A CLASS OF TRANSLATION LATTICES
JOHN C. TAYLOR

1. Introduction. Let E be a completely regular space, let C* denote the
Banach algebra of continuous bounded real-valued {functions on E, and let A4*
denote a Banach subalgebra which contains the constant function 1. Let

L(A% = {fI(f AN V (=\) € A* for all X > 0.

The purpose of this note is to discuss some properties of the subsets L(A4*) of
the ring C of continuous real-valued functions on E. They arose out of an
unsuccessful attempt to distinguish C* from its Banach subalgebras.

The set L(C*) equals C, which is an algebra closed under inversion and uni-
form convergence, and hence under composition (2). The initial hope was
that this was the only one of these sets possessing these properties. This turned
out to be false.

The subsets of C of the form L(A4%*) are completely characterized and it is
shown that L(4*) is closed under addition (or multiplication) if and only if
it is closed under composition.

The sets L(A*) are closely related to certain rings of quotients R(A4*). The
homomorphism spaces of L(4*) and R(4*) are shown to be homeomorphic,
even though in general L(4*) # R(4*). It is shown that L(4%*) = R(4%) if
and only if L(4%*) is closed under composition.

The relation between L(A*) and a certain closed equivalence relation
r(A*) on BE is discussed and used to relate closure under composition to a
property of 7(A4*).

2. Translation lattices. Shirota (3) defined a translation lattice to be a
distributive lattice L, together with an action: L X R — L (denoted by +)
such that:

(TL) x4+ 9 =«xforallx € L;

(TLy) (x+N +p=x+ AN+ uwforallx € Land \, u € R;
(T'L;) N> 0impliesx + N > x for all x € L; and

(TLy) x> yimpliesx + X > vy + Nforall X € R.
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Let E be an arbitrary set, and let S denote a subset of R# which is closed
under the usual lattice operations A and V, and which in addition is closed
under the addition of constant functions. Then S is a translation lattice.

Assume further that S contains the constant functions. Let £,(S) denote
the set of lattice homomorphisms /: S — R for which I(f + \) = I(f) + X and
1(0) = 0 (where 0 and X both denote constant functions and real numbers).

Given any set S of real-valued functions on E, a map (the evaluation map)
es: E— RS is defined by setting (es(x)); = f(x). When S is a translation
lattice, the usual argument with a product topology shows that esE is con-
tained in o(S).

PROPOSITION 1. Let S be closed under multiplication by (—1). Then I € L,(S)
is a point of esE if and only iof I(—f) = —I(f) forall f € S.

Proof. The homomorphism eg(x) evaluates functions at x. It commutes
with multiplication by (—1). The usual argument with a product topology then
shows that if / is a point of esE, L(—f) = —I(f) for all f € S.

Assume I(—f) = —I(f) for all f € S and that [ is not in egE. Then there are
n functions f1, . .., f, in S and € > 0 such that, if x € E, then {or some value
of 7, [fix — I(f)]| > e

Let g, = f: — I(f:) and set

gt = —[g: N e+ ¢ g2 =gV (] + e
Then
gt) =1gd =¢ i=1,...,n
Let
g= A lgd A gdl

i=1

If x € Eand |fix — I(fi)] > ¢ then
(g N gPx = 0.

Since all the g, are positive, this implies that g = 0. Hence I(g) = 0. However,
from the definition of g, I(g) = e.

Remark. If S is a Banach subalgebra of the Banach algebra of bounded
real-valued functions on E, then the translation lattice homomorphisms that
commute with multiplication by (—1) are just those algebra hlomomorphisms
k for which (1) = 1.

Let S be a translation lattice of functions on a set E which contains the con-
stant functions and is closed under multiplication by (—1). Let 2(S) denote
the subspace esE of R¥. It will be called the space of translation lattice homo-
morphisms of S. The evaluation map es: E — R* can be cunsidered as a function
which maps E into 2(S).

Given any translation lattice of functions S, the set of bounded functions
in Sisalso a translation lattice. Let it be denoted by S*. It contains the constant
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functions and is closed under multiplication by (—1) whenever S has these
properties.

Let S; and S: be two translation lattices of functions which contain the
constant functions and are closed under multiplication by (—1). Assume that
S C S..

