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Balayage of Semi-Dirichlet Forms

Ze-Chun Hu and Wei Sun

Abstract. In this paper we study the balayage of semi-Dirichlet forms. We present new results on
balayaged functions and balayaged measures of semi-Dirichlet forms. Some of the results are new even
in the Dirichlet forms setting.

1 Introduction

Balayage is an important notion in potential theory that plays a crucial role in both
classical potential theory and its probabilistic counterpart (cf. e.g., Bliedtner—Hansen
[2] and Doob [5])). In [25H27], Silverstein discussed the balayage of symmetic Dirich-
let forms. In [I7], LeJan extended Silverstein’s results to non-symmetric Dirichlet
forms, and in [18], he studied some properties of balayaged Dirichlet forms, among
other things. In this paper, we study the balayage of semi-Dirichlet forms and fo-
cus on balayaged functions and balayaged measures. We refer the reader to Ma—
Overbeck—Rockner [19], Ma—Rockner [20] and Fukushima—Oshima—Takeda [[10]
for descriptions of the (semi-)Dirichlet form theory and the notation and terminol-
ogy of this paper. The reader is also referred to the recent review paper of Ma—Sun
[22] for a brief introduction to semi-Dirichlet forms. Note that a semi-Dirichlet
form is not merely a mathematical generalization of a Dirichlet form. We refer the
reader to [[19], Overbeck—Réckner—Schmuland [23]], and Réckner—Schmuland [24]]
for many interesting examples of semi-Dirichlet forms. We also refer the reader to
Fukushima—Uemura [I1]] for a recent construction of jump-type Hunt processes us-
ing semi-Dirichlet forms.

Let E be a metrizable Lusin space (i.e., E is topologically isomorphic to a Borel
subset of a complete separable metric space) and let m be a o-finite positive measure
on its Borel o-algebra B(E). Let M = (€2, F, (’J’])tzo, (Xt)e>0, (Px)erA) be a right
(continuous strong Markov) process with state space E, life time ¢, and cemetery A.
Define P, f (x) := E,[f(X,)] for f € By(E) and x € E, where B,(E) denotes the set of
all bounded measurable functions on E. Suppose that for each ¢ > 0 the restriction
of P; to B,(E) N L*(E; m) can be uniquely extended to a contraction operator T; on
L*(E;m). Then one can check that the semigroup (7T}); is strongly continuous on
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L2(E; m). Suppose that (T})~ is analytic. We set

D(€) := {u € [*(E;m) | sup %(u — Tyu,u) < 0o},
t>0
E(u,v) := }m% %(u — Tyu,v), Yu,v € D(E).
—

Hereafter (-, -) and || - ||, denote the usual inner product and norm of L(E;m).
Then (€, D(€)) is a quasi-regular semi-Dirichlet form, and M is properly associated
with (€, D(€)) in the sense that P, f is an €-quasi-continuous m-version of T} f for
all f € By(E) N L*(E;m) and all t > 0. On the other hand, if a semi-Dirichlet
form (&, D(€)) on L2(E; m) is quasi-regular, then it is properly associated with a right
process M.

In this paper, we assume that (€, D(E)) is a quasi-regular semi-Dirichlet form on
L*(E;m). By [19, Proposition 3.6(iii)], every u € D(€) has an &-quasi-continuous
m-version denoted by &1. We write f < gor f = g for f, g € L*(E;m) if the inequality
or equality holds m-a.e. on E.

Proposition 1.1 ([19, Proposition 2.19]) Let h be a function on E that has an

&-quasi-continuous m-version denoted by h. Define for A C E,
Lpa={weDE)|w>hEqe onAl.

Suppose that Ly, o # . Let o > 0.
(i)  There exists a unique hy € L, 4 such that forallw € L, 4

(1.1) Ealhy, w) > Ea(hy, ).

(if) En(hg,w) > 0 forallw € D(E) withw > 0 E-q.e. on A. In particular, h is
a-excessive and €, (hS, w) = 0 for all w € D(E) o, where

D(E)ac:={ueDE)|u=0Eq.e onA}

and A° .= E — A.
(iil) kY is the smallest function u on E such that u A\ h§ is an «-excessive function in
D(&) and u > h &-g.e. on A. In particular, (0 <) hy < h (m-a.e. on E) if and
only if h A hY is an a-excessive function in D(E). In this case h§ = h E-g.e. on A.
(iv) Let g be a function on E that has an E-quasi-continuous m-version denoted by g.
IfLop # Dandg > hE-q.e. on A, then g§ > h§ (m-a.e. on E).
(v) Suppose that B C A C E. Then (hg)4 = h§ (m-a.e. on E). If h A b is an
a-excessive function in D(E), then (h})§ = hg (m-a.e. on E).
We call h§ the a-balayaged (or a-reduced) function of & on A. We define the
balayaged operator S( -, -, -) on (0,00) x 2E x D(&) by

(1.2) S(a, A, h) == hy,

where 2F is the family of all subsets of E. To simplify notation, we also write S}h for
S(a, A, h) in the sequel. In Section 2, we investigate some properties of the balayaged
operator S( -, -, -) and, in particular, answer the following questions:
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1. Fix awand A. Is h§ a continuous operator with respect to (w.r.t.) the function h?

2. Fix avand h. Is h§ a continuous mapping w.r.t. the set A in some sense?

3. Fix A and h. For 0 < a < (3, what is the relation between h¢ and h‘ﬁ and what is
the relation between (h§ g and (hﬁ)g? What about the limit of hi as 3 — a?

In Section 3, we discuss the balayage of measures. It is known that any quasi-
regular semi-Dirichlet form is quasi-homeomorphic to a regular semi-Dirichlet form
(cf. Hu—Ma-Sun [13} Theorem 3.8]). For simplicity, we assume in Section 3 that
(&,D(&)) is a regular semi-Dirichlet form on L?(E; m). Recall that (€, D(€)) is regu-
lar if the following conditions hold:

(i) Eisalocally compact separable metric space and m is a positive Radon measure
on E with supp[m] = E.

(i) Co(E) N D(E) is dense in D(E) with respect to the &;-norm.

(ii)) Co(E) N D(€) is dense in Cy(E) with respect to the uniform norm || || -

Hereafter Cy(E) denotes the set of all continuous functions on E with compact sup-

ports. A positive Radon measure ¢ on E is said to be of finite energy integral (w.r.t.

