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Abstract. The ergodic properties of two uncoupled oscillators, one horizontal and one
vertical, residing in a class of non-rectangular star-shaped polygons with only vertical
and horizontal boundaries and impacting elastically from its boundaries are studied. We
prove that the iso-energy level sets topology changes non-trivially; the flow on level sets
is always conjugated to a translation flow on a translation surface, yet, for some segments
of partial energies the genus of the surface is strictly greater than 1. When at least one
of the oscillators is unharmonic, or when both are harmonic and non-resonant, we prove
that for almost all partial energies, including the impacting ones, the flow on level sets
is uniquely ergodic. When both oscillators are harmonic and resonant, we prove that
there exist intervals of partial energies on which periodic ribbons and additional ergodic
components coexist. We prove that for almost all partial energies in such segments the
motion is uniquely ergodic on the part of the level set that is not occupied by the periodic
ribbons. This implies that ergodic averages project to piecewise smooth weighted averages
in the configuration space.

Key words: Hamiltonian impact systems, quasi-integrable systems, unique ergodicity,
translation surfaces, piecewise smooth dynamics
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1. Introduction

Mechanical Hamiltonian impact systems (HISs) describe the motion of a particle in a
given Hamiltonian field within a billiard table: the Hamiltonian flow determines the
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Hamiltonian flows with impacts 191

particle trajectory in the configuration space till it reaches the billiard boundary, where
it reflects elastically, and then it continues with the Hamiltonian flow [10]. For mechanical
Hamiltonian flows with bounded energy surfaces, for small energy, as long as the energy
surface projection to the configuration space (Hill region) does not touch the billiard
boundary, the HIS reduces to the study of smooth mechanical Hamiltonian systems. At the
other extreme, for compact billiard tables and smooth bounded potentials, mechanical HISs
limit, at high energy, to the corresponding billiard flow. The theory for intermediate energy
values includes local analysis near periodic orbits [5] and near smooth convex boundaries
[2, 25], and, for some specific classes of HIS, hyperbolic behavior [12, 20-22], Liouville
integrable [3, 6, 11, 16, 17] and near-integrable [15] dynamics were established. A class
of quasi-integrable HISs, related to the quasi-integrable dynamics in families of polygonal
right-angled corners, was introduced in [1].

The analysis of quasi-integrable dynamics in right-angled billiards is related to several
deep mathematical fields [26]. A new family of billiards with quasi-integrable dynamics,
consisting of confocal ellipses with confocal barriers, was introduced in [4] (and, if the
Birkhoff conjecture is correct, this family and polygonal billiards with rational angles
are the only billiards with quasi-integrable dynamics). For such a billiard table, the
quasi-integrable dynamics depends on a parameter—the constant of motion associated
with the caustic of the trajectories. By a change of coordinates, the dynamics for any given
caustic constant is conjugated to the directed motion in a right-angled billiard table [4].
Using tools of homogeneous dynamics, it was established that the flow in an ellipse with
a vertical barrier is uniquely ergodic for almost all the caustic parameters [9]. Developing
a different approach, a similar result was established for the more general case of nibbled
ellipses [8]. Our methodology relies on the methods developed in [8], where it was shown
that to prove unique ergodicity, the Minsky—Weiss criterion [14] may be applied to a class
of right-angled polygons consisting of staircase polygons.

Here, we examine the dynamics of a horizontal and a vertical oscillator with stable fixed
point at the origin that are restricted to lie within star-shaped polygons with only vertical
and horizontal boundaries with a kernel that includes the origin (this is a subclass of the
HIS introduced in [1], and such polygons consist of four staircase polygons considered
in [8]). These two-degrees-of-freedom systems have two conserved integrals, so their
motion is always restricted to level sets, yet, in contrast to the smooth case, the motion
on the level sets is conjugated, for some of the level sets, to the motion in polygonal
right-angled billiards with more than four corners. Thus, the motion on such level sets
is not conjugated to rotations [26], and, since the shape of the polygonal billiard and the
direction of motion on it vary, the dynamics may depend sensitively on the value of the
conserved integrals, even for iso-energy level sets [1]. In the first part of the paper we
analyze our class of HISs in non-resonant cases and prove that the motion is uniquely
ergodic for almost all iso-energy level sets (in this part we rely on the tools and analysis
developed in [8] for staircase polygons, verifying that the functional dependence of the
corners in the induced family of polygons satisfies the necessary conditions of smoothness,
independence and monotonicity as in [8]). In the second part of the paper we study the case
of HISs with quadratic resonant potentials in a staircase polygon. Here, ribbons of periodic
orbits coexist with quasi-periodic motion (similar to the motion presented in [13], but in
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the corresponding HISs). By our new construction, we establish the unique ergodicity of
the non-periodic component on a certain set. In §9 we show that these findings imply
non-uniform ergodic averages in the configuration space.

1.1. Set-up. Consider integrable Hamiltonian systems with two degrees of freedom

(d.o.f.) of the form
2 2
_ Px p}’
H(px,x, py,y) = 5 + > + Vilx) + Va(y), (L.1)

where (x, y) are the space coordinates, (pyx, py) are the corresponding momenta and
the potentials V;, V> : R — Rx( are even unimodal C2-maps that tend monotonically to
infinity with their argument (without loss of generality we take V1(0) = V»(0) = 0: see
the precise ‘Deck’ assumption below). The Hamiltonian flow (¢;);cr of (1.1) describes
a particle which oscillates in a potential well. The Hamiltonian flow on a given energy
surface E is foliated by the level sets with fixed partial energies (E; = H((11), E» =
Hy(Ib) = E — Ey), where [;(E;) is the action of the one-d.o.f. system H;. For a given
energy level E > Oandany 0 < E] < E let

2 2
Py
SE.E, :={(px,x, Py, y) ERY: % + Vix)=Ey, 7’ +Va(y)=E - Ey, (x, y)€R2}-

Then the phase space of the flow (¢;)scR, is foliated by the invariant sets {Sg g, : £ >
0,0 < E{ < E}, which are tori for 0 < E| < E, and, for E > 0 and E;| € {0, E}, are
circles. Denote the restriction of (¢;);cr to Sg g, by (gptE 1 )¢er- The smooth flow without
reflection is trivially integrable and oscillatory. The projection of Sg g, to the configuration
space is the projected rectangle [16]

RUFED = [—x™™(Ey), x™(ED] x [=y"™™(E — E), y™(E - ED].  (1.2)

where Vi (x™*(E)) = Eq, Vo(y™*(Ey)) = E», E; = E — E|. The union of all iso-
energy rectangles is the Hill region: Dyiy(E) = U0§E1§E REE) — {x, »IVi(x) +
Va(y) < E} (see [16] for more general formulation).

Denote by w; (E;) = 2m /T; (E;) the frequency in each degree of freedom, where T; (E;)
is the period of oscillation. The standard transformation to action angle coordinates (/;, 6;)
in each degree of freedom renders (1.1) into the form H (py, x, py, y) = Hi(I1) + H2(1)
and in these coordinates the flow is simply

(@0 = (L(ED, 01(1) = 01 (EDt + 61(0),
L(E — E1), 02(t) = w2 (E — E1t + 62(0)).
Recall that w;([;) = Hi/(Ii) =dE;/dl; and that the Hamiltonian is said to satisfy

the twist condition if det(azH /01;01;) = I1 a)l’ (I;) # 0 and to satisfy the iso-energy
non-degeneracy condition if

2
OH AHL vy 0 ()
aLal;, ol ! , , > 2 ,
aH’ 1= 0 wy() wh)|=—w()wy(h) —oi(I)wy(I2) # 0.

B_Ij 0 w1 (1) w(h) 0
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FIGURE 1. The living space of the particle.

The character of the smooth flow ((ptE ’El) on the level set Sg g, depends on the frequency
ratio on this level set. If
wi(Er)  H{L(ED)

Q= Q(E, El) = CL)Z(E _ El) - H2/(12(E - El))

is rational then the flow is periodic (the resonant case), and if €2 is irrational then it is
quasi-periodic (the non-resonant case). Recall that (d/dE{)2(E, E1) # 0 if and only if
the iso-energy non-degeneracy condition is satisfied.

Remark 1.1. Notice that if both potentials V|, V, are quadratic then the frequencies w1, w;
are constant and Vi (x) = %w%xz, Va(y) = %a)%yz. Therefore 2 = w1 /w; does not depend
on E, E; and V; = Q%V;.

Now, assume that the particle is confined to a bounded polygonal room P C R? whose
walls consist of vertical and horizontal segments. When the particle meets the wall it
reflects elastically. More precisely, if a trajectory meets a vertical segment at (py, X, py, y)
then it jumps to (—py, X, py, y) and continues its movement in accordance with the
Hamiltonian flow solving

dpy dx dpy d

y
:—V/ . —_— = . —:—V/ N —_— = ). 13
T 1 (x) 77 = Px 7 >(¥) =P (1.3)

Similarly, if a trajectory meets a horizontal segment at (py, x, py, y) then it jumps to
(px, X, —py, ) and continues its movement with (1.3); see [1] for the general construction,

a mechanical example and the description of the resulting dynamics on energy surfaces,
and [16] for the global structure of energy surfaces of such systems.

In particular, since all the walls are either horizontal or vertical, the partial energies are
preserved under these reflections, so the motion remains restricted to level sets:

St g, ={(pe.x. py,y) € R*: Hi(x, p) = E1, Ho(y, py) = E — Ey, (x,y) € P}.

Denote the restriction of the impact Hamiltonian flow (¢;);cr to S g’ E by (go,P EEn )teR,
see, for example, a trajectory segment projected to the configuration space in Figure 1.
Notice that if a particle hits any corner of P then it dies. Namely, the flow is fully defined
for regular trajectories and is only partially defined on the set which corresponds to all
forward and backward images of corner points.
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(7 T1,y1)
(z1, 2

(Th—1, Yk—1)

T, Yk)

21, 0)

FIGURE 2. Staircase polygons P(x,y), P(—Xx,y), P(x, =), P(—x, —Y).

We are interested in studying the topology of the level set Sg g, and the invariant

measures of (gotP ’E’E'),ER when the total and partial energies E, E; vary. In particular,
we ask when the flow is uniquely ergodic. Recall that the flow (gotP E.Ei )ter 1s uniquely
ergodic if (i) each of its orbits is forward or backward infinite and (ii) if there exists a
probability measure g g, on S g’ g, such that, for every continuous map f : S g’ B R
and any (py, x, py,y) € SI{JJ,EI for which the ((pf’E’El)IGR-orbit of (px, X, py, y) is either
forward or backward infinite,

/f(%(px,x Py, y)dt = fP fdugEg,,

T—>:|:oo T st .
£

where the + (respectively, —) sign is taken if the ((p,P’E’El)leR-orbit of (px,x, py,y)is
forward (respectively, backward) infinite. In our case the measure g g, is equivalent to
the Lebesgue measure on Sg’ E

To formally determine the living space P, of the particle, by following [8], denote by E
the set of sequences (x,y) = (x;, y,) _, of points in R2 < such that

O<xi<xy<- - <xp—1<xx and O<yp <yh—1 <---<y2<)y1.

For every (x,y) € E set k(x,y) := k and denote by P(x,y) the right-angled staircase
polygon on R? with consecutive vertices:

0,0), (0, y1), (x1, ¥1)s (X1, ¥2)5 + + 5 (k=15 Yk=1)> (Xk—1, Y&)> ks Vi), (X, 0);

see Figure 2.
Denote by I' the four-element group generated by the vertical and the horizontal
reflections v, y, : R? — R2. The polygons of the form

Px,y), P(=X,)=wPEX.y), P&, =) =mPX.y), P(=X, =y)=yyoynP(X,y)
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are called staircase polygons; see Figure 2. The numbers x1, . . ., x;—1 are called staircase
lengths, and y», . . ., ¥ are called staircase heights of the staircase polygon P(£Xx, V).
The number xi is called the width and y is called the height of P (X, £7).

We assume that the living space P of the particle is the union of four staircase polygons
determined by the four sequences (x5152, y5!12) € E, ¢, ¢» € {£}:

PETEYTH, P(—x 1y, PG, 3), P(—XT. -V ),

such that

=T T =T Mgy T e gy ety T S5y
The space of all such polygons we denote by Z. It is the set of star-shaped polygons with a
kernel that includes the origin and with only vertical and horizontal boundaries. When the
sequences (X2, y5142) are identical (independent of ¢j, ¢7), the polygon is symmetric
to reflections. Our analysis applies to both the general and the symmetric cases (Figure 5
shows symmetric polygons whereas all other figures are related to the general case).

The corners (xf1 2 yf 192y are 90° corners, henceforth called convex corners, and
(xjs 162, yfflz) are 270° corner, henceforth called concave corners. The four-dimensional
vector {k(X°192, y19?)}, o,eq+) is called the topological data of the polygon P, whereas
the set of four vectors, {(x5152, y192), ¢1, ¢» € {%}}, is called the numerical data of the
polygon+ P.

The level set topology of Sf ; is determined by the properties of RU¥1) N P (see
Figure 3) and can be found under mild conditions on the potential.

THEOREM 1.2. Assume Vi, V : R — Rsg are C 2 yunimodal potentials (satisfying condi-
tion (<>) below). Let P be any polygon in Z. Then for any E > 0, for E| € (0, E), the genus
of the level set (E1, E — E), Sg,El’ is given by 1 plus the number of concave corners in
REED A Pp:

g(E,E)) =1+ Z #H1 <k < k(X92, 3912) 1 Vi(xg'?) < E1 < E = Va(yeloD))-
s1.52€{t}

Specifically, for E > 0 the interval Eq € (0, E) is divided into a finite number of
segments on which the level sets have a constant genus. This partition is non-trivial for
E > ming, ¢, x Vi (x{'"?) + Vz(ykgflz). Close to the end points of (0, E) the genus is 1,
whereas for E sufficiently large there exists an interval of level sets, E| € Imax with genus
Zmax = Zgl,g‘ze{i} k(xs192, yS182) — 3 and on which for almost all E| values the motion
is uniquely ergodic.

Figures 3 and 4 provide the geometrical interpretation of this theorem in the config-
uration space, where several iso-energy rectangles are plotted on top of an asymmetric
staircase polygon P. Figure 4 demonstrates that the number of concave corners that are
included in RE-ED N P can vary at a fixed energy. Figures 5 and 6 demonstrate the
division of the intervals Ej € [0, E] of iso-energy level sets into a finite number of

 We continue to call xz'*/ y7'*? the length /height of a step, but notice that this is measuring the lengths and
heights from the axes of the corresponding axes and not of the full polygon.
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‘l_l_‘ (rmax(El)’ ymax(E _ El))

L

REE) NP

T -

FIGURE 3. A projected rectangle and the staircase polygon. Cyan—the projected rectangle. Yellow—the polygon
RE-E) N P includes three concave corners, thus, by Theorem 1.2, g(E, E1) = 4.

T L

— = i e
—ﬁ|_ 1 N .

(a) (b)

FIGURE 4. The intersection of a star-shaped polygon (gray) with four iso-energy projected rectangles (cyan) at

(a) E =2.7 and (b) E = 5.7 energy values. By Theorem 1.2, the genera of the corresponding iso-energy level

sets for the four R‘E-E1) rectangles shown are, for increasing E; (a) g(E = 2.7, E1) = {1,2,4, 1} (b) g(E =
5.7, E1) = {1, 2,5 = gmax, 1}. The potentials here are quadratic with w; = 1, wy = 0.8/2.

1 V(6 PV, (1, )V, (%) TV, (x,)) 4

V)0

(a) (b)

FIGURE 5. Impact energy-momentum bifurcation diagram: (a) for a symmetric cross (one concave corner

with multiplicity4); (b) symmetric two-step cross (two concave corners each with multiplicity4). Here, due to

symmetry, each blue wedge corresponds to four overlapping wedges, soR£-ED N P includes4k concave corners

if and only if(E, E) is in a region covered by4k overlapping shaded blue regions. Only for these regions is the

level sets genus greater thanl. The pink (respectively, light-green) regions correspond to level sets that impact the
extreme vertical (respectively, horizontal) sides.

intervals, each having level sets with a fixed genus. The figures show how this division
depends on the energy E. In these plots, called impact energy-momentum bifurcation
diagrams (IEMBDs; see [15, 16]) the regions in the (E, E|) plane at which level sets
include impacts with certain parts of the boundaries are shown. Figure 5 shows these plots
for symmetric polygons and Figure 6 shows it for the asymmetric polygon of Figure 4. The
gray wedge in each IEMBD corresponds to all allowed level sets (since E; € [0, E]). A
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=
I/ . 1

0 P

0 1 2 3 4 5 6 7 8 9
E

FIGURE 6. Impact energy-momentum bifurcation diagram for the asymmetric cross shown in Figure 4 (four

distinct concave corners). The colored circles correspond to the energies of the corners of the corresponding

colored staircase polygons shown in the inset. All corners have distinct partial energies, so R(-£1) 0 P includes

k concave corners if and only if (E, Ej) is in a region covered by k overlapping blue regions. Only for these

regions is the level sets genus greater than 1. The pink (respectively, light green) regions include extremal

vertical (respectively, horizontal) boundaries. The two vertical lines indicate the energies E = 2.7, 5.7 and the
cyan squares on these lines correspond to the E; values of the rectangles shown in Figure 4.

family of iso-energy level sets corresponds to a vertical line in this plot. The projected
rectangles of the iso-energy level sets shown in Figure 4 at two energies correspond to the
cyan squares on the two vertical black lines of Figure 6. Each blue colored wedge in the
IEMBD corresponds to level sets that include impacts with a concave corner of one of the
polygons P (X512, 3ys152), If j polygons have the same concave corner we say that this
wedge has multiplicity j, so in Figure 5 each concave corner has multiplicity 4. The pink
(respectively, light-green) regions correspond to level sets that impact the extreme vertical
(respectively, horizontal) boundaries of a polygon. Regions that are in the complement to
the blue wedges correspond to level sets with genus 1 (so, in particular, small and large
(E1 & E) values are included in this set). Regions that are in k, shaded blue wedges
(counting multiplicities) have genus k, + 1. Thus, the regions in the intersection of all
the blue wedges have the maximal genus gmax. The intersection of this region with the
two pink and two light green wedges corresponds to level sets that, for almost all Eq,
have uniquely ergodic dynamics with the very mild assumption (condition (<>)) on the
potentials. As described next, with stronger assumptions on the potentials we prove unique
ergodicity for almost all level sets in the allowed region, whereas for quadratic resonant
potentials the IEMBD provides a more delicate division to segments as will be explained
in §1.4.

