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Abstract We consider the notion of strong self-absorption for continuous actions of locally compact
groups on the hyperfinite II1 factor and characterize when such an action is tensorially absorbed by
another given action on any separably acting von Neumann algebra. This extends the well-known McDuff
property for von Neumann algebras and is analogous to the core theorems around strongly self-absorbing
C∗-dynamics. Given a countable discrete group G and an amenable action G � M on any separably
acting semifinite von Neumann algebra, we establish a type of measurable local-to-global principle: If
a given strongly self-absorbing G-action is suitably absorbed at the level of each fibre in the direct
integral decomposition of M, then it is tensorially absorbed by the action on M. As a direct application
of Ocneanu’s theorem, we deduce that if M has the McDuff property, then every amenable G-action
on M has the equivariant McDuff property, regardless whether M is assumed to be injective or not. By
employing Tomita–Takesaki theory, we can extend the latter result to the general case, where M is not
assumed to be semifinite.
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2 G. Szabó and L. Wouters

Introduction

The classification problem for group actions on operator algebras has a long history dating
back to the hallmark results of Connes [7, 8, 10] about injective factors that employed ideas

of a dynamical nature in a crucial way. From that point, the subsequent W∗-algebraic
developments with a dynamical flavour branched off into related but methodologically
distinct lines of investigation. There is, on the one hand, the classification of amenable

group actions on injective factors, which was started by Connes [9, 11] for cyclic groups

and continued in works of Jones [17], Ocneanu [31] and others [21, 22, 25, 45]. When
the acting group is nonamenable, then the structure of its actions on the hyperfinite II1
factor is already less manageable, as a theorem of Jones [18] and other subsequent stronger

no-go theorems, such as [6, 37] later demonstrated. On the other hand, there is Popa’s

notion of amenability for subfactors of finite Jones index [19], for their principal graph
and standard invariant, introduced in several equivalent ways in [33, 35, 36, 39], and his

classification result showing that any subfactor of the hyperfinite II1 factor that has an

amenable graph is completely determined by its standard invariant [34, 35, 36, 39]. The
latter result is also known to recover Ocneanu’s theorem for actions of finitely generated

amenable groups, as it has been observed in [33, Subsection 5.1.5] that such actions can

be encoded in the framework of finite index subfactors. We shall leave it at the type II1
case for this direction of classification, as giving a full account of further developments

in the infinite case is beyond the scope of this Introduction. In terms of methodology,

the major difference between these two branches of research is that while the former

uses Connes’s classification as a black box in conjunction with a model action splitting
argument, the methods developed for the latter recover the uniqueness of the injective

II1 factor as a consequence rather than needing it as an ingredient. These two branches

were later also unified into one common theory, encompassing the classification of group
actions on subfactors, through works such as [32, 38].

Connes’s article [10] was the first of many influential works in operator algebras to

make use of a kind of touchstone object (in his case, the hyperfinite II1 factor R) and
to begin the classification approach by showing that every object to be classified absorbs

this touchstone object. More specifically, Connes’s approach begins with a structural

result asserting that every injective II1 factor is McDuff — i.e. tensorially absorbs R
(see [30]) — which is then used further to show that each such factor is isomorphic to R.
In Ocneanu’s work to classify outer actions of an arbitrary countable amenable group G

onR, he likewise proves at an early point in the theory that each such action (even without

assuming outerness) absorbs the trivial G-action on R tensorially (in the terminology of
that time, Ocneanu ‘split off the trivial action on R’), which he then exploits for his

actual classification theorem. Although one would generally need injectivity of a factor

to arrive at a satisfactory classification theory about (outer) G-actions on it, this early
part of Ocneanu’s theory works in general. The precise statement and a (comparably)

self-contained proof using the methods of this article, which we included for the reader’s

convenience, is contained in Theorem 3.11.

If one is concerned with C∗-algebraic considerations related to the equivariant Jiang–
Su stability problem (see [47, Conjecture A]), the current methods always find a way
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Dynamical McDuff-type properties 3

to exploit Oceanu’s aforementioned theorem in one form or another, usually involving to
some degree Matui–Sato’s property (SI) technique [27, 28, 29, 42]. Looking at the state-of-

the-art at present [15, 54], the key difficulties arise from pushing these methods to the case

where a group action G�A on a C∗-algebra induces a complicated G-action on the traces
of A. In particular, it is generally insufficient for such considerations to only understand

G-actions on R, but one rather needs to have control over G-actions on more general

tracial von Neumann algebras. This C∗-algebraically motivated line of investigation led

us to ask the following question that is intrinsic to von Neumann algebras:

Question. Let G be a countable amenable group and M a separably acting finite von

Neumann algebra with M ∼= M⊗̄R. Is it true that every action α : G � M is cocycle
conjugate to α⊗ idR :G�M⊗̄R?

Although Ocneanu’s original results confirm this when M is a factor,1 it turned out

to be not so straightforward to resolve this question, despite common folklore wisdom

in the subject suggesting that the factor case ought to imply the general case. Some

classification results in the literature [20, 44] imply that the above has a positive answer
when M is injective, but relying on this has two drawbacks. Firstly, the question we are

trying to answer is by design much weaker than a hard classification result, so it would

be desirable to have a proof not relying on such a powerful theorem, in particular, when
an assumption such as injectivity may not even be needed. Secondly, there is a subtle gap

in the proof of [44, Lemma 4.2]. We are indebted to Stefaan Vaes for pointing this out

to us in the context of the above question and for outlining a sketch of proof on how to
correct this, which became a sort of blueprint for the main result of the fourth section.

In contemporary research by C∗-algebraists, the aforementioned results by Sutherland–

Takesaki are still used to provide a partial answer to the above question, for example, in

[15]. In light of the previous discussion, the present article aims to give a self-contained —
and dare we say also relatively elementary — approach to answer this question instead.

In fact, we can treat it in greater generality than posed above, without restrictions on

the type of M and in the setting of amenable actions of arbitrary discrete groups. The
following can be viewed as our main result (see Theorem 5.5.)

Theorem A. Let G be a countable discrete group and M a von Neumann algebra with
separable predual, such that M ∼=M⊗̄R. Then every amenable action α : G�M is cocycle

conjugate to α⊗ idR : G�M⊗̄R.

As we will comment later (Remark 3.6), this phenomenon cannot be expected outside

the discrete case and, in fact, the statement fails if we insert the circle group in place of G.

Along the way, our methodology employs dynamical variants of McDuff-type properties
analogous to the theory of strongly self-absorbing C∗-dynamics [46], which can and is

1While Ocneanu’s work [31] only contains an explicit proof for so-called centrally free actions
α, his comment following [31, Theorem 1.2] suggests an alternative approach to avoid this
assumption. In several papers, the more general version without central freeness is also
attributed to Ocneanu.
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4 G. Szabó and L. Wouters

treated in the more general setting of continuous actions of locally compact groups (see

Definitions 3.1 and 3.2).

Definition B. Let G be a second-countable locally compact group. An action δ :G�R
is called strongly self-absorbing, if there exists an isomorphism Φ :R→R⊗̄R, a (δ⊗ δ)-
cocycle U :G→U(R⊗̄R) and a sequence of unitaries vn ∈ U(R⊗̄R), such that

vn(x⊗1R)v∗n → Φ(x) and vn(δ⊗ δ)g(vn)
∗ → Ug

in the strong operator topology for all x∈R and g ∈G, the latter uniformly over compact

subsets in G.

For such actions, we prove the following dynamical generalization of McDuff’s famous
theorem [30] (see Theorem 5.4).

Theorem C. Let G be a second-countable locally compact group. Let α : G�M be an

action on a von Neumann algebra with separable predual, and let δ :G�R be a strongly

self-absorbing action on the hyperfinite II1 factor. Then α is cocycle conjugate to α⊗δ if

and only if there exists a unital equivariant ∗-homomorphism (R,δ)→ (Mω,α,αω), where
the latter denotes the induced G-action on the asymptotic centralizer algebra of M.

Our initial methodology inspired by the theory of C∗-dynamics is only well-suited to

build all the aforementioned (and other related) theory in the setting of (actions on)

semifinite von Neumann algebras. After the first preliminary section, the second and
third sections are dedicated to proving Theorem C in the special case of semifinite von

Neumann algebras. The fourth section then builds on some of this theory, combined with

the original ideas by Sutherland–Takesaki [44] related to disintegrating a G-action to

an action of its transformation groupoid induced on the centre. This culminates in our
main technical result of that section — a kind of measurable local-to-global principle for

absorbing a given strongly self-absorbing action, Theorem 4.10 — which is then used to

prove a stronger version of Theorem A for actions on semifinite von Neumann algebras.
The general main results are then obtained in the fifth section with the help of Tomita–

Takesaki theory. It is in this step that it becomes obvious why we want to treat Theorem C

beyond the case of discrete groups. Namely, if α : G�M is an action as in Theorem A
on a von Neumann algebra that is not semifinite, we may consider the extended action

α̃ : G � M̃ on the (semifinite) continuous core. However, in order to conclude that α

absorbs δ with the help of Tomita–Takesaki theory, it is not sufficient to argue that α̃

absorbs δ, but one actually needs to verify this absorption for certain enlargements of
these actions to continuous actions of G×R, which, in any case, requires Theorem C for

nondiscrete groups. Fortunately, this can all be arranged to work, and we end the last

section with the proofs of our main results.

1. Preliminaries

Throughout the paper, ω denotes a fixed free ultrafilter on N and G denotes a second-

countable, locally compact group. Let M be a von Neumann algebra with predual M∗.
For x ∈ M and φ ∈ M∗, we define elements xφ,φx and [x,φ] ∈ M∗ by (xφ)(y) = φ(yx),

https://doi.org/10.1017/S1474748024000057 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748024000057


Dynamical McDuff-type properties 5

(φx)(y) = φ(xy) for all y ∈ M and [x,φ] = xφ−φx. Moreover, for x ∈ M and φ ∈ M∗,
we set ‖x‖φ = φ(x∗x)1/2 and ‖x‖�φ = φ(x∗x+xx∗)1/2. When φ is a faithful normal state,

the norms ‖ · ‖φ and ‖ · ‖�φ induce the strong and strong-∗ topology on bounded sets,

respectively. More generally, when φ is a normal weight on M, we define ‖x‖φ := φ(x∗x)1/2

for all x contained in the left-ideal

{x ∈M | φ(x∗x)<∞}.

Recall that M is called σ-finite if it admits a faithful normal state. Throughout, the

symbol R is used to denote the hyperfinite II1 factor. A von Neumann algebra M is said

to have the McDuff property, if M is isomorphic to M⊗̄R.

1.1. Ultrapowers of von Neumann algebras

We start with a reminder on the Ocneanu ultrapower of a von Neumann algebra and

related concepts. This originates in [8, Section 2] and [31, Section 5], but the reader is

also referred to [4] for a thorough exposition on ultrapower constructions.

Definition 1.1. Let M be a σ-finite von Neumann algebra. We define the subset
Iω(M)⊂ �∞(M) by

Iω(M) = {(xn)n∈N ∈ �∞(M) | xn → 0∗ -strongly as n→ ω}
= {(xn)n∈N ∈ �∞(M) | lim

n→ω
‖xn‖�φ = 0 for some faithful normal state φ on M}.

Denote

Nω(M) = {(xn)n∈N ∈ �∞(M) | (xn)n∈NIω(M)⊂ Iω(M), and Iω(M)(xn)n∈N ⊂ Iω(M)},
Cω(M) = {(xn)n∈N ∈ �∞(M) | lim

n→ω
‖[xn,φ]‖= 0 for all φ ∈M∗}.

Then

Iω(M)⊂ Cω(M)⊂Nω(M).

The Ocneanu ultrapower Mω of M is defined as

Mω :=Nω(M)/Iω(M),

and the asymptotic centralizer Mω of M is defined as

Mω := Cω(M)/Iω(M).

These are both von Neumann algebras. Any faithful normal state φ on M induces a

faithful normal state φω on Mω via the formula

φω((xn)n∈N) = lim
n→ω

φ(xn).

The restriction of φω to Mω is a tracial state.

Remark 1.2. Since the constant sequences are easily seen to be contained in Nω(M),

one considers M as a subalgebra of Mω. If limn→ω ‖[xn,φ]‖ = 0 for all φ ∈ M∗, then
limn→ω ‖[xn,y]‖�φ = 0 for all y ∈M by [8, Proposition 2.8]. In this way, we get a natural
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6 G. Szabó and L. Wouters

inclusionMω ⊂Mω∩M ′. That same proposition also shows that in order to check whether

a sequence (xn)n in �∞(M) satisfies limn→ω ‖[xn,ψ]‖=0 for all ψ ∈M∗, it suffices to check

if this is true for just a single faithful normal state φ and to check if limn→ω ‖[xn,y]‖�φ = 0
for all y ∈ M . This shows that Mω = Mω ∩M ′ whenever M admits a faithful normal

tracial state. The same is then true for all semifinite von Neumann algebras with separable

predual (for example, by [26, Lemma 2.8]).

Definition 1.3. A continuous action α : G�M of a second-countable locally compact

group on a von Neumann algebra is a homomorphism G→Aut(M), g �→ αg, such that

lim
g→1G

‖ϕ◦αg −ϕ‖= 0 for all ϕ ∈M∗.