(€, D(E))) if there exists a positive constant C such that

/ [v(x)|p(dx) < C& (v, v)/2, Wv € Co(E) N D(E).
E

We denote by Sy the family of all positive Radon measures of finite energy integral.
Let u € Sp and o > 0. Then there exists a unique U, v € D(E) such that

Ea(Uap,v) = /V(X)u(dX), Vv € Co(E) N D(E).
E

We call U, i an a-potential.

Lemma 1.2 Letu € D(E) and o > 0. Then the following conditions are equivalent:

(1)  uis c-excessive.

(ii) u is an a-potential.

(iii) Eo(u,v) >0, Vv e D(E), v> 0.

@iv) En(u,v) >0, Vv € Co(E)ND(E), v > 0.

Proof The equivalence of (i) and (iii) is from [19, Theorem 2.4]. (ii) = (iv) and
(iii) = (iv) are trivial. Suppose that (iv) is satisfied. By [13}, Lemma 2.4] and following
the proof of [10, Theorem 2.2.1 (iv) = (i)], we can prove (ii). Let v € D(E),v > 0.
Then we can choose a sequence v, € Co(E) N D(E) that is &;-convergent to v. By
[19} Remark 2.2(iii)] and [20} I. Lemma 2.12], we know that v} — v weakly in D(E)
asn — o0. Then &, (u,v) = lim,_, o E,(u,v;) > 0, which proves (iii). [ |

Let B C E. Then, by Proposition [L.T] we know that the a-balayaged function
(Uap)§ of Ugp on B is a-excessive. By Lemma [[.2) there exists a unique measure
ug € S such that (Uy )3 = Uypug. Then pf is called the a-balayage (or ci-sweeping
out) of 1 on B. We define the balayaged operator T( -, -, -) on (0, 00) x 2 x S by

(1.3) T(a, B, ) = pi§.
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In Section 3, we first give a characterization of y and then investigate some proper-
tiesof T(-, -, - ). In particular, we answer the following questions:

4. Fix avand B. Is g a continuous mapping w.r.t. the measure p?

5. Fix a and p. Is p§ a continuous mapping w.r.t. the set B in some sense?

6. Fix Band p. For 0 < o < 3, what is the relation between puf and ug and what is
the relation between (,uj;“)f3 and (uﬁ)g? What about the limit of ,ug asf — a?

Before ending this introduction, let us comment on the motivation and poten-
tial application of this work. Time change is one of the most basic transformations
for Markov processes. Recently many remarkable results have been obtained for the
time changes of symmetric Markov processes and Markov processes in weak dual-
ity (cf. Fukushima—He-Ying [9], Chen—Fukushima-Ying [3,4] and Fitzsimmons—
Getoor [8]]). It was shown by Fitzsimmons [7, Theorem 5.7] that if the right process
M is associated with a semi-Dirichlet form (€, D(€)), then the time-changed process
of M is also associated with a semi-Dirichlet form. We call this latter semi-Dirichlet
form the balayaged semi-Dirichlet form of (€, D(€)). A direct motivation of this
paper is to give a complete characterization of the balayaged semi-Dirichlet form.
However, the problems caused by the SPV integrability in the Beurling—Deny de-
composition of semi-Dirichlet forms and the non-Markovian property of the dual
forms (cf. Hu—-Ma—Sun [12HI5]) make the complete characterization very difficult.
We hope that the results obtained in this paper can help us better understand the
balayage of semi-Dirichlet forms.

2 Balayage of Functions

In this section we investigate some properties of the balayaged operator S(-, -, -)
defined in (2). Let (€, D(€)) be a quasi-regular semi-Dirichlet form on L*(E; m).
DenOte bY (Tt)t>0> (G(Y)(!>0 and (L7D(L)) (reSP- (Tt)t>0a (Ga)u>0 and (L, D(L)))
the semigroup, resolvent and generator (resp. co-semigroup, co-resolvent and co-
generator) associated with (€, D(€)). Since (€, D(E)) satisfies the sector condition,
for any o > 0, there exists a constant K, > 0 (called the continuity constant) such
that
(2.1) 1€a (1, v)] < Koolu, ) /2E0(v,v)/2, Yu,v e D(E).
Moreover, by (2.I) we can show that for any 5 > « > 0,
(2.2) €50, v)| < (Ko + D)Es(u, ) 2E5(v,v)"/2, Yu,v € D(E).
Let A C Eand h € D(E). By (I.I) and (2.1)), we have

Ea(hf, hY) < Ea(h5, h) < Ko€o(hG, hY) E0 (h, b)Y,
Then

(23) Ea(Hg,Hg) < K2E, (1 h).
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Furthermore, by we can show that for any 8 > a > 0,
(2.4) Es(hy, 1) < (Ko +1)*E5(h, h).

Recall that a functiorl u € L*(E;m) is called a-excessive (resp. a-coexcessive) if
e T < u (resp. e~ Tyu < u) forallt > 0.

Lemma 2.1 (cf. [1920]) Letu € L*(E;m) and o > 0. If u is c-excessive, then
u > 0. Furthermore, we have

(1)  uis a-excessive if and only if BGpiqu < u forall B > 0;

(ii) ifu € D(E), then u is a-excessive if and only if €, (u,v) > 0 forallv € D(E),v >
0;

(ili) if f € L*(E;m), f > 0, then G, f is a-excessive;

(iv) if u is c-excessive, then u is 3-excessive for all >

(v) ifu,v € L*(E;m) are c-excessive, then u A\ v is a-excessive;

(vi) ifu € L*(E;m) is a-excessive, then u A 1 is c-excessive.

2.1 Operator S(a, A, -)

In this subsection we fix & > 0, A C E and consider the operator S(o, A, -), ie.,
S&(-)onD(E).

Theorem 2.2 (i) 89 is sub-Markovian: if h € D(E) with0 < h < 1, then 0 <
SGh < 1.

(if) 84 is sub-additive: if hy, h, € D(E), then S4(h + hy) < S4hy + S4ho.

(iii) S4 is continuous on D(E) w.r.t. the E,-norm.

Proof (i) Let h € D(E) with 0 < h < 1. By Proposition [LI[ii), A9 is c-excessive.
Then h§ > 0 by Lemmal2.] Since 1 A h§ is a-excessive by LemmaZd(vi) and 1 > h
&-q.e. on A, hence 1 > h by Proposition [[IKiii). Therefore 0 < S3h < 1.