1.2. Deck potentials. To study the properties of the invariant measures of the flow
((plP EEy )ter We need additional assumptions on the potentials. For all zo € C and r > 0
define the ball centered at zy and the droplet emanating from zg by

B(z0,r) ={z€C:|z—z0l <r} and C(zo,r) = U sB(zo,r) ifr < |zol.
s€(0,1]
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We define a special class of even potentials V;, V> denoted by Deck. An even C2-map
V : R — R belongs to Deck if

V() =V'0)=0, V(x)>0 forallx >0 and xLiToo V(x) =400, ()
V : (0, 4+00) — (0, +00) is an analytic map. )
Then V : (0, 4+00) — (0, +00) has a holomorphic extension V : U — C on an open
neighborhood U C C of (0, +00), and we have that:
for every E > 0 there exist 0 < r < E and a bounded open set Ug C U
such that V : Ug — V (Ug) is biholomorphic with C(E, r) C V(UEg); ()

V')V (2)
(V'(2))?
The class Deck contains all unimodal analytic maps (that is, satisfying (<>)); see
Proposition A.l. Further examples of Deck potentials which are not analytic at 0 (such
as V(x) = |x|™ exp(—1/|x])) are presented in Appendix A. The Deck assumption ensures
that the period depends analytically on the energy. Additionally, we will most often assume
that V € Deck also satisfies

there exists Cr > 0 such that < Cg forallz € Ug. ()

Vx)V'(x) 1
W > 3 forallx > 0, or (®)
V satisfies (©) and % * % (%)

Condition (®) is equivalent to V being the square of a convex function, and ensures that
the period is a decreasing function of the energy, while condition (3*) means additionally
not being a quadratic function, so the period is strictly decreasing with the energy; see
Lemmas 4.4 and 4.5. For example, all non-trivial non-quadratic even polynomials with
non-negative coefficients are Deck and satisfy (%), whereas V (x) = x2 = V2xt +x0 =
(x + x3)2 — (2 4+ +/2)x* is Deck but does not satisfy (©) (cf. Proposition A.4).

1.3. Main results for non-quadratic Deck potentials. The main result (Theorem 1.3) says

that for every energy level E > 0 and typical (almost every, a.e.) partial energy E; € [0, E]
P.E,E . . . L

the local flow (¢, )rer 1s uniquely ergodic whenever at least one potential is not a

quadratic function or both are quadratic functions and non-resonant (that is, in this latter

case Q(E, E1), which by Remark 1.1 does not depend on E and E1, is irrational).

THEOREM 1.3. Assume Vi, V2 : R — Rxq are Deck potentials satisfying (©). Let P be
any polygon in %. Suppose that:

(o)  atleast one potential Vi or V; satisfies (3X); or

(B) both V1, V> are quadratic maps such that Vi = Q2V, with Q irrational.

Then for every energy level E > 0 and a.e. E| € [0, E] the restricted Hamiltonian flow
((ptP’E’E1 )iteR is uniquely ergodic.

Notice that for small energy (that is, satisfying (1.4)), and, in fact, for all the gray areas
in the IEMBD figures (Figures 5 and 6), the motion does not impact the polygon walls
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and the above theorem trivially holds as the motion on most of the tori is of irrational
rotation (in the non-quadratic case, («), the iso-energy non-degeneracy condition holds
since a)l’.(l,-) > 0,i =1,2, and at least for one oscillator the inequality is strict). The
non-trivial statement is that even when impacts occur (the pink, light-green and blueish
regions in the IEMBD figures), the flow is usually uniquely ergodic. By the definition of
unique ergodicity, the theorem tells us that for most level sets time averages are equivalent
to phase-space averages for every initial condition on these level set. The complementary
set could have periodic and quasi-periodic motion coexisting on the same level set as in
[1, 13].

1.4. Linear oscillators case. We study separately the case when V| and V; are quadratic.
This boundary case (in the class of Deck potentials satisfying ©) is significantly different
from the general case. In the quadratic case we have V| = Q2 V>, and we consider rational
2 so the harmonic motion is resonant.

If the energy level E is low enough then the impacting resonant quadratic flow,
((plP ’E’E‘),GR, does not reach the boundary and the motion is trivially identical to the
resonant periodic linear oscillator motion (the gray area in the IEMBD figures, before
any of the blue wedges emerge).

PROPOSITION 1.4. For energies satisfying

E <min{Vi(x¢' ) + Vaei) s 61 62 € (£}, 0 < k < k(Z3S12,512)), (1.4)

. o P.E,E .
where xg] 2= y;f(lgggzl o a152)1 = O, the restricted Hamiltonian flow (¢, YeR is iden-

tical to (go,E ’El)tER for all Ey € [0, E], and for the impacting resonant quadratic flow it
corresponds to periodic motion.

On the other hand, a non-trivial statement, with a proof which is similar to that of
Theorem 1.3, is that if the energy level E is high enough so that at least one of the extremal
horizontal or vertical boundaries is reached by orbits in Sg’ E for all E{ € [0, E] then
((ptp EE )rer is uniquely ergodic for a.e. E1 (energies beyond which the segment [0, E] is
covered by the union of the pink and light green wedges in the IEMBD figures, such as
E =~ 5.7 in Figure 6; see also the corresponding projected rectangles in Figure 4(b)).

THEOREM 1.5. If

E> min V(!0 o)+ min Va(y'®?) (1.5)
crgelt) ke ey T T PO

then the impacting resonant quadratic flow ((p,P £y )teRr is uniquely ergodic for a.e. E| €
[0, E1].

Studying the case of intermediate E is much more complex and requires new methods.
Then the E interval [0, E] splits into at most countably many intervals so that for every
interval [ from this partition we have three possible scenarios:

(ue) the flow ((ptP’E’E‘ )rer 1S uniquely ergodic for a.e. Eq € I;
(cp) the flow ((ptP’E’E‘),GR is completely periodic for all E| € I;
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(coex) for a.e. E| € I the phase space of (go,P ’E’El),eR splits into two completely
periodic cylinders and two uniquely ergodic components.
For E > 0 let Jg denote a partition (into open intervals) of the E-interval [0, E]
determined by the numbers

Vi), E = Vo) forallgi, o2 € {£), 1 <k < k(Z192, 3912).

In the IEMBD figures, Jg corresponds to the partition of the vertical interval [0, E] by the
colored wedges. Now we formulate two results relating to the cases (cp) and (ue). For low
energies, there are intervals of E; values for which no impacts occur (these are the gray
regions in the IEMBD figures).

PROPOSITION 1.6. Suppose that I € Jg is an interval such that for every g1, ¢z € {£}
there exists 1 < 5152 < k(XxS152, yS12) such that

rc () [E-VGE8). ViGad)l. (1.6)
s1,.s2€{£}

Then the impacting resonant quadratic flow ((ptP E.El )ter is completely periodic for every
E el

Denote by Inonimp(E£) the collection of E; intervals on which no impacts occur:

Inonimp(E) = U () [E=V0E2),vieED1 A7)
1<t <kt 5+1) s1.60€{E}
1<t~ <k(x*t=,3T)
I<i~F <kt 357
I=Im7<k(x™7.377)
For sufficiently large E this set is empty, whereas for sufficiently small E, Inonimp(E) =
[0, E]. For intermediate values Iyonimp(£) may be composed of several disjoint intervals
(e.g. the gray segments for £ = 3 in Figure 5).
When at least one of the extremal boundaries is reached (the union of the pink and light
green wedges in the IEMBD figures), similar to the general case of Theorem 1.3, we again
get unique ergodicity for a.e. Ej.

THEOREM 1.7. For every energy level E > 0 and almost every

E; e [0, E— min Vy( 99)] U[ min ViS22, E]
cLaers) 21 cLoe(d) - KESI52)

the impacting resonant quadratic flow (go,P E.E1 )teR is uniquely ergodic.

Now assume that / € JE is an interval such that impacts occur and not with the extremal
boundaries (pure blue regions in the IEMBD figures):

I C Inimp = (E — min V20{'®), min Vi (51212 g152)) ) nonimp (E). (18)

This case presents non-uniform ergodic properties and requires new constructions. Assume
that Q = n/m with m, n coprime natural numbers. Let {red, green} be a partition of the
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i [=] L
P(E)T- | P(E)IC P(E)'Z | P(E)IZ
TP =T o P 5T
P(E)E | PE)! P(E)E | P(B)TE
= R; i~ + ++4
P(E);T | PEVEE PE)T | PE)TT
s M(Ey) L T
(Erm7T TP T m.mn
P(E)TT | PE)TT P(E)TT | PEVTT
e =] R S

FIGURE 7. The billiard table P(E}), the translation surface M (E) and the marked torus T, .

(¢1, ¢2) set {++, +—, —+, ——} into two-element set so that

{+4,+—} ifmisodd andn is even,
green = (pairl, pair2) = { {++, —+} if miseven and n is odd, (1.9)
{++, ——} if m and n are odd.

Recall that a billiard in a rectangle can be reflected three times so that the billiard flow is
conjugated to the directed flow on the torus. By rescaling we can always consider the flow
to be in the direction 45°. Denote the left lower corner of the original rectangle by (——),
the upper left corner by (—+), the lower right corner (+—) and the upper right corner by
(++) (see Figure 7). In the rational situation, when the impacts from the boundary of the
polygon P are ignored, the torus is filled with periodic orbits. We will see that the partition
corresponds to having two periodic orbits of the scaled torus which connect the pairl and
pair2 corners. These colored periodic orbits induce coloring of the staircase non-extremal
boundaries of P(x¢!52,y5!52), which we call colored sides (see Figure 1, with coloring
induced by taking m odd and n even as in the figures of §7).
Next for every colour € {green, red} let

Vit Vot
seolour (g 1y = max m arccos M + n arccos | ——k+EL2
c1¢a€colour E; E— E;

1 <k<k(x5192,55152)
Vi <E1<E-Va(yt$h)

We will see that §¢°/°“" (E1) is related to the measure of orbits that impact the colored sides
of the polygon (see details in §7). Since 88" (E}) + 8"?(E) = m for at most countably
many E; € I (see Lemma 7.2), the interval / has a partition into open intervals of two
kinds L{',F and U so that

$8M(Ey) + 8™(Ey) > forall Ey € Jif J e U],

green red : (1.10)
58N (E)) + 8™UE)) <7 forall Ey € Jif J €U .

We will see that in the first case, there are no non-impacting orbits, whereas in the second
case there are also periodic orbits which do not impact any colored side. In this latter case,
the impacting orbits can be divided into two separate sets, the red/green set, consisting of
orbits impacting the red/green sides.
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The following theorem asserts that in the first case, for almost all Eq, all orbits are
equidistributed, whereas in the second case, for almost all Eq, all orbits that impact the
red/green sides are equidistributed among the red/green set.

THEOREM 1.8. Let I C Iinimp (see (1.8)) and divide I into the subintervals Z/{f satisfying
(1.10). If J € Z/[I" then the impacting resonant quadratic flow ((p,P’E’El),ER is uniquely
ergodic for a.e. Ey € J. If J € U then the phase space of the flow (go,P’E’E‘),e]R splits
for all E| € J into four components, two of which are completely periodic and for a.e.
E1 € J the two other components are uniquely ergodic.

This result completes the description of invariant measure of the restricted Hamiltonian
flow (<ptP’E’E' )rer for every E > 0 and almost every E| € [0, E], when Vi, V, are
quadratic potentials with V| = Q2V, and 2 is rational. We discuss the non-trivial implica-
tions of this theorem on ergodic averages of the impacting resonant quadratic flow in §9.

1.5. Strategy of the proof. In §3, using a standard change of coordinates (as observed in
[1]), we construct an isomorphism between the restricted Hamiltonian flow ((ptP EEy )teR
and the directional billiard flow in direction £ /4, £37/4 on a polygon Pg g, € %. For
every E > 0 this gives a piecewise analytic curve Ej € [0, E] +— Pg g, € Z of billiard
flows on polygons in Z%. More precisely, this curve is analytic on every interval I € Jg.
The unique ergodicity problem for curves of this type was recently studied by the first
author in [8]. In fact, a slight modification of [8, Theorem 4.2] (see Theorem 5.1 below)
is applied to curves [0, E]1 > E1 — Pg g, € # to show unique ergodicity ((ptP’E’El)teR
for a.e. E1 € [0, E] whenever at least one potential Vi or V; is not a quadratic function
or both are quadratic functions with € irrational, see Theorem 1.3, and Theorem 5.3 in
§5. Theorem 5.1 relies on the analysis of functions indicating the length and height of
steps and the width and height of staircase polygons that make up the polygon Pg g,
when the parameter E| varies. The relevant results involving these functions necessary for
applications of Theorem 5.1 are presented and proved in §4.

The case when Vi, V, are quadratic with V| = Q2 V> and €2 is rational needs a more
subtle version of Theorem 5.1; this is Theorem 7.8. Recall that any directional billiard flow
on any right-angled polygon is isomorphic to the translation flow on a translation surface
obtained using a so-called unfolding procedure from the polygon. This leads to the study
of analytic curves of translation surfaces and their translation flows in a fixed direction.
Theorem 7.8 gives a criterion for unique ergodicity of the translation flow for almost every
translation surface lying on such a curve (this theorem is set in an abstract framework
to allow other applications). While the idea of the proof of Theorem 7.8 is similar to [8,
Theorem 4.2], it needs more subtle reasoning, as it involves a new type of partition of
the translation surface into polygons with sides that can be parallel to the direction of the
flow. This is the main innovation in relation to the approach used in Theorem 5.1 (and in
[8]). Another important novelty is the use of so-called distinguished sides of partitions.
The key assumption of Theorem 7.8 is that every orbit of the directional flow (finite
or half-infinite or double-infinite) hits a distinguished side, and the key construction in
proving Theorem 1.8 is of a glued surface for which this assumption holds.
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2. Oscillations in one dimension

Assume that Vi(x) : R — R is an even C 2_potential satisfying (<>). Then x™*(Ey) :
[0, 400) — [0, +00), the inverse of the positive branch of Vi, is continuous and C 2 on
(0, +00) with x™#*(0) = 0 and (x™**)’(E|) > 0 for E; > 0. Similar definitions apply to
YU (Ey) = y"(E — E).

Fix an energy level E| > 0. The particle oscillates in the interval [—x™*(E), x™X(E)],
wandering between the ends back and forth. We change the space coordinate to obtain a
new isomorphic model of the oscillation in which the mass point moves periodically with
speed w1 (E1) > 0 on the interval Y| € [—7/2, w/2]:

1 . b4
- sgn(po)oi(E1), ¢ (0) =0, ¢ (Ex"(E) = iE- (2.1)
We call these coordinates action-angle-like coordinates, as they are simply related to the
transformation to action angle coordinates; see [1]. Using the symmetry of Vi and the
notation py(Eq, x) = +/2/E 1 — Vi(x) to denote the dependence of p, on position and
energy, we have

Yi(x, Ep) = 2.2)

27 /x : ds = wi(Ey) /x ;ds,
Ti(E1) Jo |px(EL, s)l 0 V2VE| = Vi(s)

where T1(E1) and w(E1) are respectively the period and frequency of the periodic flow
on the E| level set, that is,

1 7-[ xde(El) l xlnaX(El) 1

_Tl(El)z—zf —dszf ds

4 2w1(E1) 0 |px(Eq, s)] 0 V2JVET = Vi(s)
2.3)

satisfies equation (2.1). Now suppose additionally that our oscillator meets an elastic
barrier at a point x“' > 0. Then its trajectories are described by equations (1.3) if
wall according to the rule that if a trajectory meets a point (p,, xV2) then it jumps
to (—py, x™) and continues its movement in accordance with (1.3). Thus, if x"2 <
x™MX(E1) the particle oscillates in the interval [—x™*(E7), x"¥!] and after changing the
space coordinate to the action-angle-like coordinate 1 it oscillates with speed w1 (E7) on
the interval | € [—7/2, wl(xwa”, E1)] with elastic reflections from the ends. The maps
Y2 (y, E2) and T>(E») are similarly defined.

x<x

3. From oscillations in dimension two to billiards on polygons
Recall that the motion in configuration space on a given level set is restricted to the
polygon P N RE-ED _Using the transformation ¥ = (1, 1), we find the topological and
numerical data of the corresponding polygon in the i space.

We consider the Hamiltonian flow (1.3) restricted to the polygon P € Z%:

P=Pxt,y"HupP—x T,y HuPEt, 3" H)UP(—x ",y ),

where (X152, y5152) € E for ¢, ¢» € {£} and we are interested in the properties of the
flow restricted to iso-energy level sets E1, E, = E — E| which we denote by ((p,P EEn )teR-
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Fix E > 0and 0 < E| < E. By the definition of Sg, £, the level set is contained in
R? x REED = R? x [—a™X(Ep), x™(ED] x [=y™X(E — E1), y"™(E — E1)].
Let us consider new coordinates on R‘E-£1) given by

Yx,y) = Wix, E), ¥2(y, E — Ey))

and notice that dy (x(1), y(r))/dt = (sgn(px())wi(E1), sgn(py(1))w2(E — Ep)). It
follows that the flow ((p,P ’E’E‘),GR in the new coordinates coincides with the directional
billiard flow on

Pg g, =y (P NREED)

so that the directions of its orbit are (w1 (E}), £w2(E — E1)). As P N RE-ED ¢ 77 and
¥ sends vertical/horizontal segments to vertical/horizontal segments, we have Pg g, € %,
namely,

_ pt+tt +— —+ ——
PE,E] - PE,E] UPE,E] UPE,E1 UPE,E]

Notice that the numbers of corner points in each quadrant of P N RE-ED) and of P E.E, are

identical, whereas their dimensions are related by the transformation ¢ (which depends on
E1 and E). We need to find these dimensions to determine the properties of the flow.

Itis convenient first to rescale Pg g, so that the directional motion occurs in the standard

directions (+mr /4, +37/4). Thus we scale
Vi, Ey)

Wl(x, El)_ Cl)](E]) s wZ(-x’E_El):

1/’2()” E — El)
w(E — Ep)

then Pg g, is scaled to lA’E, £, and for notational convenience we henceforth omit the hats.
After the rescaling,

vi(x, Ep) s for E1 = Vi(x), 3.1

* 1

| wE=
50 Y1 (x™(E1), E1) = 3 T1(E1) and, similarly, 1 (x, Vi(0)) = 371 (V1 (x)).

The topological and numerical data of the polygon Pg g, € Z forany E > O and E; €
(0, E), that is, the number of corners it has in each quadrant and their locations in the
scaled i plane, are found by computing the sequences \Ilf S2(E, Ey) (i = 1,2) of the
corner points of Pgi%l .

