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Abstract We consider the notion of strong self-absorption for continuous actions of locally compact
groups on the hyperfinite II; factor and characterize when such an action is tensorially absorbed by
another given action on any separably acting von Neumann algebra. This extends the well-known McDuff
property for von Neumann algebras and is analogous to the core theorems around strongly self-absorbing
C*-dynamics. Given a countable discrete group G and an amenable action G ~ M on any separably
acting semifinite von Neumann algebra, we establish a type of measurable local-to-global principle: If
a given strongly self-absorbing G-action is suitably absorbed at the level of each fibre in the direct
integral decomposition of M, then it is tensorially absorbed by the action on M. As a direct application
of Ocneanu’s theorem, we deduce that if M has the McDuff property, then every amenable G-action
on M has the equivariant McDuff property, regardless whether M is assumed to be injective or not. By
employing Tomita—Takesaki theory, we can extend the latter result to the general case, where M is not
assumed to be semifinite.
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2 G. Szabo and L. Wouters

Introduction

The classification problem for group actions on operator algebras has a long history dating
back to the hallmark results of Connes [7, 8, 10] about injective factors that employed ideas
of a dynamical nature in a crucial way. From that point, the subsequent W*-algebraic
developments with a dynamical flavour branched off into related but methodologically
distinct lines of investigation. There is, on the one hand, the classification of amenable
group actions on injective factors, which was started by Connes [9, 11] for cyclic groups
and continued in works of Jones [17], Ocneanu [31] and others [21, 22, 25, 45]. When
the acting group is nonamenable, then the structure of its actions on the hyperfinite II;
factor is already less manageable, as a theorem of Jones [18] and other subsequent stronger
no-go theorems, such as [6, 37] later demonstrated. On the other hand, there is Popa’s
notion of amenability for subfactors of finite Jones index [19], for their principal graph
and standard invariant, introduced in several equivalent ways in [33, 35, 36, 39], and his
classification result showing that any subfactor of the hyperfinite II; factor that has an
amenable graph is completely determined by its standard invariant [34, 35, 36, 39]. The
latter result is also known to recover Ocneanu’s theorem for actions of finitely generated
amenable groups, as it has been observed in [33, Subsection 5.1.5] that such actions can
be encoded in the framework of finite index subfactors. We shall leave it at the type II;
case for this direction of classification, as giving a full account of further developments
in the infinite case is beyond the scope of this Introduction. In terms of methodology,
the major difference between these two branches of research is that while the former
uses Connes’s classification as a black box in conjunction with a model action splitting
argument, the methods developed for the latter recover the uniqueness of the injective
II; factor as a consequence rather than needing it as an ingredient. These two branches
were later also unified into one common theory, encompassing the classification of group
actions on subfactors, through works such as [32, 38].

Connes’s article [10] was the first of many influential works in operator algebras to
make use of a kind of touchstone object (in his case, the hyperfinite II; factor R) and
to begin the classification approach by showing that every object to be classified absorbs
this touchstone object. More specifically, Connes’s approach begins with a structural
result asserting that every injective II; factor is McDuff — i.e. tensorially absorbs R
(see [30]) — which is then used further to show that each such factor is isomorphic to R.
In Ocneanu’s work to classify outer actions of an arbitrary countable amenable group G
on R, he likewise proves at an early point in the theory that each such action (even without
assuming outerness) absorbs the trivial G-action on R tensorially (in the terminology of
that time, Ocneanu ‘split off the trivial action on R’), which he then exploits for his
actual classification theorem. Although one would generally need injectivity of a factor
to arrive at a satisfactory classification theory about (outer) G-actions on it, this early
part of Ocneanu’s theory works in general. The precise statement and a (comparably)
self-contained proof using the methods of this article, which we included for the reader’s
convenience, is contained in Theorem 3.11.

If one is concerned with C*-algebraic considerations related to the equivariant Jiang—
Su stability problem (see [47, Conjecture A]), the current methods always find a way
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to exploit Oceanu’s aforementioned theorem in one form or another, usually involving to
some degree Matui-Sato’s property (SI) technique [27, 28, 29, 42]. Looking at the state-of-
the-art at present [15, 54], the key difficulties arise from pushing these methods to the case
where a group action G ~ A on a C*-algebra induces a complicated G-action on the traces
of A. In particular, it is generally insufficient for such considerations to only understand
G-actions on R, but one rather needs to have control over G-actions on more general
tracial von Neumann algebras. This C*-algebraically motivated line of investigation led
us to ask the following question that is intrinsic to von Neumann algebras:

Question. Let G be a countable amenable group and M a separably acting finite von
Neumann algebra with M = M®R. Is it true that every action o : G ~ M is cocycle
conjugate to a@idg : G~ MR ?

Although Ocneanu’s original results confirm this when M is a factor,' it turned out
to be not so straightforward to resolve this question, despite common folklore wisdom
in the subject suggesting that the factor case ought to imply the general case. Some
classification results in the literature [20, 44] imply that the above has a positive answer
when M is injective, but relying on this has two drawbacks. Firstly, the question we are
trying to answer is by design much weaker than a hard classification result, so it would
be desirable to have a proof not relying on such a powerful theorem, in particular, when
an assumption such as injectivity may not even be needed. Secondly, there is a subtle gap
in the proof of [44, Lemma 4.2]. We are indebted to Stefaan Vaes for pointing this out
to us in the context of the above question and for outlining a sketch of proof on how to
correct this, which became a sort of blueprint for the main result of the fourth section.
In contemporary research by C*-algebraists, the aforementioned results by Sutherland—
Takesaki are still used to provide a partial answer to the above question, for example, in
[15]. In light of the previous discussion, the present article aims to give a self-contained —
and dare we say also relatively elementary — approach to answer this question instead.
In fact, we can treat it in greater generality than posed above, without restrictions on
the type of M and in the setting of amenable actions of arbitrary discrete groups. The
following can be viewed as our main result (see Theorem 5.5.)

Theorem A. Let G be a countable discrete group and M a von Neumann algebra with
separable predual, such that M = MQR. Then every amenable action a: G ~ M is cocycle
conjugate to a®idr: G ~ MR.

As we will comment later (Remark 3.6), this phenomenon cannot be expected outside
the discrete case and, in fact, the statement fails if we insert the circle group in place of G.
Along the way, our methodology employs dynamical variants of McDuff-type properties
analogous to the theory of strongly self-absorbing C*-dynamics [46], which can and is

"'While Ocneanu’s work [31] only contains an explicit proof for so-called centrally free actions
a, his comment following [31, Theorem 1.2] suggests an alternative approach to avoid this
assumption. In several papers, the more general version without central freeness is also
attributed to Ocneanu.
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treated in the more general setting of continuous actions of locally compact groups (see
Definitions 3.1 and 3.2).

Definition B. Let G be a second-countable locally compact group. An action 6 : G v R
is called strongly self-absorbing, if there exists an isomorphism ¢ : R - RQR, a (d ®J)-
cocycle U: G = U(RIR) and a sequence of unitaries v, € U(RIR), such that

vp(z@1g)v; = ®(x) and v,(0®0)4(vn)" — U,

in the strong operator topology for all z € R and g € G, the latter uniformly over compact
subsets in G.

For such actions, we prove the following dynamical generalization of McDuff’s famous
theorem [30] (see Theorem 5.4).

Theorem C. Let G be a second-countable locally compact group. Let ov: G ~ M be an
action on a von Neumann algebra with separable predual, and let § : G ~ R be a strongly
self-absorbing action on the hyperfinite Iy factor. Then « is cocycle conjugate to a® 9 if
and only if there exists a unital equivariant x-homomorphism (R,0) — (M, o,0w,), where
the latter denotes the induced G-action on the asymptotic centralizer algebra of M.

Our initial methodology inspired by the theory of C*-dynamics is only well-suited to
build all the aforementioned (and other related) theory in the setting of (actions on)
semifinite von Neumann algebras. After the first preliminary section, the second and
third sections are dedicated to proving Theorem C in the special case of semifinite von
Neumann algebras. The fourth section then builds on some of this theory, combined with
the original ideas by Sutherland-Takesaki [44] related to disintegrating a G-action to
an action of its transformation groupoid induced on the centre. This culminates in our
main technical result of that section — a kind of measurable local-to-global principle for
absorbing a given strongly self-absorbing action, Theorem 4.10 — which is then used to
prove a stronger version of Theorem A for actions on semifinite von Neumann algebras.

The general main results are then obtained in the fifth section with the help of Tomita—
Takesaki theory. It is in this step that it becomes obvious why we want to treat Theorem C
beyond the case of discrete groups. Namely, if a: G ~ M is an action as in Theorem A
on a von Neumann algebra that is not semifinite, we may consider the extended action
&: G~ M on the (semifinite) continuous core. However, in order to conclude that «
absorbs ¢ with the help of Tomita—Takesaki theory, it is not sufficient to argue that «
absorbs §, but one actually needs to verify this absorption for certain enlargements of
these actions to continuous actions of G x R, which, in any case, requires Theorem C for
nondiscrete groups. Fortunately, this can all be arranged to work, and we end the last
section with the proofs of our main results.

1. Preliminaries

Throughout the paper, w denotes a fixed free ultrafilter on N and G denotes a second-
countable, locally compact group. Let M be a von Neumann algebra with predual M,.
For z € M and ¢ € M,, we define elements z¢,¢x and [z,¢] € M, by (z¢)(y) = ¢(yx),
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(o) (y) = ¢(zy) for all y € M and [z,¢] = ©¢ — ¢px. Moreover, for x € M and ¢ € M,,
we set |||y = ¢(x*x)'/? and ||:EH§5 = ¢p(z*x +xx*)"/2. When ¢ is a faithful normal state,

the norms |- |4 and |- ||3) induce the strong and strong-* topology on bounded sets,

respectively. More generally, when ¢ is a normal weight on M, we define ||z||, := ¢(z*z)1/2
for all x contained in the left-ideal

{r e M| ¢(x*z) < co}.

Recall that M is called o-finite if it admits a faithful normal state. Throughout, the
symbol R is used to denote the hyperfinite II; factor. A von Neumann algebra M is said
to have the McDuff property, if M is isomorphic to MQR.

1.1. Ultrapowers of von Neumann algebras

We start with a reminder on the Ocneanu ultrapower of a von Neumann algebra and
related concepts. This originates in [8, Section 2] and [31, Section 5], but the reader is
also referred to [4] for a thorough exposition on ultrapower constructions.

Definition 1.1. Let M be a o-finite von Neumann algebra. We define the subset
L,(M) C £>(M) by

Zo(M) ={(xn)neny € £°(M) | z, = 0*-strongly as n — w}
={(zn)nen € L°(M) | gl_r& ||a:n||§, =0 for some faithful normal state ¢ on M}.
Denote
No(M) ={(zn)nen € £(M) | (zn)nenTu (M) C L,(M), and Zo,(M)(n)nen C L (M)},
Ca(M) = {(n)ner € (M) | lm |[z,0]]| = 0 for all 6 € M.},
Then
Z,(M) CCy(M)CN,(M).
The Ocneanu ultrapower M“ of M is defined as
M¥ = NL,(M)/Z, (M),
and the asymptotic centralizer M,, of M is defined as
M, :=C,(M)/Z,(M).