(ii) Let by, by € D(€). By Proposition[IKiii), ((71)$ + (h)$) > hy+hy = hy + h
&-q.e. on A. By Proposition [[INii), (k)G + (hy)g is a-excessive. Then ((h)% +
(h2)3) A (hy + hy)5 is also a-excessive. Therefore we obtain by Proposition [[1I(iii)
that (hl + hz)g S (hl)f{ + (h2)g, i.e., 5 Sg(hl + hg) S Sghl + Sﬁh}

(iii) Let {h, },>1 be a sequence in D(&) such that &, converges to h € D(E) w.r.t.
the &,-norm as n — oo, i.e.,,

(2.5) lim &,(h, — h,h, —h) =0.
n—00

By (ii), we get

(2.6) (hn)y — by < (hy = h)g, By — (h)3 < (h — hy)j.
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By ([2.8), Lemma[2.1[(ii), the sector condition, and (2.3)), we get
(2.7) 0 < & ((h)3 — 3, (ha)§ — hg)
= Ea((h)}, (h)§ — h3) + Ea(hd, by — (ha)})
< Eal(hy)y, (hy — h)3) + Ea(hy, (h — hy)y)
< Ka€al(h)3, ()32 €0((hy — 1)3, (hy — W)}
+ Ko €a(hy, B) €0 ((h — )5, (h— hy)§)'?
< K2Ea(hy, hy)'2E o (hy — by by — W)V
+ K2Eo(h W) 2E 0 (h — by, h — hy)'2,
which together with (25) implies that

lim &,(S3h, — SSh, SSh, — SSh) = 0. m
n—o00

2.2 Operator S(a, -, h)
In this subsection we fix @ > 0, h € D(€) and consider the operator S(a, -, h).

Proposition 2.3 Let A, B be two subsets of E. Then for any a > 0 and h € D(E), we
have

(i) ifBC A, thenhy < h§ < hg+h%_g
(i) [hg — hg| < hG_p+h_a5
(iii) Ea(h§ — h§, by — hy) < 2KZEo(h, h)'2E (WS _p+ h§_ 4, hG_p+hg_ )2

Proof Part (i) is a direct consequence of Proposition[L1](ii) and (iii).
(ii) By (i), we get

Wans < My < Winp +Ha_p, Hang < hg < Hinp + gy,

which implies that (ii) holds.
(iii) By (ii), Lemma[2.I(ii), the sector condition, and (2.3]), we get

€a(hy — h, hy — hp)
= & (S, hS — hS) + Eq(h, B — hS)
< Ealhy, by _p+hg_,) + Ea(hp, hy_p+hg_,)
< Ku[Ealhg, )V + €0 (hy, hg) 2] €0 (S 5+ HG_ 4, hG_p + hy_)"?
< 2KZE (1, 1) P E G (G g + By, Wy + )2 u

Definition 2.4 ([[19, Definition 2.11]) Let ¢ € L*(E; m) suchthat0 < ¢ < 1 m-a.e.

and set g := G;¢. Then g is a 1-excessive function in D(&) and strictly positive m-a.e.
Define for U C E, U open,

cap,(U) = (g}, ¢)
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and for any A C E,
cap,(A) == inf{cap(ﬁ(U) |A C U,U open}.

Theorem 2.5 LetA,A;,A,,... beasequence of subsets of E. If cap4(A,AA) — 0 as
n — 00, where Ay AA = (A, — A)U (A — A,), then for any o > 0 and h € D(E), hy
converges to h§ in D(E) as n — oo.

Proof By Proposition 23\(iii), it suffices to prove that if caps(A,) — 0asn — oo,
then hj converges to 0 in D(E) as n — 00. Now we assume that

nlgglo cap,(A,) = 0.

Step 1 Assume that h is a-excessive.

Note that sup,~, E,(hy ,hy ) < K2E.(h,h) < oo by [23). Then by [20} L
Lemma 2.12], for any subsequence {hjnk} of {h} }, there exist a subsequence of
{hxnk} (we still denote it by {hﬁnk} for simplicity of notation) and h* € D(€) such
that h?{nk converges weakly to h* in D(E) as k — 0o. We will prove that h* = 0. Once
this is done, we obtain that hj converges weakly to 0 in D(E) as n — oo. Therefore,

by Proposition[[1]ii) and (iii), we get
: o a N 13 « —
Tim €], 15,) = lim €0k, h) = 0.

Since limy, o cap(A,) = 0, we can choose a subsequence of {A,, }, denoted by
{A,,, }, such that

o0
anl’d)(Ank/) < 0.
k=1
For k = 1,2,..., define B, , := J Ay, . Then {B,,} is a decreasing sequence
such that for any k > 1,A,, C B,,,, and capy(B,,,) < Z}fk capy(Ay,) | 0. By
Definition 2.4} there exists a decreasing sequence {C,,,, } of open subsets of E such
that for any k > 1,B,, C C,, and capy(C,,,) | 0. For k = 1,2,..., define
Fy:=C;, = E—C,,. Then {Fy+} is an increasing sequence of closed subsets of E
with capy(F;,) | 0. By [19) Theorem 2.14], we know that {F;.} is an E-nest. Then
following the proof of [[19) Lemma 2.10(i)], we can show that hg”k, converges to 0
in D(€) as k — oo. Since hgnk, is decreasing and 0 < hﬁuk, < hgw < hg"u by
Proposition 2.3(i), we get h* = 0.
Step 2 Assume that h = u — v, where u and v are a-excessive functions in D(E).
Since h < u, we have hj < ujj by Proposition [L1(iv). Then following the proof
of (2.3)), we get
Eall, 1) < K2E(u) 1),

which together with Step 1 implies that hj converges to 0in D(€) as n — oo.

Step 3 Assume that h is a general function in D(E).
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Note that G := {u — v| u, v are a-excessive functions in D(€)} is dense in D(E).
For any € > 0, there exists g € G such that

(2.8) Ealh—g h—g)'? <.
By Step 2, there exists N € N such that for n > N, we have
(29) €a(gh, 85,)"7 <=
By the triangular inequality, (2.7)—(2Z.9)), we obtain that for n > N
Ealhl, h5,)"? < Ealh], — g8, 15, — g5, + Ealgh, 80,2
< KP(Ealh ) + Ea(g,9)"2) P Eulh — g — )+ e
< K2 (28,0 )2 +e) et

which implies that h} converges to 0 in D(E) as n — oo. [ |

Proposition 2.6 Leta > 0,h € D(E),and A, C E, A, T A. Then:

(i) hg, tha
Gi) lim &.(hS — K3, hS —hS) = o.
n—oo " "

Proof Part (ii) can be proved as in [19, Lemma 2.21]. By Proposition 2Z.3(i), {h{ }
is an increasing sequence of nonnegative functions. Hence (ii) implies that (i) holds.
|

2.3 Operator S(-,A,h)

In this subsection we fix A C E, h € D(E) and consider the operator S(-, A, h). Itis
well known that (G, ).~ satisfies the following resolvent equations:

Go = Gg + (B — a)GoGg, Gy = G+ (8 — a)GsG,, Yo, > 0.