By the definition of staircase polygons and condition (<>), the sequence
i (xjs’ 52)}’;(2;”2”;19) is monotonically increasing and {Vz(yjlgz)}k(xglgz’yglgz)

j=1
monotone decreasing. Hence, the number of convex corners of P%‘ %21 , that is, the length of

USI(E, Ey), is max{1, k"' (E, E1) — kS'2(E, Ey) + 1}, where

min{l <k < k(ZS'€2, 319) : Vi(xg'*?) = Ei}
k(xs1s2, ysis2) if v (xk§1§2) < Eqforl <k < k(xs152, yS152),
(3.2)

E§1§2(E’ El) — {

max{l < k < k(x512, 55192) : Vo(y{'*?) = E — E1}

kS'S2(E, Ey) = ‘ : -
k5152 ( 1) {1 if VZ(y,flgz) < E—E forl <k <k(x5192, y5152),

https://doi.org/10.1017/etds.2021.106 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.106

Hamiltonian flows with impacts 205

The first line in the definition of k°'**(E, E}) says that k°'**(E, E1) — 1 counts the
number of widths (of x{'*?) in the interior of the projected rectangle R-E1) and similarly
the first line in the definition of k52 (E, E|) says that k5'S2(E, E) counts the number of
heights strictly outside R(E-ED,

If kS1S2(E, Ey) > ke (E, E1) then P%‘ %21 is a rectangle. The boundaries of this
rectangle do not correspond to impacts if and only if one of the convex corners has larger
partial energies than (Ej, E — Eq):

if Vi(x/'*?) > Ey, Va(y;'®?) = E — E; forsome 1 <[ < k(x5'€2, j512)

then k912 > 1 > k*'© and PYP =P(;aTi(ED, joh(E - E).  (33)
Otherwise, we have kS'S2(E, Ep) < ke (E, Ep) and
P = P(1V]'(E, E1), 25" (E, E1)),
where the vectors (U{'**(E, E}), W5'**(E, E})), given by
UFUE, E1) = (U] F(E, EDYighe,  W5'XE, E1) = (W5E(E, ED} o,

are found from the sequences (x5152, y5152) by the (E, E)-dependent ¥ transformation of
the corner points that are inside P? ?I . Since, for k < k5152, the unconstrained horizontal

motion exceeds x;'** (as Vi (x;'*?) < E}) we have
WPEHE, E) = Y1 ("2, En), k' <k < kSt (34

The last value of \Illg 12(E, E1) depends on whether R(E-E 1) intersects the extremal vertical
side of PS'S2 (in the (x, y) plane):

Yi(xzl2 B if Vi) < Eq,
Vs (E, ED) =, k12 , ks (3.5)
| 1N(ED) if Vilxge,) = Ei

Similarly, since for k > kS!52 the unconstrained vertical motion exceeds y,f 192 (since E —
Ey > Va(y{"*?)) we have

WS (E, ) = Yo' E — E1), kS92 < k < k192, 3.6)

The first value of \ilzg' 2(E, E1) depends on whether R(E-ED) intersects the extremal
horizontal side of P<1¢2 (in the (x, y) plane):

S162 : S162
,E—F if V. < E — Eq,
Wy a0 (E, Ey) = 11”2%% D z(yk;llgg;) s
ZTZ(E_El) if VZ(ykglsz)ZE—El-

Summarizing, the above computations show that the topological data of the polygon Pg g,
are given by {max{1, k*'*(E, E1) — kS'>(E, E1) + 1}}¢,.cye(+} and the numerical data
by (7' (B, En), W3'(E, EN}eyqre(4)-
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3.1. Regions of fixed topological data. Next, we show that the topological data of the
polygons corresponding to iso-energy level sets are fixed on a finite number of intervals of
E| values, and this partition depends piecewise smoothly on E (so the topological data are
fixed in certain parallelograms of the IEMBD; see Figure 6).

Let X, Y denote the collection of widths and heights of the steps in all quadrants:

X:i={x"?:¢1,6 € {E} | <k <k@EF92, 79)} C Roy,
Yi={y'"" 1 c1, 60 € {F} | <k <k(F92, 5192)} C Roy.

For any E > 0 let us consider the partition [Jr (into open Ep-intervals) of the interval
[0, E] determined by the numbers

Vi(x), E—Va(y) forallx e Xandy €Y.

Then for every I € J, by equation (3.2) the numbers k;'*> = k°'**(E, E;) and k§'* =
kS1S2(E, E1) do not depend on E; € I. Therefore, the numerical data E1 € [ — Pg g, €
Z represent a smooth (as shown in §4, analytic if Vi, V2 € Deck) curve of polygons in Z.

Remark 3.1. Fix I = (Enin, Emax) € Jg. Then the sets
Xri=xeX:Vix) <E;} and Y;:={yeY:Vo(y) < E—E} (3.8)

do not depend on the choice of Ej € 1.
Summarizing, in view of (3.4)—(3.7), for any Ey € I and ¢, 52 € {£}:

e cach staircase length of P%l 51;31 is of the form v (x, E) for some x € X;

e cach staircase height of Pgﬁ is of the form y»»(y, E — E;) for some y € Yy;

o ifEnn>W (xlf(lfgl &2 541 o)) then the width of P%l’%zl is of the form 1 (x, E) for some
x € X7, otherwise the width of Pi{%l is of the form A—ILTl (E1);

o if Enux < E — Vz(yflgz) then the height of P%‘i}l is of the form vy, (y, E — Ey) for
some y € Y7, otherwise the height of P%',%] is of the form ‘1—‘T2(E —E).

The IEMBD figures (Figures 5 and 6) provide a graphical representation of the above
summary: the intersection of the wedge boundaries with a vertical line provides the
partition to the intervals Jg, each blue wedge corresponds to a region in which another
step in the staircase (a concave corner) is included, and the pink (respectively, light
green) wedges correspond to regions in which the corresponding staircase polygon widths
(respectively heights) are of the form i (x, E1) (respectively, ¥2(y, E — Ej)). Notice
that the dependence of the above partition of Jg is piecewise smooth in E: it changes
exactly at the singular E values E*" = {E : E = Vi(x) + V2(y), x € X, y € Y}, namely,
at the energy values where the wedges in the IEMBD figures emanate from and/or start to
intersect each other.

4. Properties of numerical data in a given topological region

In this section we present some basic properties of the functions ¥ (x, Eq), T1(E1),
defined by equations (3.1), (2.3) as functions of E (so T} : (0, +00) — R.pand ¢ (x, -) :
[Vi(x), +00) = R.p). We show that when V| :R — R is an even Cz-potential
satisfying (<>) the function | (x, E1) is analytic and that when V; is a Deck potential
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the function 77(E;) is analytic (the same properties apply to ¥»(y, E»), To(E3) with
corresponding assumptions on V).

PROPOSITION 4.1. Suppose that Vi : R — Rxq is a Deck potential. Then the map T :
(0, 4+00) — Ry given by (2.3) is analytic and

lT/(E ) B ;/ maX(El) 1 (l B V//(x)Vl(x)>dx (4 l)
4 TR JEL—Vim\2 (v ) '

Proof. Using integration by substitution twice, we have

ﬁ XM (Y 1 Eq (xmaX)/(u)
—T (El) 2/ —dx = |u=V1(x),x=xm“X(u) / —————du
0 0

4 VE1T —Vix) VvE —u
max E
— lomu/E, / GV ES) 42)
l—s

Let us consider an auxiliary map A : (0, +00) — R. ¢ defined by

AED = | [ G (Ers)
(E1) = ETI(E])— o ﬁds “4.3)

for £1 > 0. We will show that A is analytic, which obviously implies the analyticity of
T\ (E)) for E1 > 0. To this end, we first establish some properties of the function x™** and
its holomorphic extension.

Suppose that V; : R — R>¢ is a Deck potential. In view of (©), V; : (0, +00) —
(0, 400) has a holomorphic extension Vj : U — C on an open neighborhood U C C of
(0, +00) such that V1 (z) # O for every z € U. Then V| is locally invertible and its inverse
functions are holomorphic (that is, Vj is locally biholomorphic). A more subtle assumption
on the domain of biholomorphicity is formulated in (). By (&), for every Ep > 0
there exist 0 < r < E¢ and a bounded open set Ug, C U such that V; : Ug, — V1 (Ug,)
is biholomorphic with C(Ey, r) C Vi1(Ug,). Then ™ = Vfl : Vi(Ug,) = Ug, is a
holomorphic extension of x™®* : (0, Eg +r) — R.

Fix any Eo > 0. By the above, there exists 0 < r < Eg such that the inverse map z
is analytic on C(Ep, r). As

™)'@ _ VE™(@)

max

= for every z € Vi (Ug,), 4.4
(Zmax)/(z) (Vl’(zma"(z)))z Yy 1( Eo) ( )
by the assumption (#), it follows that
1
—— | <C for every z € C(Ey, r). 4.5
o | = Cr yz € C(Ep,r) 4.5)

Assume that z € B(Ep, r) and s € (0, 1]. Then

‘ ) ™) (z9)
)

— " | =11 maxy/ -1 maxy/
g |(Zmax)/(E0S)| ’ Og |(Z ) (ZS)| Og |(Z ) (EOS)|’

L g
z‘/ 7 1og [ ((Eo + (z = Eo))s)ldt
0 t
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d/dt|(Z™) ((Eo + (z — Eo)t)s)|

1
= fo (@) (Eo + 2 — Eo))s)]
< /1 ™) (g + (z — Eo))s)l|z — Eolls|
“—Jo

|(z™*) ((Eo + (z — E0)t)s)]

In view of (4.5), it follows that

maxy/ 1 1
4 — E — E
o |(Z™) (z5)] §CE0/ |z — Eplls| dtSCEO/ |z — Eo| dr
0 0

@) (Egs)] [(Eo + (2 = Eons| Eo = le = Eolt
= Cg, log P = Cg log -~
0 Ey—l|z—Eol = ° -r
Hence
/ Ey Cey / ~ /
|(Zmax) (ZS)| S (E r> (Zmax) (EOS) = CEO(ZmaX) (EOS) (4.6)
0 —

forall z € B(Ep,r) and s € (0, 1].
We now show that the map A defined by (4.3) has a holomorphic extension A :
B(Ey, r) — C around E( which is given by

Az )_/ (Zmalx) @) 4 forz € B(E. 1),
— S

By (4.6),

~ (™) (Eps)
Cpy——F——
1—5

Vi=s

for all z € B(Ep, r) and s € (0, 1). Therefore, |A(z)| < 6EO|A(E0)|, S0, since A(Ep) is
finite for positive Eg, A : B(Eg, r) — C is well defined.

We now show that A : B(Eg, r) — C is holomorphic. For every parameter s € (0, 1)
let us consider the map &, : B(Eq, r) — C given by

(ZmaX)/(ZS)

JTos

so that A(z) = fol ®;(z)ds. The map &, is holomorphic with

D (2) ==

, (2™ (z5)s
@ (g) o T ) (@58
s(2) N
In view of (4.5) and (4.6), we obtain
0! (o)) = | S @s | Cro | G Gs)
V1i—s lzl | VT—=s

Cr,CEy (2™ (E Ck,C,
< EoL“Ey (Z ) ( ()S) _ Eo“Ey CD (E()) (47)
Ey—r J1—§ Ey —
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forall z € B(Ep, r) ands € (0, 1). Since A(Ey) is finite, A(z) = fol @, (z) ds is holomor-

phic and
1 1 ¢, maxy/
(") (zs)s
A'(2) =/ ®/ () ds :/ —— ds.
o 0o J1—s
Using integration by substitution as in (4.2) (but in reverse order), we obtain, for real
E{ >0,

du

A(El)_/ GMN(Ers)s o /E‘ (™) ()
Vi=ys E\WEi Jo VEI —u
_ /“‘“(E') M VI VIOV
E1«/E_1 0 VEI = Vi(x)

Therefore, by (4.4), we have

AED 1 V] (x)V1(x)

1
El\/E_I/O VET=Vix) (V{(x))?

AE) =~

Finally, it follows that

E !
1( o—dE (,/ <E1>> IJ—A(E”“L‘/TIA (E1)

/ X (E) 1 (1 V”(x)Vl(x)>d -
= —F - — X.
El«/§ 0 VE —Vi(x)\2 (V{(x))?

PROPOSITION 4.2. Suppose that Vi : R — Rxq is a continuous potential such that V :
Rx>0 — Ry is strictly increasing and V1(0) = 0. Then for every x > 0 the map 1 (x, -) :
(V1(x), +00) — R given by (3.1) is analytic and, for every E1 > Vi(x) andn > 1,

d" Ev) — =D"Cn -1 [* 1 J 438
dE] Vix By = ——amm7 o (E1 —WVi(yy@n2®" (48)
Additionally, if V1 € Deck, for every E1 > V1(x),

! 1 (1_V{/(y)V1(y)>
El\/_ o VEI-Vi)\2  (V{(»)?

1 Vilx)

lﬁl(x )=

_ 4.9
E\WE=Vi0)V2 V{(x) 49

and
—1/f1( Ey)) =-— (4.10)

lim

ENVI(x) dE}

Proof. Take any Ey > Vi(x) and let 0 < r < Eg — Vi(x). Then for every y € [0, x] the
map ®, : B(Eyp, r) — C given by ®,(z) = 1/4/z — Vi(y) is holomorphic with

, 1

) W for every z € B(E(), r).
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Since for all y € [0, x] and z € B(Ey, r) we have

1 1 1
CD/ = — < ,
®, @) 21z = VinI¥? 7 2(Eg — Vi(x) — )32

it follows that yr{(x, - ) : B(Ep, r) — C given by ¥ (x, 2) = f(;c(cby(z)/«/z) dy is holo-
morphic and

* @ (2) 1o 1
y=- dy
V2 22 Jo (z—=Vi(y))3?
for every z € B(Ey, r). This gives the analyticity of {1 (x, ) : (V1(x), +00) — R. given
by (3.1) and (4.8) for n = 1. Repeating the same reasoning for higher-order derivatives, we
obtain

()
J" * oW (E)) (=D"Qn — D! [0 1
dquJM—()—7;ﬂW——jaﬂm A E —vioyerrdY

In order to show (4.9) we first notice that, using integration by substitution as in (4.2),
for every E1 > V{(x) we obtain

x 1 VI (xmaxy/ ()
V2y(x, E :/ iy = R s
valx. B1) o VEI—=Vi(y) Y 0 VEi—u

Vi(x)/Eq (xmaX)/(Els)
— JE / S ACILNN
0 VAR

In view of (4.7) and fé((xmax)’(Els)/«/l —s)ds < fol (™Y (E15)/+/1 — s)ds =
A(E1) < 4oo forevery 0 <t < 1 and E| > 0, using arguments similar to those in the
proof of Proposition 4.1, for every E; > V(x) we obtain

VI ED e M (V) Vi)
Eiv2 JT-Vi/E E?
Vi(x)/Eq (xmaX)//(Els)s
E A ki
+VE /0 —
1 /x 1 (1 V(Wi (y)>d
= — —_— 7 y
Er Jo VEI=VIO)\2  (V](»)?
1 i
E\VE =Vi(x) V{(x)
In view of (), for every x > 0 we have
‘% < Cy foreveryy € (0, x].

Therefore for every E; > Vi (x) we have

UX 1 (l_vl//(Y)Vl(y)>dy‘<(1+C)/X;dy
o VEI=VIOO\2  (V{(»)? 2 o VMOV
_ */—EG + cx)Tl(vl (1)) < +o0.

d
£1/f1(x, 7) =

du

d
ﬁﬁxmu, E)) =

ds

4
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lim 1 Vi(x)
ENVix) Ei/E1 — Vi(x) V (x)
this gives (4.10). O]

+OO,

Suppose that Vi, V2 : R — R>( are even CZ-potentials satisfying (<>). Let E, xo, yo be
positive numbers such that Vi (xg) + V2(yo) < E. In view of Proposition 4.2, ¥r1 (xo, -) :
(V1(xp), +00) = R-¢ and Y2 (yo, E — ) : [0, E — V2(y9)) — R~ are analytic. If addi-
tionally V1, Vo € Deck then

4 d
Qi - B1) = —eo, lim  ——Y2(y0, E — E1) = +o0. (4.1
E1\Vi(xo) dEy V1xo. B1) g B o dE Y2030 1) (4.11)

Moreover, by Proposition 4.1, Ty, To(E — -) : (0, E) — R are also analytic.

PROPOSITION 4.3. Let Vi, Vo : R — Rxq be two Deck potentials. Fix an energy level
E > 0. Assume that0 < x1 <--- <xyand0 < y| < --- < yg are such that Vi(xn) +
Va(yk) < E. Then, for any sequence ()//)N"’K"’1 with ZN+K lyjl #0, for all but
countably many E1 € [V1(xn), E — Va(yk)], we have
N K
vo Ti(E1) + Z v Yi(xj, E1) + Z YN+j Y2 (yj, E — ED) +yn+k+1 T2(E— Ep) #0.
j=1 Jj=1
(4.12)

Proof. Suppose, contrary to our claim, that (4.12) does not hold for uncountably
many E; € (Vi(xy), E — Va(yk)). Since T, To(E — ), ¥i(xj,-) for 1 < j < N, and
Y2(yj, E—-),1 < j < K, are analytic on (Vi (xy), E — V2(yk)), we have
N K
v TiED + ) v YiGj ED + ) ynej 20, E = ED) + yyg+1 T2(E—EN=0
j=1 j=1
(4.13)
for all £ € (Vi(xn), E — Va(yk)). Without loss of generality we can assume that y or
yN+k 18 non-zero. To simplify the writing, since 77 and T3 are also analytic functions, we
denote 1 (xo, ) := T1(-) and Y2 (yk+1, -) := T2(").
Suppose that yy # 0. In view of Propositions 4.1 and 4.2, the maps ¥ (x;, -) for 0 <
J <N —1land y(y;, ) for 1 < j < K + 1 are analytic on (Vi (xy—1), E — V2(yk)), in
particular at V1 (xy). As yn # 0, if (4.13) holds, the limit
N-1

Vj d
lim —_— ,E)) =— , E
e dElllfl(XN 1) E Y dE, —1(xj, ED|E =vi(xn)
K+1 -
§ : +Jj
_j:1 yv dE; Wz(yj,E EDIE=vixen)

is finite. On the other hand, by (4.11), the limit of limg \ v, xy)(d/dE1)¥1(xn, E1) is
—o00. This contradiction completes the proof when yn # O.
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If yn+x # 0O, then a contradiction follows from similar arguments based on studying
the left-hand-side limit of (d/dE1)¥2(yk, E — E1) at E — Va(yg). This completes the
proof. O

We note that the sequence (yx) in the above proposition is not the original numerical
data sequence of the staircase polygons (which have reverse ordering)—this proposition
is later on used for the elements of the set Y7 (see (3.8)) arranged in the required
ordering.

LEMMA 4.4. Suppose that V1, V2 : R — Rxq are even C2-potentials satisfying (<>). Then
for any xo, yo > 0 we have

d
E%(Xo, E)) <0 forall Ey > Vi(xg), (4.14)
1

d
El/fz(xo, E—E) >0 forall E1 € (0, E— V2(y0))- (4.15)
1

Assume additionally that Vi, Vo € Deck and satisfy (%*). Then fori = 1, 2 we have

VIOVI®) L il but countabl 0 (4.16)
——L—~ > —  forall but countably many x > .
Va2 2 yman
and
d
—T1(E1) <0 forevery E1 > 0, “4.17)
dE|
d
ETZ(E —E1) >0 forevery E1 € (0, E). (4.18)
1

Proof. Inequalities (4.14) and (4.15) follow immediately from (4.8). Inequality (4.16)
follows immediately from the analyticity of V; and (3*). Finally, (4.17) and (4.18) follow
immediately from (4.1) and (4.16). ]

LEMMA 4.5. Let Vi : R — Rxq be a Deck potential. Then V| satisfies (©) if and only if
Vll/ % is convex. The following three conditions are equivalent:

(a) Vi satisfies (©) and does not meet (3%);

(b) Vi ()C)V{’()C)/(V{()c))2 = %for all x > 0;

© Vix)= %w%xzfor some wy > 0.

Moreover, if V1(x) = %w%xz then

TU(ED 27 4 i, ED 1 . w1XQ 1 . [ Vi(x0)
= — an X0, = — arcsin = — arcsin , [ ———.
e w1 130 =1 w1 V2Eq w1 E;

Proof. The first part of the lemma follows directly from the formula (derived by taking
derivatives of (Vll/ )M,

V] (x/)Vl”(zx) _ m—1 Vll/m(x)(vll/m)//(x) (419)
(V{(x)) m m((vV,"™) (x))>
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that holds for all m € N and x > 0. Since V;(x), V{(x), V;/"(x) and (V") (x) are
positive for all x > 0, we have

Vi)V (x) _m=

’ > = forallx > 0
(Vi(x) m

if and only if the map Vll/ " has non-negative second derivative on R \ {0}.
The implications (c)=(b)=(a)=-(b) are obvious. To prove (b)=-(c) suppose that
ViV = JV2. Then

d , _Vl”(x)_lVl’(x)_i
Ir log(V|(x)) = Vl’(x) =2V ) = log v/ V1(x).

