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BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS

OF CALDERON TYPE, VI

TAKAFUMI MURAI

§ 1. Introduction

In this paper, we improve an inequality given in [3]. Let Lp (1 <L

p <; oo) and BMO denote the Lp space and the BMO space on the real

line. Their norms are denoted by || \\p and || \\BMO> respectively. For a

locally integrable real-valued function φ(x), we define a kernel by

x — y \ x — y )

where Φ(x) = φ(s)ds. We denote by E[φ] the singular integral operator

Jo

defined by this kernel and denote by ||£7[0]|| its norm as an operator from

U to itself. It is very important to estimate ||<E[0]|| and the author [3]

showed that ||2£[0]|| ^ Const {1 + H^HÎ o}. The purpose of this paper is

to show

THEOREM. \\E[φ]\\ ^ Const {1 + \\φ\\BM0}.

Recently, Tchamitchian [5] showed that ||C[<£]|| <i Const {1 + ||0|UjfO}>

where C[φ](x, y) = l/{(x — y) + i(Φ(x) — Φ(y))}. Our method also yields that

II C[φ]\\ ^ Const {1 + Vp|δiifo}. The norms of these operators are likely

dominated by Cε{l + ||0||WO} for any « > 0, where Cε is a constant depend-

ing only on ε.

§ 2. Proof of Theorem

2.1. For φeL°° and a n interval I, we p u t :

Γ I Γ 2

and

τ(a) = sup {σ(φ, I){[I\;\\φ\U^a,I interval} (a ^ 1),
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128 TAKAFUMI MURAI

where \I\ denotes the length of 7. Here is a main lemma in this paper.

LEMMA 1. For φ, ψ eL°° with WφW^ <g a, ||ψ|L 2U a and an interval I,

we write

{xeI;Φ(x)φ¥(x)} = \JIk
k = l

with a sequence {Ik}k=sl of mutually disjoint intervals, where Φ(x) = φ(s)ds
J a

and W(x) = ψ(s)ds (a: the left endpoίnt of I). Suppose that ψ(x) is a

constant at each Ik. Then

(1) σ(φ, I) ^ σ(ψ, I) + Σ *(Φ, h) + Const v(a)\I\ (a ^ 1),
k i

where v(a) = <Jaτ(a) + a.

Before the proof of this lemma, we show that our theorem is de-

duced from (1). In [3], [4], the author defined σ(φy I) = f J E[φ](x, y)dy dx,

the corresponding quantity τ(a) to σ(-, •) and showed that

σ(φ, I) ^ σ(ψ, I) + Σ <<Φ, It) + Const a\I\ (a ^ 1).

From this inequality and the rising sun lemma, we deduced

τ(a) £ τ(αr/3) + 2r(2^/3) + Const a (a ^ 1),

which yields τ(a) ^ Constα2. Using \\E[φ]\\ ^ Const {r(8||0||BJfO) + I

(cf. [3, Lemma 6]), we obtained the previous inequality.

In the same manner, (1) and the rising sun lemma yield that

(2) τ(a) ^ τ(alS) + 2τ(2a/S) + Const v(a) (a ^ ΐ) .

Since VφO ^ Const {τ(a) + a} ^ Const a2 (cf. [1, pp. 49, 52], [4]), (2) is valid

with v(a) replaced by a2'\ which yields ^f(a) ^ Const α1 3. Hence (2) is

valid with v(a) replaced by a1-8. This gives *Jτ(a) ̂  Const a. Since τ(a) ^

(«), we obtain the required inequality. Note that a2 = (a/S)2 + 2(2a/3)2.

Hence our estimate by (2) is sharp.

2.2. Now we prove our lemma. For {Ik}ΐ=u I in our lemma, we

denote by xk the midpoint of Ik and put If — ϊk Π I, where ϊk is an interval

with midpoint xk and of length 2|Ifc|. For a set E, XE(x) denotes its

characteristic function. We write Xk(x) = lIk(x). For a kernel X(x, y) and
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SINGULAR INTEGRAL OPERATORS 129

/eL°°, we write simply Xf(x) = j X(x, y)f(y)dy. For a set E and feL\

( C Ί 1 / 2

w e p u t II/H2 E = < l / ί * ) ! 2 ^ ? H e r e a r e t h r e e l e m m a s n e c e s s a r y for t h e
U E J

proof. The elementary calculus gives the first lemma. The second lemma

immediately follows from the Carleson-Hunt inequality (cf. [2]).

