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Abstract

In this paper, we consider the existence of a family of periodic solutions of large
amplitude when a pair of eigenvalues of the linear part of a first-order system of
ordinary differential equations crosses the imaginary axis. We refer to this problem
as a Hopf bifurcation problem at infinity. In our work, the nonlinearities may
be discontinuous at the origin, and the proof of existence of periodic solutions is
arrived at through the corresponding system of integral equations. The applicability
of the result is demonstrated by the study of the dynamics of a train truck wheelset
system,

1. Introduction

In recent years, many researchers have concerned themselves with the Hopf
bifurcation problem of dynamical systems. The Hopf bifurcation theorem
is the simplest result which guarantees the bifurcation of a family of small-
amplitude time-periodic solutions of an evolution equation from a family of
equilibrium solutions.

The bifurcation of periodic orbits from certain critical points of a real n-
dimensional (n > 2) first-order system of autonomous ordinary differential
equations was treated by E. Hopf [1] in 1942. To explain briefly Hopf’s work,
let the differential equation be denoted by

dx/dt=F(,x), xeR", (1.1)

where 1 is a real parameter, and let x* be a critical point at 4. Let it be
assumed that F is analytic in a neighbourhood of (4, x) = (0, x°) and let

1School of Information Sc. and Tech., Flinders University of S. A., Adelaide S.A., Australia.
© Copyright Australian Mathematical Society 1991, Serial-fee code 0334-2700/91

133

https://doi.org/10.1017/50334270000006950 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000006950

134 Xiangjian He 2]

the matrix F, (0, xo) have exactly two, nonzero, purely imaginary eigenval-
ues, say *iw,, and no eigenvalues of the form 0, £2iw,, +3iw,, ... Hopf

proved that a nonconstant periodic orbit bifurcates from (4, x) = (0, xo)
under the sole additional assumption that o'(0) # 0, if a(4)+ iw(4) denotes
that eigenvalue of F (4, x‘) which is a continuous extension of +iw,. Us-
ing a different approach, Friedrichs [2] established an existence theorem for
the two-dimensional problem under the assumption that F in (1.1) is only
three times continuously differentiable. Friedrichs’ other assumptions are in
a slightly different, though equivalent, form. Several other authors have de-
veloped the theory in various directions using varying assumptions. Relaxing
the condition a’(0) # 0 and requiring that the critical point x° of (1.1) at
A = 0 be asymptotically stable, Chafee [3] has shown the existence of two
manifolds of bifurcating periodic orbits which are at times distinct. Under
certain simplifying assumptions on the form of F in (1.1), Brushinskaya
[4] has established criteria sufficient to guarantee that the bifurcated periodic
orbit exists. In [5, 6], the authors proved the Hopf bifurcation theorem spe-
cially suited to systems in block-diagram form by the method of harmonic
balance. Some other authors, following Hopf, have approached the bifurca-
tion problem by trying to vary the initial conditions and parameters so as to
produce a nontrivial time periodic solution (see, for example, [7, 8]). Others
have introduced the unknown period explicitly as a new parameter in the
equations and attempted to find solutions having a known period (see, for
example, [9-11]). It is difficult to compare those papers since they are set
in different technical frameworks and have related but differing hypotheses.
But no matter what they did, they all required that the nonlinearities be of
C! class. In [12], employment of topological considerations made it possible
to throw aside the usual assumptions of differentiability of nonlinear terms,
but the continuity near the origin was still necessary for the discussion.

In this paper, we drop this assumption of continuity at the origin and
examine large periodic solutions. To this end, we consider what happens if
a pair of eigenvalues of the linear part of the right hand side in (2.1) below
crosses the imaginary axis for large |x|. We refer to this problem as Hopf
bifurcation at infinity, following Glover [13].

In Section 2, we construct a sequence of continuous operators, which con-
verges to the given jump nonlinearity. For each operator in this sequence,
using Glover’s terminology [13] along with the method of parameter function-
alisation [12], we establish when the corresponding system with the continu-
ous nonlinearity has a periodic solution with large amplitude. We prove that
the limit of a subsequence of these solutions is a nonzero, periodic solution
of the system with the jump nonlinearity.
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Furthermore, if we replace the condition (2.2) by

. la(4, x)||
Lind Wk B 1 QS y 1.2
lxiimo  [IXT] (12)

then the existence of small periodic solutions can be discussed in the same
way. So, our existence result stated in Theorem 2.1 of this paper is clearly
related to several previous works in [2-13]. One will find that our result is
stronger than those in [2-13].

