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Abstract

We consider a random trial-based telegraph process, which describes a motion on the
real line with two constant velocities along opposite directions. At each epoch of the
underlying counting process the new velocity is determined by the outcome of a random
trial. Two schemes are taken into account: Bernoulli trials and classical Pélya urn trials.
We investigate the probability law of the process and the mean of the velocity of the
moving particle. We finally discuss two cases of interest: (i) the case of Bernoulli trials
and intertimes having exponential distributions with linear rates (in which, interestingly,
the process exhibits a logistic stationary density with nonzero mean), and (ii) the case
of Pdlya trials and intertimes having first gamma and then exponential distributions with
constant rates.
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1. Introduction

Since the 1950s several authors have investigated the (integrated) telegraph process as a
realistic model of random motion (see [4], [20], and [23]). Such a process describes the motion
of a particle on the real line characterized by a constant speed, the direction being reversed
at the random epochs of a Poisson process. The probability density of the particle’s position
satisfies a hyperbolic differential equation, whose probabilistic properties have been studied
by, for instance, Orsingher [26], [27], Foong and Kanno [19], and, more recently, Beghin et al.
[5]. See also the book of Pinsky [28], in which many results on the telegraph process and its
generalizations were given, and many applications were discussed. Certain one-dimensional
generalizations of the telegraph process focus on cases in which the intertimes between two
consecutive changes of direction are characterized by a variety of distributions. We recall the
cases of the Erlang distribution (see [14]), the gamma distribution (see [ 15]), and the exponential
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distribution with linearly increasing rate (see [17]). Moreover, a generalized telegraph process
governed by an alternating renewal process was studied by Zacks [33], whereas Iacus [22] gave
a rare example where an explicit probability law is obtained for an inhomogeneous telegraph
process.

In this paper we aim to study the telegraph model subject to a further source of randomness,
by assuming that the velocity of the moving particle is driven by random trials. Specifically, we
deal with a two-velocity random motion on the real line where, differently from the classical
telegraph process whose positive and negative velocities are alternating, at each time epoch the
new velocity is determined by the outcome of a random trial. The latter follows one out of two
schemes: the Bernoulli scheme, which acts with independence, and the classical Polya scheme
(cf. [24] and [29]), where the outcome of each trial depends on the outcomes of the previous
trials. We note that the inclusion of random trials in finite-velocity random evolutions allows us
to describe some real situations of interest, such as the motions of particles subject to collisions,
whose effects may produce direction changes.

Some novelties with respect to various finite-velocity random motions are mentioned in
Section 2, with special reference to models with random velocities. We recall that investigations
on the telegraph process with random velocities have been performed recently by Stadje and
Zacks [31] and De Gregorio [11]. Moreover, some recent contributions on multidimensional
motions characterized by a finite speed and randomly distributed directions are given in De
Gregorio [12] and De Gregorio and Orsingher [13].

The paper is organized as follows. In Section 2 we describe in detail the mathematical
model of the motion. In Section 3 we investigate the probability law and the conditional mean
velocity of the process. Then, in Section 4, for the Bernoulli scheme, we discuss the case
in which the random intertimes between consecutive trials are exponentially distributed with
linearly increasing rates. In this case we obtain the probability density of the process in closed
form, we show that it possesses a logistic stationary density, and then we express the conditional
mean velocity of the process in terms of hypergeometric functions. Finally, in Section 5, for
the P6lya scheme, we discuss the case in which the first random intertimes in both directions
are gamma distributed, whereas all remaining intertimes are exponentially distributed. We
obtain the probability density in closed form and the conditional mean velocity as a series of
Gauss hypergeometric functions. For the reader’s convenience, the paper is enriched by two
appendices containing definitions and formulae used in the proofs.

2. Stochastic model

Let {(S;, V;); t = 0} be a continuous-time stochastic process, where S; and V; respectively
denote the position and velocity at time ¢ of the moving particle. The motion is characterized
by two velocities, ¢ and —v with ¢, v > 0, and its direction is specified by the sign of the
velocity. At time Ty = 0 the particle starts from the origin; thus, So = 0. The initial velocity
Vo is determined by the outcome X of the first random trial. At the random time 77 > 0 the
particle is subject to an event, whose effect potentially changes the velocity according to the
outcome X, of the second random trial. This behavior is repeated cyclically at every instant of
asequence of random epochs 7o = 0 < 71 < T < T3 < - - -. We assume that the time interval
durations [T, T,+1), n = 0, 1, 2, ..., constitute a sequence of nonnegative random variables.
More precisely, let Uy and Dy denote the random durations of the kth time period during
which the particle moves forward with velocity ¢ and, respectively, backward with velocity —uv.
Furthermore, {Uy; k > 1} and { Dy; k > 1} are mutually independent sequences of nonnegative
and absolutely continuous independent random variables. Denoting by Z,, the velocity of the
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particle during the interval [T}, T,,+1), we assume that {Z,;; n > 0} is a sequence of random
variables governed by the sequence {X,;n > 1} of random trial outcomes. Moreover, we
assume that the collection {Uy, Dy; n > 1} is independent of {X,,; n > 1}.

In this paper we focus on the case in which the random trials {X,,; n > 1} are the outcomes
of a sequence of indicator functions such that

b r
P{Zo=c}=PX; =1} = ——, P{Zy = —v} =P{X; =0} = , 1
{Zo=c} {X1 1 P {Zo v} {X1 } P (L
and, forn > 1,
b—l—AZn: Xk
P(Zp=c | §u) = PXns1 = 1| §a) = — =0
AT (= X0) @
P(Zy = —v | §a) = P(Xps1 =0 g} = — ===,

where b and r are positive constants, A is a nonnegative constant, o = {J, Q}, and §, =
o(X1,...,Xy) forn > 1.
We can distinguish two cases.

