BuLL. AUSTRAL. MATH. Soc. 44415
VoL. 43 (1991) [241-250)

ON THE P-NORM OF THE TRUNCATED N-DIMENSIONAL
HILBERT TRANSFORM

J.N. PANDEY AND O.P. SINGH

1t is shown that a bounded linear operator T from LP(R") to itself which commutes
both with translations and dilatations is a finite linear combination of Hilbert-type
transforms. Using this we show that the p-norm of the Hilbert transform is the
same as the p-norm of its truncation to any Lebesgue measurable subset of R™
with non-zero measure.

1. PRELIMINARIES

For a function f(z) defined on the real line, the Hilbert transform (H f)(z) is given
by the Cauchy principal value:

(11) (Hf)(z) = %P/Rtfi—tldt.

One of the fundamental results in the subject is that (H f)(z) exists for almost every z
if fe LP(R), 1 < p < oo, and H: LP(R) — LP(R) is both continuous and linear, and

(1.2) IHfll, < Cplifll, for 1<p<oo,

where C, is a constant independent of f [15].
An n-dimensional Hilbert transform (Hf)(z) for f € LP(R®), p > 1, may be

defined as
o= lpf SO
(1.3) (Hf)(2)= 2P | e, =)
= lim i ti—z;|>e;>0 _M——dt

n n . s
e—0m i=1,2,..,mn =1 (t' z')

where € = /e +e2+---+€2, t = (t1,12,...,tn) and dt = diydty---dt,. The
existence of the singular integral in (1.3) and its boundedness property

(1.4) HEfll, < CplIfll, s
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were proved by Kokilashvili {5]. In 1989 Singh and Pandey [13] extended the =n-
dimensional Hilbert transformto the Schwartz distribution space D'(R™) [12] and
proved that H is an automorphism on the distribution space Dj,(R™), p > 1 [7].
They also obtained the following inversion formula

(1.5) (B%f)(z) = (~1)"f(z) almost everywhere

for f € LP(R™). The inversion formula (1.5) is a generalisation of the corresponding
one-dimensional result proved by Riesz; see Titchmarsh [15].

Fefferman showed the iterative nature of the double Hilbert transform (3] in 1972.
In 1989 Singh and Pandey [13] proved the iterative nature of the n-dimensional Hilbert
transform over the spaces LP (R™) and D7,(R™), p > 1. In fact, it was shown that

(1.6) H=]]H;

=1
1 15000585y ..., 8
where (Hif)(f1, ..« tim1y Ziy tit1y vy tn) = —P/ Hy oo iy oo ")dt.-.
™ R t.‘ — Ty
The operators H; and H; %, j =1, 2, ..., n commute with each other.

During the 1960’s O’Neil and Weiss [8], Gohberg and Krupnik [4] tried to obtain
the best possible value C, (= |H Hp) of Cp in (1.2). They gave the following upper

and lower bounds for C’;:

- q 1 1
< =T {—= T} = ’
M) <G < o <2,,) (2q)
tan(w/2p), 1<p<?2
where v(p) =
cot (7/2p), 2<p< oo,

and 1/p+ 1/q = 1. Later Pichorides [10] proved that Cp; = v(p) for 1 < p < oo.

Recently McLean and Elliott [6] found the best possible constant C; E(= " E”p)’
1 < p < o0, for the truncated Hilbert transform Hg, defined by

(1.7) (Hef)(z) = ;IEP/E t—ff—‘)z-dz, z€E

where E is a measurable subset of R. It is obvious that there exists a constant Cp, g <
oo such that

IHefll, < Crellfll, 5

for every f € LP(R) and moreover the best constant C; 5 < Cp. McLean and Elliott
[6] proved that

(1.8) Cp.g=C,=v(p) for 1 <p< oo,
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provided the Lebesgue measure of E is not zero.
In the present paper we will extend the result (1.8) to n dimensions. More precisely,
we show that for the n-dimensional Hilbert transform H defined in (1.3),

(1.9) Cp's = |Hell, = | H||, = C;" = [v(p)]",

for every measurable subset E of R™ with non-zero Lebesgue measure. The n-
dimensional truncated Hilbert transform Hg is defined by

_f@)

z € E.
1(t —z,)

(1.10) (Hef)(z) = = / e (6 =20
In view of (1.6) and the fact that
|Hill, =C; =v(p), 1<i<n,

it is easy to see that
|#ll, = Cp" = [v(p))",
thus proving the latter half of (1.9).

