf(:rla axiflf" 7‘rn)a
h’fi+% 'f(xlv"' sy Lgy s axn) = _72(552—‘70’1)]((1.17 7xi+17"' ,$n),

hn+j+% 'f(xla"' s Lyttt axn) :O’

co- flxy, - xp) =Lf (1, 2n)
(7.1)
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where ¢, \; € C*, a; € C, j € N, 1 <i<n. It is not hard to check that W, is a
simple H(~™-module. Then the induced H-module K = Ind%,mwo is a simple
smooth H-module. So K® is a simple smooth ®-module with central charge 1 and
level £. We may denote K® = K® ({, A,,, a,) for any £ € C*, A,, = (A1, -+, \y) €
(€™, a, = (ag, -+, ap) € C™.

Let U be a simple smooth Uir-module (theorem 2.8 classified all simple smooth
Yir-modules). From corollary 2.13, then S =U® ® K® (¢, A, a,) is a simple
smooth ®-module.

If we replace (7.1) by

hi'f(l'],"' s Lyt ;mn):)\if(wh"' 7:Ei_17"' 7.7,'”),

i
hei f(@n g 2) = — (w0 fon a1 ),
hn+j+1 'f(xla"' s Lyt 7xn) :07

Cs- f(z1, - an) = Lf(x1,- - 2n)

for ¢, \; € C*, a; € C, j € N, 1 <4 < n, then Wy is a simple H(~™-module, and the
induced H-module K = Ind%(,n)Wo is a simple smooth H-module. Hence, for any
z € C, we have the simple ®-module K(2)® = K(2)® (¢, Ay, a,) for any £ € C*,

Ay = (A1, 5 A) € (C9), ap = (a1, -+, a,) € C™. For any simple Yir-module
U € Rair, the tensor product M = U® ® K(2)® (¢, A, a,,) is a simple smooth D-
module.

For characterizing simple induced smooth ®- and ©-module which are not tensor
product modules, we need the following

LEMMA 7.2. Let S=U® @ V?® be a simple smooth ©-module with ng >0 and
non-zero level, where U € Rugie and V € Ry. Let Vo = Kery (H"S)) and Wy =
Kers(H"s)). Then Vg is a simple ®="5) -module, and Wy = U ® Vy. Hence W
contains a simple H(="5) submodule.

Proof. This is clear. O
We also have the ®-module version of lemma 7.2:

LEMMA 7.3. Let M = H(2)® @ U® be a simple smooth ®-module with nyr > 1 and
non-zero level, where z € C, H € Ry and U € Ry Let Hy = KerH(H(nM)) and
My = KerM(T_((”M)). Then Hy is a simple @(0’_””1+1)—m0dule, and My = Hy® U.
Hence, My contains a simple H(="+D) submodule.

Lemma 7.2 (resp. lemma 7.3) means that if S € Re (resp. M € Rg) is not a
tensor product module, then Wy (resp. My) contains no simple H(="s)_submodule
(resp. H(~"»+1_submodules).

Here we will first consider the case ng =1 (resp. ny = 2). Let b = Ch + Ce be
the 2-dimensional solvable Lie algebra with basis h, e and subject to Lie bracket
[h, €] = e. The following concrete example using [40, Example 13] tells us how
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to construct induced smooth ®-module (resp. D-module) from a C[e]-torsion-free
simple b-module.

EXAMPLE 7.4 Simple induced smooth module, ng = 1/np; = 2. Let ¢1, ¢ € C with
ca #0. Let W = (t — 1)7'C[t, t]. From [40, Example 13] we know that W’ is a
simple b-module whose structure is given by

b0 = 5 U0) + 5 e f0) = ef@). 1) € W

We can make W’ into a ©(:%-module by
c1- f(t) =cif(t), c2- f(t) =caf(t),
do - F(t) = —5h- f(t), hy - F(B) = F(0), di- f(t) = hysi f() =0, i €.