These are both von Neumann algebras. Any faithful normal state ¢ on M induces a
faithful normal state ¢* on M“ via the formula

¢ ((Tn)nen) = lim @(xy,).
n—w
The restriction of ¢“ to M, is a tracial state.

Remark 1.2. Since the constant sequences are easily seen to be contained in N, (M),
one considers M as a subalgebra of M®“. If lim,,_,, ||[zn,¢]|] = 0 for all ¢ € M,, then
lim,, ||[:rn,y]||ﬁ¢ =0 for all y € M by [8, Proposition 2.8]. In this way, we get a natural
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inclusion M, C M“NM’. That same proposition also shows that in order to check whether
a sequence (z,, )n in £2° (M) satisfies lim,, ., ||[xn,1]|| = 0 for all ¢ € M,, it suffices to check
if this is true for just a single faithful normal state ¢ and to check if lim,,_,, ||[Zn,Y] ||ﬁ¢ =0
for all y € M. This shows that M, = M“ N M’ whenever M admits a faithful normal
tracial state. The same is then true for all semifinite von Neumann algebras with separable
predual (for example, by [26, Lemma 2.8]).

Definition 1.3. A continuous action a: G ~ M of a second-countable locally compact
group on a von Neumann algebra is a homomorphism G — Aut(M), g — a4, such that

lim |[@oay,—¢|| =0 for all ¢ € M,.

g—la

By [50, Proposition X.1.2], this is equivalent to the map being continuous for the point-
weak-* (or, equivalently, point-weak, point-strong, and so on) topology. In most contexts,
we omit the word ‘continuous,’ as it will be implicitly understood that we consider some
actions to be continuous. In contrast, we will explicitly talk of an algebraic G-action when
we are considering an action of G viewed as a discrete group.

Given an action a: G ~ M, the induced algebraic actions a*: G — Aut(M*) and
oy : G — Aut(M,,) are usually not continuous. The remainder of this subsection is devoted
(for lack of a good literature reference) to flesh out the construction of their ‘largest’ von
Neumann subalgebras, where the action is sufficiently well-behaved for our needs, called
the (a,w)-equicontinuous parts (see Definition 1.9). These constructions and proofs are
based on [26, Section 3], where the special case G =R is considered. The general definition
appeared first in [51, Section 2.1].

Definition 1.4. Let M be a o-finite von Neumann algebra with an action ao: G ~ M.
Fix a faithful normal state ¢ on M. An element (z,),en € €°(M) is called (o w)-
equicontinuous if, for every € > 0, there exists a set W € w and an open neighbourhood
1¢ € U C G, such that

sup sup ||y (z,) *InHi <e.
neW geU

We denote the set of (a,w)-equicontinuous sequences by E¥.

Remark 1.5. The definition above does not depend on the faithful normal state chosen.
Whenever ¢ and v are two faithful normal states on M, one has for every € > 0 some
0 > 0, such that for all x € (M), ||a:||i < 4 implies ||33H§¢ <e.

Lemma 1.6. Let M be a von Neumann algebra with faithful normal state ¢. For all
(Tn)nen € Now(M), the following holds: For any € >0 and compact set W C M}, there
exists a § >0 and W € w, such that if y € (M); and ||y||ﬁ5 < 4§, then Supycy ||xny||§p <e

and sup ey nynHE/, <e forallmeW.
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Proof. We prove this by contradiction. Suppose that there exists € > 0 and a compact
set U C M, such that for any k € N, there exists a y;, € (M), with Hyk”i < 1/k, but the
following set belongs to w:

Ay = {n eN ‘ sup ||xnyk||2b >e or sup ||ykxn||§p > 6}.
pew PeT

Define Wy :=N and Wy, := A;N...N A, N[k,00) for k > 1. These all belong to w. For each
n € N, define k(n) as the unique number k£ > 0 with n € Wi\ Wy 1. Put z, := yi(, if

k(n) > 1 else put z, := 1. Note that for all n € W,,, we get that Hzn||¢ = ||y;,c(n)||ﬁ
7o < L. Therefore, it holds that (z,)nen € Z,(M). Since (z,)nen € Noy(M), it follows
that lso (Znzn)nen and (2pTyn)nen belong to Z,(M). Hence, we get that for all ¢ € ¥

Tim (Janzalf, + 20l ) = 0.
Since ¥ is compact, we also have

lim 1iup (||xnzn\|w—|— ||Zn$n|| ) =0.

n—w

This gives a contradiction, since our choice of z, implies that for all n € Wy

# #
sup (llznzallf, +l|znzalf,) = .

Lemma 1.7. Let M be a o-finite von Neumann algebra with action a: G ~ M. For any
two sequences (Tn)neN, (Yn)nen € ECL NNL(M), it follows that (Tnyn)nen € EX.

Proof. Without loss of generality, we may assume sup,,cy ||z, || < & and sup,,cy ||yn|| < 3.
Fix a faithful normal state ¢ on M. Let K C G be a compact neighbourhood of the neutral
element. Take € > 0 arbitrarily. By Lemma 1.6, there exists § > 0 and W; € w, such that
for every z € (M), with HzHg5 < 4, one has

. # € t &
;g}};”xnzmo% <3 and [[2yn ||y, < 5 for all n € W;.
Since (Zn)nen and (yn)nen both belong to £¥, we can find an open U C K containing

the neutral element, and a W5 € w, such that

sup sup |lag(z,) —:Cn||i <4, and
neWs gelU

sup sup |lag-1(yn) fyn||55 < 6.
neWsy gelU

Then for g € U and n € Wi, NW,, we have
llorg () g () = Tnymly < g (@n) (g (yn) = yn) I + | (g (n) — 2 )y 1
— ety 1 () = ) e, + 1 (etg () = )yl
<§+§*5
2 2
This ends the proof. O
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Lemma 1.8. Let M be a o-finite von Neumann algebra with an action o: G~ M. Then:

(1) Suppose (xn)neNv(yn)neN € ZOO(M) satisfy (mn _yn)nEN € Iw(M)- Then (-Tn)nEN €
€2, if and. only if (g e € E2.

(2) EYNNL(M) is an a-invariant C*-subalgebra of £°(M).

Proof. Fix a faithful normal state ¢ on M. We first prove (1). Let € > 0. We can choose
W € w and an open neighbourhood 1¢ € U C G, such that
# 9
sup sup [log(zn) — 2ng < 3
neW gelU
Without loss of generality, we may assume that K = U is compact. Consider
Sp = SUP e || — ynHimg. Since K is compact and (Zn, —Yn)nen € L, (M), we have
lim,, ., s,, = 0. Hence, after possibly replacing W by a smaller set in the ultrafilter, we
can assume that s, < /4 for all n € W. We may conclude for all g € U and n € W that

lag () = ynllly < llovg (y) — g () I + levg (@) =l + lln =yl

<2 +€<£
Sp+ = .
- 2

Since € > 0 was arbitrary, (y,)nen belongs to £2.

Let us prove (2). Clearly, £% is a *-closed, norm-closed linear subspace of £>°(M). The
previous lemma shows that £2 NN, (M) is closed under multiplication. To see that £¥ is
a-invariant, take (z,)neny € £ and h € G. Take € > 0. We can find an open neighbourhood
1€ U C G and W € w, such that one has

sup sup Hag(xn> _xn”ioozh <E.
neW gelU

Then for all g € hUh™! and n € W, we observe

llag (an (@) = an(@n) I}y = llth-101 (@) = Tallion, <e.

This shows that (o, (2r))nen € EY. O

Definition 1.9. Let M be a o-finite von Neumann algebra with an action ao: G ~ M.
We define M¥ := (EX NN, (M))/L, and M, o := M NM,. We call them the (o w)-
equicontinuous parts of M and M,,, respectively.

Lemma 1.10. Let M be a o-finite von Neumann algebra with an action a: G~ M. Then
Mg and M, o are von Neumann algebras.

Proof. We show that MY is a von Neumann algebra by showing that its unit ball is
closed with respect to the strong operator topology in M. Then it automatically follows
that M, o = MY NM,, is also a von Neumann algebra. Take a sequence (Xy)r € (M)
that strongly converges to X € (M%);. Fix a faithful normal state ¢ on M and a compact
neighbourhood of the neutral element K C G. Then the function K — (M%), given by
g ¢¥oay is continuous (because ¢* oy = (poa,)¥). Hence, the set {¢* oay }gex
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is compact, and thus lim, . sup ek | Xn — XH&W = 0. Fix € > 0. Pick representing

sequences (zx(n))nen and (x(n))nen for the elements X and X, respectively, such that
lzx ()| <1, ||z(n)|| <1, for all k,n € N. Then we can find ko € N and W € w, such that

£
sup sup [y, () — () [, < 5
neW; geK

Since (Tx,(n))nen € EY, we can find an open neighbourhood 1g € U C K and W3 € w,
such that

£
sup s g (24, ()~ (), < 5.
neEWsy gelU

Then for all g € U and n € W1 NWhs, it holds that

lag ((n) = 2()|I}, < ll2(n) = 21y (0[50, + llag (2, (1)) = 2y (W) + |k (0) = () I

<§+§+£_E
33 3 7

This shows that (z(n))nen € £, or, in other words, X € M¥. O

Lemma 1.11. Let M be a o-finite von Neumann algebra with an action a: G ~ M of a
second-countable locally compact group. Then o restricted to MY and o, restricted to
M, o are continuous G-actions.

Proof. Fix a faithful normal state ¢ on M. Since ¢ is faithful, {a¢“ | a € M¥} is dense
in (MY).. For a € M¥ and g € G, one has

[(ag®) 0 oy —ad®|[(arg). < lleg-1(a)(9¥ 0 ag — &%)l argy. |+ [[(@g-1(a) = @) [l (azg).
< llallllgoag—olla. +llog-1(a) —allge.

When g — 1¢, the first summand converges to zero because « is a continuous G-action
on M and the second summand converges to zero by definition as a € M. This shows
that o restricts to a genuine continuous G-action on MY, so the same is true for the
restriction of o, to M, «. O

Lemma 1.12. Let M be a von Neumann algebra with a faithful normal state ¢ and an
action a: G~ M. Let z€ Mg, ¢ >0, K CG a compact set, and suppose that ||ay (z) —

[

z||ﬁ¢w <e for all g € K. If (zn)nen s any bounded sequence representing z, then

; _ #
i mage g (20) — 2}, <.