Hence, for some C > 0 we have Vl/(x) = C+/Vi(x). Thus

d
—vVilx) =

dx

Vi _c¢
Vi) 2

| =
]

As Vi(0) = 0, it follows that V; (x) = (C/2)*x% = %w%xz. The form of the maps 71 (E1)
and vr1 (xg, E1) when Vi (x) = %w%xz follows from direct computations. O

The following lemma is the counterpart of Proposition 4.3 in the case where all y; for
1 <j <N + K are zero.

LEMMA 4.6. Assume Vi, V2 :R — Rso are Deck potentials satisfying (®©) and yy,
YN+K+1 are real numbers with |yo| + |YN+k+1] # 0. If at least one potential Vi or V;
satisfies (%t) (that is, is not quadratic) then

o T1(E1) + yN+k+1 To(E — E1) # 0 for all but countably many Eq € (0, E).
(4.20)

If both potentials V| and V are quadratic and
vo Ti(E1) + yN+k+1 To(E — E1) =0 forsome E; € (0, E), (4.21)
then yo/yn+k+1 = —S2

Proof. Suppose that V| is not quadratic and (4.20) does not hold. Since 77(-) and
T»(E — -) are analytic and take only positive values, we have

vo T1(E1) + ynik+1 To(E — E1) =0 forall £y € (0, E),

both yp and yn 4k 41 do not vanish, and y := —ynix+1/y0 > 0. It follows that

d d
—Ti(Ey))=y—T(E —E forall E| € (0, E).
dE 1(E1) ydEl 2( 1) forall E; € (0, E)

On the other hand, by Lemma 4.4, (d/dE)T1(E1) > 0 and (d/dE|)T>(E — E1) <0 for
all E1 € E. This gives a contradiction.
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Suppose that V; (x) = %a)izx2 fori = 1,2 and (4.21) holds. Since T; = 27 /w;, equation

(4.21) implies yo/w1 + yn+x+1/@w2 = 0, so

w
Yo :__129.

VN+K+1 w2

O

Recall that for n real-valued C"~!-functions f1s. .., fn on an interval [ their Wron-

skian at x € I is defined by

WS, - s f)0) = detl £970 00)1<ij<n-

We will also deal with the bracket

[f. 81(x) = Mg, f) = f'(x)g(x) — f(x)g'(x)
for C'-maps f,g: I — R.

PROPOSITION 4.7. Let Vi, Vo : R — Ry be even C2-potentials satisfying (<>). Assume
that 0 <x; <---<xy and 0 < y; <--- < yg are such that Vi(xy) + Vo(ykx) < E.

Then for all E1 € (Vi(xn), E — Va(yk)) we have

W 1(x1, Ev), ..., ¥1(xn, E1), 21, E — E1), ..., ¥2(yk, E — E1)) # 0.

4.22)

Proof. Since #is an alternating linear form, for all £ € (Vi(xyn), E — V2(yk)) we have

W (x1, E1), ..., oGy, ED, Yo, E— Ep), ..., ¥n2(yk, E — Ey))

= W (x1, E1), Yy1(x2, E1) —¥1(x1, Ev), ..., Y1(xy, E1) —Y1(xn—1, E1),

Yo, E=E1), ¥v2(y2, E=E1) — Y21, E = E1), ..., ¥2(yk, E — E1)

—Y2(yk-1, E — E1)).

Moreover, in view of (4.8) (in Proposition 4.2), we have

d* W16 1) — v ) (—D¥Q2k — D! fxf 1 J
— (1 (xj, E1) — ¥1(xj—1, E1)) = sj,
dEF J J 2(2k+1)/2 e (1 — Vi(s;)) @02 %%
k
dEk(llfz(yj,E Ep) —v2(yj-1, E — E1))
C@k—DN [V 1 .
= 2(2k+1)/2 Vit (E—E; — V2(uj))(2k+1)/2 uj
Hence
W1 (x1, E1), yi(x2, E1) — ¥1(x1, ED, ..o, Yni(xn, ED) — Yi(xev—1, E),
Yo(y1, E=E1), Y2(y2, E—E1) — Y2(y1, E=E1), ...,
Yo(yk, E—E1)—Y2(yk-1, E—E1))
M= en - nn i YK
= 2(N+K)2/2 / / / / detCdsy---dsyduy---dug,
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where C = [cjrli<jk<n+k is an (N + K) x (N + K)-matrix given by

(_1)1{71
(E1 = Vi(s))) k=72
1

if 1<j<N,
Cjkz

(E — E1 — Va(uj_y))2=D/2 if N+l<j=<N+K.

Fix
s1 € (0,x1), 52 € (x1,X2),...,85N € (XN—1, XN),
up € (0, y1), uz € ¥1,y2)5 - - ., ug € (Ygk—1, yx)-
Then
Visj) < Vitsj) ifl<j<j <N, Vauj) <Va(ujy) ifl<j<j <K, and
Vilsj) +Va(uj) < Vitxy) + Valyx) < E ifl<j<Nandl <, <K.

By the Vandermonde determinant formula, we have

det C = ]_[ I1 ( - - )
JE| — Vl(s] 1< <N E| — Vl(s’) E1 — Vi(s))

1 1 1
. l:[ VE — Ei = Va(u;) lf,il:[/'SK (E —E1—Valup) E—Ei- VZ(u'j))
Y
1<j<N E—E—Vaujy)  Er—Vi(s))
1<j'<K

K
_ (—1)ND2 1—[ 1—[ 1

1
o1 (Er — V1<s,))N+Kz (E — Ey — Va(u))N K~z

j=1
[T Mep=vie) ] Vat)—Vau)))
I<j<j'=N 1<j<j'<K
[] E-Wvisj) = Vau;))
I<j<N
1<j’<K

where, by the assigned intervals of s, s/, u;, u s, all elements under the product signs are
well defined and positive. It follows that

(—DONNID2pyy (x1, Ey), - ., Y1 (e E1),
wz()’l’ E - E])7 ce ey I/fz()’K, E - El)) > 0

forall E1 € (Vi(xn), E — Va(yk)). O

Remark4'8' Since all maps 1//‘1()('1, ')7 ceey I/fl (xN9 ')9 1/f2(y1, E— ')’ e ey 1//2(.))1(’ E — )
are analytic on the interval (V] (xy), E — Va2(yk)) (see Proposition 4.2), condition (4.22)
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implies that for any sequence (y;) j\':lK of one or more non-zero real numbers we have
N k
Y i ED+ Y vjenva(y), E— E1) #0 (4.23)
j=1 j=1

for all but countable many E;| € [Vi(xy), E — Va(yk)]. Notice that Proposition 4.3 also
implies equation (4.23), but under the stronger Deck conditions on the potentials.

5. General criterion for unique ergodicity and its application

Now consider an interval I of E; values on which the topological data are fixed, so that
the numerical data on I, as proved above, depend smoothly on E{. More generally, let
I 5 E| — P(E)) € Zbe a C*™ curve of polygonal billiard tables in %, that is,

P(E)= (] PEI2E),FI2UE)),
s1,62€{%}

where x7'2, y7'*? : I — R are C®° maps forall 51, 62 € {£}, 1 < k < k(x5192, y192).
Let us consider two finite sets of real C* maps on I given by

P =0 1, 62 € (£} | Sk Sk@ED, T,
D= ({20 1 r € () 1 Sk < k@EIS T,

THEOREM 5.1. (Cf. [8, Theorem 4.2]) Suppose that:

(i) for any choice of integer numbers ny for x € Zp and my for'y € %p such that
not all of them are zero, we have

> mx(En+ Y myy(E\) #£0 forae Ey €l (5.1)
xeZp ye%p

(iiy_) forallx € Zp andy € % we have X' (E{) > 0 and y' (E1) <0 forall E € I,
and for at least one x € Zp ory € %p the inequality is sharp for a.e. E| € I; or
(iiy) forallx € Zp andy € % we have X' (E1) <0 and y'(E1) > 0 forall E| € I,
and for at least one X € Zp ory € % the inequality is sharp for a.e. E1 € I.
Then for a.e. E| € I the billiard flow on P(E1) in directions £m /4, £31 /4 is uniquely
ergodic.

Proof. We show that the above conditions imply some intermediate steps of [8, Theorem
4.2] which are used to show that the results of [8, Theorem 2.16] about unique ergodicity
on surfaces imply the unique ergodicity on the related polygons.

First, we take the reference function in [8, Theorem 4.2] to be a constant (£ = 1).
Second, condition (i) in [8, Theorem 4.2] is used to prove the above condition (5.1) which
is then used to prove that condition (i) in [8, Theorem 2.16] holds. Hence, by the same
reasoning as in [8, Theorem 4.2] assumption (i) implies assumption (i) of [8, Theorem
2.16].

Third, similarly, conditions (ii) in [8, Theorem 4.2] are used to prove the above
conditions (ii) which are then used to prove that condition (ii) in [8, Theorem 2.16] holds.
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Hence, by the same reasoning as in [8, Theorem 4.2] assumption (ii) implies assumption
(ii) of [8, Theorem 2.16].

We conclude that by [8, Theorem 2.16] the billiard flow on P(E;) in directions
+m /4, £3m /4 is uniquely ergodic for a.e. E1 € 1. [

Remark 5.2. Notice that, by the proof of [8, Theorem 2.16], condition (i) in that theorem
implies the absence of vertical saddle connections for almost every parameter, hence
the minimality of the vertical flow. As our assumption (i) implies condition (i) of [8,
Theorem 2.16], condition (i) gives the minimality of the billiard flow on P(E) in directions
+r/4, 3w /4 forae. E; € 1.

Assume Vi, Vo : R — R are two Deck potentials satisfying (©). Recall that, by
Lemma 4.5, if V; does not satisfy (3t), then V; is quadratic. The following result is an
extended version of Theorem 1.3.

THEOREM 5.3. Assume V1, Vo : R — Rxq are Deck potentials satisfying (©). Let P be
any polygon in %. Suppose that:
()  at least one potential Vi or V; satisfies (3X); or
(B) both Vi, Vo are quadratic maps such that Vi = Q2V, and S is irrational.
Then for every energy level E > 0 and almost every E1 € [0, E] the restricted Hamilto-
nian flow (go,P’E’El )teR is uniquely ergodic.

Suppose that:
(y) both Vi, Vy are quadratic maps such that Vi = Q2V, and Q is rational.
Then for any E > min{maxc, c,e+} V2(y;'®?), maxg, c,e(+) Vi (x]f(lnglgzyyglgz))} and
almost every

ElE[O,E— max Vs §1§2]U[ max Vi (xS - E]
s1.s2€() o) cLoreld) (X gas))

the restricted Hamiltonian flow (go,P E.Ey )teR is uniquely ergodic.

Proof. We fix an energy E > 0. First note that we can restrict our attention to any
subinterval I € Jg. As we already have observed, for every E; € I the flow ((p,P ’E’El),ER
is topologically conjugated to the billiard flow in directions £ /4, +37 /4 on the polygon
P(E)) :=Pg, g = (P N REE) € . Moreover, by Remark 3.1 and Propositions 4.1
and 4.2, we have

2p C{Y1(x, E)) 1 x € X1} U {3 Ti(ED)},
(5.2)

Do C {(Yo(y, E—Ep):y e Y JU{LIT(E - E)}

and the curve I 2 E| +— P(E|) € Z is analytic.

Cases () and (B). Assume that the sets Zp, %p do not satisfy condition (i) in Theorem
5.1. In view of Proposition 4.3, there exists a rational positive number y > 0 such that
T»(E — -) = yT1(-) (since condition (i) involves integer coefficients). However, by Lemma
4.6 this is impossible if («) is satisfied. If (8) is satisfied then, by Lemma 4.6, we have
y = —S2 which contradicts the irrationality of €.
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In summary, it follows that either under assumption (@) or (8), condition (i) of
Theorem 5.1 holds.

Now we verify (in both cases (@) and (8)) that condition (ii—4) of Theorem 5.1 holds.
First suppose that («) holds. Then, by Lemma 4.4, for all x € Zp andy € #p and for every
E{ € I we have:

e X(E)) <Oandy'(Ey) > 0,if V| satisfies (3);
e X(E)) <0andy'(Ey) > 0,if V, satisfies (X¢),
so we have (ii—) of Theorem 5.1.

Suppose that (8) holds. Then T{(Ey) = T,(E — E1) = 0 for every E; € I. Assume
first that there is at least one impact for the level sets in 7, so Zp # {}‘Tl} or % # {A—ILTZ}.
Then, by Lemma 4.4, for all x € Zp \ {A—I‘Tl} andy € %p \ {%Tz} we have X'(E;) < 0 and
y'(E1) > 0 for every Eq € I, so we also have (ii_) of Theorem 5.1, whenever the union
of these sets is non-empty.

In summary, in both these cases the unique ergodicity of ((p,P ’E’El)ZER forae. Ey el
follows directly from Theorem 5.1.

Finally, when (8) holds and Zp = {A—I‘Tl} and % = {A—I‘Tz} the motion on all level sets
in / occurs with no impacts at all, that is, the motion corresponds to the billiard flow on the
rectangle P; = P(E) in directions /4, +37 /4 and since 2 is irrational, the motion is
also uniquely ergodic for all £y € 1.

Case (y). We consider a subinterval I € Jg such that impacts occur with either all
the horizontal boundaries of P (the intersection of all light green wedges in the IEMBD
figures) or with all the vertical boundaries of P (the intersection of all pink regions in the
IEMBD figures):

IC [O,E— max  Va(yS'<? ] or 1 C[ max V(xS ,E].
S1,62€{%} (yl ) clorelE) ( k(x§1§z,}§1§2))

Then in the first case we have Y; = Y, and in the second case X; = X and

P C{Yo(y. E-Ey):yeY} or Zp C{y1(x, Ep):x € X}, (5.3)

respectively (see Remark 3.1). Suppose that condition (i) in Theorem 5.1 does not hold.
Then in the first case we have

1
kZTIED + Y nn (s, ED+ ) myyn(y, E = Ep) =0,

xeXy yeYy

whereas in the second case we have

1
D (o B+ Y myn(y, E = D) +k To(E — E1) =0
xeXy yeYp

on a subset of positive measure, where [k| + > cx, Inx| + >y, Imy| # 0. It follows
that in both cases at least one n,, x € Xy, ormy, y € Yy, is non-zero. This contradicts the
conclusion of Proposition 4.3.

Finally, we check that condition (ii—4) in Theorem 5.1 is satisfied when (y) holds.
For every E| € I, by Lemma 4.4, for all x € Zp \ {%Tl} and y € % \ {%Tz} we have
X'(E;) <0andy'(E;) > 0. Moreover, by (5.3), when () holds, at least one of these sets is
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non-empty. Hence we also have (ii—4.) in Theorem 5.1 holds. Finally, the unique ergodicity
of ((ptP ’E’E')[ER for a.e. E1 € I follows directly from Theorem 5.1. This completes the
proof. O

COROLLARY 5.4. Suppose that V1, V> are quadratic so that V1 = Q2V, and S is rational.
If the energy is sufficiently large,

E> max Vi(x)'2. -co)+ max  Va(ys'e?), (5.4)
s1.52€{E) k12,5517 0 el l

then the flow ((p,P’E’El),eR is uniquely ergodic for a.e. E1 € [0, E].

This is a weaker version of Theorem 1.5 and it will be helpful in the proof of
Theorem 1.5.

To conclude this section we give the following partial result, which is met with very
slight assumptions on potentials V7 and V5.

PROPOSITION 5.5. Suppose that V1, V2 : R — Rxq are even C2-potentials satisfying (<>).
Assume that

E> max Vi 2a caa)+ max  Va(y;'®),
cloe(x) - KEEELFEET T el !

and let

E] el ;= [ max V1(x§1—§2 _ )’ E — max Vz(ys']S'Z)jI.
s1.62€() k(ES152,5612) siore() !

Then the flow ((,(),P’E’E1 )teRr is uniquely ergodic for a.e. E1 € I.

Proof. The argument used at the beginning of the proof of (y) in Theorem 5.3 shows that

e C{Y1(x, E):xe X} and %p={yn(y, E—E):yel}

Notice that Proposition 4.7 combined with Remark 4.8 shows that condition (i) in
Theorem 5.1 is satisfied. The negativity of the derivative for all maps from Zp and the
positivity of the derivative for all maps from #p follow directly from Lemma 4.4. Thus the
application of Theorem 5.1 again completes the proof. O

The interval [ in Proposition 5.5 corresponds to the case of impacts with all boundaries
of P (the intersection of all the colored wedges in the IEMBD figures), and, as will be
shown in §6.2, this corresponds to motion on a surface of genus gmax-

6. Topological data revisited
6.1. Short introduction to translation surfaces. Since our main criterion for unique
ergodicity (Theorem 7.8) is formulated in the framework of translation surfaces, in this
section we give a short introduction to this subject. For further background material we
refer the reader to [19, 23, 26].

A translation surface (M, w) is a compact connected orientable topological surface M,
together with a finite set of points X (called singular points) and an atlas of charts w = {¢, :
Uy - C:a € A} on M\ X such that every transition map {g o ga_l 1 Uy NUB) —
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Uy N U,_L;) is a translation, that is, for every connected component C of Uy N Ug there
exists v wp € C such that ¢g o ¢ lo)y=z+ vO”S forz e ¢, 1(C). All points in M \ ¥ are
called regular. For every point x € M the translation structure w allow us to define the
total angle around x. If x is regular then the total angle is 2r. If o is singular then the total
angle is 2w (k; + 1), where k, € N is the multiplicity of o. Then

> ks =2g-2, (6.1)

oex

where g is the genus of the surface M.

Forevery 6 € R/2rZ let X be a tangent vector field on M \ X which is the pullback of
the unit constant vector field ¢/? on C through the charts of the atlas. Since the derivative
of any transition map is the identity, the vector field Xy is well defined on M \ X. Denote
by (1//? )rer the corresponding local flow, called the translation flow on (M, w) in direction
6. The flow preserves the measure A, which is the pullback of the Lebesgue measure on
C. We distinguish the vertical flow (y/);cR, that is, for 6 = /2.

For every 0 € R/2xZ and a translation surface (M, w) denote by (M, ¢'? ) the rotated
translation surface, that is, the new charts in ¢'?
from w with the rotation by 6. Then the flow (Iﬂtg )¢ter ON (M, w) coincides with the vertical
flow (¥?)rer on (M, ! (T/2=) ),

A saddle connection in direction 6 is an orbit segment of (g[rf )rer that goes from a
singularity to a singularity (possibly the same one) and has no interior singularities. A
semi-infinite orbit of (1#,9)@@ that goes from or to a singularity is called a separatrix.
Recall that if (M, w) has no saddle connection in direction 8, then the flow (Wf)teR is
minimal, that is, every orbit (which can be semi-infinite or double-infinite) is dense in M,
see [23].

w are defined by postcomposition of charts

6.2. From billiards to translation surfaces. Formally the directional billiard flow on
P(E ) = Pg g, in directions £ /4, 37 /4 acts on the union of four copies of P(E7),
denoted by P(E1)z/4, P(E1)—z/4, P(E1)37/4, P(E1)—37/4. Each copy P(E1)y for ¥ €
{£m /4, £37 /4} represents all unit vectors flowing in the same direction . After applying
the horizontal or vertical reflection (or both) to each copy separately, we can arrange all
unit vectors to flow in the same direction /4. More precisely, after such transformations,
all unit vectors in P(E1)z/4, YrP(E1)—z/4, YoP(E1)37/4 and yp o YyP(E1) 374 flow in
the same direction /4. By gluing corresponding sides of these four polygons, we get a
compact connected orientable surface M (E1) with a translation structure inherited from
the Euclidean plan; see Figure 7. Moreover, the directional billiard flow on P(E7) in
directions 47 /4, £37 /4 is conjugate to the translation flow (v, / 4),ER in direction /4
on the translation surface M (E1). This is an example of the use of the so-called unfolding
procedure from [7, 24]. Additionally, the surface M (E;) has a natural partition into 16

staircase polygons {P(E1)s152 : 61, 62, 01, 02 € {=}} so that

P(E)S P =PENSE, PENSS = yP(EN®'S

/4> /4>
P(EDTS = nP(ENSLE,  PEDTS =y o nP(EDS2 .
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FIGURE 8. Singularities of M (E1).