By [50, Proposition X.1.2], this is equivalent to the map being continuous for the point-
weak-∗ (or, equivalently, point-weak, point-strong, and so on) topology. In most contexts,

we omit the word ‘continuous,’ as it will be implicitly understood that we consider some

actions to be continuous. In contrast, we will explicitly talk of an algebraic G-action when
we are considering an action of G viewed as a discrete group.

Given an action α : G � M , the induced algebraic actions αω : G → Aut(Mω) and

αω : G→Aut(Mω) are usually not continuous. The remainder of this subsection is devoted

(for lack of a good literature reference) to flesh out the construction of their ‘largest’ von

Neumann subalgebras, where the action is sufficiently well-behaved for our needs, called
the (α,ω)-equicontinuous parts (see Definition 1.9). These constructions and proofs are

based on [26, Section 3], where the special case G=R is considered. The general definition

appeared first in [51, Section 2.1].

Definition 1.4. Let M be a σ-finite von Neumann algebra with an action α : G�M .

Fix a faithful normal state φ on M. An element (xn)n∈N ∈ �∞(M) is called (α,ω)-
equicontinuous if, for every ε > 0, there exists a set W ∈ ω and an open neighbourhood

1G ∈ U ⊂G, such that

sup
n∈W

sup
g∈U

‖αg(xn)−xn‖�φ < ε.

We denote the set of (α,ω)-equicontinuous sequences by Eω
α .

Remark 1.5. The definition above does not depend on the faithful normal state chosen.
Whenever φ and ψ are two faithful normal states on M, one has for every ε > 0 some

δ > 0, such that for all x ∈ (M)1, ‖x‖�φ < δ implies ‖x‖�ψ < ε.

Lemma 1.6. Let M be a von Neumann algebra with faithful normal state φ. For all

(xn)n∈N ∈ Nω(M), the following holds: For any ε > 0 and compact set Ψ ⊂ M+
∗ , there

exists a δ > 0 and W ∈ ω, such that if y ∈ (M)1 and ‖y‖�φ < δ, then supψ∈Ψ ‖xny‖�ψ < ε

and supψ∈Ψ ‖yxn‖�ψ < ε for all n ∈W .
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Proof. We prove this by contradiction. Suppose that there exists ε > 0 and a compact
set Ψ⊂M+

∗ , such that for any k ∈N, there exists a yk ∈ (M)1 with ‖yk‖�φ < 1/k, but the

following set belongs to ω:

Ak :=
{
n ∈ N

∣∣∣ sup
ψ∈Ψ

‖xnyk‖�ψ ≥ ε or sup
ψ∈Ψ

‖ykxn‖�ψ ≥ ε
}
.

Define W0 :=N and Wk :=A1∩. . .∩Ak∩ [k,∞) for k ≥ 1. These all belong to ω. For each
n ∈ N, define k(n) as the unique number k ≥ 0 with n ∈ Wk \Wk+1. Put zn := yk(n) if

k(n) ≥ 1, else put zn := 1M . Note that for all n ∈Wm, we get that ‖zn‖�φ = ‖yk(n)‖�φ <
1

k(n) ≤
1
m . Therefore, it holds that (zn)n∈N ∈ Iω(M). Since (xn)n∈N ∈ Nω(M), it follows

that also (xnzn)n∈N and (znxn)n∈N belong to Iω(M). Hence, we get that for all ψ ∈Ψ

lim
n→ω

(
‖xnzn‖�ψ +‖znxn‖�ψ

)
= 0.

Since Ψ is compact, we also have

lim
n→ω

sup
ψ∈Ψ

(
‖xnzn‖�ψ +‖znxn‖�ψ

)
= 0.

This gives a contradiction, since our choice of zn implies that for all n ∈W1

sup
ψ∈Ψ

(
‖xnzn‖�ψ +‖znxn‖�ψ

)
≥ ε.

Lemma 1.7. Let M be a σ-finite von Neumann algebra with action α :G�M . For any

two sequences (xn)n∈N,(yn)n∈N ∈ Eω
α ∩Nω(M), it follows that (xnyn)n∈N ∈ Eω

α .

Proof. Without loss of generality, we may assume supn∈N ‖xn‖ ≤ 1
2 and supn∈N ‖yn‖ ≤ 1

2 .
Fix a faithful normal state φ on M. Let K ⊂G be a compact neighbourhood of the neutral

element. Take ε > 0 arbitrarily. By Lemma 1.6, there exists δ > 0 and W1 ∈ ω, such that

for every z ∈ (M)1 with ‖z‖�φ < δ, one has

sup
g∈K

‖xnz‖�φ◦αg
<

ε

2
and ‖zyn‖�φ <

ε

2
for all n ∈W1.

Since (xn)n∈N and (yn)n∈N both belong to Eω
α , we can find an open U ⊂ K containing

the neutral element, and a W2 ∈ ω, such that

sup
n∈W2

sup
g∈U

‖αg(xn)−xn‖�φ < δ, and

sup
n∈W2

sup
g∈U

‖αg−1(yn)−yn‖�φ < δ.

Then for g ∈ U and n ∈W1∩W2, we have

‖αg(xn)αg(yn)−xnyn‖�φ ≤ ‖αg(xn)(αg(yn)−yn)‖�φ+‖(αg(xn)−xn)yn‖�φ
= ‖xn(αg−1(yn)−yn)‖�φ◦αg

+‖(αg(xn)−xn)yn‖�φ
<

ε

2
+

ε

2
= ε.

This ends the proof.
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8 G. Szabó and L. Wouters

Lemma 1.8. Let M be a σ-finite von Neumann algebra with an action α :G�M . Then:

(1) Suppose (xn)n∈N,(yn)n∈N ∈ �∞(M) satisfy (xn−yn)n∈N ∈ Iω(M). Then (xn)n∈N ∈
Eω
α , if and only if (yn)n∈N ∈ Eω

α .

(2) Eω
α ∩Nω(M) is an α-invariant C∗-subalgebra of �∞(M).

Proof. Fix a faithful normal state φ on M. We first prove (1). Let ε > 0. We can choose
W ∈ ω and an open neighbourhood 1G ∈ U ⊂G, such that

sup
n∈W

sup
g∈U

‖αg(xn)−xn‖�φ <
ε

2
.

Without loss of generality, we may assume that K = U is compact. Consider

sn := supg∈K ‖xn − yn‖�φ◦αg
. Since K is compact and (xn−yn)n∈N ∈ Iω(M), we have

limn→ω sn = 0. Hence, after possibly replacing W by a smaller set in the ultrafilter, we
can assume that sn < ε/4 for all n ∈W . We may conclude for all g ∈ U and n ∈W that

‖αg(yn)−yn‖�φ ≤ ‖αg(yn)−αg(xn)‖�φ+‖αg(xn)−xn‖�φ+‖xn−yn‖�φ
≤ 2sn+

ε

2
< ε.

Since ε > 0 was arbitrary, (yn)n∈N belongs to Eω
α .

Let us prove (2). Clearly, Eω
α is a ∗-closed, norm-closed linear subspace of �∞(M). The

previous lemma shows that Eω
α ∩Nω(M) is closed under multiplication. To see that Eω

α is

α-invariant, take (xn)n∈N ∈ Eω
α and h∈G. Take ε> 0. We can find an open neighbourhood

1g ∈ U ⊂G and W ∈ ω, such that one has

sup
n∈W

sup
g∈U

‖αg(xn)−xn‖�φ◦αh
< ε.

Then for all g ∈ hUh−1 and n ∈W , we observe

‖αg(αh(xn))−αh(xn)‖�φ = ‖αh−1gh(xn)−xn‖�φ◦αh
< ε.

This shows that (αh(xn))n∈N ∈ Eω
α .

Definition 1.9. Let M be a σ-finite von Neumann algebra with an action α : G�M .

We define Mω
α := (Eω

α ∩Nω(M))/Iω and Mω,α :=Mω
α ∩Mω. We call them the (α,ω)-

equicontinuous parts of Mω and Mω, respectively.

Lemma 1.10. Let M be a σ-finite von Neumann algebra with an action α : G�M . Then

Mω
α and Mω,α are von Neumann algebras.

Proof. We show that Mω
α is a von Neumann algebra by showing that its unit ball is

closed with respect to the strong operator topology in Mω. Then it automatically follows

that Mω,α =Mω
α ∩Mω is also a von Neumann algebra. Take a sequence (Xk)k ∈ (Mω

α )1
that strongly converges to X ∈ (Mω)1. Fix a faithful normal state φ on M and a compact

neighbourhood of the neutral element K ⊂ G. Then the function K → (Mω)∗ given by

g �→ φω ◦αω
g is continuous (because φω ◦αω

g = (φ ◦αg)
ω). Hence, the set {φω ◦αω

g }g∈K
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is compact, and thus limn→∞ supg∈K ‖Xn −X‖�φω◦αω
g
= 0. Fix ε > 0. Pick representing

sequences (xk(n))n∈N and (x(n))n∈N for the elements Xk and X, respectively, such that

‖xk(n)‖ ≤ 1, ‖x(n)‖ ≤ 1, for all k,n ∈ N. Then we can find k0 ∈ N and W1 ∈ ω, such that

sup
n∈W1

sup
g∈K

‖xk0
(n)−x(n)‖�φ◦αg

<
ε

3
.

Since (xk0
(n))n∈N ∈ Eω

α , we can find an open neighbourhood 1G ∈ U ⊂ K and W2 ∈ ω,
such that

sup
n∈W2

sup
g∈U

‖αg(xk0
(n))−xk0

(n)‖�φ <
ε

3
.

Then for all g ∈ U and n ∈W1∩W2, it holds that

‖αg(x(n))−x(n)‖�φ ≤ ‖x(n)−xk0
(n)‖�φ◦αg

+‖αg(xk0
(n))−xk0

(n)‖�φ+‖xk0
(n)−x(n)‖�φ

<
ε

3
+

ε

3
+

ε

3
= ε.

This shows that (x(n))n∈N ∈ Eω
α , or, in other words, X ∈Mω

α .

Lemma 1.11. Let M be a σ-finite von Neumann algebra with an action α : G�M of a

second-countable locally compact group. Then αω restricted to Mω
α and αω restricted to

Mω,α are continuous G-actions.

Proof. Fix a faithful normal state φ on M. Since φω is faithful, {aφω | a ∈Mω
α } is dense

in (Mω
α )∗. For a ∈Mω

α and g ∈G, one has

‖(aφω)◦αω
g −aφω‖(Mω

α )∗ ≤ ‖αω
g−1(a)(φω ◦αω

g −φω)‖(Mω
α )∗‖+‖(αω

g−1(a)−a)φω‖(Mω
α )∗

≤ ‖a‖‖φ◦αg −φ‖M∗ +‖αω
g−1(a)−a‖φω .

When g → 1G, the first summand converges to zero because α is a continuous G-action

on M and the second summand converges to zero by definition as a ∈Mω
α . This shows

that αω restricts to a genuine continuous G-action on Mω
α , so the same is true for the

restriction of αω to Mω,α.

Lemma 1.12. Let M be a von Neumann algebra with a faithful normal state φ and an

action α : G�M . Let z ∈Mω
α , ε > 0, K ⊂G a compact set, and suppose that ‖αω

g (z)−
z‖�φω ≤ ε for all g ∈K. If (zn)n∈N is any bounded sequence representing z, then

lim
n→ω

max
g∈K

‖αg(zn)− zn‖�φ ≤ ε.

Proof. Let δ > 0. Then for each g ∈K, there exists an open neighbourhood g ∈ U ⊂ G

and Wg ∈ ω, such that

sup
n∈Wg

sup
h∈U

‖αh(zn)−αg(zn)‖�φ < δ.
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10 G. Szabó and L. Wouters

Since this obviously yields an open cover of K and K is compact, we can find finitely
many elements g1, . . . ,gN ∈K and an open covering K ⊂ ∪N

i=1Uj with gj ∈ Uj and some

W1 ∈ ω, such that for j = 1, . . . ,N , we have

sup
n∈W1

sup
g∈Uj

‖αg(zn)−αgj (zn)‖
�
φ < δ.

Since maxg∈K ‖αω
g (z)− z‖�φω ≤ ε, there exists W2 ∈ ω, such that for all n ∈ W2 and

j = 1, . . . ,N

‖αgj (zn)− zn‖�φ ≤ ε+ δ.

Hence, for an arbitrary g ∈K, there is some j ∈ {1, . . . ,N}, such that g ∈ Uj and

‖αg(zn)− zn‖�φ ≤ ‖αg(zn)−αgj (zn)‖
�
φ+‖αgj (zn)− zn‖�φ ≤ 2δ+ ε

for all n ∈W1∩W2. Since δ was arbitrary, this proves the claim.

1.2. Cocycle morphisms

Definition 1.13 (cf. [48, Definition 1.10]). Let α : G�M and β : G�N be two actions
of a second-countable locally compact group on von Neumann algebras. A (unital) cocycle

morphism from (M,α) to (N,β) is a pair (φ,u), where φ : M → N is a unital normal

∗-homomorphism and u : G → U(N) is a continuous map (in the strong operator
topology), such that for all g,h ∈G, we have

Ad(ug)◦βg ◦φ= φ◦αg and ugβg(uh) = ugh.

If u is the trivial map, we identify φ with (φ,1) and call φ equivariant.