Proof. Let 6 > 0. Then for each g € K, there exists an open neighbourhood g € U C G
and W, € w, such that

sup sup ||an(zn) —ag(zn)||ﬂ¢ <.
neW, hel
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Since this obviously yields an open cover of K and K is compact, we can find finitely
many elements ¢gi,...,gy € K and an open covering K C Uf;lUJ— with g; € U; and some
W7 € w, such that for j =1,...,N, we have

sup sup [l (2n) — g, (20) [}, < 6.
neWi geU;

Since maxgex |log (2) — Zng < ¢, there exists Wy € w, such that for all n € Wy and
j=1,...,N

||0‘gj(zn)*zn||g§. <e+td.
Hence, for an arbitrary g € K, there is some j € {1,...,N}, such that g € U; and
lorg (20) = 2%, < llatg(z0) — g, (20) 1 + lltg, (20) = 2nllfy < 20+

for all n € W1 NWs. Since § was arbitrary, this proves the claim. O

1.2. Cocycle morphisms

Definition 1.13 (cf. [48, Definition 1.10]). Let o: G ~ M and §: G ~ N be two actions
of a second-countable locally compact group on von Neumann algebras. A (unital) cocycle
morphism from (M,«) to (N,B) is a pair (¢,u), where ¢: M — N is a unital normal
s-homomorphism and u: G — U(N) is a continuous map (in the strong operator
topology), such that for all g,h € G, we have

Ad(ugy)ofy0p=¢oa, and uyl,(up)=1g.

If u is the trivial map, we identify ¢ with (¢,1) and call ¢ equivariant.

Remark 1.14. As the arguments in [48, Subsection 1.3] show, the above endows the class
of continuous G-actions on von Neumann algebras with a categorical structure, whereby
the Hom-sets are given by cocycle morphisms. The composition is given via

(h,v) o (d,u) := (Yo d,gp(u)v)
for any pair of cocycle morphisms
(M,a) &3 (N,8)  and  (N,8) (L),

We see, furthermore, that a cocycle morphism (¢,u): (M,a) — (N,B) is invertible if
and only if ¢ is a *-isomorphism of von Neumann algebras, in which case, we have
()1 = (¢~ Lo~ 1(1)*). If this holds, we call (¢,1u1) a cocycle conjugacy. We call two
actions « and S cocycle conjugate, denoted a ~. [, if there exists a cocycle conjugacy
between them.

Example 1.15. Let a: G ~ M be an action. Then every unitary v € U (M) gives rise to
a cocycle conjugacy

(Ad(v), (vag(v)*)geq) : (M,a) = (M,a).
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We will also write this simply as Ad(v) when it is clear from context that we are talking
about cocycle morphisms. When 8: G ~ N is another action and (¢,u): (M,a) — (N,3)
is a cocycle conjugacy, then

(¢u) 0 Ad(v) = Ad(¢(v)) o (¢1).

Definition 1.16. Let a: G~ M and 3: G ~ N be two actions on finite von Neumann
algebras M and N. Let 7y be a faithful normal tracial state on N. Let (¢,u) and
(1,v) be two cocycle morphisms from (M,a) to (N,3). We say that (¢,u) and (¢,v)
are approximately unitarily equivalent if there exists a net of unitaries wy € U(N), such
that ||wx¢(z)w} —Y(x)|-y — 0 for all x € M and maxgex ||watigBy(wir)* —vgll-y — 0
for every compact set K C G. We denote the relation of approximate unitary equivalence
by ~,.

2. One-sided intertwining

In this section, we prove a version of [46, Lemma 2.1] (which goes back to [41, Proposition
2.3.5]) for group actions on semifinite von Neumann algebras. First, we prove the following
intermediate lemma:

Lemma 2.1. Let M,N be von Neumann algebras, and let T be a faithful, normal,
semifinite trace on N. Consider a sequence of x-homomorphisms (0,,: M — N),en and
a *-isomorphism 0 : M — N, such that Ty 00 = 75080, for all n € N. Let X C (M)
be a dense subset in the strong operator topology that contains a sequence of projections
(Pn)nen converging strongly to 1y with i (6(pr)) < 0o. If 0, () = 0(x) strongly as n — oo
for every x € X, then 6,, — 0 in the point-strong topology as n — co.

Proof. Take y € (M);. Since the sequence (6(p,))nen converges strongly to 1y, it suffices
to show that for all k € N

(0(y) — 0,())0(pr) — 0 strongly as n — oo.

Fix k € N and a € N, such that 7y (a*a) < co. Given ¢ > 0, there exists € X, such that

9
16(x =)0 (pr) [l < 77
Afall

Then there exists ng € N, such that for all n > ng

€
1(0(zpk) = On(zpr))allry < 5 and [[(0(pr) = Onlpr))allry <
For all n > ng, we then get that

10(y) = 0n(y))0(pr)allry <10z —y)0(pr)allry +10n(z —y)bn(pr)allry
+1(0(zpr) — On(zpr))allry + 100 (y)(0(p ) On(pr))allry
<2|allll6(z =)0 (pr)llrx +e/4+11(0(Pr) = Onlpr))allry
<E.

€
T

As k and a were arbitrary, this proves the claim. O
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Lemma 2.2. Let G be a second-countable locally compact group. Let M and N be two
von Neumann algebras with separable predual and faithful normal semifinite traces Tp; and
TN, respectively. Let a: G ~ M and f: G ~ N be two actions. Let p: (M,a) = (N, )
be a unital equivariant normal *-homomorphism with Ty o p = Tp;. Suppose there exists a
faithful normal state ¢ on N and a sequence of unitaries (wy)nen in U(N) satisfying

Ad(wy)op— p in the point-strong topology;
For all y € (N)1, there exists a sequence (Tp)nen C (M)1, such that y —
wpp(x,)wk — 0 in the strong operator topology;

e maxyex ||Bg(w)) —wh|le = 0 for every compact subset K C G.

Then p(Z(M)) = Z(N), and there exists a cocycle conjugacy (0,v) between o and 8 with
01 z(my = plzry- In case Tn is finite, the existence of such a sequence of unitaries for
¢ = TN is equivalent to the condition that p is approzimately unitarily equivalent to a
cocycle conjugacy.

Proof. We note right away that the first two conditions above can always be tested on
self-adjoint elements, hence, one can equivalently state them with the strong-* topology.
Denote

m:={zxeM|my(z"zr) <o} C M.

We let L?(M,75;) denote the GNS-Hilbert space of M with respect to 7. Similarly, we
use the notation L?(N,7y). Choose a countable subset X = {z,, }en in (M);, such that
XNmis | -|l;,-dense in (m);. Take a strongly dense sequence {y,}nen in (N);. Choose
an increasing sequence of compact subsets K,, C G, such that the union is all of G.

We are going to create a map 6 : M — N via an inductive procedure. For the first step,
we choose 1,1 € (M); and z; € U(N), such that

o Jzpen)zt —pla)f <1/2;
o |ly1 —2z1p(@1,1)21 1l < 1/2;
® maxger, ||By(27) — 27 ls <1/2.

Now assume that after the n-th step of the induction, we have found z1,...,2, € U(N)
and {x; j}j<i<n C (M)1, such that

1) znp(@)2 = p() onaonon ) S 27" for =10 ms

|2 1 2fYj21 Zn1 = 2 p(Tn ) 20 | poAd(2.zn 1) < 277 for j=1,...,n;

By(23) = ZnllgoAd(zr...2n_r) < 27" and
maxgek, [|Bg(2n) — 2nlpoad(8y (210 2n 1)) <27

(1)

(2) |lznp(z1,5)2] _p(xl»j)||§z>oAd(zl...zn,1) <2"forl=1,...,n—1and j=1,...,];
3) |

(4)

maneK"

Then, by our assumptions, we can find 2,41 € U(N) and {@n41,j}j<nt1 C (M), such
that

b ||zn+1p(xj)z;;+1 - p(xj)“iOAd(Zl...Zn) < 2*(7l+1) for ] =1,... n+ ]-;
i ||Zn+1p(1'le)2’;;+1 - p(wl,j)‘lioAd(ZL..Zn) < 2—(n+1) for [ = 1L,...,n and .7 = ]-7 s 7Z;

https://doi.org/10.1017/51474748024000057 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000057

Dynamical McDuff-type properties 13

125 25521 20— Zng1P(@nt1,) 2 gt |l poAd (s zny < 27D for j=1,... n+1;
o maxgek, 1 [89(2541) — 2ns1llgord(er..zn) < 2=+ and
maxge i, [1Bg(2 1) = 2t lond(sy (ar.ozy) <270,
We carry on inductively and obtain a sequence of unitaries (zp)nen in U(N) and a
family {zn j}nen,j<n C (M)1. For each n € N, we define u,, = 2;...2, and the normal
*-homomorphism 6,,: M — N by 6,, = Ad(u,)op. For n>m and j=1,...,m+1, we get

n—1

10 (27) = O ()1, < D 110k (25) — Ok ()15
k=m
n—1

= Z lzk+10(25) 241 _p(xj)HgboAd(zl...zk)

k=m

We see that for all j € N, the sequence (0, (2;))nen is norm-bounded and Cauchy with
respect to || - HS{) This means that it converges to some element in N in the strong--
operator topology. A similar calculation using (2) shows that for n >m >1>j

n—1
162 (1,5) = O (0 )15 < D 2757, (21)
k=m

so the sequence (0, (z1,;))nen also converges in the strong-+-operator topology for all j <.
Since 6, is a *-homomorphism for all n € N, we conclude that, restricted to the C*-algebra
A C M generated by {z,, fnenU{z, ;} i<, the sequence (0, ),en converges point-*-strongly
to a x-homomorphism 6’: A — N. Since A4 contains a || - ||-,,-dense subset of m, and clearly
7N 00 = T4, there is a unique isometry T: L?(M,7ps) — L?(N,7y) induced from the
formula T[a] = [0’ (a)] for all a € ANm. Then the normal *-homomorphism

0: M - N:x—T2T*

extends 6" and (0"|m)n€N converges point-strongly to 6)p,.
We claim that € is an isomorphism. Clearly, 7y 08 = 75, and so 6 is injective. By
applying (3), we find for all m > j that

10m(@m, ;) = Yille = |2mp(Tm,5)2m — 2m—1-+- 21921+ - Zm—1llgoAd(z1.2m_1) <27

Combining this with (2.1) for [ =m and n — oo, we find that
10(@m.5) = yillo < N0 (2m. ) = Om (@m, )6+ 10m (@m.5) —yjlle < 277 +27™ =277

Since the y; are strongly dense in the unit ball of N and 6 is normal, this implies
surjectivity of #. By Lemma 2.1, it then follows that 6, — 6 point-strongly as n — oo.
Since 6,, is a unitary perturbation of p for each n, this implies p|z(ar) = 00| z(ar) — 0]z (1)
and, in particular, p(Z(M)) =0(Z(M)) = Z(N).
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For n >m and g € K41, we have

|21 2By (25 21) = 21 2B (25 2D

n—1
< S e zn(zre1B (2 ) — DBy (.. 20
o
=3 (18a (27 0) — ZoraPonas, (or. oy 180 (ZEr1) = ZoaBonaer. o)
k=m
QBT 2w,
k=m

From this calculation, we see that for every g € G, the sequences (21...2,8¢(2} ... 27))nen
are Cauchy with respect to ||- ||§)7 with uniformity on compact sets. It follows that for every
g € G, the strong- limit vy = lim,,_, o unBq(u};) exists in U (N) and that this convergence
is uniform (w.r.t. || - ||5>) on compact sets. Since /3 is point-strong continuous, this implies
the continuity of the assignment g +— v,. Moreover, for each g € G and x € M, we have
the equalities of limits with respect to the strong operator topology:

(foay)(z)= nlLrI;O(Ad(un) opoag)(x)
~ lim (Ad(un) o B,0)(a)

= m By (up) By (unp(@)un) By (un)uy,

— (Ad(vy) 0 B,06) (@),

It follows that (6,v) is a cocycle conjugacy.