Theorem 2.7 LetA C Eandh € D(E). Then for § > « > 0, we have
() Sih<Sth<Sih+(8—a)G.Sih

(i) Sih+(8—a)GsSih < Sih+ (8 — a)G,Sik;

(iil) GaS§h < GulSih+ (8 — )GsShl.

Proof (i) The first inequality of Theorem 27(i) is a direct consequence of Propo-
sition [[.1Kiii) and Lemma[2.1{iv). We now prove the second inequality of Theorem
27(i). For any w € D(E) with w > 0, we obtain by Lemma[2.1\(ii) that

Eallhy + (B = a)Gahi{, w) = Ealhi, w) + (B — )E€a(Gahid, w)

= [€ath,w)+ (@ = B, w)] + (B — a)(hf,w)

= &5(h},w) >0,
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which implies that hg + (B — a)Gahﬁ is a-excessive by Lemmal[2.1(ii). Obviously,

—_—

(] + (8 — )G, h)) > h &-ge onA.

Then, by Proposition[TIKiii), we get h§ < hﬁ +(8— a)Gahi, ie,,SGh < Sﬁh +(B8—
@)GoSih.
(ii) By Theorem [2.7(i) and the resolvent equation, we get

(2.10) GsSGh < GgSih+ (8 — a)G3GaSih

= GySih+ GoSih — GySih = G, Sih.

Hence (ii) holds.
(iii) Let f € D(E) be an a-coexcessive function. Then, by the resolvent equation

and (2.10), we get

(S3h — [Sih+ (B — a)GsS3h], f) = €a(Ga{Sih — [Sih+ (B — )GsS5hl}, f)
= €,(G3S5h — G,Sih, f) < 0.
Taking f = Gou with u € L2(E; m), hereafter L2(E;m) := {u € L2(E;m)|u > 0},
we obtain GoS¢h < G, [Sih + (8 — ) GsSeh]. n

Remark 2.8 (i) In general, we do not have
(2.11) Sth = Sih+ (8 — a)G,.Sih.

In fact, if (§,D(€)) is a symmetric Dirichlet form, then (ZII) holds if and only if
Sﬁh = 0, which is proved as follows.

If S:Zh = 0, then (Z11)) holds by Theorem 27(i). Suppose that (Z11)) holds, i.e.,
hs = h) + (8 — a)Guh,. By Proposition [LI(i), we have &, (h, h)) > &,(hS, ).
Hence

(2.12) & (h]+ (B — a)Guhy, 1Y) >

Ea(h + (B — )Gk}, 1 + (B — )G, ) .
Note that

(213)  Eo(H) + (B — a)G,hi, HY)
= Ea(h] K + (B — )Ea(Guh], HY)
= [E5(h, D) + (a — BY(KHL, WD) + (B — ) (W), 1)) = E5(h), )
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and
(2.14) Ealh + (B — Q)G 1 + (8 — )GohY)
= Ea (3, 1)) + (B — a)€a(Gahl, )
+ (8 — a)&a(h, Gah}) + (B — 0)*€a(Gah), Galt})
= [€a(h. 1)) + (B — )(h}, )]
+ (B — @) [Ealh], Gah)) + (B — Q) (W}, GuhY)]
= E5(H, W) + (B — a)€s(h), Goh).

By @12)-(@.14), we get Eg(hﬁ, Gahf) < 0. Since hi is 3-excessive and Gahﬁ > 0,
we have Eg(hfi, Gahfj) > 0. Thus

(2.15) &s(h3, G,HY) = 0.

Note that if (€, D(E)) is a symmetric Dirichlet form, then

(2.16) Ea(h, b)) = &0 (h], Gul)) + (B — ) (W, Go k)
> &,(h, G ) = (1, ).

Equations (Z.I5) and (2.16) imply that hfi =0,1ie, S‘ih =0.
(ii) We do not know if the following inequality holds:

(2.17) Seh < Sih+ (8 — a)GsSSh.

Note that (Z.17)) is not a direct consequence of Theorem[2.7(iii). In fact, let (€, D(E))
be the Dirichlet form associated with the Brownian motion on R!. Define

2

f= sze_xz, g:i=2e".
Note that

2 A 2 2
(LJM%”):@—EJFfﬂzﬂﬁ—Dfﬁ

where A is the Laplacian operator. Hence

2

Gf-Gg=(0-L"[26¢ - e ] = -~ <.
However, we do not have f < g.
Proposition 2.9 Let A C Eand h € D(E). Then for B > a > 0, we have
(2.18) Wy < (WD < < ()5 < ()5 + (B — a)Ga(h)]

< B +2(8 — @)Goh + (B — 0)*GaGaH.
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Proof Since (hﬁ)ﬁ > ;z:‘i > h €-q.e.on A and (hj)ﬁ is B-excessive (thus (hj)f: A hﬁ
is B-excessive), by Proposition [[L1(iii), we have
(2.19) Wy < ().

Since h$ is a-excessive (and thus [3-excessive by Proposition 21iv)), we obtain by
Proposition [[.1[iii) that

(2.20) (h§) < hS.

Since (hﬁ)g‘ > hﬁ > h &-g.e. on A and (hﬁ)j is a-excessive, by Proposition [LI(iii),
we have

(2.21) hs < (h)5.

By Theorem [2.7(i), Proposition[I.I(iv), and the positivity preserving property of G,
we get

(2.22) (H))G < (WA + (B = a)Ga(h)s < (KD} + (B — a)Ga(h))5-
By and the positivity preserving of G, we get
(2.23) (W5 + (8 — )Go ()5 < hS + (B — a)G,hS.
By Theorem[2.7](i) and the positivity preserving property of G,,, we get
(224) K+ (B — a)G.hS
< [Wy+ (B = a)Gahy] + (B — )Ga[hy + (B — a)Gah)]
=1 +2(8 — )Gl + (B — @)*Ga Gl

Therefore, (ZI8)) holds by (219)-2.24). [ |
By Theorem 2.7 we can obtain the “continuity” of the operator S(-,A,h) on
(0, c0).

Theorem 2.10 Leta > 0,A C Eandh € D(E). Then

(2.25) lim & (k) — h$, b — hS) = 0.
B—a

Proof For 8 > «, by Theorem 2.7(i) and the positivity preserving property of G,,
we get
0 < hy —h} < (B— )Gk} < (B— a)Guhs,

which implies that limg,,, hi = hg. For § € (a/2, ), by Theorem 2.7i) and the
resolvent equation, we get

0 < Hj —hy < (a— B)Gshs < (a— B)Gshj,
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which implies that limgq, h‘f‘ = hq. Therefore,

(2.26) lim K, = k.