LEMMA 2. Let

μl'Kx) = f 1/1* - y\dy, μϊk)(x) = ί 1/1* - y\dy (k^ϊ).
J ik Jit-1*

Then

ll^fcΊI«,/i-it ^ Const VKΓ, \\μϊk)\kik ^ Const <J\Ϊ~\ (k ^ 1).

LEMMA 3.

Pk(x) = Vra/{|x - x.Γ + \IkΠ (k^ΐ), Δ{x) = f; |

| J | | 2 £ Const V|T|.

LEMMA 4. Let feL°° satisfy H/IU ̂  1. Then

Σ II^M/lll/ί ^ Const {*(*) + α2}|7| (β = φ, ψ).

Proo/. Note that

Const{y?(α) + α } , \\E[0]f\\BMO ^ Const{Vf(α) + a}

(cf. [1, Chap. 4], [4]). Hence we have

\mIt(E[θ]f)\ £ \mIk(E{θ]f)\ + Const {Vτ(a) + a} (k ^ 1),

where nijg denotes the mean of g(x) over J. By the John-Nirenberg

theorem (cf. [1, p. 31]), we have

\\E[θ]f\\ln £ 2{\\E[θ]f - mn(E[θ]f)\\l!t + \mn(E[θ]f)\*\I*\}

^ Const{\\E[0\f\?BMo\IΪ\ + \mIh(E[θ]fmik\ + (?(a) + a*)\Ih\}

^ Const {\\E[θ]f\\lIk + (ΐ(cc) + «2)|I,|}.

Thus

Σ\\E[θ]f\ln £ Const {\\Eiff\f\\lr + (?(*) + ^)\I\} .

^ Const {?(«) + α 2} |/ | . Q.E.D.

2.3. Let C/= UΓ-ii*. V"= I - *7 and

F(x, y) = E [φ](x, y)-E [ψ](x, y) (x, ye I).
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Then [3]:

(3) F(x,y)=-F(y,x).

(4) F(x,y) = 0 (x,yeV).

(5) \F(x,y)\£ Const V^P*(*) (xeirnV,yeIk).

(6) \F(x, y)\ ̂  Const V^CVfTΓl + </\h\)l\x - y\Zβ (x el,, ye Ik).

We have

σ(φ, I) = £ \EMl(x) + Fl(x)fdx

(7) = σ(f, I) + 2 Re J Fl(*)EW10c)dx + J |Fl(x)|*dx

(= σ(ψ, /) + 2 Re A + B, say).

We have, by (4),

A = f FXu(xyE[ψ]l(x)dx + ί FXr(x)E[f]l(x)dx

(8) = ί FX^Έϊmxjdx + f F Z ^

+ f FZF(Λ;)£ίΐIΪ(5dΛ; ( = A<'> + A<2» + A<3>, say).

Ju

In this paragraph, we estimate Aί3) and A<2). We have, by (5) and Lemma 2,

\A^\ £ £ ί \FXv(x)E[ψ]l(x)\dx
k = lJIk

^ Σ f \FXvnlt(x)EMl(x)\dx + f; f |FZκn/S<*

^ 2 Σ f /ί<*>(x)|ί;[ψ]l(x)|dx + Const <JH ± f
fc = lj/fc k = ljl]c

+ Const V"S"||

, * V | | l . + Const ^
J

^ Const v(αr)|J|.

We have, by (5) and Lemmas 2, 3, 4,

|A<2>; rg f; f \FXk(x)E[ψ]l(x)\dx = f ] f |
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+ Const Λ/ΌC Σ f \Ik\Pk(x)\EMl(x)\dx
k = lj I

< ^ Σ\\μίk)\\2,ii-ik\\E[ψ]l\\2,n + Const Λ/~CC\\J\\2\\E[Ψ]1\\2

^ Const v(ά)\I\.