Case (i): A = 0. In this case the random trials {X,; » > 1} are independent, i.e. they are a
Bernoulli scheme with parameter

b
T b+

p 3)
Case (ii): A > 0. In this case {X,;n > 1} is a sequence of outcomes of drawing balls from
an urn that initially contains b black balls and r red balls, and that is updated according
to the classical Polya urn scheme: the drawn ball is returned to the urn together with
A > 0 balls of the same color. (We recall that, from a mathematical point of view, in this
case the parameters b, r, and A of the model can be real, not necessarily integer.) The
outcome X = 1 means that the drawn ball is black; otherwise, we have X; = 0. In this
case the random trials {X,,; n > 1} are not independent, but only exchangeable (see [2]).
We recall that urn schemes are used in many applications in order to model the so-called
preferential attachment principle, which is a key feature governing the dynamics of many
economic, social, and biological systems. It can be formulated as follows: the greater
the number of times we observe a certain event, the higher the probability of occurrence
of that event the next time.
In Section 5.1 we discuss an extension of the above setting to the case in which
{Xn; n = 1} is the sequence of outcomes of drawings from a randomly reinforced urn.

We note that Stadje and Zacks [31] studied a telegraph process with random velocities, where
at each epoch of a homogeneous Poisson process the new velocity of the motion is chosen
according to a common density, independently of the previous velocities and of the Poisson
process. Hence, in particular, the velocities are a sequence of independent and identically
distributed (i.i.d.) random variables and, in Section 5 of [31], the first-exit time of the process
through a positive constant is investigated in the special case of two-valued random velocities.
This schema corresponds to our case (i), where at each random epoch a Bernoulli trial occurs.
However, there is a significant difference: whereas in [31] the random durations are independent
of the random velocities, our model is based on more general assumptions, which involve
nonidentically distributed durations of random intervals [T}, T;,+1), depending on the values
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FIGURE 1: Sample paths of S; with (a) Vp = c and (b) Vp = —v.

taken by the velocities. Moreover, our model includes the case of nonindependent random
velocities (case (ii)). These two facts are also novelties with respect to [11], where, as in [31],
a homogeneous Poisson process governs the velocity changes that form a sequence of i.i.d.
random variables, independent of the Poisson process.
Let M, be the stochastic process which counts the number of epochs 7; (withi > 1) occurring
before ¢, i.e.
M, =max{i > 1: T; <t}, t > 0. 4

It is worth noting that the position and velocity of the particle at time ¢ can thus be formally
expressed as

t
Vi=2u,, Sl:/O Vs ds, t > 0. 5)

In Figure 1 we present two sample path examples of S;, with indications of the random intertimes
Uy and Dy, where the sequence {X,,; n > 1} takes values {1, 1,0, 0, 1, 0, 1, ...} (left-hand plot)
and {0, 1, 1,0, 1, 1, ...} (right-hand plot).

The following stochastic equation holds:

St = St + Wi, k>0.
Here {Wy; k > 0} is the sequence of random variables defined by
U if Zg =c,
O
—vD; ifZy=—v,
and,fork > land 1 <j <k+1,
We — cUj ifZy=cand X1+ Ny—_1 =j — 1,
“T1-vD; ifZi=—vand X, + Neoy =k —j + 1,

where Ni_1 is the random variable that counts the number of random trials yielding velocity ¢
among the trials going from the second to the kth trial, i.e.

k-1 k-1 k
Ni1 = Zl{z,-:c} = ZXH—l = ZXh, k> 2. (6)
i=1 i=1 h=2
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For convenience, we also set No = 0. In Appendix A we give some useful formulae for the
probability distribution of Nj_; conditioned on the initial velocity for the two different schemes.

Throughout the paper, we denote by fy,, Fu,,and Fy, the probability densities, cumulative
distribution functions, and tail distribution functions of Uy, respectively, and, similarly, fp,,
Fp,, and Fp, the probability densities, cumulatlve distribution functions, and tail distribution
functions of Dy, respectively. Moreover, fU f @ s by *)  Fp ® and F, Uk), Fp 70 will respectively
denote the probability densities, cumulative dlstrlbutlon functlons and tail d1str1but10n functions
of the partial sums

U =U,+U,+-+U, D® =D +Dy+---+Dr, k=1

3. Probability law and mean velocity

At time ¢ = 0 we assume that Sy = 0, so that at time ¢ > O the particle is located in the
domain [—vt, ct]. The probability law of S;, r > 0, thus possesses a discrete component on
the points —vt and ct, and an absolutely continuous component over (—vt, ct), which will be
investigated in the sequel.