S—a

For 8 > «, we obtain by Theorem [Z.7(i), Lemma[Z(ii), the positivity preserving
property of G,, and (2.26)) that

0 < &(h§ — Hj, h§ — 1))
= [t b — B + (1 — )b, b — )]
— [est g — )+ (=m0 — )]
< Ea(hi, W — W)+ (1 — o) (g, b — Hy) — (1 — B)(K3, b — h3)
< Eal, (B — )Gah) + (1 = @), By — 1) — (1 = BY (M3, b — H3)
< (B — )€l Gahy) + (1 — ) (g, by — Hy) — (1 = B)(, g — h)
—0asf—a,

which implies that limg, El(hﬁ —hg, hﬁ —h%) = 0. For 8 € («/2, a), by Theorem
27(i), Lemma[2.1)(ii), the resolvent equation, (2.2)), (2.4) and (2.26]), we get

0 < &(hy — hy, WG — h{) = &, (h{ — h§, i} — I5)
_ [aﬂ(hﬁ, W — b+ (1 — B)(H h — hg)}
= [Eathnd = m) + (1= 00,1, — 1))
< Es(h) W) — ) + (1 + o+ B)(WG + W W) — hS)
<& (o= B)Gsh) + (1 + a+ B)(hs + hY 2 W] — h9)
< (a— B)Es(h, Gah) + (1 + o+ B)(hG + h5* b — h3)
< (a— B)(Ks + 1)Es(H,, h))'2E5(Ga by, G2 h§)" />
+(1+a+ B +hy h — hg)
< (a = B)(Ks + 1€ 5(h, h)'/2€,(Gs b, Gy h§)'?
+(1+a+B)(hG + % W — he)
< (o= B)(Ky + 1)*Ea(h, 1) /€ (Gs Y, Go h§)'/?
+(1+a+B)(hG + K% W — hY)
—0 as B — a,

which implies that limgs, &€, (hf; —hg, hﬁ — h%) = 0. Therefore (Z.23) holds. [ |
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By Theorem[2.7] there exists an h$° € L*(E; m) such that

(2.27) lim ||k — k|, = 0.
B—o00

Furthermore, we have the following proposition.

Proposition 2.11 Leta >0,A C Eandh € D(E). Ifh < 0 on AS, then h3® € D(E)
and hﬁ converges weakly to h3° in D(E) (w.r.t. the €,-norm) as 8 — oo.

Proof By (227) and [20} I. Lemma 2.12], it suffices to show that

(2.28) sup Ea(hi, hfi) < 00.
BZa

For 8 > «, by (ILI) and the sector condition, we get
(2.29) 0 < &a(hy, 1)
= Ex(hy, hy) — (B — a) (W}, hY)
< Eg(hy, h) — (B — a) (W}, h})
= [€atf ) + (8 = )0, )] = (8 = @)k, 1)
< Kao(h), H)Y2E ()2 + (B — a) (W), h — h))

< Kool W)Y2E  (h h) 2,

where in the last inequality we used the fact that hf > 0onEand hﬁ > honA,and
the assumption that & < 0 on A°. It follows from (2.29)) that

Ea(l), 1) < K2Eq(h, 1),
which implies (Z.28)). ]
Remark 2.12 (i) Equation and thus Proposition 2111 do not hold for gen-
eral h € D(E). In fact, let A be a nearly Borel set of E and h € D(E) be a bounded

T-excessive function for some 7 > 0. Then, by Kuwae [16} Theorem 4.4] (cf. Propo-
sition[3.1(ii) ), we have

1 (x) = Ele P h(X,,)], V8 > T,

where X is the right process associated with (£, D(£)) and o4 := inf{t > 0] X, € A}.

Note that limg_, hﬁ =h-1 ar» Where A” denotes the set of regular points of A, i.e.,
A" = {x € E|Py(04 > 0) = 0}. Hence h3° = h - 14 (m-a.e. on E). However, in
general, i - 14~ might not belong to D(E). We give a concrete example as follows.

https://doi.org/10.4153/CJM-2011-055-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-055-5

882 Z.-C. Hu and W. Sun

Let (€, D(€)) be the Dirichlet form associated with the Brownian motion on R!.
Then D(€) = HY?(R!), the (1,2)-Sobolev space on R!, and

1
E(u,v) = E/ u'v'dx.
R

Define h(x) := e~ if |x| > 1 and h(x) := (3 — x*)e~! /2 otherwise. Then one can
check that h € D(L) and (1/2 — L)h(x) = (5 — x2)1|x|51/4. Hence h is a bounded
1/2-excessive function of D(&). Let A be a finite closed subinterval of R'. Then we
have h- 14 = h- 14 ¢ H(RY).

(ii) Let A be a nearly Borel set of E and h € D(E) (not necessarily excessive). Then
for any o > 0, we have

0o . i) . B «
b = Jim < lim (M) = (ML

3 Balayage of Measures

In this section we discuss the balayage of measures. First, we make some preparation
in Subsection 3.1.

3.1 Operators HY; and H,

Suppose that (€, D(€)) is a quasi-regular semi-Dirichlet form on L?(E; m). Let M C
Eand D := M*. Define Fp := D(€)p := {f € D(€) | j?: 0 E-g.e. on M }. Then, for
any a > 0, Fp is a closed subspace of the Hilbert space D(E) (w.r.t. the €,-norm).
Let u € D(E). By applying [20}, 1.2.7, p. 18] to J(w) = E,(u,w),w € D(E), and
C = Fp, we obtain a unique function W&D(u) € JFp such that

€l — 75, (1), w) = 0, VYw € Fp.

For o > 0and u € D(E), define Hyyu := u — 7§, (u). Denote Iy, := {Hyu|u €
D(€)}. Then for any u; € HSy, u, € Fp, we have €, (11, u;) = 0 and each u € D(E)
can be uniquely decomposed into u = u; + up, u; € Hyy, u, € Fp. Therefore, we
have the “orthogonal decomposition”

(3.1) D(€) = H, & Fp.

Proposition 3.1 (i) HYy is a continuous linear operator on D(E) with respect to the
Eq-norm.

(ii) Ifu € D(E) is a-excessive, then Hyu = ufy. In general, we have Hy f < fy; for
any f € D(E).

(iii) Hyy is sub-Markovian: ifu € D(E) with0 < u < 1, then 0 < Hyju < 1.

