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BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS

OF CALDERON TYPE, VI

TAKAFUMI MURAI

§1. Introduction

In this paper, we improve an inequality given in [3]. Let L? (1 <
p < ) and BMO denote the L? space and the BMO space on the real
line. Their norms are denoted by | -|, and | - |[zx0, respectively. For a
locally integrable real-valued function ¢(x), we define a kernel by

LOELON
x—y

E[glx,y) = exp{

X —Yy

where O(x) = r #(s)ds. We denote by E[¢] the singular integral operator
0

defined by this kernel and denote by ||E[¢]]| its norm as an operator from
L? to itself. It is very important to estimate ||E[¢]]| and the author [3]
showed that ||E[g]] < Const{l + ||é¢|3x0}- The purpose of this paper is
to show

Trmorem. | E[gl] < Const {1 + [|llsuo)-

Recently, Tchamitchian [5] showed that ||C[¢]|| < Const {1 + |[dllzx0},
where C[g](x, y) = 1/{(x — y) + i(@(x) — &(y))}. Our method also yields that
ICl¢]ll < Const {1 + v/|¢llsx0o}. The norms of these operators are likely
dominated by C.{1 + ||¢|5x0} for any ¢ > 0, where C, is a constant depend-
ing only on e.

§2. Proof of Theorem

2.1. For ¢ € L~ and an interval I, we put:

o6, D = [ |[, Etgle »)dy | dx
and
@) = sup {o(6, DI 9]l < a Tinterval) (@= 1),
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where |I| denotes the length of I. Here is a main lemma in this paper.

LEmMMA 1. For ¢, ¢ € L~ with ||¢. < a, ||[¥]l. < « and an interval I,
we write

(xel; &(x) = ¥(x)} = k[]l I,
with a sequence {I.}7., of mutually disjoint intervals, where @(x) = f: #(s)ds
and ¥U(x) = Jj W(s)ds (a: the left endpoint of I). Suppose that (x) is a
constant at each I,. Then
&) o4, 1) < o, D) + 35 96, 1) + Constse)|I| (2 1),

where v(a) = Vat(a) + a.

Before the proof of this lemma, we show that our theorem is de-
duced from (1). In [3], [4], the author defined o(g, I) = j } J Ell(x, y)dy‘dx,
the corresponding quantity z(«) to o(-, -) and showed 1I:halt

o(g, I) < o, ) + 3 o(, L) + ConstalI| (x=1).

From this inequality and the rising sun lemma, we deduced
() < o(a/3) + 2c(22¢/3) + Constx (@ = 1),

which yields ¢(a) < Const&’. Using || E[g]l| < Const {z(8//¢lsx0) + [#llzxo}
(cf. [3, Lemma 6]), we obtained the previous inequality.
In the same manner, (1) and the rising sun lemma yield that

) #Ha) < #a/3) + 2#(22/3) + Constv(a) (¢ =1).

Since +/#(a) < Const {z(a) + a} < Const o (cf. [1, pp. 49, 52], [4]), (2) is valid
with v(e) replaced by o>°, which yields v#(«) < Const «'®. Hence (2) is
valid with v(a) replaced by «'®. This gives v/#(a) < Consta. Since z(a) <
v/#(a), we obtain the required inequality. Note that o® = (a/3)? + 2(2«/3)".
Hence our estimate by (2) is sharp.

2.2. Now we prove our lemma. For {I,}7.;, I in our lemma, we
denote by x, the midpoint of I, and put I¥ = I,N I, where I, is an interval
with midpoint x, and of length 2|I,]. For a set E, X;(x) denotes its
characteristic function. We write 2,(x) = X, (x). For a kernel X(x,y) and
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fe L~, we write simply Xf(x) :J X(x, »f(y)dy. For a set E and felL?
I

we put ||fll.z = UE [ flx)F dx}m. Here are three lemmas necessary for the

proof. The elementary calculus gives the first lemma. The second lemma
immediately follows from the Carleson-Hunt inequality (cf. [2]).

LEMMA 2. Let

wo@ = [ e —yidy,  w =
Then
42,51, = Const VIL], 1[45% le,r, < Comst /[I| (k= 1).

N x—yldy (R=1).

Lemma 3. Let
P®) = YLz — = + L (k2 D, 4 = 3 ILIP).
Then ||4], < Const v/|I]|.

LemMmA 4. Let fe L™ satisfy ||fll. < 1. Then
S IBOIf I < Const {t(e) + o?}I| (0= g, 4).
Proof. Note that
IE[G]] < Const {yZ(@) + a}, [ E[6]fllano < Const {v2(a) + a}
(cf. [1, Chap. 4], [4]). Hence we have
im(E1015)] < m,(E[1F)| + Const {v#@) + a} (k= 1),

where m;g denotes the mean of g(x) over J. By the John-Nirenberg
theorem (cf. [1, p. 31]), we have

IE61f13, s < 201 E6)f — mu(E IO,y + [Ime(EIO1F) T}
< Const {| E[0]f|suol L¥| + [m(EOINF| L] + (@) + o) L}
< Const {| E[0]fIE,1, + (#(@) + a))|L]}.
Thus

Z IE6)f1,r; < Const {| E[OIFIE,; + (2(a) + a)II]}
< Const {#(@) + a*}|I]. Q.E.D.