Remark 1.14. As the arguments in [48, Subsection 1.3] show, the above endows the class

of continuous G-actions on von Neumann algebras with a categorical structure, whereby
the Hom-sets are given by cocycle morphisms. The composition is given via

(ψ,v)◦ (φ,u) := (ψ ◦φ,ψ(u)v)

for any pair of cocycle morphisms

(M,α)
(φ,u)−→ (N,β) and (N,β)

(ψ,v)−→ (L,γ).

We see, furthermore, that a cocycle morphism (φ,u) : (M,α) → (N,β) is invertible if

and only if φ is a ∗-isomorphism of von Neumann algebras, in which case, we have

(φ,u)−1 = (φ−1,φ−1(u)∗). If this holds, we call (φ,u) a cocycle conjugacy. We call two
actions α and β cocycle conjugate, denoted α �cc β, if there exists a cocycle conjugacy

between them.

Example 1.15. Let α : G�M be an action. Then every unitary v ∈ U(M) gives rise to

a cocycle conjugacy (
Ad(v),(vαg(v)

∗)g∈G

)
: (M,α)→ (M,α).
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We will also write this simply as Ad(v) when it is clear from context that we are talking

about cocycle morphisms. When β : G�N is another action and (φ,u) : (M,α)→ (N,β)

is a cocycle conjugacy, then

(φ,u)◦Ad(v) = Ad(φ(v))◦ (φ,u).

Definition 1.16. Let α :G�M and β : G�N be two actions on finite von Neumann

algebras M and N. Let τN be a faithful normal tracial state on N. Let (φ,u) and

(ψ,v) be two cocycle morphisms from (M,α) to (N,β). We say that (φ,u) and (ψ,v)
are approximately unitarily equivalent if there exists a net of unitaries wλ ∈ U(N), such

that ‖wλφ(x)w
∗
λ −ψ(x)‖τN → 0 for all x ∈ M and maxg∈K ‖wλugβg(wλ)

∗ −vg‖τN → 0

for every compact set K ⊆G. We denote the relation of approximate unitary equivalence
by ≈u.

2. One-sided intertwining

In this section, we prove a version of [46, Lemma 2.1] (which goes back to [41, Proposition

2.3.5]) for group actions on semifinite von Neumann algebras. First, we prove the following
intermediate lemma:

Lemma 2.1. Let M,N be von Neumann algebras, and let τN be a faithful, normal,

semifinite trace on N. Consider a sequence of ∗-homomorphisms (θn : M → N)n∈N and
a ∗-isomorphism θ : M → N , such that τN ◦ θ = τN ◦ θn for all n ∈ N. Let X ⊂ (M)1
be a dense subset in the strong operator topology that contains a sequence of projections

(pn)n∈N converging strongly to 1M with τN (θ(pn))<∞. If θn(x)→ θ(x) strongly as n→∞
for every x ∈X, then θn → θ in the point-strong topology as n→∞.

Proof. Take y ∈ (M)1. Since the sequence (θ(pn))n∈N converges strongly to 1N , it suffices

to show that for all k ∈ N

(θ(y)−θn(y))θ(pk)→ 0 strongly as n→∞.

Fix k ∈ N and a ∈N , such that τN (a∗a)<∞. Given ε > 0, there exists x ∈X, such that

‖θ(x−y)θ(pk)‖τN <
ε

4‖a‖ .

Then there exists n0 ∈ N, such that for all n≥ n0

‖(θ(xpk)−θn(xpk))a‖τN <
ε

4
and ‖(θ(pk)−θn(pk))a‖τN <

ε

4
.

For all n≥ n0, we then get that

‖(θ(y)−θn(y))θ(pk)a‖τN ≤ ‖θ(x−y)θ(pk)a‖τN +‖θn(x−y)θn(pk)a‖τN
+‖(θ(xpk)−θn(xpk))a‖τN +‖θn(y)(θ(pk)−θn(pk))a‖τN

< 2‖a‖‖θ(x−y)θ(pk)‖τN + ε/4+‖(θ(pk)−θn(pk))a‖τN
< ε.

As k and a were arbitrary, this proves the claim.

https://doi.org/10.1017/S1474748024000057 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748024000057


12 G. Szabó and L. Wouters

Lemma 2.2. Let G be a second-countable locally compact group. Let M and N be two
von Neumann algebras with separable predual and faithful normal semifinite traces τM and

τN , respectively. Let α : G � M and β : G � N be two actions. Let ρ : (M,α) → (N,β)

be a unital equivariant normal ∗-homomorphism with τN ◦ρ= τM . Suppose there exists a
faithful normal state φ on N and a sequence of unitaries (wn)n∈N in U(N) satisfying

• Ad(wn)◦ρ→ ρ in the point-strong topology;
• For all y ∈ (N)1, there exists a sequence (xn)n∈N ⊂ (M)1, such that y −

wnρ(xn)w
∗
n → 0 in the strong operator topology;

• maxg∈K ‖βg(w
∗
n)−w∗

n‖φ → 0 for every compact subset K ⊆G.

Then ρ(Z(M)) =Z(N), and there exists a cocycle conjugacy (θ,v) between α and β with

θ|Z(M) = ρ|Z(M). In case τN is finite, the existence of such a sequence of unitaries for

φ = τN is equivalent to the condition that ρ is approximately unitarily equivalent to a
cocycle conjugacy.

Proof. We note right away that the first two conditions above can always be tested on

self-adjoint elements, hence, one can equivalently state them with the strong-∗ topology.

Denote

m := {x ∈M | τM (x∗x)<∞}⊂M.

We let L2(M,τM ) denote the GNS-Hilbert space of M with respect to τM . Similarly, we

use the notation L2(N,τN ). Choose a countable subset X = {xn}n∈N in (M)1, such that
X ∩m is ‖ · ‖τM -dense in (m)1. Take a strongly dense sequence {yn}n∈N in (N)1. Choose

an increasing sequence of compact subsets Kn ⊆G, such that the union is all of G.

We are going to create a map θ :M →N via an inductive procedure. For the first step,

we choose x1,1 ∈ (M)1 and z1 ∈ U(N), such that

• ‖z1ρ(x1)z
∗
1 −ρ(x1)‖�φ ≤ 1/2;

• ‖y1−z1ρ(x1,1)z
∗
1‖φ ≤ 1/2;

• maxg∈K1
‖βg(z

∗
1)−z∗1‖φ ≤ 1/2.

Now assume that after the n-th step of the induction, we have found z1, . . . ,zn ∈ U(N)

and {xl,j}j≤l≤n ⊂ (M)1, such that

(1) ‖znρ(xj)z
∗
n−ρ(xj)‖�φ◦Ad(z1...zn−1)

≤ 2−n for j = 1, . . . ,n;

(2) ‖znρ(xl,j)z
∗
n−ρ(xl,j)‖�φ◦Ad(z1...zn−1)

≤ 2−n for l = 1, . . . ,n−1 and j = 1, . . . ,l;

(3) ‖z∗n−1 . . . z
∗
1yjz1 . . . zn−1− znρ(xn,j)z

∗
n‖φ◦Ad(z1...zn−1) ≤ 2−n for j = 1, . . . ,n;

(4) maxg∈Kn
‖βg(z

∗
n)− z∗n‖φ◦Ad(z1...zn−1) ≤ 2−n and

maxg∈Kn
‖βg(z

∗
n)− z∗n‖φ◦Ad(βg(z1...zn−1)) ≤ 2−n.

Then, by our assumptions, we can find zn+1 ∈ U(N) and {xn+1,j}j≤n+1 ⊂ (M)1, such

that

• ‖zn+1ρ(xj)z
∗
n+1−ρ(xj)‖�φ◦Ad(z1...zn)

≤ 2−(n+1) for j = 1, . . . ,n+1;

• ‖zn+1ρ(xl,j)z
∗
n+1−ρ(xl,j)‖�φ◦Ad(z1...zn)

≤ 2−(n+1) for l = 1, . . . ,n and j = 1, . . . ,l;
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• ‖z∗n . . . z∗1yjz1 . . . zn−zn+1ρ(xn+1,j)z
∗
n+1‖φ◦Ad(z1...zn) ≤ 2−(n+1) for j = 1, . . . ,n+1;

• maxg∈Kn+1
‖βg(z

∗
n+1)−z∗n+1‖φ◦Ad(z1...zn) ≤ 2−(n+1) and

maxg∈Kn+1
‖βg(z

∗
n+1)−z∗n+1‖φ◦Ad(βg(z1...zn)) ≤ 2−(n+1).

We carry on inductively and obtain a sequence of unitaries (zn)n∈N in U(N) and a
family {xn,j}n∈N,j≤n ⊂ (M)1. For each n ∈ N, we define un = z1 . . . zn and the normal

∗-homomorphism θn : M →N by θn =Ad(un)◦ρ. For n >m and j = 1, . . . ,m+1, we get

‖θn(xj)−θm(xj)‖�φ ≤
n−1∑
k=m

‖θk+1(xj)−θk(xj)‖�φ

=

n−1∑
k=m

‖zk+1ρ(xj)z
∗
k+1−ρ(xj)‖�φ◦Ad(z1...zk)

(1)

≤
n−1∑
k=m

2−k−1.

We see that for all j ∈ N, the sequence (θn(xj))n∈N is norm-bounded and Cauchy with

respect to ‖ · ‖�φ. This means that it converges to some element in N in the strong-∗-
operator topology. A similar calculation using (2) shows that for n >m≥ l ≥ j

‖θn(xl,j)−θm(xl,j)‖�φ <
n−1∑
k=m

2−k−1, (2.1)

so the sequence (θn(xl,j))n∈N also converges in the strong-∗-operator topology for all j ≤ l.

Since θn is a ∗-homomorphism for all n∈N, we conclude that, restricted to the C∗-algebra
A⊂M generated by {xn}n∈N∪{xl,j}j≤l, the sequence (θn)n∈N converges point-∗-strongly
to a ∗-homomorphism θ′ : A→N . Since A contains a ‖·‖τM -dense subset of m, and clearly

τN ◦ θ′ = τM |A, there is a unique isometry T : L2(M,τM )→ L2(N,τN ) induced from the

formula T [a] = [θ′(a)] for all a ∈A∩m. Then the normal ∗-homomorphism

θ : M →N : x �→ TxT ∗

extends θ′ and
(
θn

∣∣
m

)
n∈N

converges point-strongly to θ|m.
We claim that θ is an isomorphism. Clearly, τN ◦ θ = τM , and so θ is injective. By

applying (3), we find for all m≥ j that

‖θm(xm,j)−yj‖φ = ‖zmρ(xm,j)z
∗
m− z∗m−1 . . . z

∗
1yjz1 . . . zm−1‖φ◦Ad(z1...zm−1) < 2−m.

Combining this with (2.1) for l =m and n→∞, we find that

‖θ(xm,j)−yj‖φ ≤ ‖θ′(xm,j)−θm(xm,j)‖φ+‖θm(xm,j)−yj‖φ ≤ 2−m+2−m = 2−m+1.

Since the yj are strongly dense in the unit ball of N and θ is normal, this implies
surjectivity of θ. By Lemma 2.1, it then follows that θn → θ point-strongly as n → ∞.

Since θn is a unitary perturbation of ρ for each n, this implies ρ|Z(M) = θn|Z(M) → θ|Z(M)

and, in particular, ρ(Z(M)) = θ(Z(M)) = Z(N).
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14 G. Szabó and L. Wouters

For n >m and g ∈Km+1, we have

‖z1 . . . znβg(z
∗
n . . . z

∗
1)− z1 . . . zmβg(z

∗
m . . . z∗1)‖�φ

≤
n−1∑
k=m

‖z1 . . . zk(zk+1βg(z
∗
k+1)−1)βg(z

∗
k . . . z

∗
1)‖�φ

=

n−1∑
k=m

(
‖βg(z

∗
k+1)− z∗k+1‖2φ◦Ad(βg(z1...zk))

+‖βg(z
∗
k+1)− z∗k+1‖2φ◦Ad(z1...zk)

)1/2
(4)

≤
√
2

n−1∑
k=m

2−(k+1).

From this calculation, we see that for every g ∈G, the sequences (z1 . . . znβg(z
∗
n . . . z

∗
1))n∈N

are Cauchy with respect to ‖·‖�φ, with uniformity on compact sets. It follows that for every

g ∈G, the strong-∗ limit vg = limn→∞unβg(u
∗
n) exists in U(N) and that this convergence

is uniform (w.r.t. ‖ ·‖�φ) on compact sets. Since β is point-strong continuous, this implies

the continuity of the assignment g �→ vg. Moreover, for each g ∈ G and x ∈M , we have

the equalities of limits with respect to the strong operator topology:

(θ ◦αg)(x) = lim
n→∞

(Ad(un)◦ρ◦αg)(x)

= lim
n→∞

(Ad(un)◦βg ◦ρ)(x)

= lim
n→∞

unβg(u
∗
n)βg(unρ(x)u

∗
n)βg(un)u

∗
n

= (Ad(vg)◦βg ◦θ)(x).

It follows that (θ,v) is a cocycle conjugacy.

For the last part of the statement, assume that τN is finite. Then our previous
calculations show that in the above situation, ρ is approximately unitarily equivalent to θ.

Conversely, suppose ρ is approximately unitarily equivalent to a cocycle conjugacy (θ,v).