Then W’ is a simple D(©9-module. Clearly, the action of h1 on W’ implies that

2
W' contains no simple H(®)-module. Then W, = Indgg:;)W’ is a simple D0~
module and contains no simple H(~Y-module. So Wy is not a tensor product
DO ~N_module. Let S = Ind3 -1 Wo. It is easy to see ng = 1, mg = 2 = rg and
Wy = Uy = Ky. The proof of proposition 4.5 implies that S is a simple smooth
®-module. And lemma 7.2 means that S is not a tensor product ®-module.
For ¢, z, 2/ € C, £ € C*, we also can make W’ into a D(9-module by

do- f(t)=h-f(t), hi-f(t)=e-f(t),
ho- f(t) = 2" f(t),hiti- f(t) =di- f(t) =0, i€Zy,
¢ f(t) =cf(t), ca- f(t)=2f(t), cs-f(t)=Lf(1),

where f(t) € W’. Then W' is a simple D(®%)-module. Clearly, the action of hy

on W' implies that W’ contains no simple H(®)-module. Then M, = Ind©<0 0 "W
is a simple D0=._module and contains no simple H(~Y-module. Let M =
Indg(o,,l) M. It is easy to see ny; = 2, rp; = 3. The proof of proposition 5.5 implies
that M is a simple smooth ®-module. And lemma 7.3 means that M is not a tensor
product D-module.

ExXAMPLE 7.5 Simple induced modules of semi- Whlttaker type, ng = 2, nyr = 3.
Take p, ¢ € Zy, a= (a1, ..., aq) € (C*)9, b= (b1, ..., by) € (C*)P, ¢, EE(C with
£ # 0. Define the 1—dimensional Q(p’Q)—module Ca, b = Cug with
C1 - vy = vy, Co-vy = fug,
dyvo = ayvo, -+, dprq—1v0 = aquo, divg =0 fori>p+q—1, (7.2)

h vo = byvg, - h vo = byvg, h. 1v9g =0 for ¢ .
g+100 = bivo, piq- 100 = Bp00, ;170 0 >p+gq

It is not hard to show that U(a, b) := Indg(p o (Ca b is a simple ©(©~1_module.
Then in theorem 3.1 (2) we have V=U(a, b),n=1,k=p+qg=1, and so S =
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l?(a, b) := Indgm,,l)U(a, b) is a simple smooth ®-module. In lemma 7.2, ng =
p+q,and Wy = Indgz;)(ﬁq» (Indgizg Ca,b) does not contain any simple H(~(+a)-
module ( for h; /5 acts freely on Wy). Hence, by lemma 7.2, U(a, b) is not a tensor
product ®-module.

If we, in the above example, replace (7.2) by
C1 - Vg = CVg, Co - Vg = 2Vg, C3v9 = vy,
dpvo = a1vg, -+, dpyg—1V0 = aqo, divg =0 for i >p+q—1,
hq+1v0 = b1, - - - hptqUo = bpvg, hivg = 0 for i > p + g,

where z € C and leave other parts invariant, then for any 2’ € C, the induced
D0~ (+9))_module

V= Indgﬁi’,;i’;fq”ca,b/(u@(o,%mq)))(ho e UO)>

is a simple ®©~(F+0)_module. Let M = Ind3 .- y4e) V. The proof of theorem
5.5 implies that M is a simple smooth ®-module where ny =p+q+1, 73 =
2(p+¢q)+ 1 and Ko = V = M. Since V contains no simple H(~"»+1)_module, we
see, by lemma 7.3, that M is not a tensor product ®-module.

REMARK 7.6. From theorem 4.13 (resp. theorem 5.2) we know that if ng = 0 (resp.
nar = 0, 1), then simple smooth ®-modules(resp. ®-modules) must be tensor prod-
uct modules. And Examples 7.4-7.5 mean that for any ng > 0 (resp. nas > 1), there
do exist simple smooth D-modules (resp. ®-modules) which are not tensor product
modules. Clearly, the ®-modules here are simple smooth D-modules for z = 0.

REMARK 7.7. A connection between smooth modules over the Heisenberg—Virasoro
algebra and vertex algebra modules in untwisted cases was considered by Guo and
Wang in [27]. It is a routine to extend this correspondence for smooth modules for
the mirror Heisenberg—Virasoro algebra, so that smooth modules of non-zero level
for the mirror Heisenberg—Virasoro algebra can be treated as weak twisted modules
for the Heisenberg—Virasoro vertex algebras, and smooth modules of non-zero level
for the twisted Heisenberg—Virasoro algebra can be treated as weak modules for
the Heisenberg—Virasoro vertex algebras.
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