(iv) Let My and M, be two subsets of E with My C M,. Then, for any o« > 0 and
u € D(&), Hy, Hy, u = Hy Hy u = Hy u.
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Proof (i) It is easy to see that Hjj is a linear operator. We now show that Hy; is
continuous. By (B.I) and the sector condition, we have

Ea(Hu, HYu) = &, (Hyu, u) < Ko& o (Hyyu, Hyu)2E (u, u)'/2,
which implies that
(3.2) & (Hyyu, Hyu) < K€, (u,u).

It follows from (B.2)) and the linearity of Hy; that Hy is a continuous operator on
D(€&).

(ii) Ifu € D(€E) is a-excessive, then by Proposition[I.1(ii) and (iii), we have & , (u—
(u—uyy),w) = Eq(uf,w) = 0forallw € Fp and u — uyy € Fp. Hence u — ufy; =
w5, (u). Therefore, Hyu = u — w5 (u) = ujy.

Let f € D(E). We will show that Hy; f < f = S, f. Note that

G:={g1 — & |4, are a-excessive functions in D(E)}

is dense in D(&). By (i) and Theorem22Xiii), it suffices to show that HY, f < S%,f for
any f € G. Suppose that f = f; — f, such that fi, f, € D(€) are both a-excessive.
Then, by the linearity of H{; and Theorem 2.2(ii), we get Hy, f = H i — Hy o =
St — Sk < Sy f.

(iil) Let u € D(E) with 0 < u < 1. By (ii) and Theorem Z.2(i), we get HYju <
S§u < 1. For any € > 0, we have (—u)/e < 1. Then HY;[(—u)/e] < SY[(—u)/e] <
1 = Hjju > —e. Since ¢ is arbitrary, we get Hy;u > 0.

(iv) Since M; C M,, we have Hf;ll\-lgzu = @;t = u €-g.e. on M;. This together
with the fact that

EQ(HI(\Y,I]H]?@M,W) = 0, Yw € ?Mﬁ

implies that Hy; Hyy u = Hy u.

By the definition of Hy , we have Hy Hy u = I—TI‘\;,I_I/u €-g.e. on M,. For any
weF M5 C F, M¢> We obtain from the definition of Hyy that

Ea(Hyy u,w) = 0.
Hence Hy, Hy, u = Hy; u. |

Let (/8\, D(€)) be the dual form of (€, D(E)). Then (g,D(E)) is a quasi-regular
positive preserving form (cf. Ma—Rockner [21]]). For any o > 0 and u € D(E), there
exists a unique function 7?5}'[) (u) € Fp such that

Ealw,u — 75 (1)) =0, Yw e Ip.

For « > 0 and u € D(E), define PAIQ/Iu =u— ?&D(u). Then, for f,g € D(E), we
have

(3.3) Ea(Hy f.9) = Ea(Hy fL Hyg) = Ea(Hy £ Hg)

= &, (HY f, HYg) = Eu(f, Hyg).
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Proposition 3.2 (i) I’-\Ij\} is a continuous linear operator on D(E) with respect to the
Eq-norm.

(ii) Ifu € D(&) is a-coexcessive, then ﬁﬁ‘,,u = 1//[;\54 In general, we have I/-\Ij\}f < fA;;
forany f € D(E). Here iz% denotes the a--cobalayaged function of h on M.

(iii) I—AI]?,I is positivity preserving: if u € D(E) with u > 0, then ﬁﬁu >0.

(iv) Let M; andAMZiJe two szibsezg of E wi/t:h M, C M,. Then, for any o > 0 and
u € D(&), Hy, Hy u = Hy Hy u = Hyy u.

Proof The proofs of (i), (ii), and (iv) are similar to that of Proposition 3.1l We only
prove (iii). Let u € D(€) with u > 0. Take f = G,w with w € L2(E; m). Then, by
(B3), Proposition B.1[ii), and Lemma 2Z.I{ii), we get

(w, Hygu) = &, (f, Hyu) = Ea(Hg fou) = Ea(fS, u) > 0.

Since w € L2(E; m) is arbitrary, HY,u > 0. [

From now until the end of this subsection, we suppose that M is a nearly Borel
set of E. Then one can check that (€, Fp) is a semi-Dirichlet form on L?>(D;m) in
the wide sense, which means that (£, Fp) satisfies all conditions of the semi-Dirichlet
form on L?(D; m) except for the condition that Fp, is dense in L*(D; m). Following the
proof of [20, I. Theorem 2.8], there exist unique (not necessarily strongly continuous)
contraction resolvents (G2),~o and (@3)a>0 on L*(D;m) such that GP(L*(D; m)),
ég(LZ(D;m)) C Jp,and

Ea(GPf u) = (f,u) = Ea(u, G2 f), Vf € I*(D;m),u € Fp,a > 0.

Lemma 3.3 (i) Foralla, >0, Hy — Hf,, = (- a)GgHj’{SJ and Hyy — Hﬂ =
(B - a)GgHI‘\}.
(i) Foralla >0, G, = G- + HY,G,,, where GE f := GE(f1p) for f € L*(E; m).
The similar results hold for (@g)wo.

Proof (i) Let f € D(€) and g € Fp. Then

Ea(HLf + (B — )GPHL f,9) = Eo(HL f,8) + (B — a)(HL f,g)

= &s(Hy f,g) =0

and Hy, f + (3 — a)GPHY, f = f €-q.e. on M. Hence HY, = HY, + (3 — a)GPHL,.
The second equality can be proved similarly.

(i) Let f € L*(E;m). Then G, f — HyG, f € Fp. For any g € Fp, we have
€a(Gof —HyGaf,8) = (f,8) — Ea(HyGaf,8) = (f,8) = (f1p, @) = Ea(G S, Q).
Hence G, f — HYG. f = G f. ]

Corollary 3.4 Let3 > a > Oand f € D(&) with f > 0. Then Hy, f < H, f.
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3.2 Characterization of ;3

From this point forward, we assume that (£, D(€)) is a regular semi-Dirichlet form
on L*(E; m).

Lemma 3.5 Each measure in Sy charges no set of zero capacity.

Proof Let A € B(E) with cap(b(A) = 0and p € Sy. We will show that u(A) = 0.
Without loss of generality we assume that A is a compact subset of E. Then there ex-
ists a decreasing sequence of relatively compact open sets {U, } such that A C U, for
each n € N and lim,,_, o, cap,(U,) = 0. By [19, Definition 2.9 and Theorem 2.14],
we know that {Uy} is an €-nest, i.e., | J,~, D(€)y: is dense in D(E).