In particular, there exists a sequence (un)n∈N ∈U(N), such that ‖unρ(x)u
∗
n−θ(x)‖τN → 0

for all x ∈M and ‖unβg(u
∗
n)−vg‖τN → 0 uniformly over compact subsets of G. Choose

a sequence {yn}n∈N ⊂ (N)1 that is strongly dense in (N)1. For all k,n ∈ N, define

xn,k = θ−1(unyku
∗
n). Then choose an increasing sequence (m(n))n∈N ⊂ N, such that

lim
n→∞

‖θ(xn,k)−um(n)ρ(xn,k)u
∗
m(n)‖τN = 0 for k ∈ N.

Define wn := u∗
num(n). One can check that these satisfy the assumptions in the lemma.

3. Strongly self-absorbing actions

Definition 3.1 (cf. [48, Definition 5.1]). Let α : G�M and δ : G� N be two actions

of a second-countable locally compact group on finite von Neumann algebras M and N

with separable predual. We say that α strongly absorbs δ if the equivariant embedding

idM ⊗1N : (M,α)→ (M⊗̄N,α⊗ δ)

is approximately unitarily equivalent to a cocycle conjugacy.
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Definition 3.2. Let G be a second-countable locally compact group. Let δ : G�R be an
action on the hyperfinite II1 factor. We say that δ is strongly self-absorbing, if δ strongly

absorbs δ.

Definition 3.3. Let G be a second-countable locally compact group. Let α : G�R be
an action on the hyperfinite II1 factor. We say α has approximately inner half-flip if the

two equivariant embeddings

idR⊗1R,1R⊗ idR : (R,α)→ (R⊗̄R,α⊗α)

are approximately unitarily equivalent (as cocycle morphisms).

Remark 3.4. It is well-known that any infinite-dimensional tracial von Neumann algebra

N with approximately inner half-flip in the above sense (withG= {1}) must be isomorphic

to R. Indeed, it is clear that N must have a trivial centre, which implies that it is a II1
factor. Then N ∼= R follows from [10, Theorem 5.1] under the stronger condition that

the flip automorphism on N⊗̄N is approximately inner, but the weaker condition is seen

to be enough via Connes’s theorem and the obvious modification of the proof of [13,

Proposition 2.8] that shows the semidiscreteness of N.

Example 3.5. For any second-countable locally compact group G, the trivial action

idR : G�R has approximately inner half-flip as a consequence of the flip automorphism
on a tensor product of matrix algebras Mn(C)⊗Mn(C) being inner. It is also seen to be

a strongly self-absorbing action.

Remark 3.6. Clearly, if a given action α :G�M is cocycle conjugate to α⊗ idR :G�

M⊗̄R, then the naturality of the crossed product construction implies that M �αG is

a von Neumann algebra with the McDuff property. We can use this to argue why the

statement in Theorem A does not extend to the case of actions of topological groups.
Let us pick any ergodic measure-preserving transformation T : (X,μ) → (X,μ) on a

standard probability space. Then the crossed product von Neumann algebra L∞(X)�T Z

is well-known to be isomorphic to R. If we use this identification to induce a circle action

α : T�R from the dual action, then it follows with Takesaki–Takai duality [50, Chapter
X, Theorem 2.3] that R�αT

∼= B(�2(Z))⊗̄L∞(X). By what we observed above, it follows

that α cannot be cocycle conjugate to α⊗ idR.

Theorem 3.7. Let G be a second-countable locally compact group. Let α : G � M be
an action on a semifinite von Neumann algebra with separable predual. Suppose that

δ : G�R is an action with approximately inner half-flip, such that there exists a unital

equivariant ∗-homomorphism (R,δ)→ (Mω,α,αω). Then there exists a cocycle conjugacy
(θ,v) : (M,α)→ (M⊗̄R,α⊗ δ) with θ|Z(M) = idZ(M)⊗1R. If M is finite, then α strongly

absorbs δ.

Proof. Fix a faithful normal state φ on M. Let π : (R,δ) → (Mω,α,αω) be a unital
equivariant ∗-homomorphism. We obtain an induced a map on the algebraic tensor

product

R�M →Mω
α via x⊗m �→ π(x)m.
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Since for each m ∈M+ the map x �→ φω(π(x)m) defines a positive tracial functional on

R, we see that it must be equal to some multiple of the unique tracial state τ on R, and

hence, we get for each x ∈R and m ∈M that

φω(π(x)m) = τ(x)φ(m) = (τ ⊗φ)(x⊗m).

So we see that the map sends the faithful normal state τ ⊗φ to φω, and hence, it extends

to a unital normal ∗-homomorphism R⊗̄M → Mω
α , which, moreover, is (δ⊗α)-to-αω

equivariant. In this way, we get a unital equivariant normal ∗-homomorphism

(R⊗̄R⊗̄M,δ⊗ δ⊗α)→ (R⊗̄Mω
α ,δ⊗αω),

given by x1 ⊗ x2 ⊗m �→ x1 ⊗ (φ(x2)m). Composing with the canonical inclusion map

ι : R⊗̄Mω
α �→ (R⊗̄M)ωδ⊗α, we get a unital and equivariant normal ∗-homomorphism

Φ: (R⊗̄R⊗̄M,δ⊗ δ⊗α)→ ((R⊗̄M)ωδ⊗α,(δ⊗α)ω),

such that

Φ(x⊗1R⊗m) = x⊗m for all x ∈R,m ∈M,

and

Φ(1R⊗R⊗M)⊂ ι(1R⊗Mω
α ).

Since δ has approximately inner half-flip, we can choose a sequence of unitaries (vn)n∈N

in R⊗̄R, such that maxg∈K ‖vn − (δ⊗ δ)g(vn)‖τ⊗τ → 0 for all compact subsets K ⊆ G

and ‖x⊗1R−vn(1R⊗x)v∗n‖τ⊗τ → 0 for all x ∈R.

Define un := Φ(vn⊗1M )⊂ (R⊗̄M)ωδ⊗α. This sequence of unitaries satisfies

• [un,1R⊗m] = Φ([vn⊗1M,1R⊗̄R⊗m]) = 0 for all m ∈M ;
• Φ(1R⊗x⊗m) ∈ ι(1R⊗Mω

α ) and

lim
n→∞

unΦ(1R⊗x⊗m)u∗
n = lim

n→∞
Φ((vn⊗1M )(1R⊗x⊗m)(v∗n⊗1M ))

= Φ(x⊗1R⊗m)

= x⊗m,

where the limit is taken with respect to the strong operator topology;
• max

g∈K
‖u∗

n− (δ⊗α)ωg (u
∗
n)‖(τ⊗φ)ω =max

g∈K
‖(v∗n− (δ⊗ δ)g(v

∗
n))⊗1M‖τ⊗τ⊗φ → 0 for all

compact K ⊆G.

Each un can be lifted to a sequence of unitaries (z
(k)
n )k∈N in Eω

δ⊗α∩Nω(R⊗̄M). Applying

a diagonal sequence argument to the (z
(k)
n )k∈N and using Lemma 1.12, we can obtain a

sequence of unitaries (wn)n∈N in R⊗̄M , such that

• Ad(wn)(1R⊗m)−1R⊗m→ 0 strongly for all m ∈M .
• infm∈(M)1 ‖x−wn(1R⊗m)w∗

n‖τ⊗φ → 0 for x ∈ (R⊗̄M)1.
• maxg∈K ‖w∗

n− (δ⊗α)g(w
∗
n)‖τ⊗φ → 0 for every compact subset K ⊆G.
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We conclude that the map 1R⊗ idM : (M,α)→ (R⊗̄M,δ⊗α) satisfies all the necessary

conditions to apply Lemma 2.2. This completes the proof.

Theorem 3.8. Let G be a second-countable locally compact group. Let δ :G�R be an

action on the hyperfinite II1 factor. Then δ is strongly self-absorbing if and only if it

has approximately inner half-flip and there exists a unital equivariant ∗-homomorphism
(R,δ)→ (Rω,δ,δω).

Proof. The ‘if’ direction follows immediately from the previous proposition. To prove the
other direction, we assume that δ is strongly self-absorbing and reproduce an argument

analogous to [52, Proposition 1.4] and [48, Proposition 5.5]. Denote the unique tracial state

on R by τ . Let (φ,u) : (R,δ)→ (R⊗̄R,δ⊗δ) be a cocycle conjugacy and un ∈ U(R⊗̄R) a
sequence of unitaries, such that

lim
n→∞

max
g∈K

‖un(δ⊗ δ)g(u
∗
n)−ug‖τ⊗τ = 0 for every compact K ⊆G (3.1)

and

lim
n→∞

‖φ(x)−un(x⊗1)u∗
n‖τ⊗τ = 0 for all x ∈R.

Note that

Ad(u∗
n)◦φ◦ δg =Ad(u∗

nug(δ⊗ δ)g(un))◦ (δ⊗ δ)g ◦Ad(u∗
n)◦φ.

As a consequence of (3.1), then for every compact K ⊆G, one has

lim
n→∞

max
g∈K

sup
x∈(R)1

‖(Ad(u∗
n)◦φ◦ δg)(x)− ((δ⊗ δ)g ◦Ad(u∗

n)◦φ)(x)‖τ⊗τ = 0. (3.2)

In particular, applying this to x= φ−1(un) and using that (τ ⊗ τ) = τ ◦φ−1 yields

lim
n→∞

max
g∈K

‖(Ad(φ−1(u∗
n))◦ δg)(φ−1(un))− (φ−1 ◦ (δ⊗ δ)g)(un)‖τ = 0.

Combining this with (3.1) again, one gets

lim
n→∞

max
g∈K

‖φ−1(u∗
n)δg(φ

−1(un))−φ−1(u∗
g)‖τ⊗τ = 0 for every compact K ⊆G. (3.3)

First, we prove that δ has approximately inner half-flip. Define the cocyle morphism
(ψ,v) := (φ,u)−1 ◦ (1R⊗ idR). Note that

1R⊗ idR = (φ,u)◦ (ψ,v)
≈u (idR⊗1R)◦ (ψ,v)
= (ψ⊗1R,v⊗1).

Applying the equivariant flip automorphism to both sides of this equivalence, we get that

idR⊗1R ≈u (1R⊗ψ,1⊗v). (3.4)
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18 G. Szabó and L. Wouters

We also get

(ψ⊗1R,v⊗1) = (φ−1⊗ idR,φ
−1(u)∗⊗1)◦ (1R⊗ idR⊗1R)

(3.4)
≈ u (φ−1⊗ idR,φ

−1(u)∗⊗1)◦ (1R⊗1R⊗ψ,1⊗1⊗v)

= (1R⊗ψ,φ−1(u)∗⊗v)

(3.3)
≈ u (1R⊗ψ,1⊗v).

By transitivity, we get that 1R⊗ idR ≈u idR⊗1R.
Next, we prove the existence of a unital equivariant ∗-homomorphism (R,δ) →

(Rω,δ,δω). Define the sequence of trace-preserving ∗-homomorphisms

χn = φ−1 ◦Ad(un)◦ (1R⊗ idR).

We conclude from (3.2) that for all x ∈R

lim
n→∞

max
g∈K

‖δg(χn(x))−χn(δg(x))‖τ = 0.

From this and the fact that all χn are trace-preserving, it also follows that (χn(x))n∈N

belongs to Eω
α . Moreover, for any x,y ∈R

lim
n→∞

‖[x,χn(y)]‖τ = lim
n→∞

‖[φ(x),un(1⊗y)u∗
n]‖τ⊗τ

= lim
n→∞

‖un[x⊗1,1⊗y]u∗
n‖τ⊗τ

= 0.

So, the maps χn induce a unital equivariant ∗-homomorphism (R,δ)→ (Rω,δ,δω).

The following can be seen as a direct generalization of the famous McDuff theorem [30]
to actions on semifinite von Neumann algebras.

Corollary 3.9. Let G be a second-countable locally compact group. Let α :G�M be an

action on a semifinite von Neumann algebra with separable predual, and let δ : G � R
be a strongly self-absorbing action on the hyperfinite II1 factor. Then the following are
equivalent:

(1) There exists a cocycle conjugacy (θ,v) : (M,α) → (M⊗̄R,α⊗ δ) with θ|Z(M) =

idZ(M)⊗1R;

(2) α�cc α⊗ δ;

(3) There exists a unital equivariant ∗-homomorphism (R,δ)→ (Mω,α,αω).

Proof. The implication (1)⇒(2) is tautological. Since strong self-absorption implies
approximately inner half-flip by Proposition 3.8, the implication (3)⇒(1) follows from

Proposition 3.7.

In order to prove (2)⇒(3), it is enough to show that there exists a unital equivariant
∗-homomorphism (R,δ)→ ((M⊗̄R)ω,α⊗δ,(α⊗δ)ω). We know there exists a unital equiv-

ariant ∗-homomorphism (R,δ)→ (Rω,δ,δω) by Proposition 3.8. Since the latter is unitally

and equivariantly contained in ((M⊗̄R)ω,α⊗δ,(α⊗ δ)ω), this finishes the proof.
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The following lemma is a straightforward application of the noncommutative Rokhlin
Theorem of Masuda [25, Theorem 4.8].2 In the proof, we use the following convention:

Let G be a discrete amenable group, ε > 0 and S ⊂⊂ G. We say that F ⊂⊂ G is

(S,ε)-invariant if ∣∣∣F ∩
⋂
g∈S

g−1F
∣∣∣ > (1− ε)|F |.