In order to show the applicability of the result, a train truck wheelset sys-
tem of Hadden [14] considered by Glover [13] is re-examined here. For
such wheelsets, many researchers [13-17] have concerned themselves with
the existence of the periodic solutions. In many instances, the proofs are
not rigorous. For example, in [14], the authors try to find the periodic solu-
tions using the describing function representation and ignoring higher order
harmonics, and in [13, 17], Glover tries to verify the existence of the pe-
riodic solutions of a wheelset by replacing the discontinuous nonlinearities
(sgn functions) by tanh functions, which are continuous. One can easily see
that the existence results in [13, 14, 17] cannot guarantee the existence of the
periodic solutions of a wheelset and our result of a wheelset dynamics in this
paper implies the result in [13].

2. Main result and its proof

Let us consider the system
dx/dt = A(A)x + a(4, x), (2.1)

where A(A) is a linear operator defined on R" and takes values in R",
a(A, x) is an operator from Rx R" to R" and where A is a parameter. We
make two assumptions:

(HA)(i) A(4,) has exactly two, nonzero, purely-imaginary eigenvalues, say
tiw, (v, #0);
(ii) A(A,) has no eigenvalues of the form 0, +2iw,, +3iw,, ... ;
(iii) let p(A) be the continuous branch of eigenvalues of A(A) passing
through the eigenvalue iw, for A = A,. Then the real part, Re(p(4)),
takes values of opposite sign in every neighbourhood of A .
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(Ha)(i) a(4, x) is a bounded operator,
(i) a(A, x) is continuous in A;
(iii) a(A, x) is piecewise continuous in x;
(iv) a(d, x) obeys the growth condition
a2, Xl _
lixll—oo  |[]| 0 22)
uniformly with respect to 1.

We shall now state the main result of this paper:

THEOREM 2.1. If (HA) and (Ha) are true, then for.every ¢ > Q there exist
a A, in the interval (A, —¢e, A, +¢), a constant C, >0 and a corresponding
nonzero continuously T -periodic vector function x,(t)(|T,—2n/w| < &) such

that (
12C, 2 |Ix, (0| 2 C, > 7 (-0 <t < +00) (2.3)
and .
x,(t) = x,(T,) + /o [A(A,)x,(5) + a(4, , x,(s))ds.
PROOF.

SteP 1. Since a(4, x) is a bounded, piecewise continuous operator, we can
construct a sequence {a,(4, x)} of continuous operators such that
a. (A, x) —a(k, x) (2.4)
for each x € R” and A € R evidently. Without loss of generality, we can
assume that there exists a positive number M € R such that
lla, (4, x)|| < M
forall x € R"” and A€ R.
STEP 2. Let P denote the projection onto the two dimensional, real subspace
spanned by the eigenvectors of +iw,. Perform the change of variable from
x to u through [13]:
2
u=x/||Px||".
Then the system

dx/dt=A(A)x +a,(4, x), (2.5)
is equivalent to a new dynamical system given by [13]
dufdt = M(A)u+ b, (4, u), (2.6)

when Px or Pu#0.
In (2.6),
M(A) = A(A) — 2Re(p(A))]
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and ,
b (A, u) = ||Pull"a, (4, x(u)) — 2(Pu, a, (4, x(u)))u,
where (-, -) is the standard inner product and [13}
2
x(u) = u/||Pull".
By Step 1, we know that
2
1B, (4, WI < M||Pull* + 2M||Pul [|ul] < 3M]julf’. (2.7)

STEP 3. Let C([0, k], R") denote the Banach space of continuous R"-valued
functions defined on the interval [0, x], where k¥ = 2n/w, + 1, with the
topology of uniform convergence. Consider in C([0, x], R") the operators

of the form
3
U (T, ; u)t) = eM‘*”u(T)+/ P (A, u(s)ds,  k=1,2,...,
0
(2.8)
which depend on the two parameters T and A, [12].
_Represent U (T, 4; u) in the form of a sum
U(T,A;u)=V(T,Nu+v,(T, 4; u), (2.9)
where .
V(T, Hu(t) 2 Py,
(2.10)

t
v (T, 4; u)(t) & / MPU=Ip (3 u(s)) ds.
0

LEMMA 2.1. For any given k€ {1,2, ...}, there exist sequences‘{qm | q,, >
0, g,, € R} independent of k, {u, , € C([0,x], R")}, {T, ,, €[0,x]}
and {4, . |4, in the neighbourhood of Ay} such that, for each fixed k,