We choose a v € D(€) satisfying v > 1 on Uy. Then sup,~, (v}, ;v ) <
K& (v,v) < oo by (23). Since {v(‘]} is decreasing, we obtain by [20, I. Lemma 2.12]
that v, converges weakly to some f € D(€) asn — oo. Letw € | J,~, D(€)ye. Then
Ei(f,w) =lim,— 00 Sl(vbn, w) = 0. By the density of |, D(€)u: in D(E), we get
f=0.

Set g» = n(Uip — nGu1(Urp)), n € N. Then by Lemma we know that
g» > 0. Note that lim,_,(g,,w) = E;(Upu,w) for any w € D(E). In particular,
lim,— 00 (gn, W) = fE w(x)p(dx) for any w € Co(E) N D(E). Hence g, - m converges
vaguely to p as n — co. Therefore

w(A) <liminfu(U,) < liminflim inf/ gr(x)m(dx)
n—o00 n—00 r— 00 .

n

< liminflim inf(g,, v, ) = liminf &, (U, 1, v; ) = 0. [ |
" n— 00 "

n—00 r—00

By Lemma[3.3 similar to [10, Theorem 2.2.2], we can show that for any p € S
and any v € D(€), v € L'(E; 1) and

(3.4 EuUapty) = [ Tl a>0.
E
By (B4), Proposition B.1\ii) and (B3]), we obtain that for any f € D(€)

(35 () = EaUapi, ) = EalUam)y, f)

= Ea(HUap, f) = Ea(Uap, Hy ) = /E@(X)M(d@-
Proposition 3.6 Forany ji € Sy and any o, 3 > 0, we have
Uapt = Upp + (B — a)GoUpgp, Unpp = Ugp+ (B — @)GaUqpu.
Proof Letv € Co(E) N D(E). Then
EaUpp + (B — )G Upsp, v)
= o (U, v) + (B — @)€a(GaUpp, v)
= [E3(Usp,v) + (a = B)(Upp, v)] + (6 — ) (Upp, v)

— E(Us,v) = / V(dx) = E(Uapt, v),
E
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which implies the first equality. The second equality can be proved similarly. ]

Let ;1 be a measure on (E, B(E)). We denote by supp, (] the quasi-support of p,
i.e., the smallest quasi-closed set F such that p(F°) = 0.

Proposition 3.7 Letu € D(E) and F be a quasi-closed set of E. Then the following
two conditions are equivalent:

(i)  u=Uyp for some n € Sy with suppy[p] C F;
(i) Ea(u,v) >0,Yv € D(E),v>0E-q.e. onF.

Proof (i) = (ii) is a direct consequence of (3.4)). Suppose that (ii) holds. Then
u = Uy p for some p € Sp by Lemma([L.2l By (3.4]), we get

(3.6) / V)u(dx) = 0, Vv € D(E)p.

Let 1) € L*(F5;m) such that 0 < ¢ < 1 m-a.e. on F° and set w := GL 9. Then
w € D(E)p. By [[19} Proposition 2.18(ii)], [16}, Proposition 3.2], and considering the
part semi-Dirichlet form (€, D(E)g), we know that w > 0 €-q.e. on F°. Then by
(3.6) and Lemma[3.3] we get ju(F¢) = 0. Therefore supp,[x] C F, and the proof is
complete. ]

Let u € Sp, B C Eand @ > 0. We now consider the balayaged measure ;% defined
in Section 1. Note that

EaUapg,v) = Ea((Uap)g,v) >0, Vv € D(E),v > 0 E-q.e. on B.

By Proposition 3.7, we know that supp,[u3] C BY, the quasi-closure of B.
Until the end of this subsection, we suppose that B € B(E).

Theorem 3.8 Forany i € So, B € B(E) and o > 0, we have u§ > 1 when restricted
on B.

Proof Let f € D(&) with f > 0. By (B3), the fact that f — Hg f = 75, (f) € T
and the positivity preserving property of HY, we get

[T~ [ Fas = [ Fau— [ g pan= [ (- Fgpan< [ Fan,
E E E E B B
which implies that
(37) [ Fan< [ Fay+ [ Fan.

E E B

For any compact set F C B and € > 0, there exists a relatively compact open set
G D F such that

(3.8) 15(G) — p§(F) < &, u(G) — p(F) < e.
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By the regularity of (€, D(€)), there exists u € Co(E) N D(€) such that0 < u < 1,
supp(u] C Gand u|r = 1. Then, by (B7) and (3.8)), we get

p(F) < / udp < / udpy + / udp
E E C

Su%(GH/ uduéu%(G)Jr/ udy
G—B G

—F
< pp(G) + & < pp(F) + 2e.
Since F and ¢ are arbitrary, u§ > 1 when restricted on B. [ |
Theorem 3.9 Forany i € Sy, B € B(E) and a > 0, s is the measure in
So(ev, B, 1) := {v € Sy | v > u when restricted on B and Uv > @ &-q.e. on B}
with the smallest a--potential.
Proof By the definition of u$§ and Proposition [[.1{iii), we have

which together with Theorem [3.8limplies that p§ € So(av, B, ).

For any v € S¢(a, B, ), we have U,v > Uyp E-q.e. on B, and Upv A (U pt)g
is a-excessive. Hence by Proposition [[LI(iii), we get (Uap)§ < Uy, ie., Uyug <
Ugyv. |

Lemma 3.10 Let pu,v € Sy with i < v. Then for any a > 0, we have Uy < U, v.

Proof Since p < v, v — p € Sp. By (B4), we have U, (v — p) + Uppp = Uy,
Furthermore, by Lemmas and 21} we have U, (v — p) > 0. Hence Uyp <

U,v. |
Corollary 3.11 Let ju € Sy and B € B(E). If supp,[p] C B, then for any o > 0, we
have

1) pg=mw

(i) Uapt = (Ua/i)ﬁ

Proof (i) Note that i € So(c, B, 11). By the assumption that supp,[p:] C B, we know
u < vforanyv € Sy, B, ut). Then, by Lemma[3.10] we get U,u < U,v. Therefore
1% = p by Theorem[3.9

(ii) By (i), we have Uy pt = Uapy = (Uapt)- u
Corollary 3.12 Let p € Sy and B € B(E) be a quasi-closed set of E. Then for any
o, 8 > 0, we have (,ug)ﬁ = ug.