Lemma 3.10. Let α : G � M be an action of a countable discrete group on a McDuff
factor with separable predual. Let N ⊆G be the normal subgroup consisting of all elements

g ∈G, such that αω,g ∈Aut(Mω) is trivial. Suppose that the quotient group G0 =G/N is

amenable with quotient map π :G→G0. Let δ :G0 �R be an action with induced G-action
δπ = δ ◦π. Then there exists an equivariant unital ∗-homomorphism (R,δπ)→ (Mω,αω).

Proof. Consider the induced faithful action γ :G0 �Mω via γgN =αω,g. Then clearly the
claim is equivalent to finding a G0-equivariant unital ∗-homomorphism (R,δ)→ (Mω,γ).

Let us introduce some notation. Let (xn)n∈N ∈ �∞(M) be a sequence representing an

element X ∈Mω. Then we set τω(X) = limn→ω xn, where the limit is taken in the σ-weak
topology. Since M is a factor and τω(X) is central, this limit belongs to C. For any φ∈M∗
we have

φω(X) = lim
n→ω

φ(xn) = φ(τω(X)) = τω(X).

In particular, τω defines a normal faithful tracial state on Mω, and we denote ‖X‖1 =
τω(|X|).
Since M is McDuff, we can find a unital ∗-homomorphism Φ :R→Mω. Fix ε > 0 and a

symmetric finite subset S ⊂⊂G0 containing the neutral element. By [31, Lemmas 5.6 and

5.7], we are allowed to apply [25, Theorem 4.8] to the action γ : G0 �Mω. So if F ⊂⊂G0

is a finite (S,ε)-invariant subset, then there exists a partition of unity of projections

{Eg}g∈F ⊂Mω, such that∑
g∈s−1F∩F

‖γs(Eg)−Esg‖1 < 4ε1/2 for all s ∈ S; (3.5)

∑
g∈F\s−1F

‖Eg‖1 < 3ε1/2 for all s ∈ S; (3.6)

[Eg,γh(X)] = 0 for all g ∈ F, h ∈G0, X ∈ Φ(R). (3.7)

Define

Ψ :R→Mω via Ψ(x) =
∑
g∈F

γg(Φ(δ
−1
g (x)))Eg.

2This Rokhlin Theorem is actually a variant of Ocneanu’s noncommutative Rokhlin Theorem
[31, Theorem 6.1], and the proof of Masuda’s version is essentially the same as Ocneanu’s
proof. While it is possible to deduce what we need from Ocneanu’s Theorem, here we cite
Masuda’s version for convenience of the reader, as it is directly applicable and there is no need
to deal with ε-paving families of G.
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20 G. Szabó and L. Wouters

This is a unital trace-preserving ∗-homomorphism because the projections Eg form a
partition of unity and condition (3.7). For s ∈ S and x ∈ R, we use conditions (3.5) and

(3.6) to observe

‖γs(Ψ(x))−Ψ(δs(x))‖1 =
∥∥∥ ∑
g∈F

γsg(Φ(δ
−1
g (x)))γs(Eg)−

∑
g∈s−1F

γsg(Φ(δ
−1
g (x)))Esg

∥∥∥
1

≤
∑

g∈F∩s−1F

∥∥γsg(Φ(δ−1
g (x)))(γs(Eg)−Esg)

∥∥
1

+
∑

g∈F\s−1F

‖γg(Φ(δ−1
g (x)))Eg‖1+

∑
g∈F\sF

‖γg(Φ(δ−1
s−1g(x)))Eg‖1

< 10ε1/2‖x‖.

Since we can do this for arbitrary ε > 0 and S ⊂⊂ G, the claim follows via a standard

reindexing trick.

The following result recovers a famous result due to Ocneanu [31, Theorem 1.2 and
following remark] as well as his uniqueness theorem of outer actions of amenable groups

on R. We include this proof for the reader’s benefit, as it is comparably elementary with

the methods established so far.

Theorem 3.11. Let G and G1 be countable discrete groups with G1 amenable. Let δ :

G1 �R be an outer action and α : G�M an action on a semifinite McDuff factor with

separable predual. Then:

(i) δ is strongly self-absorbing and cocycle conjugate to any other outer action G1 �R.

(ii) Suppose H ⊆G is a normal subgroup containing all elements g ∈G, such that αω,g

is trivial. Suppose G1 =G/H with quotient map π :G→G1. Consider the induced
G-action δπ = δ ◦π. Then α�cc α⊗ δπ.

Proof. (i): Let τ be the unique tracial state on R, which we may use to define the 1-norm

‖ · ‖1 = τ(| · |) on R. Set δ(2) = δ⊗ δ : G1 �R⊗̄R =:R(2), which is also an outer action.
Since the flip automorphism σ on R(2) is known to be approximately inner, we may pick

a unitary U ∈ U(R(2)ω) with UxU∗ = σ(x) for all x ∈ R(2). By [11, Theorem 3.2], the

induced action δ(2)ω :G1 �R(2)
ω is faithful. We may hence argue exactly as in the proof

of Lemma 3.10 and apply Masuda’s noncommutative Rokhlin lemma. So let S ⊂⊂G1 be

a symmetric finite set and ε > 0. If F ⊂⊂G1 is a finite (S,ε)-invariant subset, then there

exists a partition of unity of projections {Eg}g∈F ⊂R(2)
ω , such that∑

g∈s−1F∩F

‖δ(2)ωs (Eg)−Esg‖1 < 4ε1/2 for all s ∈ S; (3.8)

∑
g∈F\s−1F

‖Eg‖1 < 3ε1/2 for all s ∈ S; (3.9)

[Eg,x] = 0 for all g ∈ F, x ∈ {δ(2)ωh (U)}h∈G1
. (3.10)

https://doi.org/10.1017/S1474748024000057 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748024000057


Dynamical McDuff-type properties 21

Define W =
∑

g∈F δ
(2)ω
g (U)Eg. This is also a unitary in R(2)ω implementing the flip σ

because the projections Eg form a partition of unity and condition (3.10). For s ∈ S, we
use conditions (3.8) and (3.9) to observe

‖δ(2)ωs (W )−W‖1 =
∥∥∥ ∑
g∈F

δ(2)ωsg (U)δ(2)ωs (Eg)−
∑

g∈s−1F

δ(2)ωsg (U)Esg

∥∥∥
1

≤
∑

g∈F∩s−1F

∥∥∥δ(2)ωsg (U)(δ(2)ωs (Eg)−Esg)
∥∥∥
1

+
∑

g∈F\s−1F

‖δ(2)ωg (U)Eg‖1+
∑

g∈F\sF
‖δ(2)ωg (U)Eg‖1

< 10ε1/2.

Since we can do this for arbitrary ε > 0 and S ⊂⊂ G1, we can use a reindexing trick to

obtain a unitary W ∈ U((R(2)ω)δ
(2)ω

) with WxW ∗ = σ(x) for all x ∈R(2). In particular,

δ has approximately inner half-flip. If we apply Lemma 3.10 for G=G1, N = {1} and δ
in place of α, it follows with Theorem 3.8 that δ is strongly self-absorbing. If γ : G1 �

R is another outer action, then the same follows for γ. By applying Lemma 3.10 and

Corollary 3.9 twice, we obtain that γ and δ absorb each other, hence, they are cocycle
conjugate.

(ii): Define N to be the subgroup of all elements g ∈G, such that αω,g is trivial, and set

G0 = G/N with quotient map π0 : G→ G0. By assumption, we have N ⊆H, hence, G1

can be viewed as a quotient of G0 via a map π0→1 : G0 →G1. Then, π = π0→1 ◦π0 and
the action δπ0→1 := δ◦π0→1 is a G0-action with (δπ0→1)π0 = δπ. By Lemma 3.10, it follows

that there exists an equivariant unital ∗-homomorphism (R,δπ)→ (Mω,αω). Since δ was

strongly self-absorbing, so is δπ as a G-action, and the claim follows by Corollary 3.9.

Remark 3.12. We note that the factor M in Theorem 3.11 is only assumed to be

semifinite because at this point in the article, we have only proved the absorption theorem

in this setting. Upon having access to Theorem 5.4, the same proof verbatim allows one
to remove the assumption that M needs to be semifinite.

4. Actions of discrete amenable groupoids

We begin by recalling the definition of a discrete measured groupoid. This concept dates

back to [24].

Definition 4.1. A discrete measured groupoid G is a groupoid in the usual sense that

carries the following additional structure:

• The groupoid G is a standard Borel space, and the units G(0) ⊂ G form a Borel
subset.

• The source and target maps s,t : G → G(0) are Borel and countable-to-one.
• Define G(2) := {(g,h) ∈ G × G | s(g) = t(h)}. The multiplication map G(2) →

G : (g,h) �→ gh and the inverse map G → G : g �→ g−1 are Borel.
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• G(0) is equipped with a measure μ satisfying the following property. Let μs and μt

denote the σ-finite measures on G obtained by integrating the counting measure
over s,t : G → G(0), respectively. Then μs ∼ μt.

Example 4.2. An important example of a discrete measured groupoid is the transforma-

tion groupoid associated to a nonsingular action G� (X,μ) of a countable, discrete group

G on a standard measure space (X,μ). In that case, the unit space can be identified with

X and the measure μ satisfies the necessary requirements. We denote this transformation
groupoid by G�X.

We assume the reader is familiar with the concept of amenability for discrete measured

groupoids (see [3, Definition 3.2.8]). In particular, recall that a groupoid G is amenable

if and only if the associated equivalence relation{(
s(g),t(g)

)
| g ∈ G

}
and almost all associated isotropy groups

{g ∈ G | s(g) = t(g) = x} for x ∈ G(0)

are amenable (see, e.g. [3, Corollary 5.3.33]). In case of a nonsingular action G� (X,μ),

the associated transformation groupoid G�X is amenable if and only if the action is

amenable in the sense of Zimmer ([55, 56, 57]).

Remark 4.3. In this paper, we work with measurable fields of all kinds of separable

structures, such as Polish spaces, Polish groups, von Neumann algebras with separable
predual, and fields that can be derived from these. For Polish groups, the definition

is explicitly given in [43], while the other notions can be defined in an analogous way.

We only consider the measurable setting, and hence will often implicitly discard sets

of measure zero whenever needed. This means all measurable fields, groupoids, and
isomorphisms between measure spaces are defined up to sets of measure zero. Because of

this, all statements should be interpreted as holding only almost everywhere whenever

appropriate. This also means that we have no problem to apply the von Neumann
measurable selection theorem (see, e.g. [23, Theorem 18.1]) to obtain measurable sections

after deletion of a suitable null set, and we will often omit the fine details related to such

arguments.

Definition 4.4. Let G be a discrete measured groupoid with unit space (X,μ). An action

α of G on a measurable field (Bx)x∈X of factors with separable predual is given by a
measurable field of ∗-isomorphisms

G � g �→ αg : Bs(g) →Bt(g),

satisfying αg ◦αh = αgh for all (g,h) ∈ G(2).

Definition 4.5. Let G be a discrete measured groupoid with unit space (X,μ). Suppose

that α and β are actions of G on the measurable fields of factors with separable predual

(Bx)x∈X and (Dx)x∈X , respectively. The actions are said to be cocycle conjugate if there
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exists a measurable field of ∗-isomorphisms X � x �→ θx : Bx →Dx and a measurable field
of unitaries G � g �→ wg ∈ U(Dt(g)) satisfying

θt(g) ◦αg ◦θ−1
s(g) =Adwg ◦βg for all g ∈ G

wgβg(wh) = wgh for all (g,h) ∈ G(2).

Example 4.6. Let B be a von Neumann algebra acting on a separable Hilbert space H.

Then we can centrally decompose B as

(B,H) =

∫ ⊕

X

(Bx,Hx)dμ(x),

where (X,μ) is a standard probability space, such that L∞(X,μ) ∼= Z(B) (see, e.g. [49,

Theorem IV.8.21]). In this way, we get a measurable field of factors (Bx)x∈X . When B is

of type I, II1, II∞, or III, every Bx has the same type by [49, Corollary V.6.7]. We claim
that if B ∼= B⊗̄R, then every fibre Bx is McDuff. Pick a ∗-isomorphism Φ: B → B⊗̄R.

Then there exists (see, for example [5, Theorem III.2.2.8]) a unitary U : H⊗�2(N)→H⊗
L2(R,τR)⊗�2(N), such that the amplification of Φ is spatial, that is Φ(b)⊗1=U(x⊗1)U∗.
We have the decompositions

(B⊗C,H⊗ �2(N)) =

∫ ⊕

X

(Bx⊗C,Hx⊗ �2(N))dμ(x), and

(B⊗̄R⊗C,H⊗L2(R,τR)⊗ �2(N)) =

∫ ⊕

X

(
Bx⊗̄R⊗C,Hx⊗L2(R,τR)⊗ �2(N)

)
dμ(x).

As the amplification of Φ necessarily maps the diagonal algebras (i.e. the respective

centres) to each other, we can use the fact that the disintegration is unique [49, Theorem
8.23]. In particular, this means every Bx is isomorphic to some By⊗̄R, and hence, Bx

∼=
Bx⊗̄R.