For the last part of the statement, assume that 7y is finite. Then our previous
calculations show that in the above situation, p is approximately unitarily equivalent to 6.
Conversely, suppose p is approximately unitarily equivalent to a cocycle conjugacy (6,v).
In particular, there exists a sequence (uy, )neny € U(N), such that ||u,p(z)u —6(x)|y =0
for all z € M and ||unBq(u)) — vg|l-y — 0 uniformly over compact subsets of G. Choose
a sequence {Yntneny C (N); that is strongly demnse in (N);. For all kn € N, define
T,k = 07 (upyrus). Then choose an increasing sequence (m(n))nen C N, such that

m |[0(2, k) = Um(n) P(Tn, k) Upy iy Iy =0 for k€N

n—oo

Define wy, := u;, ty,(n)- One can check that these satisfy the assumptions in the lemma. [

3. Strongly self-absorbing actions

Definition 3.1 (cf. [48, Definition 5.1]). Let o: G~ M and 6: G ~ N be two actions
of a second-countable locally compact group on finite von Neumann algebras M and N
with separable predual. We say that a strongly absorbs ¢ if the equivariant embedding

ldM®1N (M,Oé) — (M®N,O{®(S)

is approximately unitarily equivalent to a cocycle conjugacy.
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Definition 3.2. Let G be a second-countable locally compact group. Let §: G~ R be an
action on the hyperfinite II; factor. We say that ¢ is strongly self-absorbing, if § strongly
absorbs 9.

Definition 3.3. Let G be a second-countable locally compact group. Let ao: G ~ R be
an action on the hyperfinite IT; factor. We say « has approzimately inner half-flip if the
two equivariant embeddings

idr ® 1g,1gr ®idg : (R,Oé) — (R@R,O& ® Oz)
are approximately unitarily equivalent (as cocycle morphisms).

Remark 3.4. It is well-known that any infinite-dimensional tracial von Neumann algebra
N with approximately inner half-flip in the above sense (with G = {1}) must be isomorphic
to R. Indeed, it is clear that N must have a trivial centre, which implies that it is a Iy
factor. Then N = R follows from [10, Theorem 5.1] under the stronger condition that
the flip automorphism on N®N is approximately inner, but the weaker condition is seen
to be enough via Connes’s theorem and the obvious modification of the proof of [13,
Proposition 2.8] that shows the semidiscreteness of N.

Example 3.5. For any second-countable locally compact group G, the trivial action
idg : G ~ 'R has approximately inner half-flip as a consequence of the flip automorphism
on a tensor product of matrix algebras M, (C)® M,,(C) being inner. It is also seen to be
a strongly self-absorbing action.

Remark 3.6. Clearly, if a given action «: G ~ M is cocycle conjugate to a®idg : G ~
M®R, then the naturality of the crossed product construction implies that M x, G is
a von Neumann algebra with the McDuff property. We can use this to argue why the
statement in Theorem A does not extend to the case of actions of topological groups.

Let us pick any ergodic measure-preserving transformation 7" : (X,u) — (X,u) on a
standard probability space. Then the crossed product von Neumann algebra L>°(X) x1Z
is well-known to be isomorphic to R. If we use this identification to induce a circle action
a: T~ R from the dual action, then it follows with Takesaki-Takai duality [50, Chapter
X, Theorem 2.3] that R x, T =2 B(¢?(Z))®@L>*(X). By what we observed above, it follows
that a cannot be cocycle conjugate to a ®idg.

Theorem 3.7. Let G be a second-countable locally compact group. Let a: G ~ M be
an action on a semifinite von Neumann algebra with separable predual. Suppose that
0: G R is an action with approximately inner half-flip, such that there exists a unital
equivariant x-homomorphism (R,0) — (M, o,0w). Then there exists a cocycle conjugacy
(0,v): (M,a) = (M@R,a®06) with 0| z(ary = idz )y @1z If M is finite, then o strongly
absorbs §.

Proof. Fix a faithful normal state ¢ on M. Let m: (R,0) = (M, a,,) be a unital
equivariant *-homomorphism. We obtain an induced a map on the algebraic tensor
product

ROM — MZ? via x@m— w(z)m.
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Since for each m € M the map z +— ¢“(w(z)m) defines a positive tracial functional on
R, we see that it must be equal to some multiple of the unique tracial state 7 on R, and
hence, we get for each x € R and m € M that

¢¥(m(z)m) = 7(2)p(m) = (1@ ¢)(z @m).

So we see that the map sends the faithful normal state 7® ¢ to ¢“, and hence, it extends
to a unital normal *-homomorphism R®M — MY, which, moreover, is (§ ® a)-to-a*

)

equivariant. In this way, we get a unital equivariant normal *-homomorphism
(RERIM,6@5@ ) — (RIMZ, 6@ a®),

given by x1 ® o @ m — 21 ® (¢(x2)m). Composing with the canonical inclusion map
L: ROME — (R&M)5s,,, We get a unital and equivariant normal *-homomorphism
P: (RORGM,0®0 @) = (ROM)§g4, (0 @ a)“),
such that
P(zR1r@m)=x@m forall z € R,m € M,
and

P(Ir @R M) CL(1R®M:;})-

Since ¢ has approximately inner half-flip, we can choose a sequence of unitaries (vy,)nen
in R®R, such that maxgex ||vn — (0 ®6)g(vn)||rer — 0 for all compact subsets K C G
and |z ®1g —vp(1r @ 2)vE||rgr — 0 for all z € R.

Define u,, := ®(v, ® 151) C (ROM)¥g,,- This sequence of unitaries satisfies

o [up,lr@m]=®([v,@1r,1rgr ®m]) =0 for all m € M;
e P(lrp®r®m)c€ (lg® M¥) and
nli_}rrgoun@(ln Rr@m)u) = nh_}rrgo D((v, @1 p)(Ir @ @m) (v @ 1))
=0(z®1lr®@m)
=xrQ@m,
where the limit is taken with respect to the strong operator topology;
o max|iu, — (0@ )y () (rag~ =max||(v, = (0©0)g(vn)) @ 1allraree — 0 for all
compact K C G.

Each u,, can be lifted to a sequence of unitaries (zﬁk))keN in £, NN, (R®M). Applying

a diagonal sequence argument to the (27(11«)) ren and using Lemma 1.12, we can obtain a

sequence of unitaries (wy,)nen in RAM, such that

o Ad(wy,)(1gr ®m) —1g @ m — 0 strongly for all m € M.
o inf,.cou), |2 —w,(Ir @m)w;, |04 — 0 for z € (ROM);.
e maxycx ||w) — (0®a)y(w})||ree — 0 for every compact subset K C G.
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We conclude that the map 1g ®idy: (M,a) = (ROM,6 ® a) satisfies all the necessary
conditions to apply Lemma 2.2. This completes the proof. O

Theorem 3.8. Let G be a second-countable locally compact group. Let § : G ~ R be an
action on the hyperfinite I, factor. Then 6 is strongly self-absorbing if and only if it
has approximately inner half-flip and there exists a unital equivariant *-homomorphism
(R,0) = (Ru,5,0w)-

Proof. The ‘if’ direction follows immediately from the previous proposition. To prove the
other direction, we assume that § is strongly self-absorbing and reproduce an argument
analogous to [52, Proposition 1.4] and [48, Proposition 5.5]. Denote the unique tracial state
on R by 7. Let (¢,u): (R,§) — (ROR,0 ®4) be a cocycle conjugacy and u, € U(RRR) a
sequence of unitaries, such that

nll)néognez}}({||un(6®5)g(un) —uyllrgr =0 for every compact K C G (3.1)
and
ILm lp(z) —un(z@1)u) ||rer =0 for all z € R.
Note that

Ad(uy)ogody =Ad(ujug(0®d)g(un))o(d®6)g0Ad(uy,)o .
As a consequence of (3.1), then for every compact K C G, one has

lim max sup [|(Ad(u3)ogod,)(@) ~ ((6©8),0 Ad(ul) 0 @) (@) |rar =0.  (3.2)
n—oo ge K z€(R)1

In particular, applying this to = = ¢~ (u,,) and using that (1®7) =70¢~! yields

lim max||(Ad(¢™" (u;,)) ©05) (¢~ (un)) = (67" 0 (6@ 6)g) (un)l- = 0.

n—oo ge K
Combining this with (3.1) again, one gets

lim max ¢~ (u},) 6, (¢ (un)) — gb*l(u;)HT@T =0 for every compact K CG. (3.3)

n—oo ge K n

First, we prove that § has approximately inner half-flip. Define the cocyle morphism
(¢, v) := (¢,u) "t o (1g ®idg). Note that

lr ®idr = (¢,U) o (’L/J,W)
u (ld'R (24 IR) © (7/13‘7)

Applying the equivariant flip automorphism to both sides of this equivalence, we get that
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We also get
(Y @1g,vel)=(¢ ' ®idr,¢~ (1) ©1)o(lr ®idg ® 1x)

(3.4)

(07 ®idr,¢ (W) @) o(lr®1r @910 10 V)
=(r@%,¢~ (w) @)

(3.3)
~ u (1R®¢71®V)'

By transitivity, we get that 1g ®idr ~, idg ® 1x.
Next, we prove the existence of a unital equivariant *-homomorphism (R,d) —
(Ru,5,0w)- Define the sequence of trace-preserving s-homomorphisms

Xn = ¢_1 oAd(uy,)o(1g ®idr).
We conclude from (3.2) that for all z € R

lim_ma |8 (xn () — xn (8 (@) = 0.

n—oo ge

From this and the fact that all x,, are trace-preserving, it also follows that (xn(x))nen
belongs to £%. Moreover, for any x,y € R

Jim [ @)l = lim () (1 © )] rar
= nh_{go lunlz®@L1@yluy llrer
=0.

So, the maps x, induce a unital equivariant *-homomorphism (R,6) — (R 5,0w)- O

The following can be seen as a direct generalization of the famous McDuff theorem [30]
to actions on semifinite von Neumann algebras.

Corollary 3.9. Let G be a second-countable locally compact group. Let a: G ~ M be an
action on a semifinite von Neumann algebra with separable predual, and let 6 : G R
be a strongly self-absorbing action on the hyperfinite II; factor. Then the following are
equivalent:

(1) There exists a cocycle conjugacy (0,v): (M,a) = (MOR,a® ) with 0|z =
idz) ®1r;
(2) a=cca®d;

(3) There exists a unital equivariant x-homomorphism (R,0) — (M, a,0t)-

Proof. The implication (1)=-(2) is tautological. Since strong self-absorption implies
approximately inner half-flip by Proposition 3.8, the implication (3)=(1) follows from
Proposition 3.7.