2.4. In this paragraph, we estimate A(1). We have

[ Flk(x)EMΪ(x)dx
= lJU-Ik

f Fzί(x)ΐ;[ψ]χ7./ϊ(*}ίix + Σ f Fxk(x)EWxk(x)dx

( = A ^ + A ^ + A^, say).

Since ψ(x) is a constant at each Ik, we have, with H(x, y) = l/(x — y)

and a sequence {dk}k=1 of real numbers,

\A(

3

1)\= Σe-iάk[ FXk(x)HXk(x)dx
k = l J Ik I

^ Σ \\F%k\kik\\HXk\\2tIk ^ Const v(a)\I\.

We have, by (3),

| A ^ | = f ] f FXk(x){E\^XjΓ_^x) - Ej^XI~ZkWk)}dx
k = ljlk

^ Σ ί |FZfc(*)|ί{f + f )\E[ψ](x,y) - E[ψ)(xk,y)\dy\dx

^ Const Σ ί \FXk(x)\{μ{

2

k)(x) + V^a}dx ̂  Const v(a)\I\.
k = lj Ijt

We have

k=iji*-ik

 k k=\)ifr\u

(= = Au + Ά12 > s a y )

We have, by (6) and Lemmas 2, 3,

[Aff| ^ Σ Σ f |Fχfc(x)£[ψ]l(x)|dx

& = 1 IΦkJ I*cCMι

k = \ Iψk J /£c(Vj

+ Σ Σ f \Fxwn(x)EMl(x)\dx
k=i iΦkji*cniι

<: Const V ί Σ Σ f if {VlXl + VIi|}/|* - JΊ 3 / 2*
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S Const V ^ Σ f \Σ\ {Pι(y) + Pt(x)}dy\\EMl(x)\dx
I = 1 J 11 LkΦlJ Ijc J

+ 2±\ μiιKx)\E[f]l(x)\dx
1 = 1 J It

S Const V"^ Σ f {IIΛHi + J(x)}\E[ψ)l(x)\dx
II J i

S ConstV^{\\E[f]lII, + ||J||2 | |ί:[ψ]l||2} + Constv(a)\I\

S Constv(a)\I\.

We have, by Lemmas 2 and 4,

I^SΊ < 2 Σ ί M^WI-EWiWIdx

^ agll^lk/i./.ll^tΨHll,,/. ^ Constv(α)|7|.

Thus I Aί'i I ̂  Const v(a) \ 11. Consequently,

(9) |A | ^ {|A«| + |Aί"| + |A<'>|} + |A<2>| + |A<3>| ^ Constv{a)\I\.

2.5. In this paragraph, we estimate B. We have, by (4),

B= ί FZcr(Λ;)FΪ(Jc)dx+ ί FlvixyFϊϊxjdx + f FZΓ(x)FΪ(ϊ)cίx
Ju Jr Jσ

(=B ( 1> +ΰ ( 2 > + B^, say).

In the same manner as in A(3), |B ( 3 > | <Ξ Const v(α)|J|. In the same manner

as in AC2>, |B(2>| ^ Const y(α)|J|. Now we estimate Ba). We have

= i;f FXk(x)FW)dx + Σ f
k = ljϋ-lk k = ljlk

+ Σ f I f W f d * (= B<" + Biι> + βj", say).

We have

f \E[φ]χk(x)-e«>Hχk(x)\>dx

E[φ]Xk(x)HXk(x)dx + £ f
k = lj
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Thus

BP ^ Σ o{φ, Ik) + Const v(a)\I\.
k = l

In the same manner as in A£\ \Bp\ ̂  Constυ(α)|7|. In the same manner
as in A?\ IB^l ̂  Constv(a)\I\. Consequently,

B £ {\B^\ + |B
(10)

Σ I k ) +Const v(a)\I\.

Inequalties (8), (9) and (10) show (1). This completes the proof of our

main lemma. As stated above, the required inequality is deduced from

our main lemma. This completes the proof of our theorem.

Using σ(-, •), Tchamitchian [5] showed that \\C[φ]\\ ^ Const (1 + \\φ\\BM0).

Replacing σ( , ) by σ( , ) in his proof, we obtain ||C[0]|| ^ Const (1 + VRBATO)-
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