Proposition 1. Forallt > 0, we have

+00

b
P(S = cth = - —Fu () + ) P{Zo = ¢, Ne = KIF ) = FFTP 0L ()
k=1
where
pk+1 ifA=0,
P{Zy=c, Ny =k} = A A -1
{Zo =c, N =k} b (b+ b+A+r iFA >0,
b+r A k A k
Similarly, we have
ro - =
P(S; = —vi} = ;——Fp, () + ) P{Zo = —v. N = O}[F,)(0) = Fy (0], (®)
k=1
where
(1— p)kt! ifA=0,
P{Zo=—v, No=0}={ r [r+A b+A+r\ 1! 40
> U.
b+r\ A ), A )

Proof. First, note that, for y € {—v, c}, the condition S; = yt implies that Vo = y and
V; = y almost surely. Conditioning on M; = k and recalling (6), we have

P{S; =ct} =P{S; =ct, Vi =c¢c, Vo =c}
—+00

=Y P(Zo=c. Ne =k}P(M, =k | Zo =c, Ny = k).
k=0

Equation (7) thus easily follows from (1) and from (45) and (50) below for j = k — 1. In
the same way, (8) follows from (1) and from (48) and (53) below.
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Let us now define the probability density of S;, ¢+ > 0, conditional on the initial velocity
y € {_Uv C}:
a
plx,t|y = aﬂ”{& =x|Vo=yh x € (—vt, cr). )

We remark that, for ¢t > 0,

ct

P{Sz=yt|Vo=y}+/ p(x,t | y)dx =1, y € {-v,c}.

—vt

The density of the particle position is

d b r
)= —P{S; <x} = ——p(x,t —px,t| —v), 10
plx,1) ox {Si = x} b+rp(x |c)+b+rp(x | —v) (10
where p(x,t | y), defined in (9), can be expressed as

px.t|y)=flx,t[y)+blx,t]y). 1D

Here f and b denote the densities of the particle’s position when the motion at time ¢ is
characterized by forward and backward velocities, respectively, i.e.

0

f(x,tly)=aﬂ"{5z<x, Vi=c| Vo=y}
0

b(x,t | y):a]P’{S, <x,Vi=—-v| Vo=y},

for x in (—wvt, ct). Then, for y € {—v, c}, we can write

+0o0 +00
faaln =Y ficr .  barly = bx.r|y), (12)
where, for x in (—vt, ct),
0
e, 1] y) = aP{S; <x,Vi=c, M, =k| Vo =y}, (13)

d
bk(-xvt | )’) = ap{st =x, Vl = -, MI =k | VO =)’}7 (14)

with M; defined in (4). It is worth recalling that, in the case of a telegraph process driven by
i.i.d. random velocities and an independent homogeneous Poisson process, a two-dimensional
renewal equation for p(x, t) is given in [31, Equation (2.5)]. However, as pointed out by the
authors, it is quite difficult to solve analytically. In our case, hereafter we develop a different
approach, based on suitable conditioning. We first give expressions for the densities f; and by
conditioned by Vj = c. Note that fi(x, | ¢) = 0.

Theorem 1. Fort > 0 and —vt < x < ct, densities (13) and (14) can be expressed as

k—2
1
felx.t o) = :ZP{Nkl—J,zk—cuo—c}

x fUI 0 - m/ (s — 4 1) Fu,n—9)ds, k=2, (I5)
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and
br(x,t | c)
1 _
— {]P’{Nk_l —k—1,Z=—v | Zo =} P (w) Fp, (t — 1)
c+v
k-2 "
gy Y PNk =, Zu=—v | Zo= SRR
=0
L ok—j-1) =
X/fé ! (S—T*)Fij(t—S)dS}, k>1, (16
Ty
where P+
v X
T = To(x, 1) = > 17
c+v

and where P{Ny_1 = j, Zr = c | Zo = c} and P{Nyx—1 = j, Z = —v | Zo = c} are given
respectively by (45) and (46) below if A = 0, and by (50) and (51) below if A > 0.

Proof. Recalling (13), fort > 0, —vt < x < ct, and k > 2, we have
t
Je(x, t | o)dx = / P{Ty € ds, Zy =c, Ss+c(t —s) € dx, Txy1 — Ty >t — s,
0

O0< N1 <k—=2|Zy=c}.

(The k = 1 case does not give an absolutely continuous component.) Conditioning on Ny_1,
and taking into account the number of time periods during which the particle moved forward
and backward, we obtain

Je(x,t | c)dx
= Z/ PUYtD 4 p*k=i=D ¢ gg, cUHD —yD*=I=D 4 ¢(r — 5) € dx}
0
j=0

XP{Ujyr >t = s}P{Nk—1 = J, Zx =c | Zo = c}.

Note that the conditions S; + ¢(t —s) = x and S; > —vs yields > (¢t —x)/(c+v) =t — T4.
This inequality and the independence of U®) and D™ thus give
k—2

fite,t 1oy =) PNk 1=, Zr=c| Zo=c)
j=0

t
X f h(s,x —c(t —s)P{Uj2 >t —s}ds,
t—Ty

where A(-, -) is the joint probability density of (UUTD 4 pk=i=h yG+h _ypk=i=Dy,

Since |
G+ =X\ phk—j-nfcl—X
h(s,x —c(t — = — - —,
(s, x = e $)) c+va (S c+v> b <c+v
(15) now follows by recalling (17). Equation (16) can be obtained in a similar way. Indeed, for
k>1,

t
br(x,t | c)dx = / P{Ty € ds, Zy = —v, S; —v(t —s) € dx, Tp41 — Ty >t — s,
0

O< N1 <k—1]|Zyg=c}.
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Conditioning on Ni_1, and taking into account the number of time periods during which the
particle moved forward and backward, we obtain, for k > 1,

br(x,t | c)dx
t
= f PU® e ds, cU® —v(r —s) € dx)
0

XP{D; >t —s}P{Ny_1=k—1, Zy =—v | Zyp =}
+ Z/ PUYTD 4 p&=i=b ¢ g5, cUYHY —yDp*I=D _y(t —5) € dx}

XP{Di_j >t —sIP{Nk_1=j, Zr =—v | Zo =c}.