In order to prove (2)=(3), it is enough to show that there exists a unital equivariant
s-homomorphism (R,d) = (M®R)u.ags, (@ ®J),). We know there exists a unital equiv-
ariant *-homomorphism (R,dJ) — (R, s,0.) by Proposition 3.8. Since the latter is unitally
and equivariantly contained in ((M®R)y, ags, (@ ®6),,), this finishes the proof. O
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The following lemma is a straightforward application of the noncommutative Rokhlin
Theorem of Masuda [25, Theorem 4.8].? In the proof, we use the following convention:
Let G be a discrete amenable group, € > 0 and S CC G. We say that FF CC G is
(S,e)-invariant if

‘Fﬂ ﬂg_lF‘ > (1—¢)|F).
geSs

Lemma 3.10. Let a: G ~ M be an action of a countable discrete group on a McDuff
factor with separable predual. Let N C G be the normal subgroup consisting of all elements
g € G, such that o, 4 € Aut(M,,) is trivial. Suppose that the quotient group Go = G/N is
amenable with quotient map m: G — Gq. Let § : Go ~R be an action with induced G-action
0r =0om. Then there exists an equivariant unital x-homomorphism (R,0z) — (M, o).

Proof. Consider the induced faithful action v: Go ~ M,, via v4n = ,, g. Then clearly the
claim is equivalent to finding a Gg-equivariant unital *-homomorphism (R,d) — (M,,,7).
Let us introduce some notation. Let (z,)neny € €°°(M) be a sequence representing an
element X € M,,. Then we set 7,(X) = lim,,_,,, ©,,, where the limit is taken in the o-weak
topology. Since M is a factor and 7, (X) is central, this limit belongs to C. For any ¢ € M,
we have

P*(X) = Ag}dqﬁ(xn) = ¢(1w(X)) = 70 (X).

In particular, 7,, defines a normal faithful tracial state on M,,, and we denote || X||; =
(X)),

Since M is McDuff, we can find a unital *-homomorphism ¢ : R — M,,. Fix ¢ >0 and a
symmetric finite subset S CC G containing the neutral element. By [31, Lemmas 5.6 and
5.7], we are allowed to apply [25, Theorem 4.8] to the action v: Go ~ M,,. So if F' CC Gy
is a finite (S,e)-invariant subset, then there exists a partition of unity of projections
{E4}ger C M,,, such that

> 11s(By) = Eggll <422 for all s € S; (3.5)
ges—IFNF
Z 1B, |l < 3¢Y/2 for all s € S; (3.6)
geEF\s™1F
[Eg n(X)]=0forall g€ F, h € Gy, X € ®(R). (3.7)

Define
VR = M, via U(z) =Y 7,(2(5, ' (x))) Ey.

geEF

2This Rokhlin Theorem is actually a variant of Ocneanu’s noncommutative Rokhlin Theorem
[31, Theorem 6.1], and the proof of Masuda’s version is essentially the same as Ocneanu’s
proof. While it is possible to deduce what we need from Ocneanu’s Theorem, here we cite
Masuda’s version for convenience of the reader, as it is directly applicable and there is no need
to deal with e-paving families of G.
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This is a unital trace-preserving *-homomorphism because the projections £, form a
partition of unity and condition (3.7). For s € S and x € R, we use conditions (3.5) and
(3.6) to observe

I (W) = W) = | D2 10a (@06, @) (Eg) = 3 70 (@6 () By

1

geF ges—IF

< Z H%g(q)(ég_l(x)))(’)/s(Eg) - Esy)Hl

+ Y @O @B+ Y (B, (2)) Eglh
gEF\s~1F gEF\sF

<102 z||.

Since we can do this for arbitrary € > 0 and S CC G, the claim follows via a standard
reindexing trick. O

The following result recovers a famous result due to Ocneanu [31, Theorem 1.2 and
following remark] as well as his uniqueness theorem of outer actions of amenable groups
on R. We include this proof for the reader’s benefit, as it is comparably elementary with
the methods established so far.

Theorem 3.11. Let G and Gy be countable discrete groups with G1 amenable. Let 6 :
G1 R be an outer action and ov: G~ M an action on a semifinite McDuff factor with
separable predual. Then:

(i) 9 is strongly self-absorbing and cocycle conjugate to any other outer action G1 ~R.

(ii) Suppose H C G is a normal subgroup containing all elements g € G, such that a4
is trivial. Suppose G1 = G/H with quotient map 7 : G — G1. Consider the induced
G-action 6 =dom. Then o ~ee Q0.

Proof. (i): Let 7 be the unique tracial state on R, which we may use to define the 1-norm
|-li=7(-]) on R. Set 6 =6®6: Gy ~ROR =: R, which is also an outer action.
Since the flip automorphism o on R is known to be approximately inner, we may pick
a unitary U € U(RP*) with UzU* = o(z) for all z € R®®. By [11, Theorem 3.2], the
induced action 62¥ : G; ~ ’Rg ) is faithful. We may hence argue exactly as in the proof
of Lemma 3.10 and apply Masuda’s noncommutative Rokhlin lemma. So let S CC G; be
a symmetric finite set and € > 0. If F' CC G is a finite (S,¢)-invariant subset, then there
exists a partition of unity of projections {E,}ger C 725,2), such that

> I8P (Ey) — Egglly < 4"/ for all s € S; (3.8)
ges—1FNF
Z 1B, < 362 for all s € S; (3.9)
gEF\s~'F
[Eg.x]=0forallge F, xz € {522)M(U)}he(;1. (3.10)
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Define W =73 p 552)W(U)Eg. This is also a unitary in R™* implementing the flip o
because the projections E,; form a partition of unity and condition (3.10). For s € S, we

use conditions (3.8) and (3.9) to observe

[ (W) =W = || 3 8@ 0)6@=(E)) = 3 d2(U)Ey |,

geF ges—IF
< Y @@ (E,) - By |
geFNs—1F

+ Y BB Y I8P,
geEF\s—1F gEF\sF

<10e'/2.
Since we can do this for arbitrary € > 0 and S CC GG1, we can use a reindexing trick to
obtain a unitary W € M((R(Q)‘”)‘S@)w) with WaW* = o(z) for all x € R?). In particular,
4 has approximately inner half-flip. If we apply Lemma 3.10 for G =G, N = {1} and §
in place of a, it follows with Theorem 3.8 that ¢ is strongly self-absorbing. If ~v: G; ~
R is another outer action, then the same follows for v. By applying Lemma 3.10 and
Corollary 3.9 twice, we obtain that v and ¢ absorb each other, hence, they are cocycle
conjugate.

(ii): Define N to be the subgroup of all elements g € G, such that «, , is trivial, and set
Go = G/N with quotient map 7° : G — Gy. By assumption, we have N C H, hence, G
can be viewed as a quotient of Gy via a map 77! : Gy — G1. Then, 7 = 1"t o7 and
the action 6 01 := 6o’ is a Gy-action with (d0-1)r0 = d,. By Lemma 3.10, it follows
that there exists an equivariant unital *-homomorphism (R,0,) — (M., ). Since 6 was
strongly self-absorbing, so is d; as a G-action, and the claim follows by Corollary 3.9. O

Remark 3.12. We note that the factor M in Theorem 3.11 is only assumed to be
semifinite because at this point in the article, we have only proved the absorption theorem
in this setting. Upon having access to Theorem 5.4, the same proof verbatim allows one
to remove the assumption that M needs to be semifinite.

4. Actions of discrete amenable groupoids

We begin by recalling the definition of a discrete measured groupoid. This concept dates
back to [24].

Definition 4.1. A discrete measured groupoid G is a groupoid in the usual sense that
carries the following additional structure:

e The groupoid G is a standard Borel space, and the units G < G form a Borel
subset.
The source and target maps s,t: G — G(©) are Borel and countable-to-one.
Define G® := {(g,h) € G x G | 5(g) = t(h)}. The multiplication map GZ —
G: (g9,h) — gh and the inverse map G — G: g+ g~ ' are Borel.
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e GO is equipped with a measure y satisfying the following property. Let js and j
denote the o-finite measures on G obtained by integrating the counting measure
over s,t: G — GO respectively. Then fi ~ fis.

Example 4.2. An important example of a discrete measured groupoid is the transforma-
tion groupoid associated to a nonsingular action G ~ (X, 1) of a countable, discrete group
G on a standard measure space (X, ). In that case, the unit space can be identified with
X and the measure pu satisfies the necessary requirements. We denote this transformation
groupoid by G x X.

We assume the reader is familiar with the concept of amenability for discrete measured
groupoids (see [3, Definition 3.2.8]). In particular, recall that a groupoid G is amenable
if and only if the associated equivalence relation

{(s(9),t(9)) |9 € G}

and almost all associated isotropy groups
{9eG|s(g)=t(g) =z} for xeG®

are amenable (see, e.g. [3, Corollary 5.3.33]). In case of a nonsingular action G ~ (X, u),
the associated transformation groupoid G x X is amenable if and only if the action is
amenable in the sense of Zimmer ([55, 56, 57]).

Remark 4.3. In this paper, we work with measurable fields of all kinds of separable
structures, such as Polish spaces, Polish groups, von Neumann algebras with separable
predual, and fields that can be derived from these. For Polish groups, the definition
is explicitly given in [43], while the other notions can be defined in an analogous way.
We only consider the measurable setting, and hence will often implicitly discard sets
of measure zero whenever needed. This means all measurable fields, groupoids, and
isomorphisms between measure spaces are defined up to sets of measure zero. Because of
this, all statements should be interpreted as holding only almost everywhere whenever
appropriate. This also means that we have no problem to apply the von Neumann
measurable selection theorem (see, e.g. [23, Theorem 18.1]) to obtain measurable sections
after deletion of a suitable null set, and we will often omit the fine details related to such
arguments.

Definition 4.4. Let G be a discrete measured groupoid with unit space (X, ). An action
a of G on a measurable field (B,).cx of factors with separable predual is given by a
measurable field of *-isomorphisms

G329 ag: Byg) = Big),
satisfying a0 ap, = oy for all (g,h) € G2,

Definition 4.5. Let G be a discrete measured groupoid with unit space (X,u). Suppose
that o and B are actions of G on the measurable fields of factors with separable predual
(Bz)zex and (Dy).ex, respectively. The actions are said to be cocycle conjugate if there
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exists a measurable field of *-isomorphisms X > x — 6, : B, — D, and a measurable field
of unitaries G 3 g = wy € U(Dy(y)) satisfying

Oi(9) 0 g 0‘9;(,1}) = Adw, o, for all g€ G
weBg(wn) =wgy for all (g,h) € G@.

Example 4.6. Let B be a von Neumann algebra acting on a separable Hilbert space H.
Then we can centrally decompose B as

@
(BH) = / (Bus M) du(o)

b'e

where (X, 1) is a standard probability space, such that L (X, u) = Z(B) (see, e.g. [49,
Theorem IV.8.21]). In this way, we get a measurable field of factors (B, )zcx. When B is
of type I, IIy, I, or III, every B, has the same type by [49, Corollary V.6.7]. We claim
that if B =~ B®R, then every fibre B, is McDuff. Pick a x-isomorphism ®: B — B®R.
Then there exists (see, for example [5, Theorem 111.2.2.8]) a unitary U: H®*(N) - H®
L?(R,mr)®¢?(N), such that the amplification of @ is spatial, that is ®(b)®@1=U(x®1)U*.
We have the decompositions

(BoC,H® A (N) = /@(Bw®(C,Hw®€2(N))du(x), and
X
(BRR®C,H® L*(R,mr) @ *(N)) = / : (B:&R&C,H, ® L*(R,7r) ® *(N)) dp(x).
X

As the amplification of ® necessarily maps the diagonal algebras (i.e. the respective
centres) to each other, we can use the fact that the disintegration is unique [49, Theorem
8.23]. In particular, this means every B, is isomorphic to some B,®R, and hence, B, =
B,®R.