Now suppose α : G � B is an action of a countable discrete group. Let G =G�X

denote the transformation groupoid associated to the action on (X,μ) induced by α.
Then α can be disintegrated as an action ᾱ of G on the measurable field (Bx)x∈X (see,

e.g. [49, Corollary X.3.12]3), such that, given b=
∫ ⊕
x
bx dμ(x), we have

αg(b)g·x = ᾱ(g,x)(bx) for (g,x) ∈ G.

Assume β : G � D is another action on a separably acting von Neumann algebra
(D,K) =

∫ ⊕
X
(Dx,Kx)dμ(x), and assume that β induces the same action on (X,μ) as α.

Let β̄ denote its decomposition as an action of G on (Dx)x∈X . If ᾱ and β̄ are cocycle

conjugate in the sense of Definition 4.5, then α and β are cocycle conjugate as actions on
von Neumann algebras. Indeed, letX � x �→ θx : Ax →Bx and G � (g,x) �→w(g,x) ∈U(Bg·x)
denote the measurable fields of ∗-isomorphisms and unitaries realizing a cocycle conjugacy

between ᾱ and β̄. This gives rise to a ∗-isomorphism θ : A→B given by θ(a)x = θx(ax) for

3When the field of factors (Bx)x∈X is constant (for example, when B is injective type II1 and
all Bx are R), this construction dates back to [45]. There, the groupoid G and action ᾱ are
also called the ancillary groupoid and ancillary action associated to α.
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a=
∫ ⊕
X
axdμ(x)∈A, and for each g ∈G, we get a unitary vg ∈U(B) by (vg)x =w(g,g−1·x).

The pair (θ,v) is a cocycle conjugacy.

Conversely, one can show that every cocycle conjugacy (θ,v) : (B,α) → (D,β) with

θ
∣∣
L∞(X)

= id
∣∣
L∞(X)

gives rise to a cocycle conjugacy in the sense of Definition 4.5.

We will subsequently need the following lemma (albeit only for discrete groups) about

strongly self-absorbing actions.

Lemma 4.7. Let Gj, j = 1,2, be two second-countable locally compact groups with a

continuous group isomorphism φ : G1 → G2. Let δ
(j) : Gj � R, j = 1,2, be two strongly

self-absorbing actions and choose a cocycle conjugacy (Φ,U) : (R,δ(2))→ (R⊗̄R,δ(2)⊗δ(2))
that is approximately unitarily equivalent to idR⊗1R (note that φ allows us to identify

(Φ,U◦φ) with a cocycle conjugacy between the G1-action δ(2) ◦φ and its tensor square).

Let α(j) : Gj �Mj, j = 1,2, be two actions on separably acting von Neumann algebras.
Given a cocycle conjugacy

(θ,v) : (M1,α
(1))→

(
M2⊗̄R,(α(2)⊗ δ(2))◦φ

)
,

and a conjugacy Δ: (R,δ(2) ◦φ)→ (R,δ(1)), consider the cocycle conjugacy of G1-actions

(Ψ,V) =
(
(θ,v)−1⊗Δ

)
◦
(
idM2

⊗ (Φ,U◦φ)
)
◦ (θ,v)

between (M1,α
(1)) and (M1⊗̄R,α(1) ⊗ δ(1)). Then there exists a sequence of unitaries

yn ∈ U(M1⊗R), such that

Ad(yn)◦ (idM1
⊗1R)→Ψ, Ad(y∗n)◦Ψ→ idM1

⊗1R

point-strongly, and such that

yn(α
(1)⊗ δ(1))g(yn)

∗ → Vg, y∗nVg(α
(1)⊗ δ(1))g(yn)→ 1M1⊗R

in the strong-∗ operator topology for all g ∈G and uniformly over compact sets.

Proof. By assumption, there is a sequence of unitaries zn ∈ U(R⊗̄R), such that

‖Φ(x)− zn(x⊗1R)z∗n‖2 → 0 for all x ∈R (4.1)

and

max
h∈K

‖Uh− zn(δ
(2)⊗ δ(2))h(zn)

∗‖2 → 0 for every compact K ⊆G2. (4.2)

By definition, we have

Ψ = (θ−1⊗Δ)◦ (idM2
⊗Φ)◦θ

and

Vg = (θ−1⊗Δ)
(
(idM2

⊗Φ)(vg) · (1M2
⊗Uφ(g)) · (v∗

g ⊗1R)
)
, g ∈G1.

If we consider the sequence of unitaries

yn = (θ−1⊗Δ)(1M2
⊗ zn),
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then we can observe with (4.1) that

Ad(y∗n)◦Ψ→ (θ−1⊗Δ)◦ (idM2
⊗ idR⊗1R)◦θ = idM1

⊗1R

as well as

Ad(yn)◦ (idM1
⊗1R) = Ad(yn)◦ (θ−1⊗Δ)◦ (idM2

⊗ idR⊗1R)◦θ →Ψ

point-strongly. Moreover, given g ∈G1, the fact that (θ−1,
(
θ−1(v∗

g)
)
g∈G1

) is the inverse

of (θ,v) leads to the equation α
(1)
g ◦ θ−1 = θ−1 ◦Ad(vg) ◦ (α(2)⊗ δ(2))φ(g). If we combine

this with (4.1) and (4.2), we can see that

y∗nVg(α
(1)⊗ δ(1))g(yn)

= y∗nVg · (θ−1⊗Δ)
(
Ad(vg ⊗1R)(1M2

⊗ (δ(2)⊗ δ(2))φ(g)(zn))
)

= (θ−1⊗Δ)
(
(1M2

⊗zn)
∗ · (idM2

⊗Φ)(vg) · (1M2
⊗Uφ(g)) · · ·

· · ·(1M2
⊗ (δ(2)⊗ δ(2))φ(g)(zn)) · (v∗

g ⊗1R)
)

= (θ−1⊗Δ)
((

idM2
⊗(Ad(z∗n)◦Φ)

)
(vg)︸ ︷︷ ︸

→vg⊗1R

·
(
1M2

⊗z∗nUφ(g)(δ
(2)⊗ δ(2))φ(g)(zn)︸ ︷︷ ︸
→1R⊗R

)
· (v∗

g ⊗1R)
)

→ 1M1⊗R

in the strong-∗ operator topology, uniformly over compact subsets. Analogously, we

observe the convergence

yn(α
(1)⊗ δ(1))g(yn)

∗

= (θ−1⊗Δ)
(
(1M2

⊗ zn) ·Ad(vg ⊗1R)(1M2
⊗ (δ(2)⊗ δ(2))φ(g)(z

∗
n))

)
= (θ−1⊗Δ)

(
Ad(1M2

⊗ zn)(vg ⊗1R)︸ ︷︷ ︸
→(idM2

⊗Φ)(vg)

·
(
1M2

⊗ zn(δ
(2)⊗ δ(2))φ(g)(z

∗
n)︸ ︷︷ ︸

→Uφ(g)

)
· (v∗

g ⊗1R)
)

→ Vg

uniformly over compact sets. This finishes the proof.

In the proof of the main technical result of this section, we will make use of the following

variant, due to Popa–Shlyakhtenko–Vaes, of the cohomology lemmas in [20, Appendix]

and [43, Theorem 5.5].

Lemma 4.8 [40, Theorem 3.5]. Let S be an amenable countable nonsingular equivalence

relation on the standard probability space (X,μ). Let (Gx � Px)x∈X be a measurable field

of continuous actions of Polish groups on Polish spaces, on which S is acting by conjuga-
cies: we have measurable fields of group isomorphisms S � (x,y) �→ γ(x,y) : Gy �→Gx and

homeomorphisms S � (x,y) �→ β(x,y) : Py �→ Px satisfying

γ(x,y) ◦γ(y,z) = γ(x,z), β(x,y) ◦β(y,z) = β(x,z), β(x,y)(g ·π) = γ(x,y)(g) ·β(x,y)(π)

for all (x,y),(y,z)∈ S and g ∈Gy,π ∈ Py. Let X � x �→ σ′(x)∈ Px be a measurable section.

Assume that for all (x,y)∈S, the element σ′(x) belongs to the closure of Gx ·β(x,y)(σ
′(y)).
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Then there exists a measurable family S � (x,y) �→ v(x,y) ∈ Gx and a section X � x �→
σ(x) ∈ Px satisfying:

• v is a 1-cocycle: v(x,y)γ(x,y)(v(y,z)) = v(x,z) for all (x,y),(y,z) ∈ S;
• v(x,y) ·β(x,y)(σ(y)) = σ(x) for all (x,y) ∈ S.

Remark 4.9. Before we state and prove our main technical result in detail, we would

like to outline for what kind of input data the lemma above will be used. In the situation

considered below, the typical Polish space P will be the space of cocycle conjugacies
(M,α) → (N,β), where α : H � M and β : H � N are actions of a countable discrete

group H on separably acting von Neumann algebras. Here, we consider the topology

defined by declaring that one has a convergence of nets (θ(λ),v(λ))→ (θ,v) if and only if

v
(λ)
g → vg in the strong-∗ operator topology for all g ∈H, and ‖ϕ◦θ−ϕ◦θ(λ)‖→ 0 for all

ϕ ∈N∗. This generalizes the well-known topology on the space of isomorphisms M →N

that one usually called the ‘u-topology’; cf. [16, 53]. The typical Polish group acting on
this Polish space would be the unitary group U(N), which is equipped with the strong-∗
operator topology, where the action is defined via composition with the inner cocycle

conjugacy as per Example 1.15 and Remark 1.14. In other words, a unitary w ∈ U(N)
moves the cocycle conjugacy (θ,v) to Ad(w)◦ (θ,v) =

(
Ad(w)◦θ,(wvβg(w)

∗)g∈H

)
.

If we assume in addition that M and N are semifinite, we may pick a faithful normal

semifinite tracial weight τ on N. Assume that (Ψ,V) ∈ P is a cocycle conjugacy. Then it

follows from [16, Proposition 3.7] that on the space of all isomorphisms Ψ′ :M →N with
τ ◦Ψ′ = τ ◦Ψ, the u-topology coincides with the topology of point-strong convergence.

As a direct consequence, we may conclude the following. If (Φ,U) ∈ P is another cocycle

conjugacy and there exists a net of unitaries wλ ∈ U(N), such that wλVgβg(wλ)
∗ → Ug

for all g ∈H in the strong-∗ operator topology and Ad(wλ)◦Ψ→ Φ point-strongly, then

(Φ,U) ∈ U(N) · (Ψ,V).

The following can be seen as the main technical result of this section, which we

previously referred to as a kind of measurable local-to-global principle.

Theorem 4.10. Let G � (X,μ) be an amenable action (in the sense of Zimmer) of a

countable, discrete group on a standard probability space. Let α be an action of G :=G�X

on a measurable field of semifinite factors with separable predual (Bx)x∈X . Denote by

X � x �→Hx the measurable field of isotropy groups. For any action δ : G�R on the
hyperfinite II1 factor, we define a tensor product action α⊗ δ of G on the field of factors

(Bx⊗̄R)x∈X by (α⊗δ)(g,x) = α(g,x)⊗δg. If δ is strongly self-absorbing, then the following

are equivalent:

(1) α�cc α⊗ δ;

(2) For almost every x ∈X, we have α|Hx
�cc (α⊗ δ)|Hx

as actions of Hx on Bx and

Bx⊗̄R.

Proof. We note that by following the argument outlined in Example 4.6 and by applying

Corollary 3.9, we see that α �cc α⊗ δ implies that one can find a cocycle conjugacy

between α and α⊗ δ that induces the identity map on X. Hence, (1) implies (2).
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In order to prove the other implication, assume (2) holds. To verify (1), we will show the

existence of a measurable field of ∗-isomorphisms X � x �→ θx : Bx →Bx⊗̄R and unitaries

G � (g,x) �→ w(g,x) ∈ U(Bg·x⊗̄R), such that

θg·x ◦α(g,x) ◦θ−1
x =Ad

(
w(g,x)

)
◦ (α⊗ δ)(g,x) for all (g,x) ∈ G (4.3)

w(g,h·x)(α⊗ δ)(g,h·x)(w(h,x)) = w(gh,x) for all g,h ∈G,x ∈X. (4.4)

For every x ∈X, denote by Px the Polish space of cocycle conjugacies from (Bx,α|Hx
) to

(Bx⊗̄R,(α⊗ δ)|Hx
) as per Remark 4.9. In this way, we get a measurable field of Polish

spaces X � x �→ Px. Note that, by assumption, the sets Px are all nonempty and hence,

there exists some measurable section X � x �→ (θx,vx) ∈ Px. Defining w(g,x) := vx(g) for
g ∈Hx, we get that — although w is not defined on all of G yet — the equations 4.3–4.4

are satisfied whenever they make sense. In the rest of the proof, we will show with the

help of Lemma 4.8 that there exists a (potentially different) section for which there exists

a well-defined map w on all of G obeying conditions (4.3)–(4.4).
Denote by S the countable nonsingular orbit equivalence relation associated to G,

that is,

S = {(g ·x,x) | (g,x) ∈ G}.