2. THE MAIN RESULTS

Let a = (a1, az, ..., an) and m = (my, ma, ..., my) € R® with m; > 0 for each
1. We define the translation operator

74: LP(R™) — LP(R™)
and the dilatation operators

Do,y Dpps . LP(R™) — LP(R™)
by 1o f(z) = f(z — a),

hid e z z
— . 51 Z2 In
Dmf(z)—(gmt) f(ml’mz’”',mn)’
n 1/p
Do f(z) = (H m,-) f(miz1, mazs, ..., maz,). [14, p.50].
i=1

Then both 7, and D,, are isometric isomorphisms since

(ta) ' =7—a, (Dm) ' =Dpe,
and Irafll, = Ifll,» UPmfll, =fll,, forevery fe LP(R).
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Let B(LP(R™)) denote the space of all bounded linear operators from LP(R™) into
itself. Then T € B(L?(R™)) is said to commute with translations if 7,T = T'r, for all
a € R and similarly it commutes with dilatations if D,,T = T D,, for all m € R® with
m; > 0 for 1 €1 € n. The following lemma, the proof of which is trivial, characterises
an integral operator commuting with translations or dilatations.

LEMMA 2.1. Let K in B(L?(R™)) be an integral operator given by

Kf=) =P [ Ko, )iy =R

Then
(i) K commutes with translations if and only if K is a difference kernel, that

is,

K(z’ y) = K(z -y 0) = K(an"'z)’

and

(i) K commutes with dilatations if and only if K is a Hardy kernel, that is,

K(mz, my) = (H mi) K(z, y),

where by mz and my we mean (mjiz;, mzzz, ..., Mmuz,) and
(m1y1, mayz, ..., mpyyn) respectively.
Note that the n-dimensional Hilbert transform H commutes with both translations

and dilatations, since

H=-HH,.. H,

and each H; commutes both with translations and dilatations. Actually H is essentially
the only integral operator having this property. To prove this we need the following
two lemmas.

LEMMA 2.2. Let T € B(LP(R™)), p > 1 commute with translations. Then there
exists a unique bounded complex-valued Borel measurable function o(¢) satisfying

(T8)©) = (&)(®)

where o(€) € Lo(R™).

Proor: If T € B(L?(R")), then 7,T (= T7,) € B(LP(R")) for each a € R™.
The Schwartz testing functions space D(R™) is dense in LP(R™). Let ¢ € D(R™) and
gm be a sequence of C* functions with bounded supports such that ||gm||, =1 and
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gm * @ — ¢ as m — o0, in sup norm as well as in LP(R™) norm [7, pp.6-8]. Since ¢
and g, are of compact supports, g, ¢ are also C™ functions with compact supports
for all m. Therefore in view of the Riesz representation theorem [11, p.131], there
exists a bounded complex regular Borel measure p on R™ such that

2o YD) = [ ([ smaloty - o)tz ) duts
- /R dzgn(z) /R _du(y)p(y—=) (by Fubini's Theorem)

= /R _gm(-2)(Te)(z)dz.
Hence (gm * T(:))(0): D(R™) - C

is a bounded linear functional. The Riesz representation theorem asserts the existence
of a regular Borel measure u,, (depending on g,, ) bounded on R™ such that

(m+Te)0) = [ p(=2)dim(z), ¢ € DER"), (11, p131)

Hence
(2:2) (9m * To)(y) = /R oy —z)dpm
for 73T (gm * ¢)(0) = (gm * 7~ T)(0)

