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T H E A V E R A G E N U M B E R O F D I V I S O R S IN 
A N A R I T H M E T I C P R O G R E S S I O N 

B Y 

R. A. SMITH AND M. V. SUBBARAO 

1. Let I and fc be positive integers. Then for each integer n > l , define 
d(n;l, fc) to be the number of (positive) divisors of n which lie in the arithmetic 
progression I mod fc. Note that d(n; 1,1) = d(n), the ordinary divisor function. 
To study the average behavior of d(n; 1, fc), we define 

D(x;l,k) = £ d(n;l,k) 
l < n < x 

which may be written as 

n = l m o d k 

where [x] denotes the largest integer <x. If (/, fc) = 1, the orthogonality relation 
for the Dirichlet characters mod fc implies that (1) may be rewritten as 

(2) D(x;/,fc) = - y - X x(l)D(x>x) 
(PyK) xmodk 

where the sum is taken over all characters x m ° d fc and 

(3) D(x,X)= I f-lx(n)-

If we define 

d\n 

then (3) can be rewritten as 

(4) D(x,X)= I On(x)-
l < n < x 

Throughout this paper, the implied constants in the O-terms are indepen­
dent of /, fc and x. Occasionally, it will be convenient to use the Vinogradov 
notation / « g, which means f=0(g). Finally, let {x} = x - [ x ] denote the 
fractional part of x. 
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THEOREM. If x is any non-principal character mod fc, then 

D(x, X) = xH(x, x) + 0((fcx)1/3 d(k) log x) 

holds uniformly in k and x tending to o° provided fc«x2, where 

H(x, x)= L • 
l < n < x ft 

Three corollaries follow immediately from this result, the first of which has 
been obtained by Zogin [5] for fixed k with a corresponding error term of 
order x1/2. Following Lehmer [3], we define Euler's constant y(l, k) for the 
arithmetic progression / mod k by 

where 

y(l,k)=lim(H(x;l,k)-1-^) 

H(x;l,k)= I -
l < n < x H 

n = l mod k 

Note that 7(1,1) = 7 is Euler's constant. 

COROLLARY 1. If (I, k) = 1, then 

D(x; I, Ik) = ^x log x + ( 7 a fc)-^pW 0((fcx)1/3 d(fc) log JC) 

ho/ds uniformly in /, fc and x tending to oo5 provided fc^x. 

We observe that the condition (/, fc)=l is a trivial restriction since if 
(I, fc) = r > 1, then D(x; J, fc) = D(x/r; l/r, fc/r). The special case I = fc = 1 corres­
ponds to the well-known Divisor Problem of Dirichlet. 

COROLLARY 2. If x is a non-principal character mod k, then 

I f -W(ft)=0((kx) 1 / 3^(fc) logx) 
l^n=sx LftJ 

holds uniformly in fc and x tending to o°, provided fc « x2. 

COROLLARY 3. 

^ {fl-T2 7 x + 0((fcx)1/3d(fc)logx) 

holds uniformly in /, fc and x tending to 0° provided fc < x ; note fhaf / and fc are 
nor required to be coprime. 

To deduce Corollary 1 from the theorem, we separate the term in (2) arising 
from the principal character Xo from the other terms, and obtain 

(5) D(x; Ï, fc) = xH(x; Ï, fc)-F(x, Xo)+ 0((fcx)1/3 d(fc) log x) 
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where 

F(x, Xo) = -7777 £ \~ \Xo(n). 
< M f c ) l < n < x IwJ 

For any x > fc, the Euler-Maclaurin summation formula implies that 

H(x ; I, fc) = - log x + y(J, fc) + Of-Y 
fc \x/ 

the constant implied in the O-term being independent of J, fc and x. Since 

F f e ^ o ) = T77r£M'(d) £ 1 — > 

<PWd|k l<n<x/d I « J 
it follows from (5) with / = fc = 1 that 

(6) F(x, xo) - ^ x + 0(x 1 / 3 d(fc) log x) 

which completes the proof of Corollary 1. 
Corollary 2 is a trivial consequence of our theorem, as can readily be seen on 

replacing [x] by x-{x} in (3). Finally, corollary 3 is a trivial consequence of 
corollary 1 on replacing [x] by x-{x} in (1) and applying (5) and (6). 