Let ¢ be the restriction to 2(S;) of the projection map of RS2 onto RS,
Then t2(S:) € 2(S;) and f oeg, = eg,.

PRroPOSITION 2. Let S1 & S, be as above. If S1* = Syo*, then t is an embedding.

Proof. Let [; and I, be elements of £(S,) for which #(l;) = ¢(l,). Then, if

f E Sl*y ll(,f) = l2(f)'
Let g € So. Then (g A n) V (—n) is in Su* = S/*. Hence

(@ An) VvV (=n) =L((gAn)V (=n) =L{(gAn)V(-n) =
(2(9) A m) V (=n).

Since this is true for all natural numbers #, /,(g) = l.(g). Hence I, = .

The topology for €(S) is the weak topology defined by {f|f € S}, where .
F(I) = 1(f). This is the same as the weak topology defined by {f|f € S*}.
Hence, the fact that ¢ is an embedding now follows from the observation that
if f € Sy, then f ot is the function on £(S,) corresponding to f (considered as
an element of Sy).

3. The translation lattices L(A4*). Let E be a completely regular space,
and let C denote the algebra of continuous real-valued functions on E. Then C
is also a translation lattice, as is C*, the Banach algebra of bounded continuous
real-valued functions on E.

Denote by 4* a Banach subalgebra of C* which contains the constant func-
tion 1. Let L(4*) = {f|(f AN V (=) € 4%, for all A > 0}.

THEOREM 1. For any A*, L(A*) has the following properties:

(L)) It is a tramslation lattice containing the constants and is closed under
multiplication by real numbers.

(Lo) It is uniformly closed.

(Ls) It is closed under positive inversion (i.e. if f € L(A*) and fx > 0 for all
x € E, then 1/f € L(4%)).

(Ly) [ € L(4*) if and only if f+, f~ € L(4*).

Conversely, if S C C satisfies (L1), (L2), (Ls), and (L), then S* is a Banach
subalgebra of C* and S = L(S¥).

Proof. The distributivity of the lattice R and the fact that A* is a sublattice
of C* imply that L(4%*) is a sublattice of C. Clearly, it contains the constant
functions.
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If o > 01is a real number, then
(f ANV (=N =al(f A Na) V (=Na)].
Hence of € L(4%*) if f € L(4%). Since
(=N ANV (=N =—=[FANV(=N]

it then follows that L(4%*) is closed under multiplication by real numbers.
Letf € L(4*) and let « € R. Then (f +a) AXN=[fA (A —a)] + a and
f4+a) Vau=[fV (g —a)] + a. Therefore

[T+ ANV (=N =[AN=a)]V (=N—a) ta

Since this last function is in L(4*) and bounded, it is in /A* Ience
f+a€ L(4%).

Let (f,) be a sequence of functions in L(4*) that converge uniformly to f.
Then forany X > 0, ((f, A N) V (—\)) converges uniformly to (f A \) V (—=)).
Hence f € L(4%).

Assume f € L(4%*) is such that fx > 0 for all x € E. For any two real
numbers «, 3 > 0, the function (f A @) V 8 is in A*. Since it is bounded
below by B, its inverse is in A*. This is the function ((1/f) V (1/a)) A 1/8.
Consequently, (1/f) V (1/a) is in L(4*). The sequence ((1/f) V (1/n))

" converges uniformly to 1/f. Hence 1/f € L(A4%*).

If fis in L(A4%*), then f* =fV 0 and f~ = (—f) V 0 are both in L(1%).

Conversely, if f+ and f~ are in L(4*), then f € L(4%), since

[P =DANYV (=N =(F"AN+ (=) V (=N.

To prove the converse, first note that, when extended to BE, S* (since it
satisfies (L;) and (L.)) corresponds to a Banach subalgebra of the algebra
corresponding to C*. Hence S* itself is a Banach subalgebra of C*.

Clearly, S € L(S*). In view of (L,), it suffices to show that every positive
fin L(S*) is also in S. Consider f V 1/x. Itisin L(S*) and its inverse is in S*.
Since S* C S, taking inverses once again shows that f V 1/% € S. S uniformly
closed implies that f € .S.