= (gm * T1—y¢)(0).
Since [pm|(R™) < ||T||, we can select a sequence g, in such a way that
(2:3) Jim (gm * Tp)(y) = (Te)(y)

in LP(R™) norm as well as in sup norm. Hence from (2.2), and by selecting an appro-
priate subsequence {m;} of {m} and letting m; — 0o, we have lim Z,, = o(¢),a
mj‘—'w

bounded complex-valued measurable function
(2.4) (Te)(&) = H&)o(e)6 € D(R™)

[1, pp.132, 133]. This completes the proof of the lemma. 0

COROLLARY 2.1. For T € B(LP(R™)) commuting with translations, there ex-
ists o € L°(R™) such that

(2.5) TFE) = o(6)f(£), €€R™, fe LP(R™),
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where = denotes the operator of Fourier transform.

PROOF: Using the definition of the Fourier transform of f in L?(R™), where f is
treated as a regular tempered distribution in S'(R"™), 1, pp.131-132; 7], it follows that
ry _ . —iz-¢
o=t /|=,-|<~.- F(z)e—i*d,
1<j<n
where the above limit is interpreted in the sense of S'(R™) and z-¢ is the inner product
of z and £ in R™. Since D(R™) is densein LP(R™) the result (2.5) follows from Lemma
2.2, Bergh and Léfstrém [1, pp.132-133] and Stein [14, p.28)]. 0

THEOREM 2.1. Letl < p < oo and T € B(LP(R"™)). Suppose T commutes both
with translations and with dilatations. Then there exist constants a, a;, @i j, ..., b such

that
(2.6) T=al+) a;Hi+ Y a;H:H;+...+bH,
i=1 ij=1
i<y

where I is the identity operator on LP(R™).
Proor: Let T € B(L?(R™)), 1 < p < oo, commuting both with translations and
dilatations. Then from (2.5), we have
T = o(©F(€), ¢€R™, fe I (R)

for some o € L>(R™). Since
1

n 1-3
D f(¢) = (Hm.-) flmits, ..., mntn)
=1

and T commutes with dilatations, we have o(§) = a(m1é1, maéa, ..., mp€,), for € =
(&1, .-, ) €ER® and my, ..., mn > 0.

Hence
0(5) = ”(sgnfli seey sgnfn)’
+1, if§ >0
where sgné; = ’ l 4> 0,
-1, if ¢ <0.

When n = 2, it is easy to see that
o ) = 35 1901, 1)+ o(0, 1)+ a(-1, 1) + o(-1, -1)

+ [0(1, 1) + 0(1) "1) - ”(_1’ 1) - 6(—'1’ _1)] sgn€1
+1[o(1,1) - o(1, 1) +o(~1,1) — o(-1, —1)] sgn &z

+o(1, 1) ~ o1, —1) —o(=1, 1) + o(~1, —1)}sgn s sgnez].
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Generalising this we obtain the following in the n-dimensional case

o’(f) = 2—];; [Z d(il, 125 ...y ‘ln) + E (Zija'(il’ X ’ﬂ-)) sgnf,'

=1 =1

n 2"
+ ) (Ei,-i,,a(il, i,.)) sgn&; -sgnée +...

s k=1 \i=1
i<k

N (g (,Ijl") oity - ,-,,)) Esgnfj}

n n n
=at Z“J‘ sgn; + Z ajesgnéisgnée +--- + bHsgng,-,
j=1 j,k=kl j=1

i<

where i;j =+l or —1 for j =1, 2,...,n. Since E?({) = ﬁ sgnf,-f({) and ﬁ;}(f) =
i=1

sgn&; f(£), we have the desired result (2.6) see [9). 1]

REMARK. The n Riesz transforms R,, Rz, ..., R, are defined as

Rif@) =limen [ Hifz—y)dy, 5=1,..m
e—0 ll>e lyl

_r(

Sl ey y 0 for f € LP(R"), 1< p< oo, [14,p.57].

with c

It is easy to see that in general they do not commute with dilatations D,, for
m=(m, ..., my) € R*, m;, ..., my, > 0. Hence none of the R;’s can be written in
the form (2.6), despite the fact that in the particular case when m = (mq, my, ..., m)
with m; > 0, the n-Riesz transforms commute with dilatations. But only when n =1
does the Riesz transform R commute both with translations and with dilatations, so
that it can be written in the form (2.6).