Weom =UTy s X o> Uk ) s
Tk,m—'Tk,oEZ”/wo’ Ak,m—vlk’ozlo, 4,—0 asm—- oo
and

1 3
50m Sl ll S50, Pl 2 110 = Pl

REMARK. In the proof of Lemma 2.1, which follows next, we shall show that
Tk,0 , Ak70 here are independent of k.

ProoF. One can see the detail of this proof in [12]. In fact, from the as-
sumption (HA), we have that | is an eigenvalue of multiplicity 2 of the linear
operator V(2n/w,, 4;) and the dimension of the eigenspace of the eigen-
value 1 is 2 [12, p. 153]. Without loss of generality, one can assume that
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[12, p. 155] there exist two vectors g and 4 in R" which are independent
of k, T and A, and a function /(T, A) such that

V(T, A)g+ih)=UKT,A)(g+ih), (2.11)
where /(T , 1) is the continuous branch of eigenvalues passing through the
eigenvalue 1 when (T, 1) = (2n/w,, 4;). Next, set E; = p[C([0, x], R")]
and E° = (I - P)[C([0, k], R")], then

C(0, x), R") = E, ® E°.

In this case, without loss of generality one can assume that |ju|| = ||Pu|| +
[I(I — P)u|| for each u € R". Let

1
B, ={u€Ey |[u—-q,8ll < 39,8ll},

] 1
B" ={ueE" |lull < 74,lIgll}
where g,, > 0 will be defined later, and
Q,=B,oB".
Without loss of generality, we can choose g to be a unit eigenvector g
(i.e. ||gll=1). Then
1 3
39m <yl £ 3m forueQ, , (2.12)

by the definitions of B, and B™.

Norte. It is evident that in R® a sequence of Jordan curves {Z,,} converg-
ing to (27n/w,, 4,) exist, and the boundary 8B, of the ball B, in the
plane E; is a Jordan curve. Therefore, for each m there exists a home-
omorphism y, of the ball B onto the closure D, of the set bounded
by &, , defined by y,,(u) = (T,,(u), 4,,(u)) whenever u € B, , such that
Ym(8B,) =2Z,[10, 157].

Let us consider for each m and k a family of 7 parameter-dependent
vector fields

¥ p(t,)=R (t,u)+S,(t,u)+ W, ,(t,u), (2.13)
where 7€ [0, 1], u€Q,, and
R, (7, u)={I-V(y,(Pu))}{rq,8 + (1 - 1)Pu},
St u) ={I =V(tyy+ (1 - )y, (Pu)}I - P)u,
Wi m(T, 0y ==(1 = 1)v,(,(Pu), u),
Yo = 2n/wy, Ay).
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We should like to define ¢,, > 0 in such a way that lPk,m(T , ) # 0 forall

7 from the interval [0, 1] and u from the boundary of the cylinder Q, .
Note that it is easy to verify that (see, for example, [12] pp. 158-159) there

exist my >0, 7 and r,,, which is dependent on m but independent of g, ,

such that 3
IR(T, Dl 2 37,04,y foruedB, o B" (2.14)
and
1S,,(t, Wl > %’r‘qm form>m, and ueB, K ®IB,. (2.15)

Furthermore, we have that
(W (75 Wl < | (T, (Pu), 4,,(Pu); u)ll
<3M|jul’C,

by the definition of v, in (2.10), where C is a constant which is independent
of m,k, T, and 4, .
If here u € Q, , then by (2.12) |lu|| < (3/2)g,,. Therefore,

W, (7, w)l| < 24—7MCq,2n forue B, ® B". (2.16)

Hence, we can choose g,, in such way that the following inequalities would
be fulfilled
IR,,,(z, W)l > ||PW, ,(z,u)]| forzel0,1], uedB, ®B",

1S,,(, Wl > I = P, (z, w)|| forte0,1], u€ B, &aB,,
(2.17)
and also the sequence {g,} can be chosen in such a way that ¢, — 0 as
m — oo [10, p. 159].
Thus, we know that