(Note that, for k = 1, the term P{Ny_; = k — 1, Z;x = —v | Zy = c} reduces to P{Z| =
—v | Zg = ¢} and the sum on j is equal to 0.) For the first integral, the conditions U®) = s and
cU® — v(t — s) = x imply thats = t,; for the second integral, the conditions S; —v(t —s) = x
and Sy < c¢s yield s > (x + vt)/(c + v) = 7. This inequality and the independence of U®)
and D% thus give, for the above sum on j,

k=2
ZP{Nk 1=J,Zk=—v| Zp —C}/ h(s,x +v(t —s))P{Dg_; >t —s}ds,

j=0
where, as above, h(-, -) is the joint probability density of (UU+D 4 p*=i=D (yU+h _
vD® =7~y Since

his,x +v( —s)) = f(/+1)( *)f(k J= 1)(S Ts)s

we obtain (16).

Remark 1. Similarly to (15) and (16), when the initial velocity is negative, for all # > 0 and
—vt < x < ct, densities (13) and (14) are expressed as

felx,t | —v)

1 _
= {P{Nk_l =0, Zt=c | Zo = —v} Pt — 1) Fu, (1)
c+v

k—2
+ L) ZP{Nk 1=k—1-j Zx=c|Zo=—vfy "t - 1)

/ FEI0 - t—}-r*)FUkj(t—s)ds}, k>1,

1 ; k—
bi(x,1 | —U)=—ZP{Nk71=k—1—]7 Zi=—v|Zo=—=v}fy "V (w)
c—}—vj:()

o ~
x / I =t Fp, (= s)ds, k=2,
Ty
where t, is defined in (17), and where P{Ny_1 = k — 1 — j, Zy = ¢ | Zyp = —v} and

P{Ny_1 =k —1—j, Zx = —v | Zo = —v} are respectively given by (47) and (48) below if
A =0, and by (52) and (53) below if A > 0.
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In the following proposition, conditional on a positive initial velocity, the mean of the process
V: is expressed in terms of the cumulative distribution function of T;. (Obviously, we can obtain
a similar expression conditioning on a negative initial velocity.) We note that, by conditioning
on the value of Nj_; and using the independence of U+ and D%*=7/=D it follows that
k—1
Frizyt | e) =Y PNio1 = j | Zo=cPUY*) + U0 <y, (18)
=0
where ,
PUUHD + pEith <1y = /0 Fy @ =517 s) ds

t . .
- /0 FI™a =515 sy ds. (19)
Proposition 2. Forallt > 0, we have
_ “+o00 —+o00
E[V: | Vo =cl=cFy,(t)+cmay_ ¢u(t | o)+ (—v)A —ma) Y vu(t |c),  (20)
k=1 k=1

wheremqa = (b+ A)/(b+ A+r) and

t
Or(t | ¢) = Frz,(t | ©) —/ Frzo@ — s | ©) fu,, (s)ds,
0 1)

t

Yr(t | ©) = Frz,( | ©) _fo Frazo@ — s | ¢) fpg, (s)ds.

Proof. We recall that in both cases (by independence in the Bernoulli scheme and by
exchangeability in the Pdlya scheme), we have, for eachn > 2,

P{X,=1]| X1 =1} =my4, P{X,=0|X;1=1}=1—m4. (22)
Hence, for every positive integer k > 1, recalling (4) and the first equation of (5), we have

+00
ELV, | Vo=cl=ElZuy, | Zo = cl=cFy,() + ) _ElZilgi<i<n,) | Zo = cl.
k=1

Since, for k > 1,
ElZi i1y <t<Tiyn) | Zo = c]
=cP{Zy =c | Zo = B[N, <t<1iyy | Zo = ¢, Zx =]
+ (—vP{Zy = —v | Zop = c}E[Nin<r<ni) | Zo=c¢, Zp = —v]
=cP{Xi1 =11 X1 =1P{Tk <t <Tiy1 | Zo=c, Zx =c}
+(PXp1 =0 X1 = 1P{Th <t <Thq1 | Zo=c, Z = —v}

o
:an/ P{t —s < T <t | Zo = c} fu,,,(5)ds
0

+(—o)(1 - m)/o Plt —s < Ty <1 | Zo = ¢} fi., () ds

= cmadr(t | o) + (—v)(1 —w) Y (1 | ©).
Equation (20) now follows by using (21).
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The following remark turns out to be useful in some particular cases.
Remark 2. It is worth noting that, using (18) and (19), (21) can be rewritten as

k—1

¢t | )= PNeo1=j | Zo=c}

j=0

t
k—j—1 i+1
x /0 FET D6 — IS0 0) = fuoens, 01dy,
k—1

Yt o)=Y PNiei=j | Zo=c}

j=0
t
i+1 k—j—1
x fo F 0@ =0y 77 0) = foeionype,, 0)14dy.

The above quantities can be easily computed when the random variables Uy (and Dy) are
gamma distributed with the same scale parameter, since it is well known that, by independence,
the sums of the involved random variables are still gamma distributed.

Remark 3. In the special case in which (Zy); and (Tx4+1 — Ty )k are independent, we have U
and D identically distributed and

Grt | o) =Yt | ¢) =P{Tk =1 < Ti1},
so we can write (20) as
ELV: | Vo = c] = cFr,(t) + E[Z1 | Zo = c]Fp,(1).
Similarly, we have
ELV; | Vo = —vl = —vFr, (1) + B[Z1 | Zo = —v]Fr, (1),
and so we find that

E[Vi] = (cP{Zo = ¢} — vP{Zo = —v}) Fr, (1)
+ (ElZ) | Zo = c]P{Zp = c} + E[Z; | Zo = —v]P{Zo = —v}) Fr, ()
= E[Zo]Fr,(t) + E[Z{1F7, (1)
= E[Zo].