REMARKS. The main significance of these results lies in the uniformity 
condition in fc, since corollary 2 has been obtained by Chandrasekharan and 
Narasimhan [2, p. 133] for fixed k, from which all our results can easily be 
deduced (fc fixed). It should be pointed out that while they only considered the 
case of real primitive characters x, their argument applies equally well for 
non-primitive x"£ Xo, though an extra logx factor must be inserted in their 
O-term. Finally, we remark that the main terms in the asymptotic formulae of 
Corollaries 1 and 3 dominate the error terms as x tends to <*> whenever 
fc«x1/2_€, where e > 0 is arbitrary. 

2. We now prove the theorem stated above. In [1], Berndt obtains a 
variation of Theorem 4.1 of Chandrasekharan and Narasimhan [2] which holds 
uniformly in x —» oo and À —» 0+, where À > 0 is a parameter associated with the 
given Dirichlet series; our theorem is easily deduced as a special case of 
Berndt's theorem (with À = fc~1/2 roughly). 

As the first step towards establishing our theorem, we shall now introduce 
the following Dirichlet series for a primitive character x mod q in view of the 
definition of D(x,x) given by (4): 

(7) <p(s) = <p(s,X)= £ an(x)Ks=^sas)L(s,x) 
n > l 

where 

(8) An = A • n with A = 7rq"1/2. 
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From the well-known properties of £(s) and L(s\ x) [4, pp. 207-208], it follows 
that (p(s, x) is a meromorphic function of s having a unique singularity at s = 1 
corresponding to a simple pole with residue A - 1L(1, x ) ^ 0 , and satisfies the 
functional equation 

(9) A(s)<p(s) = A ( l - s ) t K l - s ) 

where 

A(s) - •"EM 
s + a(x) 

2 

i/r(s) = «fr(s, x) = e(x)<p(s, x), 

| e ( x ) ! = l , 

and 

( \ 1° if 
Û ( X ) = 1 1 if 

x ( - l ) = l 

x ( - i ) = - i . 

We observe that bn = bn(x) = e(x)On(x) m t n e notation of [1], and furthermore, 
we note that (9) implies 

ç(0,x) = -12a(X)e(x)L(l,x). 

Therefore, in the notation of [1], we have 

Q*(x,A) = (res<p(s,x))Ax + <p(0,x) 
s = l 

= L(l,X)x-ka(x)e(x)Uhx). 

Since L( l , x ) « l o g q (this follows by partial summation), then Q*(x, A)« 
x log q, whence it follows that p = - § upon noting that | a j = |bn | <d(n) . Choos­
ing 7] =3, we see that E(x, A) = c(qx)1/3 log x for some absolute constant c > 0 . 
Since the remaining hypotheses of Berndt's theorem are readily verified (noting 
that /(A) = 0 in our case), we therefore can conclude that 

D ( x , x ) - x L ( l , x ) « X k ( x ) | + (q*)1/3logq 
x < n < x + y 

« X d(n) + (qx)1/3logq 
x < n < x + y 

where y«(qx)1 / 3 . Therefore, the asymptotic formula for £n<x d(n) given by, 
say, Chandrasekharan and Narasimhan (cf. [2, equation (10.3)]) implies that 

(10) D(x, x) - xL(l, *) + 0((qx)1 /3 log qx) 

holds for all primitive characters x m ° d q. Since L( l , x ) = H(x, x) + 
0(x_ 1q1 / 2 logq) for primitive x (again by partial summation), it follows that 
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(10) may be rewritten as 

(11) £>(x, x) = xH(x, x) + 0((qx)1/3 log x) 

since q«x2 implies q1/2« (qx)1/3. 
To complete the proof of the theorem, let x be a non-principal character 

mod k. Then there exists a unique primitive character x* m ° d q which induces 
X, where q>l and q divides k [4, p. 126]. Since xM = X*W whenever 
(n, k) = 1, then (3) implies that 

D(x,x)=Iv(d)x*(d)D(^x*\ 
d\k \ " / 

By (11), this may be rewritten as 

D(x,X)= I / x ( d k * ( d ) ( ^ H ( ^ X * ) + 0 ( ( q x ) 1 / 3 l o g x ) ) 

= xH(x, x) + 0((kx)1/3 d(k) log x) 

since q s f c and 

d\k à \d 1 

This completes the proof of the theorem. 
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