W, n(t,0)#0 forze(0,1],uedQ,,
so that ¥, (0, u) £ <I>k,m(u) has a singular point in Q_ (see, for example,

[12], pp. 159-160).
Note that,

o, ,w)=R,(0,u)+S,(0,u)+ W, (0, u)
= {I = V(7,(Pu))}u = v (3, (Pu), )
=u—-{V(T,(Pu), A, (Pu))u+v (T, (Pu), 4,(Pu); u)}
=u— U (T, (Pu), A,(Pu); u).
Hence, there exists U n such that
Uy = Uk(Tm(Puk,m), An(Puk’m); uk,m). (2.18)
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1Puy ,ll 2 I = Py, ||, obviously, by the definition of Q, . Let
Tk,m=Tm(Puk,m)’ )“k,m=}‘m(Puk,m)‘

Then, for each k, by the definition of 7,,, (7, ,.4; ,) € D, . See the
Note above in this step. Hence, by Lemma Al.1 in Appendix 1, (7, m> A, , m)
= (T} 05 A o) = (27/wy, 4y) , which is independent of k, as m — oo for
each k. This completes the proof of Lemma 2.1.

REMARK. By the definition of U, in (2.8), (2.18) means that there exists
U €C([0, k1, R") such that for k=1,2, ...,

t
M@, ) M, )=
Uy (0 = % )uk’m(Tk,m)+/0 MBIy (4w L ())ds,

So, by the continuity of b, , U, n(t) isa T ,-periodic solution of
Hence, we have

LEMMA 2.2. For any given k€ {1,2,...}, there exist sequences {q, > 0},
{T, . €10, k1}, {A; ,,} andasequenceof T, , -periodic solutions {u, (1)}
of the system (2.19) such that for this k,

Mem =2 0=2 Ty = Ty =20/, 4, >0 asm— oo
and

1 3
0< 50 <l mll S 50ms  I1PU Il 2N = Pl il (220)

StEP 5. Consider the solution », ,, shownin Lemma 2.2. Then, Py, , #0
evidently. Let

X = —,
o Puy I
Then, by (2.20),

”xk ” —_ “uk,m”2 - ”Puk’m” + ”(I —ZP)uk’m”
,m
|Puy il Py o
2||Pu
< Lk_"'lzl
”Puk,m“
_ 2
“Puk,m”
< 4
“NPug ll + I~ Py |l
- : = i (2.21)
”uk,m” qdn
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and

9]

el 121 (2.22)

x
Wl = p, 17 2 Tt 0 2 34,
Hence, by the equivalence between (2.5) and (2.6), we have

LEMMA 2.3. For any given k € {1, 2, ...}, there exist sequences {q,, > 0},
{Ty )}, {4 n} and a sequence of T,  -periodic solutions {x, (1)} of the
system
dx/dt = A4, )x+a (A, X) (2.23)
such that for this k,
lk,m — lk,o =4, Tk’m — Tk’0 =2n/w,, 4,—0 asm— oo,

and

21 8
—_< < —
0<3q -”xk»m“—q ’

m m

1PX, mll 2 I = Pl pll-

Hence, by the continuity of 4, and the equivalence of the systems of
differential and integral equations, we have

LEMMA 2.4. For each k € {1, 2, ...}, there exist sequences {q,} (¢, > 0),
{Ty m}, {Ax m} and the sequence of continuously T, ,-periodic functions
{Xc m(8)} such that for this k,

t
X () = X (T )+ / (4G )% () + @ (i s X (S,
0 (2.24)

Ty m— k’OEZR/wO, Aem—*0=4, 4,—0, asm-ooo

and 5 g
0<g_llxk mll £ —

m qm

Note that the sequences {7} .}, {4, ,} and {x; ,(¢)} are bounded for
each m. Hence, there exist convergent subsequences of them for each fixed
m . Without loss of generality, we may assume that for each m,

Tem =Ty Aeom = Aps X () = X,,(1) as k — oo.