Proof of Theorem 1.2. The translation surface M (E1) defined above is formed by cutting
out four polygons, denoted by R**, R*~, R™", R™~, from the torus and gluing their
opposite sides (see the white polygons in the middle part of Figure 7).

Let us consider corners of a removed polygon RS152. Notice that convex corners (of
P(E1)¢192) give rise to regular points whereas concave corners give rise to singular points
of multiplicity 2. Indeed, each convex corner is a point on M (E) with total angle 2 (the
pink point in Figure 8), whereas each concave corner is a point on M (E1) with total angle
4(3m /2) = 67 (the blue point in Figure 8). In view of equation (6.1), it follows that the
genus g(E, E1) of M(E1) (and equivalently the genus of the level set SI}E),E| ) is the number
of concave corners in P N RE-EV plys 1:

g(E,E) =1+ Y max{0, (k*'*(E1) — k52 (E1)))

s1,62€{£}
=14+ Y #{l <k <k@EI2,599): Vi(x{'?) < E1 < E— Va(51).
s1.62€{£}
Moreover,
gE,EN) <1+ Y (k(EFS,399) — 1)
s1.s2€{H}
— Z k(xS152, §5152) — 3 =: grax
s1.62€{£}

and the equality holds if and only if k°'**(E}) = k(x5152, y5192) and kS'S2(E;) = 1 for
any g1, 52 € {£}. If

breo oo o)
S1.62€{=} ) c1.62€{ :t}( (yk(x§1§2 y§l§2)))

then the polygon P g, is arectangle, so, for all E, close to the end points of the £ -interval,
the genus of M (E1) is 1. Suppose that

E> max Vi(x3! )+ max Vz(yglgz)
S1,62€{x} k(xﬂgz)glgz) S1,62€{%=
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Then, for

Erel :=[ max Vi a6 sa0)), E— max  Va( m)]
a cLoele) o KETIRI) ooty 2]

we have
g(E, E)) = 8max-

In view of Proposition 5.5, the flow ((ptP ’E’El),GR is uniquely ergodic for a.e. E| € Iax-
Notice that in general, the interval of E; values for which g(E, E1) = gmax is larger than
Imax as the maximal genus interval includes cases at which all concave corners of the
polygon P are inside R‘E-E1) yet not all of its extremal boundaries are inside R‘E-£D). [

7. The case when V| and V> are quadratic and 2 is rational
In this section we deal with the remaining case when both potentials Vi and V, are
quadratic with Vi = Q2V,, Q rational and the energy E is not too high, that is, condition
(5.4) does not hold. The rationality of 2 enables the appearance of periodic orbits and
some coexistence of periodic orbits with uniquely ergodic components.

First we focus on the case when the energy is low.

Proof of Proposition 1.6. As I satisfies (1.6), in view of (3.3), R‘E-E1) N P is a rectangle
for every E; € [ so that its width and height are %Tl (E1) and %TZ(E — Ey). Since T
and T, are constants with 7,/ T} = €2 rational, the flow ((plP EEy )reRr 1s isomorphic to the
translation flow in a rational direction on the standard torus R%/Z2, so it is completely
periodic for all £y € 1. O

Proof of Proposition 1.4. Equation (1.4) implies that for every ¢y, ¢» € {£} we have

E < Vi(x'") + Va(yel)  forevery 0 < k < k(xS1€2, 35192),

Hence, for all E| € [0, E], REEDNP is a rectangle (with no intersections of P
boundaries), so as above the motion is periodic. O

Propositions 1.4 and 1.6 describe completely all intervals I € Jg for which the (cp)
scenario can appear (the pure gray regions in the IEMBD figures). We now focus on the
description of all intervals for which the (ue) or (coex) scenario occurs. They are presented
in Theorems 1.7 and 1.8. Unfortunately, Theorem 5.1 is not effective enough to prove these
theorems. Their proofs (presented in §8) need a more subtle version of Theorem 5.1, which
we give in Theorem 7.8 in §7.4. Theorem 7.8 helps to prove the coexistence of periodic
orbits with uniquely ergodic components for intermediate energies. To implement this plan
we must now go deeper into the proof of [8, Theorem 2.16] and into the framework of
translation surfaces.

In the rational case there is no problem with verifying condition (ii_y) in Theorem 5.1.
Verifying condition (i) in Theorem 5.1 is impossible. Indeed, by Remark 5.2, condition (i)
implies the minimality of the billiard flow (every orbit is dense) for almost every parameter
E 1. Because of the existence of a periodic orbit, condition (i) cannot be met.
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Suppose that Q =n/ m for some coprime natural numbers m and n. Then Vi(x) =
2¢2x2/2 and Va(y) = m%c2y?/2 for some ¢ > 0. In view of Lemma 4.5, we have

Ti(Ey) =2n/nc and To(E — E{) = 2w /mc, so

LrEDY =meT and TE—E) =nC® forc=
41 1) =m 3 an 42 1)=n ) or C = .

mnc
Moreover,
V
U1 Ey) = mC arcsin |2 for By > Vi),
1
\%
V. E — Ey) = nC aresin |22 for By < E — Va(y).
—E)
Suppose that
E < min Vi (xk(xgglgz’yglgz)) + mln Va(yi'). (7.D)

s1.62€{%} [PISES

For higher energies, Theorem 1.5 yields the (ue) scenario for the interval [0, E]. In fact,
by Theorem 1.7, for E > min{ming, ¢,e(+) V2(y;'*?), ming, ¢, e} Vi (x,fg?lgz&glgz))}, the
same conclusion occurs in the intervals

_ S152 : S162
I:O, E . I;;lll%i Va(yy )] and [gl ,Iglgleri:t}VI (xk(jfl 2 361 §2))9 E:I,
where at least one of the extremal sides of P intersects R‘E-ED . Therefore, we focus our
attention on / € Jg such that

L §1 52y .
I C ILintimp = (E - o rgllel}i}VZ( mm{i}vl (xk(xé‘l 2,551 §2))) \ Thonimp- (7.2)
So now we consider level sets that do impact some parts of the polygon’s sides but none
of its extremal sides, namely, the width of the polygon Pg g, is %Tl (E1), its height is
%TQ(E — Ey) and Pg g, is not a rectangle. Then the width of M(E) is T1(E;) = 2nmC
and its height is 75 (E — E1) = 2nnC. Let us consider the translation torus

Tpn = R2/2amCZ x 2nnC7Z)

with four marked Weierstrass points (0, 0), (mmC, 0), (0, znC), (rmC, rnC) labeled by
——, +—, —+, ++ respectively; see Figure 7. Then M (E;) can be treated as T, , with
four polygons cut out. In this E; interval at least one removed polygon is non-empty.
Removed polygons (even trivial) are denoted by R™—, RT™~, R™+, R™™" as in Figure 7,
that is, RS152 is associated with the polygon P(E1)¢152. Each removed polygon RS2 has
only vertical and horizontal sides, is vertically and horizontally symmetric and its center
of symmetry coincide with the marked point ¢ ¢»; see Figure 7. Moreover, the opposite
sides of each removed polygon are identified in M (E1).

We equip the translation torus T, , with the quotient taxicab metric d (the sum
of horizontal and vertical distances). Denote by el : Tyyw = Tin the hyperelliptic
involution that fixes each marked point, that is, €™ is the rotation by 7.
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FIGURE 9. Two periodic orbits (red and green) on T, ,, and the corresponding cylinders on M (E1).

Let us consider periodic orbits in direction 7 /4 on T, , passing thorough all four
marked points. There are exactly two such periodic orbits, red and green, each of them
containing two marked points (their pairing depends on the parity of m and n); see Figure 9.
As all marked points are labeled by ++, +—, —+, ——, this gives a partition {red, green}
of {++4, +—, —+, ——} into two two-element subsets, according to this correspondence.
This is exactly the partition defined by (1.9).

For every kS'S2(E1) < k < K1H(E)) let

Dig, (¢ vl D) == sTH(ED) — Y1 ("%, ED) + 1 Ta(E — E)) — (02 E — E1).

Then Dg g, (x;'*, y¢|) is the maximal distance of the four corners of RS2 associated
with (x;'*%, y,ffz) e Ps1s2 N RE-ED from the segment of the orbit in direction /4
passing through the marked point ¢j¢> (the center of RS!S2) in the time interval
(—min{m, n}Cx, min{m, n}Cm). Indeed, for this segment, we can consider the taxicab
metric on R2; then the distance of a point (x1, y1) from the line {(xo + ¢, yo + 1) : t € R}

is equal to
min|xy —xo — ] + [y1 — yo — [ = [x1 —x0 — (1 = yo).

Shifting the center of R152 to ((01/4)T1(E1), (02/4)T>(E — E})) with o1, 0o € {£}, one
of the corners considered is (019 (x;'*?, E1), Uzwz(ykff, E — E1)) and then its distance
from the corresponding orbit segment is

‘(%Tl(El)—Ullﬂl(xiflgz,El))_< DB = En) = o220 F - El))‘

S92 G162
< Dge, (x> i)

and equality is realized when o1 = —o».
By the definition of §¢°/°*" for every colour € {red, green} and E| € I we have

V. (x§l§2) Vz(y§1§2
C5eour (E 1) = max C( m arccos .| —=%—2 + n arccos k1
c162€colour 1 E—E;

kS192(E)<k<k*'2(Ey)
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V G162 V- §1§2)
= max C(m (% — arcsin %) + n(% — arcsin M))

c1ca€colour 1 E — E;
kS192(E1)<k<k*12(E))

= max (GTHED =10, ED) + 3 T(E — E1) =2 (0}, E — E1))

S152€colour
k152 (Ey) <k<k°1°2 (Ey)
S162 G162

= max D g, (™% Y-
S162€colour

k152 (E1)<k<k*1*2(Ey)

Therefore C8°/°“" (E1) measures the maximal distance of points in removed polygons
Reolour . — U o RS2 from the corresponding segments of the colour periodic orbit.
Let us consider two closed cylinders R and G in T, , that consist of points distant from the
red or green periodic orbit by no more than C8™¢(Ey) or C88°"(E1), respectively. Then
R and G are two closed cylinders in direction /4 consisting of periodic orbits passing
through removed polygons whose centers lie on the red or green periodic orbit, respectively.
Denote by d R and dG the boundary of R and G, respectively. Since all removed polygons
are ¢/ -invariant, so the cylinders R and G are also '™ invariant.

Remark 7.1. Note that the distance between red and green periodic orbits is 7 C. Recall
that M(E1) = T, \ (R&" U R"*?), where the opposite sides of removed polygons are
identified. We consider two cases.

Case 1. If C8™4(E ) + C8%*"(E|) < nC, thatis, E; € J € Uy, then Ty, \ (RU G)
is non-empty and consists of two open cylinders in direction /4, yellow and white on
Figure 9. Since yellow and white cylinders do not meet the removed polygons, they
correspond to periodic cylinders Y and W on the translation surface M (E;). Moreover,
the flow (w,” / 4)teR on M(E;) has two more invariant sets, R\R™¢ and G\R&"®",
which are traces of the corresponding cylinders from T, ,. The sets R\R™?, G\R&"**"
M (E) are translation surfaces with boundary and we will analyze them later. Notice
that all (1//,” / 4),ER—orbits on R\R™ and G\R&*" meet the boundary of R*? and
R%" and both 9(R\R™9), 3(G\R&*") consist of saddle connections for (1//? / 4),G]R
on M(E1).

Case 2. If C(S”‘I(El) + C88¢“"(E|) > nC, thatis, E; € J € L{}", then R U G fills the
whole torus T, ,. Therefore all (w,” / 4)te]R-orbits on M(E1) meet the boundary of either
R’ or R&™*¢" or both.

7.1. Periodic cylinders (case 1). We first note some non-degeneracy properties. Recall
that each removed set, R°*" is composed of two removed polygons RS'2, ¢j¢y €
colour, which are associated with the PS1S2(E), ¢ ¢» € colour. We first note that saddle
connections between different corners of one removed polygon RS1¢2 rarely occur. We
then note that only when there is a degeneracy between the polygons PS!'2 can it happen
that saddle connections between the two different removed polygons persist for all E1 € I.
Finally, we note that only rarely do the periodic cylinders degenerate to a line.

https://doi.org/10.1017/etds.2021.106 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.106

226 K. Frqczek and V. Rom-Kedar

LEMMA 7.2. Let colour € {red,green}.
(1) Forevery ¢g162 € colour and for all but countably many Ey € I we have
Cacolour(El) — DE,EI (xk§1§2’ y,f_l‘_s'lZ)
for at most one 1 < k < k(x5152, yS192),

(@) If s162. |6} are different elements of a colour and

1S S1%
CSCUIOW(El) — DE,E] (xk§1§2, ylf_lff) — DE,E] (xl 152 yl-ll—lz) (7.3)

ci162 6162 5192 S19
Jor uncountably many E € 1, then (x; >, y; 7)) = (x; 7%, y/ 1.

(3) Moreover,
8" U(E) + 85" (E\) # 7

for all but countably many E1 € (0, E).

In addition, all three properties are met on an open set.
Proof. (1) Suppose, contrary to our claim, that there exist k 7 [ such that
Di g, (', yei0) = Deg, (572, yii )
holds for uncountably many E. Then
V1" ED 4+ Yo (vl E— ED = 1" ED + (7 E — Ey)

for uncountably many E, which contradicts Proposition 4.3.
(2) Suppose that (7.3) holds for uncountably many E;. Then, similarly,

51 515
Y1 ("2, Er) + Iﬂz(ykgff, E—E\) =y1(x"% ED) +¥2( y % E = E)

Y
for uncountably many Ej. By Proposition 4.3, it follows that x/'*> = x;'*> and Yist =
5165
Vg1

(3) Now suppose, contrary to our claim, that for uncountably many E,

g/g/ g/ /
C8" U (E1) + C8"(E)) = D, (6", YiiT) + Dy (52, 31 = C

for some 162 € red, ¢{¢} € green, 1 <k < k(x'¢2, 3519?) and 1 < < k(%5152 §51%2).
Then, since ;71 = mC(7/2), $T» = nC(7/2), we have

VI B + 908 E — E) + ("2, ED) + v (L 2L E — Ey)
m+n—1
=Cnm+n—-1)= ————T1(E1)
2m
holds on an uncountable subset. This again contradicts Proposition 4.3.
Finally, the complement of the set of Es for which all three properties hold is a closed

set—the set of zeros for finitely many continuous maps. O

By Lemma 7.2, for every E > 0 satisfying (7.1) and for every I € Jg satisfying (7.2),
there are two families Z/{;r and U, of open subintervals of I such that:

e forevery E; € UJEU,* J U Ujeu,’ J C [ all conclusions of Lemma 7.2 hold;
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o §(E))+8%"(E)) > mforall E; € Jif J € Z/{I+;
o §™(Ej)+88"(E)) < forall E; € J if J € U].

Notice that by Lemma 7.2, | J, ur Jul, Uy J C I has at most countable complement

in 1. The following result fully describes the dynamics of the flow (/" /4)1€R on M(E;)
for a.e. E1 € I. This gives full information about the dynamics of the flow (gz),P £Er )teR
on SEEI forae. E| € 1.

THEOREM 7.3. If J € U}' then the flow (l/ftn/4),€R on M(E) is uniquely ergodic for a.e.
Ei € J.IfJ € Uy then the flows (¥]"*)ier on (R \ R\ 8(R \ R™) C M(E)) and on
(G \ R&*Y)\ 3(G \ R8*“") are uniquely ergodic for a.e. E1 € J and are periodic on the
complement of these sets with motion that does not impact the polygon P.

Since the flow (lp,”/4)t€R on M(E1) is isomorphic to the flow (go,P’E’E’),ER on SE,EI,
Theorem 1.8 is a direct consequence of Theorem 7.3. To prove this result we need a
more subtle version of [8, Theorem 2.16] applied to (1/;,” / 4),ER on some completions
R(E}) of (R\R")\ 3(R\R™®) c M(E) and G(E;) of (G \ R&¢")\ 3(G \ R&"*")
as described below. We formulate a slightly more general construction in §§7.2-7.4 and
then return to the proof of Theorem 7.3 in §8.

7.2. Construction of completion for J € U;. Suppose that E| € J for some J € U}, so
8"d(E) + 88"¢"(E,) < 7. From now on we proceed only with the set (R \ R\ 3(R \
R’*?), but the following construction of completion obviously works with (G \ R&¢¢") \
0(G \ R¥"*"). Property (1) of Lemma 7.2 implies that for E; € J € U, the boundary of
the two removed polygons has one or two intersection points with 3(R \ R"?) in M (E/).

We assume first that there is only one intersection, then we show that for two
intersections the construction of completion is almost the same. Denote by r € M (E1)
the single intersection point (the green point in the left-hand part of Figure 10). The total
angle around r in R \ R™? is 47r. Recall that R \ R is a translation surface with the
boundary and its boundary consists of two saddle connection starting and ending at the
point r. Both saddle connections have the same direction 7 /4 and the same length. In
the completion R(E1) we separate the beginning from the end of the saddle connections,
their beginning we denote by r, (the blue point in the right-hand part of Figure 10) and
their end by r, (the green point in the right-hand part of Figure 10), and then we glue the
intervals thus obtained (the dashed lines in the right-hand part of Figure 10), creating a
kind of cylinder where its lower boundary is connected to the upper boundary through the
inner green and inner blue corners. The resulting object R(E1) is a compact translation
surface such that the total angle around r; and r, is 27, so they became regular points; see
Figure 11.

If (R \ R™?) has two intersection points, 1, r» € M(E) with the removed polygons
(the green and the yellow point in the left-hand part of Figure 12), by property (1) of
Lemma 7.2, each one of them must belong to a distinct removed polygon. By property
(2) of Lemma 7.2, the two points are symmetric (they have the same critical energies
(V1(xr), Va(¥k+1))). Thus, on the surface, they correspond to corners of the two removed
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FIGURE 10. The subset R \ dR of M (E) and its completion R(Ey).

200

FIGURE 11. This figure shows the construction of R(E1) around removed polygons. In particular, it indicates the
rules for gluing segments with the same labeling. The rightmost part of the figure shows the resulting surface
after gluing the segments labeled with capital letters.

polygons that are at identical horizontal and vertical distances from the removed polygon
center. Hence, r, is exactly at the middle point of the line connecting r; to itself (r; =
Iﬂ:;{;é”rl, and similarly r| = w;{zt‘n r2). We carry out the separation procedure for both
intersection points 7| and ;. Since all four saddle connection creating d(R \ R"*?) have
the same length (dotted and dashed lines in Figure 12), we can finalize gluing the pairs of
relevant intervals on the boundary. In this way we get rid of two singular points by creating
four regular points (the green, blue, yellow and magenta points in the right-hand part of

Figure 12).