Proof This is a direct consequence of Corollary 3.1l by noting that supp,[u3] C
B. |

Remark 3.13 Some results from this section may also be obtained by the technique
of strongly supermedian functions and kernels developed in Feyel [[6] and Beznea—
Boboc [1]]. We thank an anonymous referee for pointing this out to us.
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3.3 Operator T(-, -, -)

In this subsection we investigate some properties of the balayaged operator T( -, -, -)

defined in (L.3). First, we fix & > 0, B C E and consider the operator S(«, B, -) on S.

Proposition 3.14 Leta > 0and B C E.

(1) Ifvy,1n € So, then (11 +11)§ = (1) + (112)5. _ N

(1) Let p, p1, 2, - - . be a sequence of measures in So. If p(f) = limy,— o0 pu(f) for
any f € D(E), then (p1,)§ converges vaguely to ug asn — oo.

Proof (i) For any v € Co(E) N D(&), by (B.5), we have
(1 +1)i(v) = /ﬁgvd(yl 1) = /ﬁgvdyl +/ﬁgvdy2 = () +@)g) ),
E E E

which together with the regularity of (€, D(€)) implies that (v, +1,)§ = (v1)§+(12)§.
(ii) For any v € Co(E) N D(€), by (B.3), we have

()§() — W) = / g fdp, / 3 fdp
— 0asn — oo,

which together with the regularity of (€, D(E)) implies that (u,)§ converges vaguely
to pug as n — oo. |

Second, we fix & > 0, uu € Sy and consider the operator T(c, -, i) on 2F.

Proposition 3.15 Leto > 0and p € So. Suppose that By C B, C E. Then

@) ()5 = (g5 = 1

(ii) if By € B(E), then g, < ug when restricted on By;

(iii) if By, By € B(E), then ug, < pug + pg g when restricted on By. Moreover, if B
is quasi-closed, then ug, < g +pug p.

Proof (i) By the definition of balayage of measures and Proposition[LI[v), we have
Ua (1) ) = Uapi)3, = (Uap)3,) y = Uap), = Ui,

which together with (3.4) and the regularity of (€, D(€)) implies that (uf,)3 = 3, .

2
Similarly, we can prove that (ug )3, = uj, -

Part (ii) holds by (i) and Theorem[3.8] Part (iii) is a direct consequence of (ii). M
Theorem 3.16 Let o > 0and pu € Sy. Suppose that one of the following two condi-
tions holds:

(i) {B,By,n>1} C 2" withlim,_, cap,(B,AB) = 0;
(ii)) {B,} c2f,B,1B.

Then g, converges vaguely to i as n — oo.
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Proof Let f € Co(E) N D(E). Then, we obtain by (3.4) and Theorem (resp.
Proposition [2.6) that, as n — oo,

N%,,(f) = Ea(UaME,l,f) - Ea((UaM)E,l,f)
- ga((U“u)ga f)
= &a(Uapg, ) = u3(f),

which together with the regularity of (€, D(E)) implies that ug converges vaguely to
L5 as n — oo. |

Finally, we fix B C E, p € Sp and consider the operator T( -, B, 1) on (0, c0).
Theorem 3.17 Let B € B(E) and p € So. Then for 8 > o > 0, we have

() pp < ps ]
(i) 1§ < pig+ (B — ) Uaps - m)y and p < g + (8 — @) (Usp - m)3.

Proof (i) Let f € Co(E) N D(E) with f > 0. Then, by (B3] and Corollary 3.4 we
get

i) = [ igfdn < [ i = i),
E E
which together with the regularity of (€, D(&)) implies that ,ug < ug.

(ii) Set Q = B-. Let f € Co(E) N D(E) with f > 0. Then, by and Lemma[3.3}
we get

Lo = /@du _ /@du (8- / GOA; fdy
E E E
= 1y () + (B — )& (Uap, GIHj f)

< () + (8 — )a(Uap, GoHy f)

= y(f) + (B — 0)€a(GaUaps, Hy f)
— (D +(B—a) / A0 Fd(Uapt - m)
E

— (4 + (B = Q) (Uap- m)) (),

which together with the regularity of (€, D(€)) implies that ug§ < ,ug +(B—a)(Ugpe-
m)g. The second equality can be proved similarly by using the formula Hy = H g +

(8 — a)GSHg (cf. Lemma[33). [
Lemma 3.18 Let p,v € Sy with po < v. Then for any a > 0 and B C E, we have
Hg < Vg-

Proof Let f € Co(E) N D(E) with f > 0. Then, by (3.35]), Proposition B.2iii) and
the assumption that 1 < v, we get

W) = / Hy fdu < / A fdv = 3 (f),
E E
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which together with the regularity of (€, D(€)) implies that g < vg. [ |
Corollary 3.19 Lety € So, B € B(E) and 8 > a > 0. Then
() pp < (p)§ < pf and py < (pg)y < i

(i) 1)y < (up)§ + (B — ) (Uap- m)g and (1) < () + (B — ) (Usp - m)g;
(iii) If B is a quasi-closed set of E, then (Mﬁ)g < (Mg)ﬁ.

Proof (i) By Proposition[3.15(i), Theorem [3.17(i), and Lemma[3.18] we get
B B[ « aya a
wy = i)y < (i) < () = .

A B a\f «
Similarly, we can prove pp < (ug)y < ug.
(ii) By Theorem B.I17] Lemma 318 Proposition 3.14(i), and Proposition B.I5(i),
we get

J } 153 } ‘
()3 < (1 + (B = )WUapm)]) | = (D + (B = (W )
< (Up)§ + (B — ) Uap - m)y.

The second inequality can be proved similarly.

(iii) By Corollary 3B.12land Theorem B.17(i), we get (uﬁ)g = ,u}g < uf = (ug)g.
|

Theorem 3.20 Let ju € Sy, B € B(E) and o > 0. Then ,ug converges vaguely to
as B — a.

Proof Forany 8 > avand f € Co(E) N D(E), by Theorem[3.17] we get
0 < pu(f) = pp(f) < (B = ) (Uap- mz(f) < (B — a)Uap - m)§(f),

which together with the regularity of (€, D(€)) implies that ug converges vaguely to
u%as 8] a. Forany 8 € (a/2,a) and f € Cy(E) N D(E), by TheoremB.17] we get

0< pa(f) = uy(f) < (= B)Uap- ma(f) < (= B)(Uapt - m)y* (),

which together with the regularity of (€, D(€)) implies that ug converges vaguely to
1% as 5 1 a. Therefore ug converges vaguely to u§ as § — a. ]

Remark 3.21 Letp € Spand B € B(E). By Theorem B.I7(i), we know that u$ is
decreasing as « increases. For any A € B(E), define

HE(A) = lim i (A).
a—r o0
Then p5° is a measure in Sy, and p§ converges weakly to p5° as a — oo.
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