For a measurable set E C R™, define

xg: LP(R™) — LP(R™)
f(z), ifz€E,

0, otherwise.

by xef(z) = {

Since any f € LP(R"™) can be written as

f=xef+(Q1-xEe)f,
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the space LP(R™) is the direct sum
L*(R™) = L*(E) & L?(R" - E).

Thus the space LP(E) can be treated as a closed subspace of LP(R™) and for any
bounded linear operator T' on LP(R™), we define the truncated operator

Te = xeTxe-
For E CR™ and m, a € R®,

a+E={a+z:z€ E}
mE = {(m2,, ...,mnzn):éEE}

and mE = {(mz1, ..., mz,): 2z € E} whenever m € R.

Then we have the following theorem.
THEOREM 2.2. Let E be any measurable subset of R™.

(i) If T commutes with translations, then
|Te+£ll, = |Tell,, forall a €R™
(ii) K T commutes with dilatations, then

|ITmell, = |ITell,, forall m € R withm,, ..., m, > 0.

The proof of the above theorem is similar to the one given by McLean and Elliott
[6, Theorem 2.2] for the one-dimensional case.

Let u be the Lebesgue measure on R™. Denote by Js(z) the open box centred at
z, that is,

n

Js(z) = [[ (zi — 6, 2 + &), 2= (21, ..., za) €R™,
i=1

§=1(6,...,8,) € R™ with each §; > 0.
The density of E at z is defined by

_ i PENIs(2))
@7) de(z) = o, #(Js(=))
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provided the limit exists. Clearly 0 < dg(z) < 1. When z ¢ E (the closure of E),
then dg(z) = 0 whereas if z € E° (the interior of E) then dg(z) = 1. The Lebesgue
Density Theorem (2, p.184] asserts that

(2.8) dg(z) =1 for almost every z € E.
LEMMA 2.2. If J is a bounded box centred at 0 and m > 0, then
Jim _p(J NmE) = dg(0)u(J)-
PROOF: Let E be a measurable subset of R®. Then for m > 0, we have
p(mE) = p{(mzy, ..., mzn) : z = (21, ..., zn) € E} = mp(E),

and m(E, N E;) = (mE;) N (mE,), for E;, E, measurable subsets of R*. Suppose
J=(-M, M)x---x(—M, M), (n factors) and let m = M/§, § > 0; then mJs(0) = J
and hence (E N J5(0)) . (mEN J)
. p(EnJg(0 . p(mEN

de(0) = lim —— 2 = lim ————*

20 = B T a0 Tt wd)
proving the lemma. 0
The following Lemma 2.3 and Theorem 2.3 have proofs similar to that of Lemma

3.2 and Theorem 3.3 of McLean and Elliott [6], so we state them without proof.

LEMMA 2.3. Forl £ p < oo, the following are equivalent:
(i) de(0)=1,
(i) lim |ixmefll, = fll, for all f € LP(R"); m >0,
) i (1~ xme)Sl, = 0 for all £ € LZ(R7), m > 0.

THEOREM 2.3. Suppose dg(0) = 1. If T € B(L?(R™)) commutes with dilata-
tions, then
ITell, = ITl, -

Since the n-dimensional Hilbert transform H commutes both with translations
and with dilatations, Theorems 2.1, 2.2 and 2.3 are true for H.

So, let E be a subset of R® such that u(E) # 0. Then there exists an ¢ € E such
that dg(z) =1, by (2.8). Hence d_.4+£(0) = 1. Therefore,

IHell, = |1H-z+£ll, = |Hl,-

Thus we have proved the following theorem.

THEOREM 2.4. If u(E)#0, then | Hg|, = | H||,.
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