Remark 7.4. Every (wtn / 4),ER orbit on R(E1) hits the boundary of a removed polygon.

7.3. Partitions of translation surfaces into polygons. In this section we recall some basic
concepts introduced in [8] and modify them so that the completion surface, which has
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FIGURE 12. The subset R \ R of M(E) and its completion R(E}) in the case of two intersection points.

natural partition into polygons with vertical and distinguished sides, can be treated with
these tools. We begin with the definition of a proper partition. An example of such a
partition, after rotation by /4, is shown in the right-hand part of Figure 9. The sets
R\ R and G \ R&*" are naturally partitioned by vertical and horizontal separating
segments. They yield proper partitions of the rotated (by 7 /4) surfaces R(E;) and G(E}).
More details are presented at the beginning of §7.4.

Definition 7.1. Let (M, ) be a compact translation surface with singular points at X.
A finite partition P = {P, : « € A} of M is called a proper partition if the following
assertions hold.
(i) Every Py, a € Ais closed connected subset of M and | J,c 4 Po = M.
(i) Forevery o € A there exists a chart ¢y : U, — C in w such that:
(a) the interior of P, is a subset of U,;
(b) ¢y (Int Py) is the interior of a compact connected polygon P, CC;

©) ¢y L Int ﬁa — Int P, has a continuous extension ¢, L. ﬁa — P,.

Then P, is called a polygon and the ¢, 1—image of any side/corner in Py is called

a side/corner of P,; in particular, a side s of P, is called vertical if (¢ 1)_l(s) is
vertical.

(i) ¢y L. ﬁa \ {vertical sides} — P, \ {vertical sides} is a homeomorphism, its inverse
we denote by ¢, : Py \ {vertical sides} — Fa \ {vertical sides}.

(iv) If Py N Pg # (¥ then it is the union of common sides and corners of the polygons
Py, Pg.

(v) Ifo € P, N X then o is a corner of P,.
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(vi) If a common side of the polygons P,, Pg is vertical then its ends are regular points
in (M, w).

Notice that we modify the corresponding definition in [8] to allow polygons with vertical
boundaries. Non-vertical sides always connect different tiles, whereas vertical sides can
glue within a single tile or with other tiles having vertical boundaries. When vertical
sides of a single polygon are glued, this polygon becomes cylindrical under the completion

procedure, so the function &5 !'is not one to one on this polygon vertical boundary, thus
in condition (iii) the vertical boundaries are excluded. This condition is needed since in
some cases vertical boundaries of the same polygon are glued together (see Figure 11).
Conditions (v) and (vi) are imposed for convenience so that the singularities in P, do not
belong to glued vertical boundaries.

Definition 7.2. (Cf. [8]) Given a proper partition P = {P, : &« € A} of the translation

surface (M, w), let:

o D = D(w, P) be the set of all non-vertical sides in P;

e B = B(w, P) be the set of pairs (o, ) € X x A for which ¢ € Pg and there exists a
vertical (upward) orbit segment in Pg which begins in ;

e E = E(w, P) be the set of pairs (0, ) € ¥ x A for which o € P, and there exists a
vertical (upward) orbit segment in P, which ends in o.

The sets D, B, E code some topological properties of the partition.

e Letsys € D be acommon side of P, and Pg and suppose that every vertical (upward)
orbit through the side sqg passes from P, to Pg. Then the displacement D, (sop) :=
Ca(x) — Z’ﬂ (x) does not depend on the choice of x € sqp.

For every (o, B) € Blet B, (o, B) = —¢5(0).
For every (o, a) € E let €, (0, a) = ,(0).

Notice that the corners arising from the regularized points of the completion surface are
not in B or E.

Definition 7.3. Let {(M, wg,)}E, s be a family of translation surfaces. We call J 5 E| —

((M, wg,), P(E1)) a C*-curve of translation surfaces equipped with proper partition if

there is a finite open cover (Uy)qea of M \ X such that:

o P(Ey) ={Py(E1) : a € A} is a proper partition of (M, wg,) into polygons for every
E| e J;

e Int Py(E;) C Uy foreverya € Aand E; € J;
for every o € A the polygons 130( (E1), E1 € J are diffeomorphic and the coordinates
of their sides/corners vary C°°-smoothly with E| € J;

o if J3 E| > 548(E1) C Py(E1) N Pg(E7) is a C*-curve of common sides and
sap (E1p) is vertical for some Ejg € J, then sqo5(E7) is vertical for all E1 € J.

For every C*®-curve J: E1 € J — ((M, wg,), P(E1)) the topological data of the

partitions, in particular the sets D(wg,, P(E1)), B(wg,, P(E1)), E(wg,, P(E1)), do not
depend on E| € J. Therefore, we write D, B and E for short, for all £ € J.
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Let us distinguish a non-empty subset of sides D* C D. They correspond to sides with
impacts. We will deal with four finite families in C*°(J, C):

7 = D, (Sap) : Sap €D}, T 1= Doy (Sap) : Sap € D™},
B = {%wE] (o,a):(c,a) e B}, &:= {QEwE] (0,a):(0,a) e E}.

Recall that for any pair f, g € C'(J) their bracket is defined by [f, ¢g] = f'g — fg'.

THEOREM 7.5. Suppose that J:J 3 E1 — (M, wg,), P(E1)) is a C*™-curve of trans-

lation surfaces equipped with proper partition and that there exists a distinguished set D*

such that:

(%) forevery E € J every vertical orbit in (M, wg,) hits at least one side in D*.

Let £ : J — R be a C*°-map. Suppose that (J, D*, £) satisfy the following assumptions.

(i) Consider any sequence (np)peq in Zsq such that ny > 0 for some h € Z*. Assume

that for any f € %, g € & such that the map f + g + Y c nnh is non-zero, we
have

Re f(E;) +Re g(E1) + Z nyRe h(E1) £0 forae. Ej € J.
he2

(iiy) [Reh,L](E1) =0forallh € Yand E| € J with

Z[Re h,21(E1) >0 forae. E1 € J, or
he?

(ii-) [Reh,L](E1) <O0forallh € Yand E| € J with

D [Reh, LI(E)) <0 forae Ej €.
he9

Then the vertical flow (W}');cr on (M, wg,) is uniquely ergodic for a.e. E| € J.

Proof. Note that Theorem 7.5 is a more general version of [8, Theorem 2.16] and their

proofs are similar, as explained next. The difference between them is that [8, Theorem

2.16] prohibits the existence of vertical sides in P(E;) and assumes that D* = D, that is,

all sides are distinguished. Then the assumption (x) about hitting the sides is obviously

fulfilled.
The proof of [8, Theorem 2.16] consists of two parts:

(I) showing that condition (i) (together with the two restrictions listed above) implies
the absence of vertical saddle connections in (M, wg,) fora.e. Ey € J;

(II) showing that assumption (ii+) implies that the corresponding piecewise constant
function defined by Minsky and Weiss [14], Lg, : I — R, for the return map to
any horizontal section, takes non-negative/non-positive values with at least one
positive/negative value (cf. [8, Theorem 2.4], a copy of [14, Theorem 6.2]) for a.e.
EieJ.

In view of [8, Corollary 2.8] (a direct consequence of [14, Theorem 6.2]), both properties

(the absence of saddle connections and some positivity/negativity of Lg, ) give the unique

ergodicity of (¥/);cr on (M, wg,) forae. Ey € J.
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We follow the same lines. As the current part (II) of the proof does not differ from the
corresponding part in the proof of [8, Theorem 2.16], we focus only on showing that the
current assumption (i) implies the absence of vertical saddle connections.

If y is a vertical saddle connection in (M, wg,) then

(WE,, V) =f wE, =1iTy,
12

where 7, > 0 is the length of y. Indeed, wg, is the holomorphic 1-form (Abelian
differential) on (M, wg,) which is given by dz in the local coordinates on M \ X. By
[8, Theorem 2.12], if y is a piecewise linear curve with ends at X, avoids vertical sides and
corners of P(E1), and passes upward through the non-vertical sides of P(E), then

(@E. ¥) = fy (ED) + 8y (ED) + Y Nypyhiy (ED),
SalgeD

with:
o f (ED= %wEl (04, @), where 0. € ¥ N Py (E1) is the beginning of y, so f,, € %;
o g, (E)= GwEl (0—, B), where o_ € ¥ N Pg(Ey)istheendof y,so g, € &
e for every hsaﬂ € 9 of the form hsa,s (Ey) = @wEl (sop) for some sq5 € D, Nsupy is the
crossing number, that is, the number of hits of the side s, by the curve y.

Clearly, if y’, y” are homologous in H| (M, X, Z), then (wg,, ¥') = (wEg,, ¥”).

For any vertical saddle connection that avoids vertical sides and corners of P(E;), we
obtain immediately that

ity = (g, ¥) = fy(ED) + gy (ED) + Y Nyypyhss(E). (7.4)
Sap €D

Moreover, by assumption (x), such a connection always crosses one distinguished side,
sqp € D*, at least once, so the crossing number is positive, Nsopy > 0.

We show that a similar formula holds even when the saddle connection y runs along
vertical sides or meets some corner points of P(E;). For such connections, the crossing
numbers through vertical sides and corners are ill defined, yet, as we show next, small
deformations of y provide the same value for the saddle connection length. Indeed, by
assumption (vi) of Definition 1, we can find a piecewise linear curve ¥’ homologous with
y (in H(M, ¥, Z)) such that " does not meet any vertical side or corner of P(E}), y’
passes upward though the non-vertical sides of P(E1), and y’ is very close to y. Then, for
any such y’ we have

ity = (g, y) = (e, ¥) = fy(E) + gy (ED+ Y Nyyphsy, (B (1.5)
Sap €D

Again, by assumption (), there exists at least one side s € D* such that y crosses this
side. Hence, since y’ is close enough to y, Nsypy' > 0.

Summarizing, in view of (7.4) and (7.5), for any vertical saddle connection in (M, wg,)
there exist f € %, g € &and a sequence (nj),e g in Zs( such that n, > 0 for some h € F*
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and

it, = f(E\) +g(E\) + Y _ nyh(E)). (7.6)
he2

Hence, if a vertical saddle connection exists at E1, by assumption (i), we have

Re f(E}) +Re g(E{) + Y ny Re h(E}) #0 forae. Ej € J.
he?

On the other hand, by (7.6), we have

0=Re f(E;)+Re g(E)) + Z ny Re h(E}).
he2

This gives the absence of vertical saddle connections for a.e. E1 € J, which completes the
proof. O

The above theorem proves unique ergodicity for almost all E| once the triplet (7, D*, £)
satisfying assumptions (%), (i), (ii) is found.

7.4. Construction of the (J, D*, £) triplet for resonant staircase dynamics. We construct
a proper partition to the (1/ff/4),eR flow on M(El), where M(El) is either M (E;) for
J e L{f or on the completions R(E;) and G(E) for J € uy .

The set of distinguished sides, D*, is naturally defined by the sides of the removed
polygons R¢?/%*" - Assumption (x) follows from the division of the Ej interval into the
segments J € Z/{f and the completion construction. The function £ is taken to be constant
as in previous sections. The main challenge is to compute the functional form of J. We
first construct a tiling and show that it induces specific computable rules that satisfy
assumptions (i) and (ii).

Recall that M(E;) is composed of 16 tiles, each of which corresponds to a staircase
polygon P(E1)5152 = P(01X5'2(E}), 02y%'S2(E))); see Figure 7. For J € Z/{}L these tiles
will be used as the proper partition of M (E1). The translation surfaces R(E;) and G(E;)
have natural partition which arises as the intersection of tiles of M (E;) with the strip
R\ R (or G \ R¥*") (see Figure 9). To calculate J, we divide these tiles into those
having distinguished sides, called distinguished, and those not having distinguished sides,
called non-distinguished. To ease notation, we omit the dependence on ¢1, ¢» and on E|
when they are inessential.

More precisely, we define these tiles so that they satisfy the following properties of basic
polygons.

Definition 7.4. The class of basic polygons, denoted by B P, consists of polygons of the

form P (01X, 027) N B, where B C R? is a strip or a half-strip in direction 7 /4. For any

staircase polygon P (01X, 02y) its distinguished sides are all sides of concave corners

(having one end of the form (o1x;, 0o y;4+1) for 1 <1 < k(x, y); see the green dashed sides

in Figure 13). We deal with three types of basic polygons:

e basic polygons containing distinguished sides called distinguished (we denote the set
of such polygons by B P*);
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FIGURE 13. New basic polygons.

%

FIGURE 14. Breaking procedure.

e theset BP \ BP* containing only basic polygons, for which B is a strip disjoint from
all distinguished sides (see the lower part of Figure 13);

e the set SBP* C BP* containing distinguished basic polygons for which B is a

half-strip.

Additionally, basic polygons satisfy the following properties.

(1) The sides in direction /4 of basic polygons in BP* \ SBP* are disjoint from the
distinguished chain; see the upper right part of Figure 13.

(2) To describe the elements of SBP*, let us consider a distinguished basic polygons
with a side in direction 7 /4 that touches the distinguished chain in a single concave
corner (without crossing the chain); see the upper left part of Figure 13. Then
the distinguished basic polygon is split into two smaller polygons so that each of
them is connected when the touch point is removed. Namely, if P(ox, —0cy) N B €
B P* and the boundary of B intersect P(cX, —oy) at a corner (ox;, —oy;4+1) (see
Figure 14), this corner point breaks the basic polygon P(oXx, —oy) N B into two
smaller distinguished basic polygons in SBP* C B P* as in Figure 14. Each of these
smaller polygons is of the form P (o, —o'y) N BT, where B* is a half-strip.
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(3) The s sides in direction 7 /4 may have additional artificial corners (black dots in Figure
13) that split such sides into smaller sides.
On every basic polygon P (01X, 02y) N B (B is a strip or half-strip) we deal always
with local coordinates inherited from local coordinates on P (01X, 02y). We call x5 the
formal width of the basic polygon P (01X, 02y) N B and y; its formal height.

Notice that by properties (1) and (2) the sides in direction /4 do not cross the
distinguished chain. By item (1) of Lemma 7.2 the above constructed tiles of the surfaces
R(E1) and G (E1) satisfy this property and the above definition so they are basic polygons.

We will deal with a family S of compact translation surfaces equipped with partitions
into basic polygons described above.

Definition 7.5. We say that (M, w), P) belongs to S if the following statements hold:
(1) (M, w) is a compact translation surface.

(ii) P = (Py)aca is partition of M such that the rotated partition e!™/4P is a proper
partition of the rotated translation surface (M, e/ 4a)) in the sense of Definition 1
(with e/™/4 P, tiles);

(iii) For every « € A the corresponding polygon P, € BP. Denote by A* C A the
set of a € A such that P, € BP*. The polygons P, € P for a € A* are called
distinguished.

(iv)  The set A* (or equivalently, the subset of distinguished polygons in the partition
‘P) is divided into 4-tuples or 6-tuples as follows:

o if P P, P, P,__ form a 4-tuple, then there exists (x,y) € E

[o mmAE} Ol+ ] ot
such that Paa o = = P(01x, 02y) N By, 5, € BP*, where B, 4, is a strip for
o1, 00 € {£};
o if Py, ., P, o P -, P, o Pa;, P, __ form a 6-tuple, then there exists

(x,y) e B such that Pa = P(ox,o0y)N Bg - € BP*, where B, is a strip
for o € {£}, and P s = = P(ox,—0oy)N B - € SBP*, where Bg,_g is a
half-strip for ¢, 0 € {j:} and the SB P* polygons P + P -, arise from a
polygon P(ox, —0y) N By _» € BP* in the breakmg procedure described in
item (2) of Definition 4, that is, the strip B, splits into two half-strips BU 0
and B, _ . For convenience (see (v)) we denote Py, _, := Pa+ UP, oy for
o € {4}, yet, note that this is a slight abuse of notation as in thls case o4_ and
a—4+ do not belong to A.
(v) The distinguished vertical sides of Py, (respectively, Py, ) are glued with the
corresponding sides of P,_, (respectively, P,__) and the distinguished horizontal
sides of Py, (respectively, P,_, ) are glued W1th the corresponding sides of Py, _
(respectively, P,__).
(vi)  All singular points in (M, w) come only from the concave corners of polygons in
the partition P (by definition, such polygons have to belong to B P*).
(vii) The formal widths of all basic polygons in P are identical, henceforth denoted by
w > 0. Similarly, their formal heights are identical and denoted by & > 0.
(viii) Note that for every vertical/horizontal common side sy of P, and Pg such
that every orbit through the side sog in direction /4 passes from P, to Pg,
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the displacement (of local coordinates) for sug is given by the difference of the
local charts D, (sqg) = Ea(x) — Eﬁ(x) for any x € sqp (by the flat translation
structure it does not depend on the choice of x € s45). We assume that if sug is
a non-distinguished vertical side in P then D, (sog) is 0 or 2w, and if sug is a
non-distinguished horizontal side in P then D, (sqg) is 0 or 2hi.

Remark 7.6. Notice that, in view of condition (v), if s, is a distinguished vertical side in P
(50 sop comes from a distinguished side of P (01X, 02y) N B € BP™) then D, (sap) = 2x;
for some 1 </ < k(x, y). Similarly, if syg is a distinguished horizontal side in P then
Dy (sep) = 2yji for some 1 < [ < k(x, y).

With the above remark, we see that the form of ®,, for all vertical and horizontal sides
in P is fully defined by items (v) and (viii). Next we examine the form of B, and €,,.

Suppose that o € Pg is a singularity in (M, w) and o is the beginning of an orbit
segment in direction 7 /4 contained in Pg. By (vi), ﬁﬂ = P(01X, 02y) N Bs,6, € BP*
and Eﬂ (o) = o1x1 +ioay;41 for some 1 <[ < k(x,y). However, the point x; +iy;+1 €
P(x,y) N B4y cannot be the starting point of any orbit segment in direction 7 /4 in the
polygon P(x,y) N Bo,. It follow that at least one o or 07 is —, so B, which consists of
the values —Eﬁ(o), is of the form x; + iy;4+1, X1 — iVi41, —X1 +iVi+1-

A similar argument shows thatif o € Py is a singularity in (M, w) and o is the end of an
orbit segment in direction 77 /4 contained in Py, then Fa = P(01%, 02y) N Bg,6, € BP*,
Ea(a) = 01x; + i02y141 for some 1 <[ < k(x,y) and at least one o or o7 is +, so &,
which consists of the values Ea (0), is of the form x; + iy;41, X1 — iyi+1, —X1 + iYi41.

Next we examine how the numerical data appear in the rotated partition. Suppose that
((M, w), P) € S and let us consider the rotated surface (M, e™'/*w). The flow (I/I;T / 4)16R
on (M, w) is equivalent to the vertical flow on (M, €™ i/4%) and the rotated partition
e"/AP = (e"/*P,)yc 4 (that is, all local coordinated are rotated by 7/4) is a proper
partition of (M, e™/*w) into polygons in the sense of Definition 1. Denote by D* =
D*(e™/*w, e™!/4P) the set of sides coming from distinguished sides in the partition P
of (M, w).