23. Let U= Uy, I, V=I—- U and
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Then [3]:

® F(x,5) = —F(y, %).

4 F(x,9)=0 (x,yeV).

(5) |F(x,y)| < Const / @ P(x) (xeI¥*NV,yel).

(6 |F(x, y)| < Const v a (V[L| + v[LDNx — yf* (xel,yel).
We have

o6, 1) = [ |EWIE®) + Fi()fdz

) — o(4, I) + 2Re L F1EI®dx + f |IF1@Fdz

(=é(y,I) + 2Re A + B, say).
We have, by (4),

A= L Fry(x)E[II(x) dx + f FLERT@dx
® — [ Fr@ERI@dx + [ Fr,(ERI@dx
+ [ FL@ERI@d: (= AY + A% + A9, say).
In this paragraph, we estimate A® and A®. We have, by (56) and Lemma 2,

4% < 3 | IFL@ENILE)|dx

IA

5|, 1Pt @B dr + 3 [ [Pl de

=
x

=1
=1
o

IA

[ 1o Bl + Const Vo 33 [ 1P ELL®]dx

A

2
2 57 || ™ l]z,zk”E[‘lfll”z,Ik + Const */—JHE[‘}’]]-Hl
2

IA

S 1" ] I LWL + Const v @ vT]I LI,
< Const v(a)|I|.

We have, by (5) and Lemmas 2, 3, 4,
49 < 3 [ IFL@EWN@Id: = 3 [ |FL@ERI@|d

+3[, FPL@ENI@Idr <23 | wo@IENE)ds
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+ Const v/ a g;L |I,| P(x)| E[¥]1(x)|dx

=2 kzﬂ”#ik)”z,l,*‘—z;c”E[\!f]l ”2,1; + Const JEIIAHZHE[\Hle
< Const u(a)|I].
2.4, In this paragraph, we estimate A®. We have

40 = 3 [ FL@Ei@ds = 5[ FL@ERIG

+ 3|, @B @dx + 3 j Fr () E[pT0,(x) dx
(= AP + AP + AP, say).

131

Since (x) is a constant at each I, we have, with H(x,y) = 1/(x — y)

and a sequence {dk};‘;1 of real numbers,

|AP] = |3 emite f Fr (0 HL,(x) dx\

é “FX o re | H X llz, 1, < Const D(C()lIl

We have, by (3),
a0 =5 [ FL@EE . — BV () ds
<[ En@l{f, | + [ JEwe ) - By, )i
< Const 3 j IFL@) (@) + ¥ a)dx < Const (@)1
We have

ap =3[ Fr@EM@de+ 3| | Fr@ERIEd:
(= 4D + AD, sa).
We have, by (6) and Lemmas 2, 3,
AD| j Py o | FY,(x)E[y]1(x)|dx

< 53 53 o s BN

2
+ 3 zj F (DL de

<cConstva 5| [ WEI+ VLN - yiedy | ElvIlde

k=1 l#k
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+ 5], (DI Pt @ D EWI @) dx

< Const v 5[ 5] 1) + Py Bolicox
+23 [ W @IERNWdx

< Constv'a 33 [ {IPulh + A@H W) de
+ 2 51 for | E LI o,

< Const v/ a {| E[WIL], + [|4].IE[¥]1].} + Const v(e)|I|
< Const v(a)|I|.

We have, by Lemmas 2 and 4,
Api 25| AEIENI]d
< 2 5310 g | EIL ey < Comstu(@)|I].
Thus |A{"| < Const v(e)|I|. Consequently,

©)] |A| < {JAD| 4+ |AD| + AP} + |A®| + |A®| < Const v(a)|I].

2.5. In this paragraph, we estimate B. We have, by (4),

B= f Fr,(x)F1(®) dx + J Fr,(0FI@ dx + J F1,(x)Fi(z)dx
U 4 U
(= B® 4+ B® 4+ B, say).

In the same manner as in A®, |B®| < Consty(a)|I|. In the same manner
as in A®, |B®| < Consty(a)|I|. Now we estimate B». We have

) — S
B =3 |

+ 5[ 1Fu@rds (= Bp + BY + BY, say).
k=1J 1%

Fr)FI@dx + 3 | FL@F,_,(®dx

U-1Ig

We have

B = 3 |Elgin(x) — eHu )P dx

e

k

(4, I) — 2Re i o-id j | E[gILHLX) dx + :Zj j | Hr () dx.
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Thus
B® < 31(¢, I) + Const v(a)|I].
k=1

In the same manner as in A{, |B{"| < Constv(a)|I|. In the same manner
as in AP, |B{®| < Consty(a)|I| Consequently,

B < {BP| +|BY| + BP} +|BY| + | B

(10) -
= ];5(95, I,) + Const v(a)|I].
Inequalties (8), (9) and (10) show (1). This completes the proof of our
main lemma. As stated above, the required inequality is deduced from
our main lemma. This completes the proof of our theorem.
Using o(-, -), Tchamitchian [5] showed that || C[¢]|] < Const (1 + ||@llzx0)-
Replacing o(-, ) by é(-, -) in his proof, we obtain |C[g]| < Const (1 + /[[¢]lzx0)-
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