Now suppose a: G ~ B is an action of a countable discrete group. Let G =G x X
denote the transformation groupoid associated to the action on (X,u) induced by a.
Then « can be disintegrated as an action @ of G on the measurable field (B, ).cx (see,
e.g. [49, Corollary X.3.12]%), such that, given b= f;B by dp(z), we have

ag(b)g.e = Q(g,q)(be) for (g,x) €G.

Assume f: G ~ D is another action on a separably acting von Neumann algebra
(D,K) = ff(Dm,lCm)d,u(x), and assume that § induces the same action on (X,u) as a.
Let 8 denote its decomposition as an action of G on (D,).ecx. If @ and § are cocycle
conjugate in the sense of Definition 4.5, then o and  are cocycle conjugate as actions on
von Neumann algebras. Indeed, let X >z 0,: Ay — By and G 3 (g,2) = w(g, ) €U(By.z)
denote the measurable fields of *-isomorphisms and unitaries realizing a cocycle conjugacy

between @ and 3. This gives rise to a *-isomorphism 6: A — B given by 0(a), =0, (a,) for

3When the field of factors (Bs)eex is constant (for example, when B is injective type II; and
all B, are R), this construction dates back to [45]. There, the groupoid G and action & are
also called the ancillary groupoid and ancillary action associated to a.
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a= ff az du(z) € A, and for each g € G, we get a unitary vy € U(B) by (Vy)z = W(g g-1.5)-
The pair (6,v) is a cocycle conjugacy.
Conversely, one can show that every cocycle conjugacy (0,v) : (B,a) — (D,) with

0|LOO(X) = id|Loo(X) gives rise to a cocycle conjugacy in the sense of Definition 4.5.

We will subsequently need the following lemma (albeit only for discrete groups) about
strongly self-absorbing actions.

Lemma 4.7. Let G;, j = 1,2, be two second-countable locally compact groups with a
continuous group isomorphism ¢ : G1 — Go. Let 60 G; R, j=1,2, be two strongly
self-absorbing actions and choose a cocycle conjugacy (®,U): (R,62)) = (R&R,6 @63)
that is approzimately unitarily equivalent to idgr @1z (note that ¢ allows us to identify
(®,Uo @) with a cocycle conjugacy between the G1-action 5@ o and its tensor square,).
Let o9 G; ~M;, j=1,2, be two actions on separably acting von Neumann algebras.
Given a cocycle conjugacy

(0.v): (Mr,0)) = (MRER, (0 ©6®)) 0 9),
and a conjugacy A: (R,6) 0p) — (R,6()), consider the cocycle conjugacy of G -actions
(T,9) = ((6,v) " @A) o (idar, @ (B, U0 8)) o (0,v)

between (Mi,aM) and (Mi@R,aM) @MW), Then there exists a sequence of unitaries
yn EUM1 ®R), such that

Ad(yn)o(idpr, ®1g) = U, Ad(y))o¥ —idy, ®1r
point-strongly, and such that
yn(a(l) ®5(1)>g(yn)* — Vg, y:Vg(a(l) ®5(1))g(yn) = lmer
in the strong-x operator topology for all g € G and uniformly over compact sets.
Proof. By assumption, there is a sequence of unitaries z,, € Y(R®R), such that
|P(x) — zp(x®@1r)z5]]2 =0 forallzeR (4.1)

and

ineal)((HUh — 20 (0P @), (2,) ]2 = 0 for every compact K C Gy. (4.2)
By definition, we have

U=(0"'1oA)o(idy, ®P)ob

and

V= (07 0 8) ((idu, 88)(v,) - (L, @ Ug(y) - (v; @17)), g€ G
If we consider the sequence of unitaries

Yn = (971 ®A)(1M2 ® 2n),

https://doi.org/10.1017/51474748024000057 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000057

Dynamical McDuff-type properties 25

then we can observe with (4.1) that
Ad(y) oW — (07 @A) o (idp, ®idr ®1z) 0l = idy, @1z
as well as
Ad(yy) o (ida, ®@1%) = Ad(yn) o (07 @ A) o (idpr, ®idr ®1g) 08 — U

point-strongly. Moreover, given g € G, the fact that (971, (Gfl(w;))qeGl) is the inverse
of (6,v) leads to the equation aél) 0=t =07 o Ad(v,) o (@@ ®5®) 4. If we combine

this with (4.1) and (4.2), we can see that
un V(@M @50, (yn)
= ynVy- (07 @A) (Ad(vy ® 1) (1ar, @ (6P @ 5®)) 44 (20)))
=" ®A)((1M2 ®2n)* - (idar, ©0) (vg) - (Lar, @ Uy(g)) -+
(Lo 8 (0 ©9P) 4 () - (v © 1) )
= (07" @) ( (idr, ®(Ad(22) 0®)) () - (Lar, @22 Up() (87 ©6P) ) (20) ) - (v @ 1))

SV Rl —1rgRr

— 1M1®R

in the strong-* operator topology, uniformly over compact subsets. Analogously, we
observe the convergence

yn(a(l) ®5(1))9(yn)*
= (67" @A) (1as @ 20) - Ad(vg @ 1) (Lar, @ (62 @) 55 (21)) )
—(071®A) (Ad(1M2 922) (Vg @ 1%) - (Lo, ® 20 (6@ ©6®) ) (21) ) - (v ® 1R))

—(idar, ®P)(vy) —Us(g)

-V,

uniformly over compact sets. This finishes the proof. O

In the proof of the main technical result of this section, we will make use of the following
variant, due to Popa—Shlyakhtenko—Vaes, of the cohomology lemmas in [20, Appendix]
and [43, Theorem 5.5].

Lemma 4.8 [40, Theorem 3.5]. Let S be an amenable countable nonsingular equivalence
relation on the standard probability space (X, ). Let (G ~ Py)zex be a measurable field
of continuous actions of Polish groups on Polish spaces, on which S is acting by conjuga-
cies: we have measurable fields of group isomorphisms S 3 (,y) = Y(z,y): Gy = G and
homeomorphisms S 3 (2,y) = B(a,y): Py + Py satisfying

Vwy) ©Vy2) = Vw2 By ©Bws) =B,z Blay) (9 T) = V(wy)(9) - Ba,y) (T)

for all (x,y),(y,z) €S and g € Gy, € Py. Let X 3> x> o' (x) € P, be a measurable section.
Assume that for all (x,y) € S, the element o' (x) belongs to the closure of Gy - Bz ) (0 (y)).
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Then there exists a measurable family S 3 (z,y) — v(z,y) € G and a section X > x —
o(x) € P, satisfying:

e vis a I-cocycle: V(2,Y)Y(z,y) (V(y,2)) = v(x,2) for all (z,y),(y,2) €S;
o v(,y) By (o(y) =o(z) for all (z,y) €S.

Remark 4.9. Before we state and prove our main technical result in detail, we would
like to outline for what kind of input data the lemma above will be used. In the situation
considered below, the typical Polish space P will be the space of cocycle conjugacies
(M,a) = (N,B), where aw: H ~ M and 8: H ~ N are actions of a countable discrete
group H on separably acting von Neumann algebras. Here, we consider the topology
defined by declaring that one has a convergence of nets (6N, v(M)) — (6,v) if and only if
v 5 v, in the strong- operator topology for all g € H, and |08 — o8 || — 0 for all
© € N,. This generalizes the well-known topology on the space of isomorphisms M — N
that one usually called the ‘u-topology’; cf. [16, 53]. The typical Polish group acting on
this Polish space would be the unitary group U(N), which is equipped with the strong-x
operator topology, where the action is defined via composition with the inner cocycle
conjugacy as per Example 1.15 and Remark 1.14. In other words, a unitary w € U(N)
moves the cocycle conjugacy (6,v) to Ad(w)o (6,v) = (Ad(w) o0, (wvhy(w)*)gen)-

If we assume in addition that M and N are semifinite, we may pick a faithful normal
semifinite tracial weight 7 on N. Assume that (U, V) € P is a cocycle conjugacy. Then it
follows from [16, Proposition 3.7] that on the space of all isomorphisms ¥’ : M — N with
ToW =710V, the u-topology coincides with the topology of point-strong convergence.
As a direct consequence, we may conclude the following. If (®,U) € P is another cocycle
conjugacy and there exists a net of unitaries wy € U(N), such that w Vg5, (wx)* — U,
for all g € H in the strong-* operator topology and Ad(wy)o ¥ — & point-strongly, then
(®,U) eU(N)-(T,V).

The following can be seen as the main technical result of this section, which we
previously referred to as a kind of measurable local-to-global principle.

Theorem 4.10. Let G ~ (X,u) be an amenable action (in the sense of Zimmer) of a
countable, discrete group on a standard probability space. Let « be an action of G := G x X
on a measurable field of semifinite factors with separable predual (By)zex. Denote by
X 5z H, the measurable field of isotropy groups. For any action 6: G ~R on the
hyperfinite I, factor, we define a tensor product action a®9 of G on the field of factors
(B:@R)zex by (A®0)(g,0) = (g,0) @dg. If 6 is strongly self-absorbing, then the following
are equivalent:

(1) o~ a®d;
(2) For almost every x € X, we have a|g, ~e (€ ®0)|m, as actions of H, on B, and
B,®R.

Proof. We note that by following the argument outlined in Example 4.6 and by applying
Corollary 3.9, we see that a ~. a® ¢ implies that one can find a cocycle conjugacy
between o and a® ¢ that induces the identity map on X. Hence, (1) implies (2).
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In order to prove the other implication, assume (2) holds. To verify (1), we will show the
existence of a measurable field of *-isomorphisms X > z — 0,.: B, — B,®R and unitaries
G > (9,7) = w(g,2) €U(By..®@R), such that

Og.z0 Q(g,z) O 9;1 =Ad (w(g’w)) o ®5)(g,w) for all (g,x) €G (4.3)

W(g h-z) (B I) (g, h-z)(W(h,z)) = Wigh,o) for all g,h € G,z € X. (4.4)

For every x € X, denote by P, the Polish space of cocycle conjugacies from (B,,a|q,) to
(B;®@R,(a®0)|m,) as per Remark 4.9. In this way, we get a measurable field of Polish
spaces X 2 x +— P,. Note that, by assumption, the sets P, are all nonempty and hence,
there exists some measurable section X >z — (0,,v;) € P,. Defining w(g ) := v, (g) for
g € H,, we get that — although w is not defined on all of G yet — the equations 4.3—4.4
are satisfied whenever they make sense. In the rest of the proof, we will show with the
help of Lemma 4.8 that there exists a (potentially different) section for which there exists
a well-defined map w on all of G obeying conditions (4.3)—(4.4).

Denote by S the countable nonsingular orbit equivalence relation associated to G,
that is,

S={(g-zx)|(g9,2x) € G}.