Remark 7.7. In view Definition 7.5 and Remark 7.6, we have:
e if 544 is a vertical/horizontal non-distinguished side in e"/4P then

0 or
D xifag,(Sap) = 74w = 2w +iw) or
e"i/42hi = 2(—h +ih);

e if syp is a distinguished side in ¢”'/4P then

e/, = 2(xk + ixg) or
e /42y1i = N2(=y +iyr)

forsome | <k <k(x,y)orl <!l <k(x,y);
o if (o, e”i/4Pﬂ) € B(e™/*w, e™/*P) then

D rithy,(Sap) = {
B risay, (0, e”i/4Pﬁ) = —e”i/4§_‘,3(o)
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A+ i) = Y20 — yip1) + i+ yig) or
=1 e — iy = L+ yip1) +iGa — yig)) or
M (—x + iyie1) = L2 ((=x1 = yie1) + i (=x1 + Y1)
forsome 1 <1 < k(x, y);
o if (0, e™/*P,y) € E(e"/*w, e™/*P) then
Cornifiey (0, € Py) = 17y (o)

MGy 4 iyign) = (0 — yip1) + i+ yien) or
e —iyig1) = ‘/75(()61 + yi+1) +i(x; — yi+1)) or
M (—xp A+ iyie1) = L2 ((=x1 = yie1) + i (=% + Y1)

for some 1 </ < k(x, y).

Definition 7.6. A curve J: E1 € J — (M, wg,), P(E1)) € S, where S is defined by
Definition 5, is called a C®-curve in S if the rotated curve E; — (M, e”i/4w51,
e"/4P(Ey)) is a C®-curve of translation surfaces equipped with proper partitions in the
sense of Definition 3.

We next show that each such curve 7 determines two sets of functions 2 and %
which help to verify the assumptions of Theorem 7.5. By assumption, the topological
data of J(E;) do not change for E| € J, so, for every o € A we have P,(E)) =
P(o'x*(E1), 05’ y*(E1)) N B¥(E1), where k% := k(x*(E1), y*(E1)) does not depend on
E1 € J and the map

J 3 Ei > (R%(E1), *(E1)) € RY, x RY
is of class C*°. Moreover, there are two C*°-maps w, i : J — R.¢ such that
Y (E1) =h(E)) and xp(Ey) =w(E;) forall Ey e Janda € A.
Let us consider two finite families of real C° maps on J:
E={x1acAl<l<k¥, ¥={f:acAl<l<k%.

THEOREM 7.8. Let J 5 E| — ((M, wg,), P(E1)) € Sbe a C*®-curve in S so that:

(%) forevery Ey € J every (Iﬂf/4),€R-0rbit on (M, wg,) hits some distinguished side of
the partition P(E1).

Suppose that:

(i)  for any choice of integer numbers nx for x € Z and my for'y € % such that not
all of them are zero and any n,, my, € 7Z, we have

> nx(EN+ Y myy(E) #0 forae E) € J;
xe ZU{w} ye@Uih}

(iiy—) for every Ey € J we have X' (E1) > 0 forallx € 2, y(E1) <O forally € %
w'(E1) >0and h'(Ey) <0; or

(ii_y) for every E1 € J we have X' (E1) <0 forallx e 2, y(E1) >0 forally € %,
w/'(E1) <0and h'(E)) > 0.

Then for a.e. E1 € J the flow (1//17[/4%61[{ on (M, wg,) is uniquely ergodic.
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Proof. We apply Theorem 7.5 to the curve E| — (M, e”i/4a)E]), e"/*P(Ey)) of trans-
lation surfaces equipped with partitions into polygons and to the reference function
¢ = 1. Denote by D* the set of rotated distinguished sides coming from distinguished
basic polygons in P(E1). By assumption (x), for every E; € J every vertical orbit in
(M, e”i/4coEI) hits at least one side in D*, and condition (%) in Theorem 7.5 is verified.

In view of Remark 7.7 we have:
e every map in & and &'is of the form

g(x—y—i—i(x—l—y)) or */Ti(x+y+i(x—y)) or @(—x—y—i—i(—x—l—y))

(1.7)
for some x € Z'andy € %
e every map in Z* is of the form
V2(x+ix) or ~2(—y+iy) (7.8)
for somex € Z'ory € %,
e every mapin 2\ Z* is of the form
0 or \/E(w +iw) or ﬁ(—h +ih). (7.9)
We now verify condition (i) in Theorem 7.5 for the curve E;|+— ((M, e”i/4a)El),

e™/*P(E1)). Suppose, contrary to our claim, that there are f € %, g € &and a sequence
(nh)peg in Zso such that nj, > 0 for some h € Z* and

Re f +Re g + Z np Reh =0 onasubset of J of positive measure.
he?

In view of (7.7)- (7.9), we have

aleB — UszB —i—olExE — ozEyE + Z 2ngX — Z 2myy + 2nyw — 2mph =0
xeZ ye¥

on a subset of positive measure with:

o 1y € Zxo for x € Z’U {w} and my € Zx( for y € ZU {h} such that at least one ny,
X € Zormy,y € ¥is positive;

e Xxp,xpe€ Zandyp,yr € ¥,

o (0B, 0f), (o, 0f)e{d, D, 1, -1, (-1, D}

If follows that

dong+Y my>0, of+0f >0 and of +0f >0. (7.10)
xeZ ye¥
Moreover,
D x = Y diyy + 2nyw — 2myh = 0 (7.11)
xeZ ye¥

on a subset of positive measure, where

~ B E ~ B E
ny =2ny + 0y dxxz + 01 Oxxp, My =2my+ 0y dyyp + 0y Syyg.
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Notice that at least one 7ix for x € 2 or my fory € % is non-zero. Indeed, by the definition
of 71y and 71y and using (7.10), we have

Yodix+ Y diy= Y 2nx+» 2my+of 07 +of +of >0.
xe 2 ye¥ xe 2 ye¥

Hence, we have (7.11) on a subset of positive measure with at least one 7y, X € 2 or rﬁy,
y € % is positive. This contradicts assumption (i) of the theorem. It follows that condition
(i) in Theorem 7.5 holds for the curve E1 > (M, e™/*wg,), e /4P(E})).

We now show that the assumption (ii4_) of the theorem implies that condition (ii+) in
Theorem 7.5 holds for the curve Eq — (M, e”i/4wE] ), €"/*P(E))). In view of (7.8) and
(7.9), every h € & is of the form

0 or x/i(x—i-ix) or x/i(—y—i—iy) or x/z(w—i-iw) or x/i(—h—i—ih)

for some x € Z'ory € #. It follows that

0 or
V2X'(Ey) or

[Re h, €)(E1) = 7= Re h(Ey) = | —v/2y'(E)) o (7.12)
V2w'(Ey)  or

—21'(Ey).

In view of assumption (ii4_), we have [Re &, £](E;) > 0 for all h € P and E| € J and
[Re h, £](Ey) > Oforall h € Z* and E| € J, which gives condition (i) in Theorem 7.5.
The proof that the assumption (ii—4) of the theorem implies condition (ii_) in
Theorem 7.5 also follows directly from (7.12).
We finish the proof by applying Theorem 7.5 to E| > (M, e™/*wg,), e"/*P(Ey)).
This yields the unique ergodicity for the flow (y/);cr on (M, e”i/4w51) forae. E; € J.
Thus, the flow (1#,71/4)@& on (M, wg,) is uniquely ergodic for a.e. Ey € J. O

8. The proof of Theorems 7.3, 1.8, 1.7 and 1.5

Proof of Theorem 7.3. Assume that J € Z/{f . Then we use the natural partition P(E1)

of the translation surface M (E1) into 16 staircase polygons { P (E 1)5}% 161, §2,01,07 €

{£}}, shown in Figure 7, for every E; € J. It follows that the corresponding curve 7 has

the following properties:

e P(E)) is a partition into basic polygons, see Figure 7;

e every element of P(E1) is a staircase polygon, that is, has no sides in direction 7 /4;

e the width of every polygon in P(E) is %Tl (E1) and its height is ‘—1‘T2(E — Ey);

e  at least one removed polygon in M (E1) is non-trivial (J C I C fintimp);

e every (wt” / 4)tER-Orbit on M(E1) hits the boundary of some removed polygon (see
Remark 7.1).

Denote by D* all sides in P(E) which are part of the boundary of removed polygons. By

Remark 3.1, Jisa C®-curvein S, J > E| +— (M(E), P(E1)) € S, where

=, E):xeX), Z={yn(y,E-E):yecly}
w(E)) = ;Ti(E)) and h(Ey) = {T>(E — Ey).
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As for every E| € J every (1/f,” / 4)te]R—orbit on M(E;) hits some side in D*, condition
(%) of Theorem 7.8 is satisfied. Condition (i) in Theorem 7.8 follows directly from
Proposition 4.3 and condition (i—4) in Theorem 7.8 follows directly from Lemma 4.4 and
the fact that both 77 and 7, are constant. This gives the unique ergodicity of the flow
(wf“),e]g on M(E) fora.e. Ey € J.

Assume next that J € U . Without loss of generality we deal only with (I/I;T / 4)ZE]R
restricted to (R \ R"¢) \ 8(R \ R™). The same arguments apply to the set (G \ R&¢¢") \
3(G \ R¥%"). We will prove the unique ergodicity of (1/ft”/4)teR on R(E;) for ae. E| €
J, which implies the unique ergodicity on (R \ R™)\ (R \ R"*). For every E| € J
let Pr(E;) be a partition of R(E|) such that each polygon in Pg(E;) is a connected
component of the intersection of a polygon from P(E1) (the partition of M (E;) used in
the first part of the proof) and R(E1) (see Figures 9—11). Then
e every polygon in Pr(E}) is a basic polygon (see Figures 9 and 11);

e the ends of every side in direction 7z /4 are regular points in R(E) (see the construction
of R(E;) in §7.2);

e the formal width of every basic polygon in Pr(E;) is %Tl (E1) and its formal height
is 1o (E — Ey);

e the set D* of distinguished sides is non-empty;

e every (1//171/4)IGR-orbit on R(E1) hits D* (see Remark 7.4).

Therefore, J 3 E; — (R(E;), Pr(E})) € Sisa C®-curve in S such that

ZC{yix, E1):xe X}, #C{yy2(y,E—E1):yely},
w(E)) = +T1(E)) and h(E)) = 1T(E — Ey).

and at least one set .2 or % is non-empty. As for every E| € J every (Y, / 4),E]R-orbit
on R(Ejp) hits D*, condition (%) of Theorem 7.8 is satisfied by the curve Ej >
(R(E1), Pgr(E1)). Condition (i) in Theorem 7.8 follows directly from Proposition 4.3 and
condition (i—4) in Theorem 7.8 follows directly from Lemma 4.4 and the fact that both T
and T3 are constant. This gives the unique ergodicity of the flow (1/ft” / 4)teR on ﬁ(E 1) for
a.e. E1 € J, which completes the proof. O

Proof of Theorem 1.8. In §3 we showed that the flow (cp,P’E’El) is topologically conjugated
to the directional billiard flow in the billiard table Pg g, in the standard directions
(£m /4, £37/4). This flow is conjugated to the flow (!ﬁf“)zeﬂ% on the translational M (E1)
(see §6.2). Thus, Theorem 1.8 is a direct consequence of Theorem 7.3. O]

Proof of Theorem 1.7. As in the proof of the first part of Theorem 7.3 (when there was
no need for the completion procedure), we construct a surface and partition on which
Theorem 7.8 can be applied. Some subtle adjustments are necessary since a straightforward
application of the procedure leads to basic polygons with different heights or widths.
Suppose that I € Jg such that

IC [0, E— min Vy( §1§2)] U[ min Vi(x$'S2 0 o), E]
s1.52€{£} 1 cL.orelE) k(x5152,55152)
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In view of part (y) of Theorem 5.3 we can assume that [ is not contained in

0, E— max Vy( §|§2)]U[ max V) (x>! ), E]
[ s12&(E) Y s1.c2€{E} k(x§1§2 ye1e2)7

So we need to consider three cases:

Icl = [E— max  Vo(y;'*?), E— min Vz(y 1;2)]
s1,.52€{%} S1L,2€E{E

N [0, min }V](.xk(xglgz yglgz))>

s1.s2€{E
Ich [ min ViS00, E— min Va( 19)], 8.1)
slLopela) K2 cLoelz) 201
Icly= [ llglel%i}vl (xk(x§1§2 yglgz)) ma){(:l:} Vi (xk(x§1§2 Vg;z)):l
ﬂ(E— min Vo (y;'?), E]
s1.62€{%}

First we consider / C I;, where impacts occur with one extremal horizontal boundary but
not with the other. Without loss of generality, we assume that the upper staircase polygons
are taller than the lower ones, so the impact occurs with the lower extremal horizontal
boundary:

max  Vo(y{'*?) = Vo) = Valy; ") > min Vz(ymz) = W) =V0;)
s1,62€{=%} 1,.62€{*
(8.2)

In view of Remark 3.1, and equations (8.1) and (8.2), for every E| € I the height of Pt EE
and PE,+E1 ish= A—I‘T2(E — E1) and the height ofPE’E] and PE’E1 is 1//2(y1 ,E—FE)) =
Y2(y, ~, E — E1) < h, and the width of any Pi-"%l is w = }‘Tl(El). It follows that the
natural partition P(E1) of M (E) into staircase polygons formally does not give an element
in the class S since not all polygons have the same heights (part (vii) of Definition 5). To
to get rid of this problem we artificially increase the polygons Pjngl and PE?& to /I;JEﬁ&
and ﬁg;i| by adding a vertical segment as the first step in these polygons as in Figure 15,
so, formally:

Piy = PO W (E, EV), —(h, U3 (E. En)),
Pg;:l = P(—(0, W[ " (E, Ey)), —(h, ¥ (E, Ey))) if
P} = PV (E. E\). =] (E, E1)., Pgp = P(—=V[ ~(E, E\), =¥ (E, E)).

Now, collecting these extended polygons, we denote by ﬁE .E, the extension of the polygon

Pr g, by one vertical interval so that ﬁE,E. is the union of PE‘EI PEE PE E

/I;E,_El; see Figure 15. Let M (E1) be the object arising after applying the unfolding

and

procedure to the degenerated polygon /I;E E,; again see Figure 15. Formally, M (Ey) is
the translation surface M (E1) with two vertical loops attached. The directional flow on
M(El) in direction /4 coincides with the flow (1#,77/4)16]1{{ on M (E1). Moreover, ﬁ(El)
has a natural partition ,75(E 1) into basic polygons, eight of which are degenerated having
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FIGURE 15. The extended billiard table /I;E,EI and 1\71(E1).

additional vertical segments. Let us consider the C*°-curve I > E| > (M (Ey), /75(E 1)
Since for every Ey € I C I; all sides of 73(E 1) are vertical or horizontal and every
(1//‘;[ / 4),E]R-orbit in M (E1) hits D* (the red dashed sides in Figure 15) and does not hit the
additional vertical loops, we can apply the same arguments as those presented in Theorem
7.8 to this curve with

Z={Y1(x, E1):x € Xy}, ¥={ya(y, E—E1):y €Y}
w(Ey) = ;Ti(E1) and h(E)) = ;To(E — E)).

The final argument is the same as in the proof of the first part of Theorem 7.3.

Similar arguments apply to the case of I C I3, where one adds horizontal segments to
the staircase polygons to achieve a fixed width for all of them.

Finally, for the case of I C I, adding both horizontal and vertical segments completes
the proof. O

Proof of Theorem 1.5. Note that Theorem 1.5 is a simple consequence of Theorem 1.7 and
part (y) of Theorem 5.3 as
0. E1=[0.E~ max Va0{")|UnULULU[ max, ViGEEa gae) E|
Giselt) ] chopelk) o KETZIND)
O

This finishes the proof of the chain of results announced in the Introduction.

9. Non-uniform ergodic averages in the configuration space

We show first that in the common case, when unique ergodicity of the motion on level sets
is established, it induces a smooth measure for ergodic averages in the configuration space.
On the other hand, we show that when unique ergodicity holds only on the red/green sets
(as established in Theorem 1.8 for resonant quadratic potentials), it induces a non-smooth
measure in the configuration space. Notably, here we do not assume that the potentials are
quadratic, yet we do assume that the level set is resonant and is partitioned into periodic
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ribbons and green and red invariant sets, with unique ergodicity established on the green
and red sets.

Fix the energies 0 < E| < E and let us consider the invariant set S g’ E,- Denote by
w1 Sp g, = REED NP the projection on the configuration space. For every (x, y) €
RE: El> N P and o1, 0n € {%} let

P12 (x, y) = (01V2VE1 — Vi(x), 22vV/2{E — E1 — Va(y)). (9.1)

For every o1, 0o € {£} let
SEE = {3, P77, y) 1 (x, ) € REFV N P,

Then Sg‘? is naturally identified (via 7) with the configuration space R‘£-£1) N P
0] 2

and Sg,E is the union of Sg for 1,07 € {£} so that (x,y, p°T(x,y)) and

(x,y, p°~(x,y)) are identified when (x, y) lies on a horizontal side of RE-EV N p
and (x, y, pT°2(x, y)) and (x, y, p~°2(x, y)) are identified when (x, y) lies on a vertical
side of REEDV N P On S g £, We have unique probability Liouville measure (g g, such
that wg g, restricted to S - is identified with the measure %g(x, ydxdy = Ldydyn

on RE-ED N P, where, by equation (3.1),

0'102

g(x,y)
1 1

T E = ViION(E — El = V20) Jyieepnp dsdu/J(EL = Vi)(E — Er — Va@))

For every (x, y) € REED NP 5,00 € {+}andt € R let

@2, 9017 = ()P x y, pT 7 ().

Suppose that the flow ((ptP ELEi )reRr is uniquely ergodic. Then for an observable in the
configuration space, namely every continuous map f : R‘E-E) N P — Rand all (x, y) €
REE)N Pandoy, oy € {£}, we have

/ FGIP Y7y de = lim / for(el PP (v, p71%(x, y))) dt

T—>ioo T
=/P fomdugg, = Z /szoﬂdMEEl
SE.E, onopelt) Y SEE)
g( y)
- f DE D dxdy = [ fgtny) drdy,
(&, EHmP REEDNP

o] 0'26

It follows that every infinite semi-orbit in the configuration space R‘E-£1) N P is equidis-
tributed with respect to the measure g(x, y)dxdy. This measure has smooth density
exploding to 400 on the boundary of R(E-ED.

Now consider the case of level sets with coexistence of periodic and uniquely ergodic
behavior for ((ptP ’E’El)teR (for example, E1 € J € U, of Theorem 1.8). Namely, assume
that the phase space S g, £, Splits into two completely periodic (connected) components
and two uniquely ergodic components, and assume each of these components has a positive
width as in Theorem 1.8. In this case there are three types of averages one needs to consider:
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averages on periodic orbits, and averages over the green/red sets. We show next that the
colored averages induce non-smooth measures in the configuration space.

Denote the uniquely ergodic component corresponding to the subset (R \ R®%) \ 8(R \
R’*) of the surface M(E;) by S’ed (and similarly, for (G \ R8**") \ 9(G \ R&*“"), by
S g,)- Recall that the surface M (E 1) has a partition into four star-shaped polygons

P(El)tr] 0o+

P(ED)++ =P(ED)ris, PED - = vpP(ED) g4,
P(ED) -+ = yP(E1V)3r/4. P(E1)—— = yn o yoP(E1)-37/4

(see Figure 7). Since the surface M (E1) and the invariant set R \ R are ¢'™ =y}, 0
invariant, we have

i 0 Yo(P(ED)—— N (R \ R™)) = P(E1)4+4 N (R \ R,

red red (92)
Yo(P(ED)—4+ N(R\R™)) = yp(P(E1)4+- N (R\R™))

(see Figure 9). Moreover, all four sets have the same Lebesgue measure since the removed
parts have identical measures in each set. Since the boundary of P(E{) 4 N (R \ R*%)
consists of linear segment in direction 7 /4 and the boundary of y, (P(E1)+— N (R \ R’e?))
consists of linear segment in direction — /4, the sets differ.