As G � (X,μ) is amenable, the relation S is amenable, and hence, it follows by the
Connes–Feldman–Weiss theorem [12] that after neglecting a set of measure zero, there

exists a partition of X into S-invariant Borel subsets X0�X1, such that the restriction of

S to X0 has finite orbits and the restriction to X1 is induced by a free nonsingular action

of Z. This implies that the map q : G → S : (g,x) �→ (g ·x,x) admits a measurable section,
that is, a measurable groupoid morphism s : S → G, such that q ◦ s= idS . Therefore, we
can view G as the semidirect product of the field of groups (Hx)x∈X and the measurable

field of group isomorphisms φ(x,y) : Hy →Hx given by φ(x,y)(g) = s(x,y)gs(x,y)−1. Note
that φ(x,y) ◦φ(y,z) = φ(x,z) for all (x,y),(y,z) ∈ S.
This means that in order to define a measurable field G � (g,x) �→ w(g,x) ∈ U(Bg·x⊗̄R)

satisfying (4.4), it suffices to find measurable families of unitaries v(x,y) ∈ U(Bx⊗̄R) for
(x,y) ∈ S and vx(g) ∈ U(Bx⊗̄R) for x ∈X,g ∈Hx, such that

• v is a cocycle for the action of S on the field of factors (Bx⊗̄R)x∈X induced by s,
that is, v(x,y)(α⊗ δ)s(x,y)(v(y,z)) = v(x,z) for all (x,y),(y,z) ∈ S;

• for each x ∈ X, the family (vx(g))g∈Hx
defines a cocycle for the action Hx �

Bx⊗̄R;
• vx(g) = v(x,y)(α⊗ δ)s(x,y)

(
vy

(
φ(y,x)(g)

))
(α⊗ δ)g (v(x,y)

∗) for all (x,y) ∈ S and
g ∈Hx.

If these conditions are met, then setting wgs(x,y) :=vx(g)(α⊗δ)g(v(x,y)) for (x,y)∈S and
g ∈Hx yields condition (4.4). Moreover, in order for a measurable field of ∗-isomorphisms

X � x �→ θx : Bx →Bx⊗̄R to satisfy (4.3), it then suffices to check that

• for each x ∈X, the pair (θx,vx) is a cocycle conjugacy in Px;
• for (x,y) ∈ S, we have θx ◦αs(x,y) ◦θ−1

y =Ad(v(x,y))◦ (α⊗ δ)s(y,z).
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We introduce some notation to rephrase this in terms of the terminology of Lemma 4.8.
Consider the natural action U(Bx⊗̄R)�Px given by composing a cocycle conjugacy with

the inner one given by Ad(u) for u ∈ U(Bx⊗̄R) as per Remark 4.9. In this way, we get a

measurable field (U(Bx⊗̄R)� Px)x∈X of continuous actions of Polish groups on Polish
spaces. Let us convince ourselves that, in the terminology of Lemma 4.8, the equivalence

relation S acts by conjugacies on this field of actions. Firstly, we have a measurable field

of group isomorphisms

S � (x,y) �→ γ(x,y) = (α⊗ δ)s(x,y)|U(By⊗̄R) : U(By⊗̄R)→U(Bx⊗̄R),

such that γ(x,y) ◦γ(y,z) = γ(x,z) for all (x,y),(y,z) ∈ S. The latter formula holds, as α⊗ δ
was a G-action and s : S → G is a section. Secondly, we have an action of S on (Px)x∈X

as follows. Given (x,y) ∈ S and (θ,v) ∈ Py, we define β(x,y)(θ,v) := (θ̃,ṽ), where

θ̃ = (α⊗ δ)s(x,y) ◦θ ◦αs(y,x) and ṽ(h) = (α⊗ δ)s(x,y)(v(φ(y,x)(h))) for h ∈Hx.

This construction yields a well-defined cocycle conjugacy in Px, and we get a well-

defined map β(x,y) : Py → Px. Together, these maps combine to form a measurable field
of homeomorphisms S � (x,y) �→ β(x,y) : Py → Px, such that β(x,y) ◦ β(y,z) = β(x,z) for

all (x,y),(y,z) ∈ S. This formula holds once again because α⊗ δ and α are G-actions
and s : S → G is a section. Moreover, the maps β and γ are compatible with the
measurable field of actions (U(Bx⊗̄R)� Px)x∈X (as required for Lemma 4.8), since for

any (x,y) ∈ S,u ∈ U(By⊗̄R) and (θ,v) ∈ Py, we may simply compare definitions and

observe

β(x,y)(u · (θ,v)) = γ(x,y)(u) ·β(x,y)(θ,v).

Having introduced all these data, our previous discussion can be rephrased. In order to
complete the proof, it suffices to find a measurable section X � x �→ σ(x) ∈ Px and a

measurable family S � (x,y) �→ v(x,y) ∈ U(Bx⊗̄R), such that

• v(x,y)γ(x,y)(v(y,z)) = v(x,z) for all (x,y),(y,z) ∈ S;
• v(x,y) ·β(x,y)(σ(y)) = σ(x) for all (x,y) ∈ S.

By Lemma 4.8, such maps exist if we can merely show that there exists a measurable
section X � x �→ (θx,vx) ∈ Px, such that for all (x,y) ∈ S, the element (θx,vx) belongs to

the closure of U(Bx⊗̄R) ·β(x,y)(θy,vy). We claim that this is indeed the case.

Consider any measurable section X � x �→ (θ′x,v
′
x) ∈ Px. As δ is strongly self-absorbing,

we can fix a cocycle conjugacy (Φ,U) from (R,δ) to (R⊗̄R,δ⊗ δ) that is approximately

unitarily equivalent to idR⊗1R. For each x ∈X, we can define the map

Λx : Px → Px, (θ,v) �→
(
(θ,v)−1⊗ idR

)
◦
(
idBx

⊗ (Φ,U)
)
◦ (θ,v).

Then we get a new measurable section

X � x �→ (θx,vx) := Λx(θ
′
x,v

′
x) ∈ Px.

We claim that this section does the trick. Fix (x,y) ∈ S. If we denote (θ̃x,ṽx) :=

β(x,y)(θy,vy), we need to convince ourselves that the cocycle conjugacy (θx,vx) is in

the closure of U(Bx⊗̄R) · (θ̃x,ṽx). First of all, we observe that the construction of
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(θx,vx) = Λx(θ
′
x,v

′
x) can be seen as a special case of Lemma 4.7 for M1 = M2 = Bx,

G=Hx, φ= idHx
and Δ= idR. Hence, we can find a sequence of unitaries yn ∈U(Bx⊗R),

such that

y∗nθx(b)yn → b⊗1R, y∗nvx(h)(α⊗ δ)h(yn)→ 1Bx⊗R (4.5)

in the strong-∗ operator topology for all b ∈Bx and h ∈Hx.

Next, by our previous notation, the group isomorphism φ(x,y) : Hy →Hx is exactly the
one so that the isomorphism of von Neumann algebras αs(x,y) : By → Bx can be viewed

as a (genuine) conjugacy between the Hx-actions (α|Hy
)φ(y,x)

and α|Hx
. Moreover, if

s(x,y) = (k,y) for k ∈G, then (α⊗δ)s(x,y) =αs(x,y)⊗δk and δk can be seen as a conjugacy
between the Hx-actions (δ|Hy

)φ(y,x)
and δ|Hx

.

By definition of β(x,y), we have

θ̃x = (α⊗ δ)s(x,y) ◦θy ◦αs(y,x)

= (α⊗ δ)s(x,y) ◦
(
θ′y

−1⊗ idR
)
◦
(
idBy

⊗Φ
)
◦θ′y ◦αs(y,x)

=
(
(θ′y ◦αs(y,x))

−1⊗ δk
)
◦
(
idBy

⊗Φ
)
◦ (θ′y ◦αs(y,x))

and for all h ∈Hx with g = φ(y,x)(h), one has

ṽx(h) = (α⊗ δ)s(x,y)

(
(θ′y

−1⊗ idR)
(
(idBy

⊗Φ)(v′
y(g)) · (1By

⊗Ug) · (v′
y(g)

∗⊗1R)
))

=
(
(θ′y ◦αs(y,x))

−1⊗ δk
)(

(idBy
⊗Φ)(v′

y(g)) · (1By
⊗Ug) · (v′

y(g)
∗⊗1R)

)
.

We conclude that Lemma 4.7 is applicable to the cocycle conjugacy (θ̃x,ṽx), where we
insert G1 = Hx, G2 = Hy, φ = φ(y,x), M1 = Bx, M2 = By, Δ = δk, and the cocycle

conjugacy (θ′y ◦αs(y,x),v
′
y ◦φ(y,x)) in place of (θ,v). This allows us to find a sequence

of unitaries wn ∈ U(Bx⊗R) satisfying

wn(b⊗1R)w∗
n → θ̃x(b), wn(α⊗ δ)h(wn)

∗ → ṽx(h) (4.6)

in the strong-∗ operator topology for all b ∈ Bx and h ∈Hx. If we consider both of the

conditions (4.5) and (4.6) and keep in mind that G is countable and Bx is separable and
semifinite, we can apply Lemma 2.1 and find an increasing sequence of natural numbers

mn, such that the resulting sequence of unitaries zn = wny
∗
mn

satisfies

znθx(b)z
∗
n → θ̃x(b), znvx(h)(α⊗ δ)h(zn)

∗ → ṽx(h)

in the strong-∗ operator topology for all b ∈ Bx and h ∈ Hx. Then it follows from

Remark 4.9 that (θx,vx) indeed belongs to the closure of U(Bx⊗̄R) ·(θ̃x,ṽx). This finishes

the proof.

Definition 4.11 (see [1, Definition 3.4]). An action α : G � B of a countable discrete

group on a von Neumann algebra is called amenable, if there exists an equivariant

conditional expectation

P : (�∞(G)⊗̄B,τ ⊗α)→ (B,α),

where τ denotes the left translation action G� �∞(G).
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30 G. Szabó and L. Wouters

By [2], an action α as above is amenable if and only if its restriction to Z(B) is

amenable, which is equivalent to the action on the measure-theoretic spectrum of the

centre being amenable in the sense of Zimmer. Recall that an automorphism α ∈Aut(M)
on a separably acting von Neumann algebra is properly centrally nontrivial, if for every

nonzero projection p ∈ Z(M), the restriction of αω on pMω is nontrivial.

The following result contains Theorem A for actions on semifinite von Neumann
algebras as a special case via H =G.

Corollary 4.12. Let G be a countable discrete group and B a semifinite von Neumann

algebra with separable predual, such that B ∼=B⊗̄R. Let α :G�B be an amenable action.

Suppose H ⊆ G is a normal subgroup, such that for every g ∈ G \H, the automorphism
αg is properly centrally nontrivial. Let G1 =G/H with quotient map π :G→G1, and let

δ :G1 �R be a strongly self-absorbing action. Then α�cc α⊗ δπ.

Proof. Adopt the notation from Example 4.6 and Theorem 4.10. We identify α with an

action of G :=G�X on a measurable field of semifinite factors with separable predual
(Bx)x∈X . Denote by X � x �→Hx the measurable field of isotropy groups. Amenability of

the action α implies that the action on (X,μ) is amenable in the sense of Zimmer, which,

in turn, implies amenability of the associated transformation groupoid. In particular,
almost all isotropy groups Hx are amenable.

By assumption on H and [26, Theorem 9.14], it follows for every g ∈G\H and μ-almost

all x ∈ X that either g /∈ Hx or the automorphism (α|Hx
)g on the McDuff factor Bx is

centrally nontrivial. In other words, after discarding a null set from X, we may assume

for all x ∈X that for all h ∈Hx \ (Hx∩H), the automorphism (α|Hx
)g on Bx is centrally

nontrivial. By Theorem 3.11, we get that (α|Hx
) is cocycle conjugate to (α⊗δπ)|Hx

. The

claim then follows via Theorem 4.10.

5. Actions on arbitrary von Neumann algebras

In this section, we shall generalize some of the main results we obtained so far, namely,

Corollaries 3.9 and 4.12, to the context of group actions on not necessarily semifinite von

Neumann algebras. This uses standard results in Tomita–Takesaki theory, which allow us
to reduce the generalized case to the semifinite case considered in the previous sections.

We will henceforth assume that the reader is familiar with the basics of Tomita–Takesaki

theory, as well as the theory of crossed products (for a thorough treatment, the reader
should consult the book [50]), although we are about to recall the specific points needed

about the former for this section.

Remark 5.1 (see [50, Chapters VIII, XII]). Let M be a separably acting von Neumann

algebra. Given a faithful normal state ϕ on M, we denote by σϕ : R�M its associated
modular flow. If ψ is another faithful normal state on M, we denote by (Dψ :Dϕ) : R→
U(M) the associated Connes cocycle, which is a σϕ-cocycle satisfying Ad(Dψ :Dϕ)t◦σϕ

t =

σψ
t for all t ∈ R. The crossed product von Neumann algebra M̃ =M �σϕ R is called the

continuous core ofM and does not depend on the choice of ϕ up to canonical isomorphism.

With slight abuse of notation, we will consider M as a von Neumann subalgebra in M̃ ,
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and denote by λσϕ

: R → U(M̃) the unitary representation implementing the modular

flow on M. The continuous core M̃ is always a semifinite von Neumann algebra. Given

any automorphism α ∈Aut(M), there is an induced extended automorphism α̃ ∈Aut(M̃)

uniquely determined by

α̃|M = α and α̃(λσϕ

t ) = (Dϕ◦α−1 :Dϕ)t ·λσϕ

t , t ∈ R.

The assignment α �→ α̃ defines a continuous homomorphism of Polish groups. Therefore,

given more generally a continuous action α :G�M of a second-countable locally compact

group, we may induce the extended action α̃ :G� M̃ . Every extended automorphism on
M̃ has the property that it commutes with the dual flow σ̂ϕ : R� M̃ .