Hence, we know that x, () is continuous by Lemma 2.4 and

x, () =x,(T,)+ /0 4G )x, () +a(h,, , x. (s)ds (2.25)
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by (2.4). Note that D, is closed. Thus, (7,,, 4,,) € D,, . This means that
(T,,4,) = (T,, A;) as m — oo (see Lemma Al.l in Appendix 1).
Furthermore,
2 8
0< .. S ”xm” S —>
34,, I
and ¢q,, — 0, as m — oo. Thus, for any given ¢ > 0, there exists a

sufficiently large m, such that

2n
Amoe(lo—e,lo+e), Tmo—w— —|Tm0—T0|<e,
8 2 1
_lexmo(t)llz 3 >E’
D, qm,

and ,
X (1) = Xy (T, ) + / (Al %, (5) + (A, X, ()]s,

Hence, for this given & > 0 if we let C, = 2/(3q,, ) and denote 4, m
and x 0(t) by 4,, T, and x,(¢) respectively then the proof of Theorem 2. 1
is completed.

REMARK. If ¢ is sufficiently small, then by (2.3) the periodic solution x,(z)
is very large and this is what we mean by a periodic solution of large amplitude.

3. Existence of periodic solutions of a train truck system at infinity

Now, let us consider the wheelset system which is taken from D’Souza and
Caravavatna [14]. The equations of motion are derived by considering the
three degrees of freedom in the lateral, yaw, and parallelogramming direc-
tions. The wheel profile is assumed to be conical, with a as the half angle
of the cone. The creep forces at the rail-wheel intersection are assumed to
be linear functions of creep. The equations of motion are given below.

Lateral direction:

2(m,, +mf)y+clsgny+kly+4f“(V Vay V- 9)

4¥a (3.1)

y+F +F,=0,

where the last two terms represent the flange contact forces F; and F,
which are modeled here as stiff linear springs with dead band, as shown in
Figure 1.
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y+Ly

Figure 1. Flange contact forces

Yaw direction:
(20, + 20+ 2L my, +2d*m + L) + (2L, + I, + 2d°m )§ + ¢, sgn(y + )

4f]l 2 rpa .
+7—L <l+—a— v

« L V.98 2fe ¥ 0
+4f22<_a—roy+_l7+7>+4f33a (ar0y+ 7 V)
+4WL2§w—2Waa(w+0)+F,L—F2L=o, (3.2)

Parallelogramming direction:
(2L, +2d°m; + 1,)( + 6) + ¢y sgn 6 + ky0 + ¢ sgn(v + 0)
a, v, 9
+4f22<_ aroy+ vV V)
+4f33a2[f7y+ (Zi—e)] = 2Waa(y +6) = 0. (3.3)
X 4

vV

The parameters and typical numerical values in (3.1), (3.2) and (3.3) are
listed in [14], along with the nomenclature.
Note that (see Figure 1)

ko(y + Ly) — Ak,, y+Ly>A
F,={0, —-A<y+Ly<A4
ko(y + Ly) + A4k,, y+Ly <-4
—-Ak,, y+Ly>A4
=Koy +Ly)+{ —k(y +Ly), -A<y+Ly<A4
Ak, y+ Ly < -A.
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Similarly,
-4k, y—Ly>A
Fy=ko(y,v)+4 —k(y—Ly), -A<y-Ly<A
Ak, y—Ly < —A.
Hence, if we denote by
—~Ak,, z> A
h(z) =4 —kyz, —-A<z< A
Ak, z< -4,

then,
Fi=ku+Ly)+h(y+Ly),
F,=ky(y ~Ly)+h(y — Ly)

and h(z) is a bounded continuous vector function of z.
Thus, after changing variables to

X=0,x,x%) =0, v+6,v),
(3.1), (3.2) and (3.3) become

X+ AV)X + (B+K)X = CSgn(DX) + dg(X) (3.4)
where
a1 [ 62 0 0 - kiyy =k, 0
0 0 ¢y 0 —kyp Ky
2k, 00 -, 0 0
K=M"'|0 0 0 |, cCc=M"'"[0 -¢ -],
0 0 2k,L’ 0 0 ¢y

1 0 0 h(x, + Lx;) + h(x; — Lx,)
D=(0 1 0), g(X)_—.M“( 0 )
01 -1 h(x, + Lx;)L — h(x, — Lx,)L

m, 0 O

M= ( 0 m, 0 ) ,

0 0 my
and the Sgn vector is given by
Sga(x,, x,, x;) = (sgn(x,), sn(x,), sgn(x,))". (3.5)