The last equality is due to the fact that the random variables Xy, and so Zi, are identically
distributed in both the A = 0 and A # 0 cases. As a consequence, we obtain

E[S:] = tE[Zo].

This is the same formula found in [31] for the telegraph process driven by i.i.d. random velocities
and an independent homogeneous Poisson process.

In the following sections we discuss some special cases arising in the two different schemes
of Bernoulli and Pélya trials, and leading to closed forms for the probability law of S;.
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4. Particular case for the Bernoulli scheme (A = 0)

The classical telegraph process is characterized by exponentially distributed times separating
consecutive velocity changes. The extension of such a model to the case of velocities driven
by Bernoulli trials can be performed in a simple and natural way. Indeed, if we consider a
simple telegraph process S, with alternating velocities ¢ and —v, and with alternating switching
intensities A :== (1 — p)A and fi := ppu, then it can be proved that the marginal distributions of
S’,, t > 0,and S;, ¢ > 0, are identical (where S; is a telegraph process with switching intensities
2 and 1 and the same velocities as S;, governed by Bernoulli trials with parameter p). Hence,
in this case results for S; can be immediately obtained from those for S;. Other results relating
to this case, when A = u, can be found in [31].

With the aim of discussing a nontrivial case, and motivated by previous studies (see [17]
and [18]) involving finite-velocity random motions with stochastically decreasing random
intertimes, in the following we assume that the random variables Uy and Dy have exponential
distributions with linear rates Ak and pk. Hence, the tail distribution functions are

Fy(y=e ™ Fp()=e*,  1>0, (23)

with A, © > 0. In Figure 2 we present some simulations of S; in the present case, where
the particle exhibits a kind of damped motion. This special case belongs to a more general
framework in which counting processes with increasing intensity functions are employed in
applied fields. A typical example in this respect is the nonhomogeneous Poisson process with
increasing intensity function, which deserves interest in reliability contexts involving repairable
systems (see, for instance, [9], or [16] for a power-law process). In other cases, as in the
present model, the effect of an increasing intensity function can also be obtained by assuming
increasing arrival rates (see [8]). Another example of random motion with shrinking steps is the
two-dimensional Pearson walk studied in [30]. In [30] the step size decreases deterministically
with a geometric rule, whereas in the present model the step length decreases stochastically,
according to the tail distribution functions specified in (23).
Due to assumption (23), U ®) and D®, k > 1, have generalized exponential densities

W@y =kt —e e 0@ = k(1 —e MR e, 150, (24)
S
2 L
p=09
1 1 1 1 1 1 1 t
2 4 6 8 10 12 14
) p=05
p=0.1
—4}

FIGURE 2: Simulated sample paths of S; in the Bernoulli scheme, exponential damped case, with
A =pu =1and c = v = 1 for various choices of p.
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with corresponding cumulative distribution functions

Flm=-ef  FPo=0-erf  1z0 (25)
Hence, U® and D® are distributed as the maximum of k i.i.d. random variables having
exponential distributions with rates A and u, respectively.

By making use of the results in the previous section, in the following we obtain the probability
law of S;. We start by providing the discrete component.

Proposition 3. Let Uy and Dy be exponentially distributed with rates Mk and uk, k = 1,2, .. .,
respectively. For allt > 0, we have

— A\t —ut
pe . _ (1—p)e™”
T pd—eTny LU=V =TT T ey

Proof. The proof immediately follows from Proposition 1 and (25).

P(S, = ct} =

The following theorem and corollary give the absolutely continuous component of the
probability law of S;.

Theorem 2. Under the assumptions of Proposition 3, for all t > 0 and —vt < x < ct, we

have ( i
1— W(t+Ts Ty _ 1
font o= — PR TET — D (26)
(c +v)[pet + (1 — p)e?+mn]
_ A ATs+u(t+74) Al — AT 20T
bt | ) = (1 — p)lape +A(1—pe ]’ @7

(c +v)[pet + (1 — p)e+mm]?
where T, is defined in (17).

Proof. Since U; and Uiy are exponentially distributed with parameters A and A(k + 1),
respectively, from (12), (15), and (45) below, recalling (23) and (24), we obtain

fx,t]0)
+00 k—2
- >0 ( > I = )1 (ke — j — D)e HUITmI[] — e r T k=2
c -l- v
k=2 j=0

t
X / )\’(‘] + 1)6—)»(3'—14-1'*)[1 _ e—k(s—t+r*)]je—k(t—s)(j+2) ds
=7,

_upd—p) (=T _ pI(1 = py2i[] = e HU—T k2
= Z(k 1)2 (1=p) 2 —e ]

t
% e—kr*/ )\(] + l)e—k(t—s)[e—)\(t—s) _ e—kr*]] ds
I—Tx

up(l — p) e HI-T)-2m (Ghre _ 1)
c+v

k—2
X Z(k —1 Z <k ; 2) [p(l — e—kr*)]j[(l - p)(1 - e—u(t—r*))]k—j—z

e2ut+2kr*

,LL[)(I p) —;,L(t Te)— 2)([*( ATy )
c+v [(1 — p)eC-Fmm 4 pent ]2’
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This yields density (26). Equation (27) can be obtained from (12), (16), and (46) below in a
similar way. Indeed, for k = 1, we have

