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ON IMPROPER INTEGRALS OF PRODUCTS OF
LOGARITHMIC, POWER AND BESSEL FUNCTIONS

M. AsiAM CHAUDHRY AND M. AHMAD

In this paper we have evaluated the integral j:" 2"+ J, (az) Ko(bz)In (z/2b)dz. A
new integral representation of the Euler constant is shown. Some special cases of
the result are discussed and an open problem is posed.

INTRODUCTION

Integrals of products of Bessel functions and powers have been a matter of curiosity
for a long time [1, 2, 7]. Askey, Koornwinder and Rahman [1] have evaluated integrals
involving powers and product of Bessel functions. A little attempt has been made to
evaluate integrals involving powers, logarithmic and Bessel functions [4, 5]. These inte-
grals are of extreme importance in many branches of mathematical physics, elasticity,
potential theory and applied probability [6, 7]. In this paper we have evaluated the
integral

(1) / "7, (az) Ko(bs) In (/2b)dz.
0
We have obtained a new integral representation of the Euler constant
2 7=—/J\/5K\/Zln\/idt,
@) I (A) Ko (Vi) m (V1)

as a special case of our result. Some other special cases are also discussed and an open
problem is posed.

THEOREM. Fora>0,5>0, and v > —1,

(v +1)

/0"" 2"+17,(az)Ko(bz) In (z/2b)dz = o) @ T

[¥(v + 1) —In (a® + b?)].
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PROOF: It is known [5, p.340] that
(3) / 2*exp (—sz — bz ')dz = 2(b/5)°/2Ka (2\/15) , a>0,8>0.
0
A formal differentiation with respect to a yields
(4) / 2% }(In z) exp (—sz — bz~ !)dz
0
EPYRYTY 9
= 2(b/s) { > I1n (b/8)Ka (2V0s) + o Ka (2\/15)} .
The process of differentiation in (4) is justified (3, p.430].
Substituting a = 0 in (4) and using the fact that (8/8a)[Ka(z)]a=0 = 0 (5, p.358]
we get
*In
(5) / Tz exp (—sz — bz_l)dz =1In (b/3)K, (2\/15), b>0,s>0.
0

We can write equation (5) in the operational form as follows

(6) L {1" Z exp(—b/z); a} = In (b/a) Ko (2v/hs)

T

where L is the Laplace transform operator [4, p.129].
However, [4, p.132]

(7 L{z* ' f(1/z); s} = s~/ /°° 2?7, (2v/zs) F(z)dz
0
where F(s) is the Laplace transform of f(z). It follows from (6) and (7) that
(8) /°° z"/sz(2\/§_:E)Ko (2\/15) In (z/b)dz = s*/* /°° z’(In z) exp (—(b + 8)z)dz
0 0

However [5, p.576]

0 [ et e rde = Sg) - ul, w000
Therefore, it follows from (8) and (9) that
(10)
_— v2 L(v+1)
/o 2"/, (2v/5%) Ko (2VB2 ) In (2 /b)de = s*/ Gt ) b+ o)

(6>0,s>0,v>-1).
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Now replacing s by a?, b by b*> and then by using the transformation 2./z = t, we get
the proof of the theorem.

COROLLARY 1.

(11) /000 Jo(2vaz) K, (2\/15) In(z/b)dz = )(’y +In(a+b)), a>0,b>0

(a+0

where « is the Euler constant [5].

ProoF: This follows from (10) when we take ¥ =0 and 5 = a. 0
COROLLARY 2.
12 7=—/J\/ZK\/iln\/Zdt.
(12) [ 5 (V) Ko (Vi) (V1)
PROOF: This follows from (11) when we take a = b = 1/2 and use the transfor-
mation 2z = t. 0

COROLLARY 3.
(13)
/ sin (2v/az) Ko (2\/15) In(z/b)dz = » +\/)_3/2 [#(3/2) - In(a+d)], «>0,>0

" PROOF: This follows from (10) when we take v = 1/2 and use the fact that 5,
p.966]
J ) =14/ 2 g z
1/2(2) = - St %
In particular, when ¢ = b=1/2 in (13) we get
/ sin (\/22) Ko (\/22) In (\/2::)(1:: = 7 _[2-2ln 2 -] = 0.6816 — 1.1107y

0 22
or / z sin (z)Ko(z) In (z)dz = ——=[2 — 2In 2 — 7] = 0.3408 — 0.55547.
0 42

COROLLARY 4.
(14) /ow cos (2/az) Ko (2vz) m(z/b)% = ﬁw’u/z) ~In(a+b)).

PRrOOF: This follows from (10) when we taken v = —1/2 and use the fact (5,

p.966]
2
J_12(2) = \/;r;cosz.
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In particular when @ = b =1/2 in (14) we get

/owcos (\/2—1-:)Ko(\/2_z)1n (\/2_.1:_)% = —%(7+21n 2)

or /0 cos (t)Ko(t) In (t)dt = —;W('y +21n 2).

COROLLARY 5. See [5, p.577].
“Inez
—~ exp(—p(z/c+ c/z))de = 2IncKo(2p), ¢>0, p>0.
0

ProoF: This follows from (5) when we take s = p/c and b = pc. 0

For somne suitable values of the constants p, a, b and ¢ evaluate the integral. The
following problem remains open

/:o z?(In (az))" Ja(be)Kg(cz)dz, n > 2.
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