In (3.4), the flange contact forces are ignored by setting 6 = 0; otherwise
0 =1 and the parameters are shown in Table 1 (see Appendix 2).
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Now, we rewrite (3.4) as an equivalent first-order system by letting Y =

(S70 JON ,yﬁ)T=(xl,xz,x3,)'c1,)'c2,5c_,,)T i.e.
0 I \
- Vs
Y‘(-B—aK —A(V))Y+ C Sgn (D(ys))+6g(y,,y2,y3)
Ve

(3.6)
Here, we can see that the nonlinear term of (3.6) is bounded and piecewise
continuous in y.
A numerical calculation, using the values from Table 1, shows that the
linear matrix

(—BEJK —AI(V))

satisfies the assumption (HA).
Let

H(V) = (—BEJK —AI(V)) ’

0
_ Vs _
F(Y)_ ngn (D (ys))+§g(y|:y2’y3)
Ve

Then (3.6) is equivalent to
Y = HV)Y + F(Y). (3.7)

Without loss of generality, we can assume that

(i) H(V,) has exactly two, nonzero, purely-imaginary eigenvalues, say
tiw, (w, #0);
(ii) H(V,) has no eigenvalues of the form 0, £2iw,, +3iw,, ....

Then, by Theorem 2.1, we have that

THEOREM 3.1. For any given & > O there exists a V, in the interval (V; —

e, Vy+e&) and a corresponding nonzero continuously T,-periodic vector func-
tion Y (t)(|T, - 2n/w,| < €) such that
1Y, (O] > 1/e (00 <t < +00)
and
0 = Y1)+ [ (HEY6)+ F(E s (38)
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REMARK. If the nonlinearity F(Y) in (3.7) is continuous, then for a given
V,, the vector function Y,(s) shown in Theorem 3.1 is a periodic solution
of the system

Y = H(V,)Y + F(Y). (3.9)

Hence, our result shown in Theorem 3.1 implies the result which Glover
obtained in [13].

Appendix 1

LemMA Al.l. In R® space, let {D,,} be a sequence of bounded, closed sets.
Suppose that

(i) Z,, is the boundary of D, for each m and {Z, )} convergesto (T, A,)
as m — oo, where (T, A,) is a fixed point in Rz;

(i) {(Ty > Ak, m)} is a double sequence in R? such that for each m

(T > Mem) €Dyr  k=1,2,.... (Al.1)

Then

(i) for each k,lim, _ (T, .., 4, ,) exists and is equal to (T, 4,);

(i) for each m, if lim, _, (T, .. A ) existsand is equalto (T, 2,),
then lim, (T, ,A,) existsand is equal to (T, A).

ProOF. Step 1. In fact, since {-£,} converges to (T, 4,) as m — oo and
%, is the boundary of D, , we know that each D, is contained in a circle
with center (7}, 4;) and radius g, , where g, — 0 as m — oo. Hence,
for any sequence {(a,,, b,)€D,,}, lim,_ _(a,,b,) exists and is equal to
(Ty, Ap) - In particular, for each k, limm_,oo(Tk’m , lk,m) = (T}, 4y)-

Step 2. Since lim,_, (T} ... 4 ,) = (T,,4,) and D, is closed, we
have that (T,,, 4,) € D, by(Al.1). Hence, by the statement shown in Step
1 above, lim,, | (T, ,4,)=(Ty, 4;).

This completes the proof of this lemma.
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Appendix 2
TaBLE 1. Parameter values for 80-ton hopper car truck.

m, =2(m,+m,)=2096kg,

my =1, +2I, +2d’m, = 2145kg,

my =21, +2m,L" = 1878kg,

¢y, = ¢, = 23000,

¢, = 41;,(1 + ryafa) = 2103 x 107,

¢, =c,=822J,

Cpp = 4(fyy + @ fyy) = 1.283 % 107,

€3 =€y =15791J,

Cyy = 42 £, (1 + ryafa) = 1.568 x 10’ Nm’
ky, =k, +4Waja = 367906Nm™ ",
ky,=4f,, =2.05x10'N,

ky = 4(fy, — @’ fyy)ary/a = —2.0254 x 10'Nm’,
ky, =k, — 2aaW = 5.161 x 10°Jrad ™",
kys = kyy = ky = 5.17 x 10°,

ky =k, +4aL*W/a = 5.180 x 10°Jrad ™"
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