In the proof of Theorem 5.4, we will appeal to the following proposition but only in

a special case. In that particular instance, we note that the needed result can also be

deduced from [51, Lemma 3.3].

Proposition 5.2. Let G be a second-countable locally compact group. Let α : G � M

be an action on a separably acting von Neumann algebra. Then the normal inclusion

M ⊂M �αG induces (via componentwise application of representing sequences) a unital
∗-homomorphism (Mω,α)

αω → (M �αG)ω.

Proof. Assume M is represented faithfully on a Hilbert space H, and consider the

canonical inclusion π : M�αG→B(L2(G))⊗̄M ⊂B(L2(G,H)), which on x∈M ⊂M�αG
is given by

[π(x)ξ](g) = α−1
g (x)ξ(g), ξ ∈ L2(G,H),g ∈G.

If (xn)n∈N is any bounded sequence in M representing an element x∈ (Mω,α)
αω , then the

invariance of x will guarantee that π(xn)−(1⊗xn)→ 0 in the strong-∗ operator topology
as n → ω. Since (1⊗xn)n∈N represents an element in (B(L2(G))⊗̄M)ω, it follows that

(π(xn))n∈N represents an element in (π(M �αG))ω, so x ∈ (M �αG)ω. This finishes the

proof.

Proposition 5.3. Let G be a second-countable locally compact group and α : G � M

an action on a von Neumann algebra with separable predual. Let ϕ be a faithful normal

state on M. Let α̃ : G � M̃ = M �σϕ R be the extended action on the continuous core,
as in Remark 5.1. With some abuse of notation, denote by α̃ also the induced action

G � M̃ �σ̂ϕ R by acting trivially on the canonical unitary representation implementing

σ̂ϕ. Then under the Takesaki–Takai duality isomorphism M̃ �σ̂ϕ R ∼= B(L2(R))⊗̄M , the
action α̃ is cocycle conjugate to idB(L2(R))⊗α.

Proof. Denote α′ = idB(L2(R))⊗α. We apply Takesaki–Takai duality [50, Chapter X,

Theorem 2.3(iii)] to understand the G-action α̃. If M is represented faithfully on a Hilbert
space H, then the natural isomorphism

Θ : M̃ �σ̂ϕ R= (M �σϕ R)�σ̂ϕ R→B(L2(R))⊗̄M ⊆ B(L2(R,H))
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has the following properties. Let ξ ∈ L2(R,H). For x ∈M and s,t ∈ R, we have

[Θ(x)ξ](s) = σϕ
−s(x)ξ(s) and [Θ(λσϕ

t )ξ](s) = ξ(s− t).

Furthermore, if the dual flow is given via the convention σ̂ϕ
t (λ

σϕ

s ) = eitsλσϕ

s , then we also

have

[Θ(λσ̂ϕ

t )ξ](s) = eitsξ(s).

We consider a continuous family of unitaries G � g �→Wg ∈ B(L2(R))⊗̄M given by

[Wgξ](s) = (Dϕ :Dϕ◦α−1
g )−sξ(s), ξ ∈ L2(R,H), s ∈ R.

We claim that this defines an α′-cocycle. Indeed, by using the chain rule for the Connes

cocycle ([50, Theorem VIII.3.7]), we observe for all g,h ∈G, ξ ∈ L2(R,H) and s ∈ R that

[Wgα
′
g(Wh)ξ](s) = (Dϕ :Dϕ◦α−1

g )−s[α
′
g(Wh)ξ](s)

= (Dϕ :Dϕ◦α−1
g )−sαg

(
(Dϕ :Dϕ◦α−1

h )−s

)
ξ(s)

= (Dϕ :Dϕ◦α−1
g )−s · (Dϕ◦α−1

g :Dϕ◦α−1
gh )−s

)
ξ(s)

= (Dϕ :Dϕ◦α−1
gh )−sξ(s) = [Wghξ](s).

Given how α̃ acts on the domain of Θ, we can observe (using [50, Corollary VIII.1.4]) for
any g ∈G, x ∈M , ξ ∈ L2(R,H), and s ∈ R that

[Θ(α̃g(x))ξ](s) = σϕ
−s(αg(x))ξ(s)

= Ad(Dϕ :Dϕ◦α−1
g )−s

(
σ
ϕ◦α−1

g

−s (αg(x))
)
ξ(s)

=
(
Ad(Dϕ :Dϕ◦α−1

g )−s ◦αg

)(
σϕ
−s(x)

)
ξ(s)

=
[(

Ad(Wg)◦α′
g ◦Θ

)
(x)ξ

]
(s).

Moreover, using the cocycle identity and the chain rule again, we can see for any g ∈G,
ξ ∈ L2(R,H), and s,t ∈ R that

[Θ(α̃g(λ
σϕ

t ))ξ](s) = [Θ
(
(Dϕ◦α−1

g :Dϕ)t ·λσϕ

t

)
ξ](s)

= σϕ
−s(Dϕ◦α−1

g :Dϕ)t[Θ(λσϕ

t )ξ](s)

= σϕ
−s(Dϕ◦α−1

g :Dϕ)tξ(s− t)

= (Dϕ :Dϕ◦α−1
g )−s(Dϕ :Dϕ◦α−1

g )∗t−sξ(s− t)

= (Dϕ :Dϕ◦α−1
g )−s

[
Θ(λσϕ

t )W∗
gξ

]
(s)

=
[
WgΘ(λσϕ

t )W∗
gξ

]
(s)

=
[(

Ad(Wg)◦α′
g ◦Θ

)
(λσϕ

t )ξ
]
(s).

Here, we used that α′
g fixes the shift operator given by Θ(λσϕ

t ) for all g ∈ G and t ∈ R.

Lastly, it is trivial to see that α′ fixes operators of the form Θ(λσ̂ϕ

t ), which, in turn, also
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commute pointwise with the cocycle W. In conclusion, all of these observations culminate
in the fact that the isomorphism Θ extends to the cocycle conjugacy (Θ,W) between α̃

and α′.

The following represents our most general McDuff-type absorption theorem:

Theorem 5.4. Let G be a second-countable locally compact group. Let α :G�M be an

action on a von Neumann algebra with separable predual, and let δ :G�R be a strongly

self-absorbing action on the hyperfinite II1 factor. Then α �cc α⊗ δ if and only if there
exists a unital equivariant ∗-homomorphism (R,δ)→ (Mω,α,αω).

Proof. The ‘only if’ part follows exactly as in the proof of Corollary 3.9, so we need to

show the ‘if’ part. Since Corollary 3.9 already covers the case when M is finite, we may

split off the largest finite direct summand of M and assume without loss of generality
that M is properly infinite.

Let ϕ be a faithful normal state on M. As in Remark 5.1, we consider the (semifinite)

continuous core M̃ and the extended G-action α̃ :G� M̃ . Since the image of α̃ commutes
with the dual flow σ̂ϕ, we have a continuous action β = α̃× σ̂ϕ :G×R� M̃ via β(g,t) =

α̃g ◦ σ̂ϕ
t for all g ∈G and t ∈ R. Let us also consider the action δR :G×R�R given by

δR(g,t) = δg for all g ∈G and t ∈ R, which is evidently also strongly self-absorbing.

We apply Proposition 5.2 to R in place of G and to the modular flow in place of α. In this

context, we note that by [4, Theorem 4.1, Proposition 4.11], we have that the Mω agrees

with the (σϕ,ω)-equicontinuous part Mω
σϕ . In particular, the induced ultrapower flow

(σϕ)ω on it is continuous and its restriction to Mω is trivial. So, Mω = (Mω,σϕ)(σ
ϕ)ω and

Proposition 5.2 implies that the inclusionM ⊂ M̃ induces an embeddingMω → M̃ω. Since,
by definition, one has α̃|M =α as G-actions, it is clear that bounded (α,ω)-equicontinuous

sequences in M become (α̃,ω)-equicontinuous sequences in M̃ . Keeping in mind that the

dual flow σ̂ϕ acts trivially on M by definition, the aforementioned inclusion therefore
induces an equivariant unital ∗-homomorphism

(Mω,α,αω)→ ((M̃ω,β)
(σ̂ϕ)ω,α̃ω).

If we compose this ∗-homomorphism with a given unital equivariant ∗-homomorphism

(R,δ) → (Mω,α,αω), we can view the resulting map as a (G×R)-equivariant unital

∗-homomorphism (R,δR)→ (M̃ω,β,βω). Since M̃ is semifinite, it follows from Corollary 3.9

that β and β⊗ δR are cocycle conjugate as (G×R)-actions, say via (Ψ,V) : (M̃,β) →
(M̃⊗̄R,β⊗δR). Remembering β = α̃× σ̂ϕ, we consider the (σ̂ϕ⊗ idR)-cocycle wt =V(1G,t)

and the α̃⊗ δ-cocycle vg = V(g,0). The cocycle identity for V then implies the relation

wt(σ̂
ϕ
t ⊗ idR)(vg) = vg(α̃⊗ δ)g(wt) (5.1)

for all g ∈G and t ∈ R. The cocycle conjugacy of flows (Ψ,w) induces an isomorphism

Λ := (Ψ,w)�R : M̃ �σ̂ϕ R→ (M̃⊗̄R)�σ̂ϕ⊗idR R∼=
(
M̃ �σ̂ϕ R

)
⊗R

via

Λ|
˜M

=Ψ and Λ(λσ̂ϕ

t ) =wt(λ
σ̂ϕ

t ⊗1R), t ∈ R.
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With slight abuse of notation (as in Proposition 5.3), we also denote by α̃ the obvious

induced G-action on the crossed product M̃ �σ̂ϕ R. Using that (Ψ,V) was a cocycle
conjugacy, we observe for all g ∈G and t ∈ R that

Ad(vg)◦ (α̃⊗ δ)g ◦Λ|˜M =Ad(V(g,0))◦ (β⊗ δR)(g,0) ◦Ψ=Ψ◦β(g,0) =Ψ◦ α̃g

and (
Ad(vg)◦ (α̃⊗ δ)g ◦Λ

)
(λσ̂ϕ

t ) = vg

(
(α̃⊗ δ)g(wt)(λ

σ̂ϕ

t ⊗1R)
)
v∗
g

(5.1)
= wt(σ̂

ϕ
t ⊗ idR)(vg)(λ

σ̂ϕ

t ⊗1R)v∗
g

=wt(λ
σ̂ϕ

t ⊗1R) = Λ(λσ̂ϕ

t ).

In conclusion, the pair (Λ,v) defines a cocycle conjugacy between the G-actions α̃ on

M̃ �σ̂ϕ R and α̃⊗ δ on
(
M̃ �σ̂ϕ R

)
⊗R. By Proposition 5.3, the action α̃ is cocycle

conjugate to idB(�2(N))⊗α. Since we assumed M to be properly infinite, it furthermore

follows that idB(�2(N))⊗α is cocycle conjugate to α.4 Combining all these cocycle

conjugacies yields one between α and α⊗ δ. This finishes the proof.

The following consequence is our last main result, which generalizes Corollary 4.12 to

actions on arbitrary von Neumann algebras.

Theorem 5.5. Let G be a countable discrete group and M a von Neumann algebra with

separable predual, such that M ∼= M⊗̄R. Then, for every amenable action α : G � M ,
one has α�cc α⊗ idR.

Proof. Choose a faithful normal state ϕ on M. Recall that the induced faithful normal
state ϕω on Mω restricts to a tracial state on Mω. We denote by ‖·‖2 = ‖·‖ϕω the induced

tracial 2-norm on Mω. Since we assumed M to be McDuff, it follows that Mω is locally

McDuff in the following sense: Given any ‖ · ‖2-separable ∗-subalgebra B ⊂ Mω, there
exists a unital ∗-homomorphism R→Mω ∩B′.
Now we choose N1 = Z(M) as a subalgebra of Mω. We may then choose a unital

∗-homomorphism ψ1 : R → Mω, and define N2 to be the ‖ · ‖2-closed ∗-subalgebra
generated byN1 and the range of αω,g ◦ψ1 for all g ∈G. After that, we may choose a unital
∗-homomorphism ψ2 : R → Mω ∩N ′

2, and define N3 to be the ‖ · ‖2-closed ∗-subalgebra
generated by N2 and the range of αω,g ◦ψ2 for all g ∈ G. Carry on inductively like this

and obtain an increasing sequence of αω-invariant separable von Neumann subalgebras
Nk ⊆Mω. The ‖ ·‖2-closure N of the union

⋃
k≥1Nk is then a separably acting finite von

Neumann subalgebra, which is clearly McDuff and αω-invariant. Furthermore, we have an

equivariant inclusion Z(M) ⊆ Z(N), which implies (for instance, by [57, Theorem 2.4])
that the action αω is amenable on N.

By Corollary 4.12 (with H =G), it follows that αω|N is cocycle conjugate to (αω|N )⊗
idR. In particular, we may find some unital ∗-homomorphism R → (Nω)

αω . Applying

4Although this appears to be well-known, we could not find a good literature source for this
precise claim and in this generality. We note, however, that the recent proof of the analogous
C∗-algebraic statement [14, Proposition 1.4] carries over in an obvious way to this setting.
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a standard reindexation trick, we may use this to obtain a unital ∗-homomorphism
R→ (Mω)

αω , which finishes the proof by Theorem 5.4.
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