In fact, by the same argument, we notice that P(E),4 N (R \ R®?) intersects the
horizontal folding of all the other invariant sets: y, (P(E1)4+— N (G \ R8¢")) as well as
the periodic ribbons y, (P(E1)+— N W) and y, (P(E1)4+— N Y). The periodic ribbons map
one to the other under yj, o y,, (rotation by 1), as these correspond to the same periodic
orbits in configuration space with opposite directions of motion along the orbit.

By the construction of the isomorphism between S g’ E and M (E1), we have

SEE, NSk, =¥ PED4+ N (R\R™)\ 3R\ R™))),
SEE NSig, =¥ omPED— N (R\R™)\d(R\R*)),

9.3)
S N Sph =¥ o yuPED 1 N((R\R™)\ 3R \R™)),
SE%, N Spp, =¥ oynoyuPEDN_— N ((R\R™)\d(R\R™))).
Every set Sg“dEl N SU‘U2 is identified via the projection w with a subset Pred‘” 2 -

REED A P 1n view of (9.2) and (9.3), we have

Pred,—— _ Pred,++

red,—+ red,+— red +— red,++
E.E, P =P #* P

EE, ° E.Eq EE, ~ E LEq E.E;
and all four sets have the same u g g, -measure, denoted by 7 1 wed (ued = pg E) (ng‘gl)).

red 0102 |(72) —

As ((p,P ’E’E'),ER is uniquely ergodic on Sy £ for every (x5 %, ¥ (x0, Y0,

P77 (x0, y0)) € SE° red. . and any continuous function f : RE-ED N P we have

1 T
/ FGPP ) de = lim / fomlp! (e, y, 7 (x, y))) di
T— 0

Tﬁ:l:oo T T
diE E, diE E,
- red f or md - Z red Ilgé f or red
SEE, Se,NSE.E| K
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g(x,y)
= Z /rfd,rr{,aé f(x’ y) 4Ml‘ed dx dy

oj.0pe{x} * T EE}

ngf"ll;;*Jr (x’ }’) + ng"ll;r* (X, )’)
_ . Pl £y £y dx dy.
/R(E~El)mP SO, y)g(x, y) 2l y
It follows that if (x,y) e Pge’é‘;l %2 then each of its infinite ojo7-semi-orbits in the

configuration space R‘E-FV N P is equidistributed on Pg’:‘é’f“ U Pgéff c REED)A P
with respect to the measure g(x, y)(X pred++(x, y) + X pred.+- (X, ) /2 dxdy. The
EE| E.E|

i ; red,++ red,+—
same phenomenon is observed also on the green component. Since Py E # Pg. E

the resulting measure is only piecewise smooth. Thus, we have three types of measures, the

green and red measures which are piecewise smooth and the continuum of singular mea-

sures supported on the periodic orbits. The denominator x pred-++(x, ¥) + X prea+-(x, y) is
E.E| E.E

equal to 1 on the configuration points at which the red measure has common support with
one of the other measures, and equal to 2 at points where only the red measure is supported.
We have established that the area of both of these sets is positive.

10. Some open problems

10.1. Non-uniform ergodic properties along nonlinear resonant curves. ~We considered
curves parameterized by E1 on a given energy surface and proved either unique ergodicity
for almost all £ on each such surface or, for resonant linear oscillators, a more exciting
division to subintervals, where in some cases periodic and uniquely ergodic flows coexist.
More generally, we can consider any curve in the energy space, (E(E;), E1), E; €
J, such that the topological data on this curve are fixed and the numerical data are
properly non-degenerate and monotone, and apply the same tools to the resulting curve.
In particular, inspired by Theorem 1.8, one would like to study the dynamics along
resonant curves. For example, consider curves of the form nTi(E)) = mTz(E;/ -
E™™(E) — E1) for some m, n € N, and for which at least one oscillator is non-harmonic.
Such curves are of interest, as simulations show that similar to the smooth case, under
perturbations, they produce resonant islands of the impact flow. Along the corresponding
curves, splitting similar to the resonant linear oscillators case (Theorem 1.8) is expected to
emerge. Indeed, the construction of such curves and its division to segments ZxﬁE is similar
to the construction in the proof of Theorem 1.8. Yet, we are unable to verify the conditions
of Theorem 7.8 for the general case and leave this to future work.

10.2. Quasi-integrable dynamics with other types of potentials and other types of
right-angled polygons. The framework introduced in [1, 16] allows us to study a larger
class of quasi-integrable HISs for which the ergodic properties are yet to be established.
Major differences are expected to arise when one or both of the potentials have local
maxima (that is, are not unimodal). Then the period dependence on energy is singular and
non-monotone and the scaled translation surfaces can be non-compact. Thus, the ergodic
properties for this case are unknown.
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When the right-angled polygon is either non-star-shaped, or even when it is star-shaped
but its kernel does not include the origin, our current methodologies are insufficient
to prove unique ergodicity. Indeed, the main example presented in [1], of impacts of
oscillators from a single step, is included here, for symmetric potentials, if and only if the
step belongs to a single quadrant [1]. Then for any fixed E we can consider the star-shaped
polygon which is composed of three sufficiently large rectangles (with respect to E)
and a one-step staircase polygon. Then the right-angled polygons, P N RE-ED  always
belong to %Z. When the step crosses any of the axes [1], the kernel of the corresponding
star-shaped polygon does not include the origin, so, presently, it cannot be analyzed with
our tools. Similarly, when additional finite barriers and beams are introduced (see in [1]),
the right-angled polygons P N R‘E-£1) do not always belong to the class %, and the current
results hold only for segments of level sets of this type.
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A. Appendix. Examples of Deck potentials
PROPOSITION A.l. If V : R — Rxq is an even analytic map satisfying (<>), then V €
Deck.

Proof. Conditions (<>) and (O) result directly from the assumptions. Thus for every
Ep > 0 we need to find a complex neighborhood Ug, on which V is biholomorphic and
with image under V including a droplet of E( (condition (&)), and on which condition ()
is satisfied.

Let U C C be an open neighborhood of [0, +00) and V : U — C be a holomorphic
extension of V : [0, +00) — [0, +00). As V(0) = V'(0) = 0, we have m > 1 such that

VO)=V'0)=---=vV™D0)y=0 and V™) £0.

As V is even, m is also even. In view of [18, §3.12.5], there exists biholomorphic Vi :
B(0, &) — V,(B(0, &)) such that

Vi'(z) = V(z) foreveryz e B(0,¢) and V,(x)= V()™ forevery x € [0, €).

Therefore, there exist UcCU an open neighborhood of [0, +00) and Vi, : U—Ca
holomorphic extension of V'1/™ : [0, 4-00) — [0, 4+-00) so that V/(z) # 0 for every z € U.

Take any Eo > 0. Then there exists R = Rg, > 0 such that [-R, x™*(Ep) + R] x
[-R,R] C U and Vi on [—R, x™*(Ep) + R] x [—R, R] is injective. Indeed, suppose,
contrary to our claim, that for all R > 0 the rectangle [— R, x™*(Ey) + R] X [—R, R]
is not a subset of U. Then there exists a sequence (zn)n=1 in C such that z, €

—1/n, x™*(Eg) + 1/n] x [—1/n, 1/n] and z, gé U. Passing to a subsequence if nec-
essary, we have 7, — x € [0 xMX(Ep)] and x ¢ U contrary to [0, +00) C U.
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Next, suppose, contrary to our claim, that for every R > 0 the map V, on the rectangle
[—R, x™*(Ep) + R] x [—R, R] is not injective. Then there are two sequences (Z,)n>1
and (z,),>1 in C such that z,,, z), € [—1/n, x™*(Eg) + 1/n] x [—1/n, 1/n], z, # z,, and
Vi(zn) = Vi(z),). Passing to subsequences, if necessary, we have z, — x € [0, x™*(Ep)],
7l — x' € [0, x™(Ep)] and V(x)!/" = V(x')!/™. Since V : [0, +00) — [0, +00) is
strictly increasing, we have x = x’. This contradicts local invertibility of V, around x € U.

Summarizing,

Vi : [ R, x™(Ep) + R] x [-R, R] = Vi([—R, x™(Eo) + R] x [-R, R])

is biholomorphic. Since, by definition V (x™**(Eg)) = Ey, so

1/m

Vi ([0, x™(Eg)]) = V™ ([0, x™(E)]) = [0, V™ (x™(Eo))] = [0, E,)/™"],

the set Vi((—R, x™*(Eg) + R) x (—R, R)) is an open neighborhood of [0, Eé/m]. Let

C; ={z € C:Rez > 0}. Denote by C; 3 z > z!/" € C the power complex map so
that on C it is a holomorphic extension of the real power map. Then there exists 0 <

r < Eq such that C(Eo, )" C Vi((=R, x™*(Ep) + R) x (—R, R)), where C(Eo, r)

is the droplet emanating from Eg. This follows from ﬂr>0 C(Eg, 1) " [0, Eé/m]. Let

us consider z™#*, the complex extension of x™**(E) on
2"V (=R, x™(Eg) + R) x (—R, R)NC4 — C
defined by
"NE) =V (EY™)

(E is a complex variable in the proof). Then V,(z™*(E))= E!/”; in particular,
Vi(x™*(E)) = EY/™ for real positive E. Define
Ug, = 2™ (V((—R, x™(Eq) + R) x (—R, R)) N C4)

. ~ (A.D
C (=R, x™™(Ep)+ R) x (-R,R)c U C U.

Since we showed that for every Eg > 0 and R = R, > O there exists 0 < r < Eq such
that C(Eg, 1) " C Vi((=R, x™*(Eg) + R) X (—R, R)), we obtain that

C(Eo,r) C V((=R, x™(Eg) + R) x (=R, R)) N C.
Moreover, for every E € V((—R, x™*(Ep) + R) x (—R, R)) N C, we have
V(@E"™(E) = V" (V,(EV™) = E.

It follows that V : Ug, — V (Ug,) is biholomorphic and C(Eo, r) C V(Ug,), so condi-
tion (&) holds.

As Vi :[—R,x™*(Ey) + R] x [-R, R] » Vi([—R, x™*(Ey) + R] x [-R, R]) is
biholomorphic, there exists cg, > 0 such that

‘ V. (2)Vi(2)

(Vi(2))? <cg, forallze[—R,x™(Ep)+ R] x [—R, R].
*
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Since V]* = V, we have
V'(2) = mVa(2)"'V(2), V'(2) = m(m — V()" 2(VL(2))* + mVi(2)" V] (2).

Hence, by (A.1), for every z € Ug, we have

1" _ "
’V @)V (2) _ 'm 1 V/(2)Vi(2) < Cpy = cEO L
(V'(2))? m m(V/(z))?
so condition (#) also holds. O]

LEMMA A.2. The function V : R — R>¢ given by V(x) = lxle V¥l for x # 0 and
V(0) = 0 is a convex Deck potential.

Proof. First note that the conditions (<>) and () are obviously satisfied. We focus only on
(&) and ().

Let us consider its holomorphic extension V :C\ {0} —» C g1ven by V(z) =
zexp(=1/2). Let 1 : C\ {0} — C\ {0}, I(z) = 1/z. Then V = IoVolI'onC\{O0l
where V : C — C is the holomorphic map V(z) = z exp(z). Since the map [0, 7/2) >
y = ytan(y) € [0, +00) is strictly increasing with limy /2 y tan(y) = 400, there
exists yp € (0, /2) such that yg tan(yp) = 1. Then y tan(y) < 1 for all y € (—yp, yo)-
Therefore

ReV/(z) >0 forallze A={ze€C; Rez>0, |Imz| < yo}.
Indeed, if z = x + iy with x > O and |y| < yo, then
Re V/(z) =Re[(z+ 1) exp(z)] =" ((x + 1) cos y — y sin y) > 0.

It follows that V on the half strip A is injective. Indeed, suppose, contrary to our claim,
that V(z1) = V(zp) for distinct 71, zp in A. Then

V() - Vi(z .
O=R6M =/ Re V/(z1 +t(z2 — z1)) dt > 0.
2 — 21 0

As V/ (z) # 0 for every z € A, the restriction V:iA— V(A) is biholomorphic. More-
over, V(A) is an open domain located between the three curves {iye’” : y € (—yo, y0)},
{(x 4+ iyp)e*T0 : x > 0} and {(x — iyp)e* ™0 : x > 0}. Next, we show that

Sy, 1= {z € C\ {0} : Arg(z) € (=0, y0)} C V(A). (A2)

Indeed, suppose that z € Sy, thatis, Re z > 0 and |[Im z/Re z| < tan(yp) (recall that yo €
(0, /2)). Take x > 0 such that

Re[(x + iyp)e* 0] = Re z = Re[(x — iyp)e* ).
Then it is enough to show that
m[(x +iy)e* 0] > Im z > Im[(x — iyp)e* 0] = — Im[(x + iyg)e* 0],
or equivalently

Im[(x + iyg)e* T70]
Re[(x + iyg)e*+ivo]’

Im z
Re z
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By assumption, we need to show that

Im e Im[(x 4 iyg)e*T00]
n < n .
Re ei¥0  Re[(x + iyg)e*Tiv0]

tan(yo) =

It follows from
Im((x + iyp)e*t70) Re 0 — Re((x + iyo)e* 20) Im 0
=Im[(x + iyo)ex“yoeim] = ype* >0

and Re €0 > 0, Re((x + iyg)e*T%0) = Re z > 0. This gives z € \7(A), and hence (A.2)
holds.

Let U :=I"'(V='(S,,)). By (A.2), U is an open subset of I~'(A) C C; which
contains the half-line (0, 4+-00). Since 1(S,,) = S, and V:iA— ‘7(A) is biholomorphic,
the map V : U — Sy, is biholomorphic. Since S,, is a symmetric angular sector, for
every E > 0 there exists 0 < r < E such that C(E, r) C S,,. Hence V satisfies (&) with
Ug = U. Moreover, for every z € C \ {0} we have

Vi(z) = (1 + %) exp(=1/z) and V"(z) = Z%exp(—l/z), (A.3)

and hence
V() V"(z) . 1
(V'(2))? 1+ 2%
As U c I71(A) c Cq, it follows that |V (2) V" (z)/(V'(z))?| < 1 for z € U, so (#) holds
with Ug = U and Cg = 1.
The convexity of V follows from (A.3). O

LEMMA A3. If V:R — Rxq is a Deck potential, then V" : R — Rxq is a Deck
potential for every m € N.

Proof. As usual, the only challenge in the proof is to show (&) and (#). Assume that
V : U — Cisaholomorphic extension of V : (0, +00) — (0, +00) such that (0, +00) C
U is open. Let U, := V_I(S,,/m). Then V™ : U, — C is a holomorphic extension of
V™ (0, 400) — (0, +00) such that U, is open.

Take any Ep > 0. As V satisfies (&) and (), there exist 0 <r < Eol/m, an open
UE(;/m C U and CE(;/m > O such that V : UEé/m — V(UE(;/,,,) is biholomorphic,

C(E)/™,r) C VU gim), CEY", 1) C Su/m (A4)
and
V'(2)V(2)
‘W < CEé/m forall z € UEé/m' (A.5)

Taking Uz'fo ==Ugym NUp, we have v Ug’o — V’”(Ug”o) biholomorphic and
0

C(Eé/m, )™ C V" (U p1/m). Then there exists 0 < r,, < Eg such that
0

C(Eg, rm) C C(EY™, r)".

https://doi.org/10.1017/etds.2021.106 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.106

250 K. Frqczek and V. Rom-Kedar

In view of (A.4), it follows that
C(Ep, rm) C (V(UEl/m) ﬁSn/m)m C Vm(UEI/m NU,) = Vm(Ugo),
0 0

which gives (&) for V. Moreover, by (A.5), for every z € U g’o cU gl/m We have
0

V™' @QV"E@)| ’m —1, V'eove|_ Cer o
VM@ || m m(V' ()|~ m ’
which gives (#) for V™. O

Example Al. In view of Lemmas A.2 and A.3, for every m > 2 the function V,,, : R —
R=¢ given by V,,(x) = |x|"e~"/I¥| for x # 0 and V,,(0) = 0 is also a Deck potential.
Indeed, it immediately follows from V,,(x) = mLmVl’” (mx). Moreover, V,, satisfies the key
condition (3*). Indeed, by (A.3), for every x > O we have

V) V) _m—1  V@Vi) m—1_ 1
V@2 m  mVm2 | om 2

PROPOSITION A4. Let V :R — Rso be an analytic even unimodal potential. If V
satisfies (©) then V" (0) > 0 and V® (0) > 0. Conversely, if V™ (0) > 0 for all m > 1
then V satisfies (©).

Proof. By the proof of Proposition A.1, there exists an analytic map V, : R — R such that
V(x) = (Vi(x))? forall x € R. Moreover, V, (R>0) = R>0 and Vi is even or odd. Suppose
that V satisfies (©), that is, Vi : R>9 — Rxq is convex. Recall that

V=2V, V! +2(V)E V@ =2v,v® 1 8V/V +6(V])2
Assume that V, is even. Then V,(0) = V/(0) = V/”(0) = 0, and hence
V") =0, VP () = 6(V/(0)* > 0.
Assume that V, is odd. Then V,(0) = V//(0) = 0 and
Vo(x) = V.(O)x + 0(x?), V/(x) =6V (0)x + O(x?).

By assumption, Vi (x) > 0 and V. (x) > 0 for all x > 0, so V/(0) > 0 and V/”(0) > 0. It
follows that

V"(0) = 2(V,(0)* >0, V®©0) =8V (0)V,(0) >0,

which completes the proof of the first part.

Now suppose that V : R — R is analytic and even such that V™ (0) > 0 for all
m > 1. As V is even, we also have V(2’”_1)(O) = 0 for all m > 1. By definition, we need
to show that the analytic map

1
W)= V@@V x) - §<V’(x)>2

takes only non-negative values. As W is analytic and even, it is enough to prove
that W(z’”)(O) >0 for all m > 0. By the general Leibniz rule, since V(0) =0 and
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V@+D(0) = 0 for k > 0, we have W(0) = V(0)V"(0) — 1(V'(0))> = 0 and for m > 1,

2m

12m

wemo) =3 (2;:1) V&) )y Cm—k+2) ) _ : )3 (2;:1> Y kD) () y Cn—k+D) )

k=0 k=0
) V(Zk) (O) V(2m—2k+2) (O)
1 m (

2m —
2k - 1) V(Zk) (0) V(Zm 2k+2) (O)

() () (e,

Moreover, we have

(

)G -G

2m — 1 2m — 1 2m — 1 2m — 1 2m — 1 2m — 1
:< 2k >+<2k—1> <2k 2) <2k—3>_<2k—1>_<2k—2>
2m — 1 2m — 1
=< 2% )+<2k—3> 0

Since V@) (0) > 0 for all k > 0, it follows that W@ (0) > 0 for all m > 0, which
completes the proof. O
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