4. Closed equivalence relations on E and the lattices L(A4*). Given
any compact space K, there is a 1-1 correspondence between the Banach
subalgebras 4* of C(K) and the closed equivalence relations » on K. To each
algebra 4* corresponds the relation r = r(4*) defined by: x » y if fx = fy for
all fin A*. It is well known that f € A* if and only if f is in C* and compatible
with 7(4%*).

If f € C, let f denote its unique extension to BE as a continuous function
valued in R (the two-point compactification of R). If A* is a Banach sub-
algebra of C*, then A* = {J|f € A*} is a Banach subalgebra of C* = C(BE).
The correspondence which associates »(A*) with A* is a 1-1 correspondence
between the Banach subalgebras of C* and the closed equivalence relations
on BE.
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PROPOSITION 3. f € L(A*) if and only if xr(A*)y implies fx = fy.

Proof. Let f € L(A*) and let f, = (fA n) V (—n). Since f, € A*, xr(A*)y

implies f, x = f, v. Now
fx = lim f, x,
and so fx = fy.

Assume that f ¢ L(A*). Then for sufficiently large n, say n > no, f, ¢ A*.
This means that there exist x,y € E with xr(A*)y and f,, x # f,, v. Since
(fag1 A #) V (—n) = f,, it follows that f, x % f, v for all # > n,. This implies
that fx = fy.

CoROLLARY. Let f, g € L(A¥*). Then f+ g € L(A*), if either f,g > 0 or
g € A*.

Proof. If f > 0, then fx > 0 for all x € BE. Hence if f,g >0, f 4+ 7 is
defined. It is compatible with 7(A*). Since f + g =f + g, f + g € L(4%).

If g is bounded, then f + 7 is defined and compatible with »(4*). As before,
this implies f + g € L(4%*).

Remark. In view of the proposition, the functions f on BE corresponding to
the functions f in L(A4*) can be identified with functions f on the quotient
space BE/r(A*). It can be seen that {f|f € L(4*)} is precisely the set of con-
tinuous R-valued functions on BE/r(4*) whose restriction to the image of E
under 7 o ¢ is real-valued (where = is the canonical map of BE on BE/r(A%)
and 7 is the inclusion of E in BE).

5. The space of translation lattice homomorphisms of L(4*). Let S
be a translation lattice of functions on E closed under multiplication by (—1)
and for which 4* C S C L(A4*). Then since S* = L(4*)* = 4%, it follows
from Proposition 2 that: (L (4*)) can be embedded in {(S) by a map #; £(S)
can in turn be embedded in (4*) by a map ¢»; and, further, that (L (4%))
can be embedded in ¥(4*) by a map ¢.

Now foepus = €sx =lroes = l20l;0ep0a%. Since epmE is dense in
Q(L(A%)), it follows that ¢t = ¢, o t.

THEOREM 2. The subset X of R(A¥*) corresponding to (S) 1s the complement of a
union of Gs-sets disjoint from ey E. Conversely, if YV is a union of Gs-subsets
of X(A*) which are disjoint from ey« E, then there exists a translation lattice S
for which:

(1) A*C SC L(4*);and
(2) the corresponding subset X of L(A¥*) is the complement of Y.

Hence, the subset of L(A¥*) corresponding to L(L(A*)) is the complement of the
union of all the Gs-subsets of (A*) disjoint from e 4« E.
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Proof. 1t is well known that there is a homeomorphism
h: BE/r(4*) — (4*), such that hom ot = €4,

where 7 and 7 are as in the last remark.

To prove the first assertion, it suffices to show that the complement Z of
(h ow)™* X is a union of Gs-sets, each of which is a countable intersection of
r(A*)-saturated open sets.

By considering {f|f € S}, it can be seen that Z = {u ¢ BE| for some f € S,
[fu| = «}. If f € Sand |fu| = o, then

w e fi (v € BE[|fo| > (n — 1)} C Z.

Clearly, {v € BE||[f.o] > (n — 1)} is an r(4*)-saturated open set.

To prove the converse, let Z = (h o m)~'Y and let S be the set of functions
f € L(4*) for which f|(BE — Z) is real-valued. Then S is a translation lattice
which contains 4* and is closed under multiplication by (—1).

Since Y is a union of Gs-sets,

BE — Z = {u € BE||fu] < =, for all f € S}.