Al —
bl(x,t | C) = Me_kf*_ﬂ(t—f*)
c+v

and, for k > 2,
br(x,t | c)

— 1 {pk—l(l _ p)k(l _ e—kt*)k—l)\e—kt*—u(l‘—t*)
c+v
k—2

+2 (k ; l)pfa — ) G+ DA —eTr ) e
j=0

t
x / k—j—1DA - e—ll«(S—T*))k—j—ZMQ—M(S—T*)—M(k—j)(f—S) ds}
Tx

_ A {e—kf*_”‘(t_t*)(l — pk[p( — e—)»r*)]k—l
c+tv

gy | : '
+ e~ M Z ( ; >[P(1 _ e—)»r*)]J(l _ p)k—J(j +1)
=0

t
o e Hi=T) / (k= j — )[e—Mt=s) _ g=h=t) [t=j=2, e=1(1=5) ds}
Ty

k=2

re A=t (1 — k—1 . .
_ ke ( ”){kak—l +Z< . )(j+ l)a-’ﬂ"‘l‘-’},
J

c+v
+ —

~

where we have set
a=ax,0)=p(l—e?™) and B=pBx1)=(1-p)1—e ™)
Hence, recalling that (due to the binomial theorem)

k—2
> (k B 1)(1 + Dol BT = (@ 4+ B+ (k= Do + )2 — ket
J

j=0

from the second equation of (12) we finally obtain

AT (t—Te) (1 _ +00 +00
ber | ¢ = 22 d=p {1 +Y @+ ) k- D +ﬂ)"‘2}

ctuv k=2 k=2
_ )\e—}»r*—u(t—r*)(l -p) 1-p8
B c+v [1—(a+ B

which coincides with (27).
We are now able to determine the probability density of S; in closed form.

Corollary 1. Under the assumptions of Proposition 3, for all t > 0 and —vt < x < ct, we

have
1 — pa(l = p)e® 2T 4 per+TI [ 4 p)er™ — u)

ctv [pert + (1 — p)eG+mm]2 (28)

plx.t]c)=
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and
p_ IO+ et (= p) + ppl = A(1 = p)e®rHO
p(x7t| —U): A 2 5 (29)
c+v [pet’ + (1 — p)eP ]
where T, is defined in (17). Hence, for —vt < x < ct, we have
1 exp{(u —v/s)t —x/s}
e P /or =/ (30)

1—ps[l+p(—p)yTexp{(u —v/s)t — x/s}?’
where s :== (c +v)/(A + ).

Proof. Recalling (11), from densities (26) and (27) we obtain (28). By symmetry, density
(29) can be expressed from (28) by replacing 7, by ¢ — 7, and interchanging A with i and p
with 1 — p. Therefore, we finally obtain

p(1 = p)( + e+
(c +v)[(1 = p)e®+m 4 pert]?’
and then (30) easily follows.

plx,t) =

-Vt < x <ct,

Some plots of density (30) are given in Figures 3, 4, and 5 for various choices of the involved
parameters.

Remark 4. We can analyse the behavior of density (30) when x tends to the endpoints of the
state space [—vt, ct]. For t > 0, we have

. p 1 e
lim p(x,t) = - ,
x—vr 1—ps[l+ pert/(1—p)?
i - p 1 C_M
im p(x,t) = - .
xter? L= ps[l+pe /(- p)P

Straightforward calculations yield the following special case.

Corollary 2. Under the assumptions of Proposition 3, if A v = u ¢ then density (30) becomes
the truncated logistic density given by

e—(x—m)/s
s[l + e—(x—m)/s]Z ’

p v c
m=sln , §=— = —,
1—-p w oA

Hence, in this case S; admits the stationary density

plx,t) = —vt<x<ct, t >0,

e—(x—m)/s

t_l)lgrnoop(x, t) = TSk x € R. 3D

We note that the right-hand side of (31) is a logistic density with mean m and variance 7252 /3.
In addition, if p = % then the mean m vanishes, and the density identifies with the stationary
probability density function of a damped telegraph process, as obtained in Corollary 3.3 of [17].
We note that if Av # pc then

tllgrnoop(x,t) =0, x e R.

Finally, let us obtain the mean velocity conditioned by a positive initial velocity.
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px,t) p(x,t)
04 04r
03¢ 0.3p

\“§ oil ]

—-1.0 -0.5 0.0 0.5 1.0 —-1.0 -0.5 0.0 0.5 1.0

FIGURE 3: Density (30), witht = 1,¢c =v =1,A = 1,and p = 0.1, 0.2, 0.3, 0.4, 0.5 (bottom to top
near x = 1) for u = 1 (left) and pu = 2 (right).

p(x.1) p(x.1)
04

0.3
0.2

0.1

L .

. Ly . f .
-10 =5 0 5 10 -4 -2 0 2 4 6 8 10

FIGURE 4: Density (30), witht = 10, c =v = 1,2 = 1,and p = 0.1, 0.3, 0.5, 0.7, 0.9 (left to right in
both plots) for u = 1 (left) and pu = 2 (right).

px.1) p(x,1)
0.6 0.6}
0.5 0.5}
0.4} 0.4}
0.3} 0.3
Af
0.1}
Ty R 0 5 T T, E— 0 5 10"

FIGURE 5: Density (30), witht = 10, c = v =1, = 1,and u = 1, 2, 3, 4 (left to right in both plots) for
p = 0.1 (left) and p = 0.5 (right).