As G ~ (X,p) is amenable, the relation S is amenable, and hence, it follows by the
Connes—Feldman—Weiss theorem [12] that after neglecting a set of measure zero, there
exists a partition of X into S-invariant Borel subsets XL X7, such that the restriction of
S to X has finite orbits and the restriction to X7 is induced by a free nonsingular action
of Z. This implies that the map ¢: G — S: (g,2) — (¢ z,z) admits a measurable section,
that is, a measurable groupoid morphism s: § — G, such that gos =ids. Therefore, we
can view G as the semidirect product of the field of groups (H;).cx and the measurable
field of group isomorphisms ¢, ,y: Hy — H, given by ¢, ,)(9) = s(z,y)gs(z,y)~ L. Note
that ¢(ac,y) o¢(y,z) = ¢(ac,z) for all (:c,y),(y,z) €S.

This means that in order to define a measurable field G > (g,2) = w(y o) €U(By..QR)
satisfying (4.4), it suffices to find measurable families of unitaries v(z,y) € U(B,®R) for
(z,y) €S and v, (g) €U(B,®R) for x € X,g € H,,, such that

e v is a cocycle for the action of S on the field of factors (B,®R),cx induced by s,
that s, 0(2,5)(@ ©6) .y (0(3,2)) = v(,2) for all (z,9),(,2) € S:

o for each z € X, the family (v,(g))gecm, defines a cocycle for the action H, ~
B,®R;

° Wm(g) = v(mvy)(a(@d)s(aﬂ,y) (Vy (¢(y,1) (g))) (O‘®5)g (U(xay)*) for all (x,y) €S and
ge H,.

If these conditions are met, then setting wy,(z, ) 1= v (9) (@ ®0)4(v(z,y)) for (z,y) € S and
g € H, yields condition (4.4). Moreover, in order for a measurable field of *-isomorphisms
X3z 0,: By — B,®R to satisfy (4.3), it then suffices to check that

e for each x € X, the pair (0,,v,) is a cocycle conjugacy in P,;
o for (z,y) €S, we have 0, 0 (s, ) an_l = Ad(v(z,y)) o (@ ®0)5(y, )
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We introduce some notation to rephrase this in terms of the terminology of Lemma 4.8.
Consider the natural action U(B,®R) ~ P, given by composing a cocycle conjugacy with
the inner one given by Ad(u) for u € U(B,®R) as per Remark 4.9. In this way, we get a
measurable field (U(B,®R) ~ Py).cx of continuous actions of Polish groups on Polish
spaces. Let us convince ourselves that, in the terminology of Lemma 4.8, the equivalence
relation S acts by conjugacies on this field of actions. Firstly, we have a measurable field
of group isomorphisms

S3(2,Y) = Y(a,y) = (@®0) sz, luB,or): U(B,OR) = U(B,OR),

such that v, ) ©V(y,2) = V(a,») for all (z,y),(y,2) €S. The latter formula holds, as a®d
was a G-action and s: S — G is a section. Secondly, we have an action of S on (Pp)zex
as follows. Given (z,y) € S and (6,v) € P,, we define f,,,)(0,v) := (6,v), where

0= (a®0)s(ny) 0005y and T(h) = (@®8)y(wy) (V(d(y.2) (h))) for h e H,.

This construction yields a well-defined cocycle conjugacy in P, and we get a well-
defined map f(,,y): P, — P.. Together, these maps combine to form a measurable field
of homeomorphisms S > (z,y) + B(y,y): Py —+ Pz, such that B, )0 By, ) = B,z for
all (z,y),(y,2) € S. This formula holds once again because a ® § and « are G-actions
and s: § — G is a section. Moreover, the maps S and = are compatible with the
measurable field of actions (U(Bz®R) ~ Py)zcx (as required for Lemma 4.8), since for
any (z,y) € S;u € U(B,®R) and (0,v) € Py, we may simply compare definitions and
observe

ﬂ(w,y) (u : (G,W)) = ’Y(I,y)(u) B(w,y) (Q,W).

Having introduced all these data, our previous discussion can be rephrased. In order to
complete the proof, it suffices to find a measurable section X 3z +— o(z) € P, and a
measurable family S 3 (2,y) — v(z,y) € U(B,®R), such that

o U(T,Y)V(z,y) (V(Y,2)) = v(z,2) for all (z,y),(y,2) € S;

o U(2,y) Ba,y)(0(y)) = o(z) for all (z,y) € S.
By Lemma 4.8, such maps exist if we can merely show that there exists a measurable
section X 3 x — (0,,v,) € P,, such that for all (z,y) € S, the element (6,,v,) belongs to
the closure of U(B,®R) - B(a,y)(0y,vy). We claim that this is indeed the case.

Consider any measurable section X 3 x +— (6,v},) € P,. As ¢ is strongly self-absorbing,

we can fix a cocycle conjugacy (®,U) from (R,5) to (R®R,J ®4) that is approximately
unitarily equivalent to idg ®1%. For each z € X, we can define the map

Ay: P — Py, (0,v) = ((0,v) ' ®@idg) o (idp, ® (@,U)) o (6,v).
Then we get a new measurable section

X3z (04,vse) =N, (0),V)) € P,.

x

We claim that this section does the trick. Fix (z,y) € S. If we denote (6,,¥,) =
Ba,y)(0y,Vy), we need to convince ourselves that the cocycle conjugacy (0,v,) is in

the closure of U(B,@R) - (04,¥,). First of all, we observe that the construction of

https://doi.org/10.1017/51474748024000057 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000057

Dynamical McDuff-type properties 29

(0, vy) = Ay (0.,v),) can be seen as a special case of Lemma 4.7 for M; = My = By,

G=H,, $=1idy, and A =idg. Hence, we can find a sequence of unitaries y, € U(B, @R),
such that
Ynba(D)yn = 0@ 1r, ynva(h)(@®6)n(Yn) = 10w (4.5)

in the strong-* operator topology for all b € B, and h € H,.

Next, by our previous notation, the group isomorphism ¢, ,): H, — H, is exactly the
one so that the isomorphism of von Neumann algebras o, ,): By — By can be viewed
as a (genuine) conjugacy between the H,-actions (a|m,)e, ,, and a|m,. Moreover, if
s(z,y) = (k,y) for k € G, then (A ®6)5(z,y) = Qs(z,y) ® Ok and Jx, can be seen as a conjugacy
between the H,-actions (0|m,)s,, ., and d|m, .

By definition of 3, ), we have

O = (0 ®8)(2y) Oy © V()
= (a®)s(z,y) © (9;_1 ®id7g) o (idBy ®<I>) 09; 0 g (y,z)
= (0 0 as(y,)) ™' @) 0 (idp, @ P) 0 (6 0 g(y))
and for all h € H, with g = ¢, ,(h), one has

To(h) = (€2 0)say) (8, @idr) ((ids, ©®)(v)(9)) - (15, 9 Uy) - (v} (9) @ 1r)) )
= (0} 0 org(y,0)) " @ k) ((idBy ®@®)(v,(9))- (15, ®Uy) - (v (9)" ® 172))-

We conclude that Lemma 4.7 is applicable to the cocycle conjugacy @,m), where we
insert G1 = H,, Go = H,, ¢ = ¢y 4), M1 = By, My = B,, A =6, and the cocycle
conjugacy (6, 0 sy 2),Vy, © @(y,2)) in place of (6,v). This allows us to find a sequence
of unitaries w, € U(B; @ R) satisfying

wp (b 1g)w), — 535(17)7 Wy (a®0)p(wy)* — Vi (h) (4.6)

in the strong-* operator topology for all b € B, and h € H,. If we consider both of the
conditions (4.5) and (4.6) and keep in mind that G is countable and B, is separable and
semifinite, we can apply Lemma 2.1 and find an increasing sequence of natural numbers
My, such that the resulting sequence of unitaries z, = wy,y;, satisfies

200 (D)2 =5 0,(b),  2nVa(h)(a@8)n(2n)* — Vo(h)

in the strong-* operator topology for all b € B, and h € H,. Then it follows from
Remark 4.9 that (6,,v,) indeed belongs to the closure of U (B, ®R) - (65, V). This finishes
the proof. O

Definition 4.11 (see [1, Definition 3.4]). An action a: G ~ B of a countable discrete
group on a von Neumann algebra is called amenable, if there exists an equivariant
conditional expectation

P: ({*(G)&B,7®@a) — (B,a),

where 7 denotes the left translation action G ~ € (G).
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By [2], an action « as above is amenable if and only if its restriction to Z(B) is
amenable, which is equivalent to the action on the measure-theoretic spectrum of the
centre being amenable in the sense of Zimmer. Recall that an automorphism « € Aut(M)
on a separably acting von Neumann algebra is properly centrally nontrivial, if for every
nonzero projection p € Z(M), the restriction of «, on pM,, is nontrivial.

The following result contains Theorem A for actions on semifinite von Neumann
algebras as a special case via H =G.

Corollary 4.12. Let G be a countable discrete group and B a semifinite von Neumann
algebra with separable predual, such that B= BR. Let a: G ~ B be an amenable action.
Suppose H C G is a normal subgroup, such that for every g € G\ H, the automorphism
ag 1s properly centrally nontrivial. Let Gy = G/H with quotient map 7 : G — G1, and let
0: Gy R be a strongly self-absorbing action. Then o ~ce @@ 0y .

Proof. Adopt the notation from Example 4.6 and Theorem 4.10. We identify « with an
action of G := G x X on a measurable field of semifinite factors with separable predual
(Bz)zex- Denote by X 3z +— H, the measurable field of isotropy groups. Amenability of
the action « implies that the action on (X,u) is amenable in the sense of Zimmer, which,
in turn, implies amenability of the associated transformation groupoid. In particular,
almost all isotropy groups H, are amenable.

By assumption on H and [26, Theorem 9.14], it follows for every g € G\ H and p-almost
all z € X that either g ¢ H, or the automorphism (a|g,), on the McDuff factor B, is
centrally nontrivial. In other words, after discarding a null set from X, we may assume
for all z € X that for all h € H, \ (H, N H), the automorphism («|g, ), on B is centrally
nontrivial. By Theorem 3.11, we get that («|g,) is cocycle conjugate to («® . )|p,. The
claim then follows via Theorem 4.10. O

5. Actions on arbitrary von Neumann algebras

In this section, we shall generalize some of the main results we obtained so far, namely,
Corollaries 3.9 and 4.12, to the context of group actions on not necessarily semifinite von
Neumann algebras. This uses standard results in Tomita—Takesaki theory, which allow us
to reduce the generalized case to the semifinite case considered in the previous sections.
We will henceforth assume that the reader is familiar with the basics of Tomita—Takesaki
theory, as well as the theory of crossed products (for a thorough treatment, the reader
should consult the book [50]), although we are about to recall the specific points needed
about the former for this section.