As a result, it can be seen that the subset X of ¥(4*) corresponding to £(S) is
m(BE — Z) = {(4*) — V.
The last assertion follows automatically, since the subset of 2(A4*) corres-

ponding to (L (4*)) is a subset of the subsets corresponding to the spaces
(S), A* TS C L(A*).

Remark. The translation lattice S determines the subset Z of BE, which in
turn determines a translation lattice. This new lattice contains S and is in
general not equal to S.

6. The ring of quotients R(A4*). Let A* be a Banach subalgebra of C*.
Then the set
M(A*) = {f € A¥|fx > 0 for all x € E}

is multiplicatively closed. None of these functions is a zero divisor. Therefore
A* can be embedded in its ring of quotients with respect to M (4*). Let R(4*)
denote this ring. Then every element of R(4*) is a continuous function %z on £
which can be written as 2 = f/g, f € A* and g € M(4%*).

The ring R(4*) is a sublattice of C since for & € R(4*) and & = f/g,
|h| = |fl/e.

R(A*) is closed under positive inversion. If 2 = f/g, and hx > 0 for all
x € E, then f € M(4%).

Consequently, R(A4*) satisfies (L1), (L2), and (L,). It is related to L(4*) as
shown by

ProposiTiON 4. A* C L(A*) C R(4*). L(A*) is a set of multiplicative
generators for R(A¥).
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Proof. Letf > Obein L(4*),andletg =f+ 1. Then & = 1/gisin M(4%),
and so g is in R(4*). Consequently, f =g — 1 is in R(4*). As a result,
L(4*) C R(4%*).

If fe M(4*), then 1/f € L(4%), and so L(4*) generates R(4*) multi-
plicatively.

R(A%) is an algebra of functions. The real-valued algebra homomorphisms
h on R(A*), for which k(1) = 1, define a subset of R#4% in the usual way.
Since R(A4%¥) is closed under positive inversion, it is also closed under bounded
inversion. Isbell (2) showed that this implies that the set of points in R#(4"
which are algebra homomorphisms is egnE. Let H(R(4*)) denote this
subspace.

ProPoSITION 5. There is a homeomorphism c¢: O (R(A*)) — {(L(4*)) such
that ¢ o CR(A¥) = €L(a%).

Proof. Let p: REAH — REAY denote the projection obtained by dropping
the co-ordinates corresponding to the functions that are in R(4*) but not in
L(A%*). Clearly, p o erav = €ran. Hence pH(R(A*)) C (L(4%)).

Define g: (L (4%)) — REAUY by setting g(u) = v, where

oy = {“» i BE LAY,
" ug/u, h = f/g, fand g €A*.

If h =f/g =f'/¢g, then fg' = gf’. Since a translation lattice homomorphism
of 4* that commutes with multiplication by (—1) is also an algebra homo-
morphism, it follows that u,u, = u,u,. This shows that ¢ is well defined.
It is clear that it is continuous.

Now pogoers =P oerury = €rax and

gopoerun = (qO€run = Er(an-
Hence ¢ = p|H(R(4*)) is a homeomorphism of $ (R(4A*)) with (L(4%)).

Although the homomorphism spaces of L(A4*) and R(A*) coincide, in general
L(4*) = R(4%*).

Example. Let E be a non-compact real-compact space, let x # y be two
points in BE — E, and let 4* = {f € C*fx = fy}. There is a function f; > 0
in A*, with no zeros in E, for which fyx = f, ¥y = 0. Consequently, 1/f, is in
A*. By Proposition 3, if g € C*, then 1/fy + g € L(4%*) (and fo g € A*). From
this it follows that L(4*) is not closed under either addition or multiplication.
In particular, L(4*) = R(4%*) = C.

7. When is L(A4*) = R(4%)?

THEOREM 3. Let E be a locally compact space which is countable at infinity,
and let A* C C* be a Banach subalgebra whose weak topology is the topology of E.
The following statements are equivalent:
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(1) L(A*) 1s closed under addition.

(2) L(A*) 1s closed under multiplication.

(3) LA*) =C,1e A* = C*

Hence, under these conditions, L(4%) = R(A¥*) if and only if A* = C*.

Proof. E is locally compact if and only if BE — E is closed. This can be
seen to be equivalent to the existence of a smallest Banach subalgebra A ,*
whose weak topology is the topology of E. This algebra corresponds to the
equivalence relation whose only non-trivial equivalence class is BE — E.