Proposition 4. Under the assumptions of Proposition 3, for allt > 0, we have

+00 +00
B[V, | Vo=cl=ce™ +cma Y it | o)+ (o)1 —ma) D ¥nlt | ),
k=1 k=1
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where

k

SR (e

£=0 h=0

k—1 L1 _ ‘
Gt | c)=2Y (j+ 1)( ; )pf(l - p)
j=0

x [te MY Fi(1, 2; [l — A(h + D)]t)
— Ak + De D g (e — A(h + 1), Ak — h); 1)],

=L k—1\ SE S ==
wk(mc):AZ(jH)( . )pf(l—p)’”f > Z( )( )(—D”h
j=0 J =0 h=0 ¢ h

x [te MY Fi(1, 2: [wl — A(h + D]t)
— ke + De MM (ue — A(h 4+ 1), w(k + 1) — A(h + 1); )],

and where the function H is defined by (59) in Appendix B.

Proof. The above formulae easily follow from Theorem 2. Indeed, after some calculations,
from (18) and (19), we obtain the cumulative distribution function

k—1 k—1 . .k—'

Fraz(t 1 o)=21) (j + 1)( . )pf(l —p)t
j=0 J =0 h=0
x te M FI(1, 2 [ul — Ah + D)D),

where | F1(1,2;0) =1 and 1 F1(1,2; z) = (e* — 1)/z for z # 0. Moreover, the thesis follows
by computing the two integrals which appear on the right-hand sides of the equations in (21).

5. Particular case for the Polya scheme (A > 0)

In this section we consider a special case in which the velocity changes are governed by the
Pélya urn scheme. Let us assume that the distributions of U; and D; are I'(b/A + 1, 1) and
I'(r/A + 1, u), respectively, and that the intertimes Uy and Dy for k > 2 are exponential with
parameters A and j, respectively. Therefore, U*) has gamma distribution I'(b/A + k, 1) and
D% has gamma distribution I'(r/A + k, j1), s0

Ab/A+k (b)A+k—1 =t

(k) _ (k) _
fv' (= e p ()=

Mr/A+k tr/A+k—le—ut
L'(r/A+k)

. t>0. (32)

Note that U is stochastically larger than Uy and D is stochastically larger than Dy for k > 2.
Hence, the first time interval along both directions is stochastically greater than the other time
intervals in the same direction. This is not an unusual assumption, since in renewal theory
the distribution of the first interarrival time is often supposed different from that of the other
interarrival times (see Chapter 2 of [32] for instance), as for the delayed renewal processes.
Moreover, differently from the case treated in the previous section, U; and Dj respectively
depend on b, A and r, A, which are the same parameters involved in the P6lya urn scheme
described in Section 2.

Under the above assumptions, we are able to explicitly obtain the probability law of S; in
terms of the hypergeometric function | Fiy (u, v; z) (see (54) in Appendix B). We first provide
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the tail distribution functions of U® and D® (see (57) in Appendix B):

b/ A+k .—At
= (k) (A1) e b
F,)=1——————F1|1,—+k+1;At], t >0, 33
v @ N E T e S (33)
- ) (/,Ll)r/A+ke_Ml r
Fi'ty=1—————1F(1,—4+k+1; ut), t>0. 34
o () NI oy Tkl > (34)

In the following proposition we give the discrete component of the probability law of S;.

Proposition 5. Let Uy and D\ be gamma distributed with parameters (b/A+1, L) and (r /| A+
1, n), respectively, and let Uy and Dy for k > 2 be exponentially distributed with parameters
A and u, respectively. For allt > 0, we have

b - b(at)b/Ae=H b+A+r
P{S; =ct} = ——Fy, (¢ Fi(l, —; ) -1, (35
=l = Ot ot | A (33)
where FUI (t) is given by (33) for k = 1. Similarly,
roo- r(ut) /Ao 1t b+A+r
P{S; = —vt} = ——Fp, (¢ Fi{l, —ut)—1], (36
{S: vt} P Dl()+(b+r)1*((r+A)/A)1l 1 w (36)
where FDI () is given by (34) for k = 1.

Proof. Equation (35) follows from (7) using (32). Indeed, since

t
FP@ - FF ) = /O () Fup, (1 = s)ds,

we obtain
b - = CpaseST AT e ey
P(S, = ct} = — Fy, (¢ P(Zo=c, Ne =k} | ab/ATK____—  =Mi=s)g
(Si=ct) = Ul()+;{o ¢, Ni }fo TOATD " s
_ b p e beantt R (D 0%
T o+ T G NT b+ A)/A) = (b A+1)/A) K
_ be M (Ar)P/A b+ A
= —Fy, () + ) |:1F1(1,i;)»l>—1}-
b+r b+rC(b+A)/A) A

By interchanging A with u, b with r, and U with D in (35), we immediately obtain (36).

For the absolutely continuous component of the probability law of S;, we have the following
results.

Theorem 3. Under the assumptions of Proposition 5, for all t > 0 and —vt < x < ct, we

have
flx,t]c) = §(te, DN(Ts, 1) o
t— Ty
and b
_ rA(ATy) [A=lg=hte  _ binr
b(x,1]c¢)= (c+v)AT((b + A)/A)FDI (t — T*)[]F] (1’ brAtr ,\T*) ) 1]
+ w .
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where T, is defined in (17), and where

P ()P A (e — 7)) 74 (39)
o D= ST T M T B DT (6 + A) /AT (r/A)