Remark 5.1 (see [50, Chapters VIII, XII]). Let M be a separably acting von Neumann
algebra. Given a faithful normal state ¢ on M, we denote by o¥ : R ~ M its associated
modular flow. If ¢ is another faithful normal state on M, we denote by (D¢ : Dy) : R —
U(M) the associated Connes cocycle, which is a o#-cocycle satisfying Ad(Dv) : D), ool =

Y for all t € R. The crossed product von Neumann algebra M=M Xs¢ R is called the
contmuous core of M and does not depend on the choice of ¢ up to canonical isomorphism.
With slight abuse of notation, we will consider M as a von Neumann subalgebra in M,
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and denote by A" : R — U (JT/I ) the unitary representation implementing the modular
flow on M. The continuous core M is always a semifinite von Neumann algebra. Given
any automorphism o € Aut(M), there is an induced extended automorphism & € Aut(M)
uniquely determined by

dly=a and a(\")=(Dgoa~t:Dp)-X?", teR.

The assignment « +— « defines a continuous homomorphism of Polish groups. Therefore,
given more generally a continuous action a: G ~ M of a second-countable locally compact
group, we may induce the extended action a: G ~ M. Every extended automorphism on
M has the property that it commutes with the dual flow 6% : R ~ M.

In the proof of Theorem 5.4, we will appeal to the following proposition but only in
a special case. In that particular instance, we note that the needed result can also be
deduced from [51, Lemma 3.3].

Proposition 5.2. Let G be a second-countable locally compact group. Let a: G ~ M
be an action on a separably acting von Neumann algebra. Then the normal inclusion
M C M %, G induces (via componentwise application of representing sequences) a unital
s-homomorphism (M, o) — (M o G)..

Proof. Assume M is represented faithfully on a Hilbert space H, and consider the
canonical inclusion : M x, G — B(L*(G))®&M C B(L*(G,H)), whichonz € M C M x,G
is given by

[r(2))(g9) = oy ' (2)E(9), &€ L*(GH),g€q.

If (@, )nen is any bounded sequence in M representing an element = € (M, o), then the
invariance of z will guarantee that 7(z,) — (1®z,) — 0 in the strong-* operator topology
as n — w. Since (1® x,)nen represents an element in (B(L?(G))®@M),, it follows that
(7(xr))nen represents an element in (7(M Xq G))y,, s0 & € (M x4 G),. This finishes the
proof. O

Proposition 5.3. Let G be a second-countable locally compact group and o : G ~ M
an action on a von Neumann algebra with separable predual. Let ¢ be a faithful normal
state on M. Let a: G~ M = M x4+ R be the extended action on the continuous core,
as in_Remark 5.1. With some abuse of notation, denote by & also the induced action
G ~ M x5 R by acting trivially on the canonical unitary representation implementing
6%. Then under the Takesaki—Takai duality isomorphism M x5, R =2 B(L?(R))®M, the
action a is cocycle conjugate to idg(r2(r)) @a.

Proof. Denote o' = idg(r2(r)) ®a. We apply Takesaki-Takai duality [50, Chapter X,
Theorem 2.3(iii)] to understand the G-action . If M is represented faithfully on a Hilbert
space H, then the natural isomorphism

©: M x50 R= (M Xy R) x50 R — B(L2(R))&M C B(L*(R,H))
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has the following properties. Let & € L?(R,H). For x € M and s,t € R, we have
[O(2)€](s) = 02 (2)é(s) and  [O(N])E](s) = E(s — 1)

Furthermore, if the dual flow is given via the convention 67 (A\7") = e***\?”, then we also

have
[O()E](s) = e*E(s).
We consider a continuous family of unitaries G 3 g — W, € B(L?*(R))®M given by
[W€l(s) = (Do : Dpoag')-s&(s), €€ L*(RH), seR.

We claim that this defines an o/-cocycle. Indeed, by using the chain rule for the Connes
cocycle ([50, Theorem VIIIL.3.7]), we observe for all g,h € G, ¢ € L?>(R,H) and s € R that

[(Wyag(Wh)€](s) = (De: Dpoay™)

= (Dy: D(poag_l),sag((Dgo : Dgpoa}jl),s)f(s)
( g )
( oh)

Given how & acts on the domain of ©, we can observe (using [50, Corollary VIIIL.1.4]) for
any g€ G, x € M, £ € L?(R;H), and s € R that

[O(ag(2))€](s) = 0% (ag(2))E(s)
= Ad(Dp: Do a_;l)_ (of‘;“? (o <m>>)s<s>
(Ad(D<p Dcpooz _s00Qy
_ [(Ad(w Jod, o@)( ) }(s)

Moreover, using the cocycle identity and the chain rule again, we can see for any g € G,
£ € L*(R,H), and s,t € R that

[©@, (A ))EN(s) = [O((Dpoay" - D) A7 )El(s)

= 0% (Dpoay " : De) 0N )é](s)
s(Dpoay! Dso)tﬁ(sft)
—«(Dgp:Dpoayt);_&(s—t)
;D)= 00¢IWig] o)
W, 00" )We| (s)
( Ad(W,) 00 0) (47 )¢] (s).

Here, we used that «j fixes the shift operator given by ©(A7 “Yforall g€ G and t € R.
Lastly, it is trivial to see that o/ fixes operators of the form ©(\?”), which, in turn, also

https://doi.org/10.1017/51474748024000057 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000057

Dynamical McDuff-type properties 33

commute pointwise with the cocycle W. In conclusion, all of these observations culminate
in the fact that the isomorphism © extends to the cocycle conjugacy (©,W) between &
and o' O

The following represents our most general McDuff-type absorption theorem:

Theorem 5.4. Let G be a second-countable locally compact group. Let o: G ~ M be an
action on a von Neumann algebra with separable predual, and let § : G ~ R be a strongly
self-absorbing action on the hyperfinite I, factor. Then a ~.. a®J if and only if there
exists a unital equivariant x-homomorphism (R,0) — (M, a,0w)-

Proof. The ‘only if” part follows exactly as in the proof of Corollary 3.9, so we need to
show the ‘if” part. Since Corollary 3.9 already covers the case when M is finite, we may
split off the largest finite direct summand of M and assume without loss of generality
that M is properly infinite.

Let ¢ be a faithful normal state on M. As in Remark 5.1, we consider the (semifinite)
continuous core M and the extended G-action @: G ~ M. Since the image of & commutes
with the dual flow 6, we have a continuous action 8 =ax 6% :G xR~ M via By ) =
agoay for all g € G and t € R. Let us also consider the action 6% : G x R ~ R given by

5R
(g,t

We apply Proposition 5.2 to R in place of G and to the modular flow in place of . In this
context, we note that by [4, Theorem 4.1, Proposition 4.11], we have that the M“ agrees
with the (0¥ ,w)-equicontinuous part M,. In particular, the induced ultrapower flow

(o) on it is continuous and its restriction to M, is trivial. So, M, = (M,, ;) )« and

)= 04 for all g € G and t € R, which is evidently also strongly self-absorbing.

Proposition 5.2 implies that the inclusion M C M induces an embedding M, — Mw. Since,
by definition, one has &|y = « as G-actions, it is clear that bounded (o,w)-equicontinuous
sequences in M become (@,w)-equicontinuous sequences in M. Keeping in mind that the
dual flow 6% acts trivially on M by definition, the aforementioned inclusion therefore
induces an equivariant unital *-homomorphism

(My ) = (Mo 5) 7 &),

If we compose this *-homomorphism with a given unital equivariant *-homomorphism
(R,0) = (My,a,0,), we can view the resulting map as a (G x R)-equivariant unital
*-homomorphism (R,6%) — (Mw 8,8.). Since M is semifinite, it follows from Corollary 3.9
that 8 and B ® d® are cocycle conjugate as (G x R)-actions, say via (U,V): (]Tj,ﬁ) —
(M@R,B@(SR). Remembering 3 = a x 6%, we consider the (6% ®idr )-cocycle w; =V q, 4
and the a® d-cocycle vy = V(, o). The cocycle identity for V then implies the relation

wi (6] @idg)(vg) = vg(a®0),(we) (5.1)
for all g € G and t € R. The cocycle conjugacy of flows (¥, w) induces an isomorphism
A= (U, w) M R: M x50 R — (MOR) Xgepiae R (M x50 R) @R
via

Alg=¥ and AN)=w,(\ ®1g), teR.
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With slight abuse of notation (as in Proposition 5.3), we also denote by & the obvious
induced G-action on the crossed product M xsz» R. Using that (¥,V) was a cocycle
conjugacy, we observe for all g € G and ¢ € R that

Ad(vg)o(a®6)y0A|zr =Ad(Vg )0 (ﬂ@éR)(gvo) oW =Vof, 0 ="Toa,
and

(Ad("g) o(a®d)y OA)()‘?w) = ‘Vg((&®5)g(wt)()‘f¢ ® 172))";
i (6f ®idr) (ve) (N @ 1)V
=w,(\N ®1r) = AWM.

In conclusion, the pair (A,v) defines a cocycle conjugacy between the G-actions & on
M x5+ R and @® 4 on (M Xz¢ R) ® R. By Proposition 5.3, the action & is cocycle
conjugate to idg(s2(n)) ®@a. Since we assumed M to be properly infinite, it furthermore
follows that idgevy) ®a is cocycle conjugate to a.® Combining all these cocycle
conjugacies yields one between o and a® . This finishes the proof. O

The following consequence is our last main result, which generalizes Corollary 4.12 to
actions on arbitrary von Neumann algebras.

Theorem 5.5. Let G be a countable discrete group and M a von Neumann algebra with
separable predual, such that M = MQR. Then, for every amenable action o: G ~ M,
one has o ~¢. a®idg.

Proof. Choose a faithful normal state ¢ on M. Recall that the induced faithful normal
state ¢* on M* restricts to a tracial state on M,,. We denote by ||-||2 = || -||o~ the induced
tracial 2-norm on M,,. Since we assumed M to be McDuff, it follows that M, is locally
McDuff in the following sense: Given any || - ||2-separable x-subalgebra B C M,,, there
exists a unital *-homomorphism R — M, N B’.

Now we choose Ny = Z(M) as a subalgebra of M,. We may then choose a unital
x-homomorphism ¢, : R — M, and define Ny to be the || -||2-closed #-subalgebra
generated by N1 and the range of v, 4011 for all g € G. After that, we may choose a unital
s-homomorphism o : R — M,, N N3, and define N3 to be the || -||2-closed *-subalgebra
generated by Ny and the range of o, 401 for all g € G. Carry on inductively like this
and obtain an increasing sequence of «,-invariant separable von Neumann subalgebras
Nj, € M,,. The || - ||2-closure N of the union | J,~; Nk is then a separably acting finite von
Neumann subalgebra, which is clearly McDuff and a,,-invariant. Furthermore, we have an
equivariant inclusion Z(M) C Z(N), which implies (for instance, by [57, Theorem 2.4])
that the action «, is amenable on N.

By Corollary 4.12 (with H = G), it follows that a,|x is cocycle conjugate to (o, |n)®
idg. In particular, we may find some unital *-homomorphism R — (N, )*. Applying

4Although this appears to be well-known, we could not find a good literature source for this
precise claim and in this generality. We note, however, that the recent proof of the analogous
C*-algebraic statement [14, Proposition 1.4] carries over in an obvious way to this setting.
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a standard reindexation trick, we may use this to obtain a unital x-homomorphism
R — (M,,)*, which finishes the proof by Theorem 5.4. O
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