A Jocally compact space E is countable at infinity if and only if there is a
function fo € C*,0 < fo < 1,with Z(fy) = BE — E. Clearly, fo € A¢* & L(4%).

If g € C* then by Proposition 3, g+ 1/fo € L(4*) and gf, € L(4%).
Since 1/fy € L(A4%*), it follows that (1) implies (3) and (2) implies (3). The
converses are clear.

Remark. 1t is tempting to conjecture that this theorem holds if £ is not
countable at infinity. This is not so. Isbell pointed out to the author that the
set B of Baire functions on the real line satisfy (L;), (L), (L), and (L,), the
weak topology is the discrete topology, the set is certainly closed under addition,
but B # RE. He also pointed out that Lemma 5.3 of Henriksen and Johnson
(1) implies that for E a Lindeldf space, the theorem is still true.

Theorem 3 is very similar to Isbell’s Theorem 1.13 (2) which he used to
show that a function algebra A4 is closed under composition if it is uniformly
closed and inversion closed. A set S of real-valued functions is said to be closed

under composition, if for each n and fi,...,f, € S, g: R* — R continuous
implies g(f1, ..., f.) € S. Isbell's argument is applied in the proof of the next
theorem.

THEOREM 4. Let A* C C* be a Banach subalgebra. The following statements
are equivalent:

(1) L(4%*) 1s closed under addition.

(2) L(A%*) is closed under multiplication.

(3) L(A4*) is closed under composition.

Hence L(A*) = R(A*) if and only if L(A¥) is closed under composition.
Proof. Obviously, (3) implies (1) and (2). Given the equivalence of (2) and

(3), the last assertion follows immediately.
Pick f1,...,f. € L(4%), and let X be the closure in R" of

{(frz, ... ’fnx)lx € E}.

Then, as a subspace, X is locally compact and countable at infinity.

Let S ={g€ CX)|g(f,...,fn) € L(4*)}. The set S inherits properties
(Ly), (L), (Ls), and (L,) from L(A*). Therefore, by Theorem 1, S = L(4,*),
where A.* is a Banach subalgebra of C*(X). S contains the restrictions to X
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of the co-ordinate projections, and hence the weak topology defined by 4,* is
the subspace topology.

If L(A4*) satisfies (1) or (2),.S inherits the corresponding property. Applying
Theorem 3, it follows that (1) implies.S = C(X) and that (2) implies.S = C(X).

8. Composition and closed equivalence relations. The algebra A4* is
determined by the equivalence relation 7(A*) on E. The example of Section 6
suggests that properties of the relation 7 (A*) should determine when L(4*) is
closed under composition.

A subset X of BE will be said to determine the algebra A* if, for any g € C¥*,
7| X compatible with 7(A*)|X implies that g € 4*. In other words, the restric-
tions imposed by 7(4*)|X are severe enough to define 4*.

THEOREM 5. Let A* C C* be a Banach subalgebra. The following assertions
are equivalent:

(1) L(A*) s closed under composition.

(2) R(A%)* = A%,

(3) Forallf € M(A*), fg € A* and g € C* implies g € A*.
(4) Forallf € M(4%), BE — Z(f) determines A*.

Proof. By the previous theorem, (1) implies (2). If f € M (4*) and fg € 4%,
then g = fg/f € R(4*). Hence (2) implies (3).

Let f € M(A4*) and let g € C* be such that g|8E — Z(J) is compatible with
r(A*)|BE — Z. Then fg € A*, since fg = f7 is compatible with 7(4*). Hence
(3) implies (4).

Let f,g € L(4*). Since f+¢g=(ft+¢g") — (f~+¢), to show that
[+ g € L(4%), it suffices (in view of the corollary to Proposition 3) to consider
the case where f > 0 and g < 0.

Let fi =f+ 1and let gy = g — 1. Then, 1/f; and 1/g; are in A*. Hence
h=—1/figi € M(4%).

Z(h) = {u € BE|fiu = +o} U {v € BE|g1v = — .

Consequently, if & = f + g, k,|8E — Z (k) is compatible with 7 (A*)|8E — Z (k).
Hence k, € A* for all n. This implies £ = f + g € L(4%*).
Hence, Theorem 4 shows that (4) implies (1).
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