1T, 1) i= [ATw 4 (1 — 7))

b+ A Alr t—

b+A+r
_ b+A-+r AAT,
— ) AL, ———an ) -1 - ——2 | 40
(Aty) |:1 1( N T*) b+A+r:| (40)
Proof. Owingto (12), (16), and (50) below, and recalling (32), under the given assumptions,
we have
+o00 k-2
foetle)= —ZZ]P’{Nk 1=j. Zx=c|Zo=c}
k=2 j=0
§ /z AD/ATIH (5 — f 4 )b/ At e_k(s_t+r*)ur/A+k—j—l(t — g,/ ATh=j=2
=1, ro/A+j+1) re/A+k—j—1

e_ﬂ(t_f*) —A(t—s) ds

2

S(T*at) 1 j _ k—1—j
T -1, Z((b-i-A—i-r)/A)kZ( . )()&T*) [t — 7))l

_ 8D Z O L {lh il — T — (et

T t—1, < (b+A+1r)/A) k!
. 3 A
_ i(i t’) {[m +ul =] ‘[m(L b AT e+t - m) -

ARt 4 - r*)]]
b+A+r

_ b+A+r AlT,
— (A R —_—A -1 —— .
(Aty) |:1 1(, P T*) b—i—A—i—ri“

Similarly, (12), (16), and (51) below give

1 +00
b(x,t P{Ny_1=k—1, Z —v | Zy =
(x.t]c)= C+{Z{kl k=-v|Zo=c)

k=1
)‘b/A+ka/A+k—lefu* _
Fp, (1 —
T(b/A + k) Dyt = 7)
+00 k-2
+Y D) PN =j, Z=—v| Zo=c}
k=2 j=0

2/ A+j+1 Tf/AJrj Mr/A+k—j—le—Ar*—p,(t—r*)

T(h/A+ j+ DIG/A+k—j—1)

t
x/ (s — 1)/ /ATK=i=2 ds}
Ty
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_ r (A, )P4 e Fp (r— 1 )i’" (1 (T
AT((b+ A)/A)Tu(c + v) PRI L+ A+ /A K
E(ty, 1) T2 1 k_2<k—1> ‘ i
+ AT [t — !
o Zbrarnm g\ e
b/A
T AT +r(2;)A>r xS Foil- T*)[m(]’ : S “*) - 1]
«(C
. +00 1 1
$EmD o . i"r)/A)k IO+ =l = Gt
k=2 ’
AT, )P/ A . b+ A
T AT fA)T/ix)r xS T T*)[‘F‘ (1’ o “”‘) B 1]
+ "’&(’:’ 2 {[m + ot =) [1F1<1, “Aﬁ; AT+ e — m) ~1

_ADT @ - T*)]}
b+A+r

_ b+A+r A(ATy)
— (A "N F 1, ——; A -1 - — .
(Aty) |:1 1< n T*) b—i—A—i—r:H

This completes the proof.

Corollary 3. Under the assumptions of Theorem 3, for all t > 0 and —vt < x < ct, the
probability density of S; is given by (10), where

(ot | ¢ = SO >[F<1 btAtr )—J
PO = (DA + ayjay 2~ ih T e

E (T, (T4, DI
To(t — Ty)
_ bulp(t — )] A e b+A+r
plx,t| —v) = €T AT T A)/A) Ful(t*)[1F1<l,—,M(t—t*)) - 1}
E (T4, D7 (T4, )1
To(f — Ty)

where Ty, £, and n are respectively defined in (17), (39), and (40), and where

Oz A [t — )]

(c+v)T((r+ A)/AT(b/A)’

é(r*, 1) :=exp{—Atey — u(t — 1)}

N(Te, 1) := [ATs + u(t — T*)]*l
XLﬂ<héi%iLAn+ua—uO—1—AMH*““_””]

b+A+r
_ b+A+r Ap(t — 1)
1
—[u(t— AL —/—ut—-t))—1-"—*
[t — 7)) |:1 1( n ( T)) b+A+r}

Proof. Equation (41) immediately follows from (11). From Remark 1, by interchanging
w with A, t — t, with 7, b with r, and D with U in b(x, ¢ | ¢), given in (38), we obtain the
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following density:
bulu(t — )]/ A Temn=m) _ b+A+r
—v) = F F(l, —; — -1
fx,t] —v) (e + DAL 1 A)/A) vy (T [1F1( 1, 2 st — Ty)

N E (1, 1) (s, 2}
T — Ty

Similarly, we obtain the density b(x, ¢ | — v) by interchanging u with A, t — 7, with 7, b with
r,and D with U in f(x,t | c¢), given in (37), so that

E (T, DN (T4, 1)
Ty ’

b(x,t| —v)=
Hence, (42) now follows from (11).

Various plots of the density p(x, ¢) given in Corollary 3 are shown by Figures 6, 7, and 8.
Remark 5. From the formulae given in Theorem 3 we have

. E(re, Dn(Ty, 1) _ E(Ts, DN(T4, 1) _
m ——— = m —m— =

li 0, li 0,
7,—0 t— Ty Tt t— Ty
To, DN (T, 1 . Ty, )N(Tx, 1
lim & (T, 1) (T4 ):0, lim & (T, DN (T4 ):O.
7,—0 Tx Tt Ty
p(x,t) p(x,t)

0.081 0.08r

ﬁ\ 0.04f
\ /

0.021 0.02f

: : : =X : : : =X
—1.0 —0.5 0.0 0.5 1.0 —1.0 —0.5 0.0 0.5 1.0

FIGURE 6: The density p(x, ¢) for the P6lya scheme with densities (32),t = 1l,c=v=1,A=pu =1,
A=2andr = 1,2, 3, 4 (bottom to top near x = 0) for b = 1 (left) and b = 2 (right).

p(x,t) p(x,t)
0.06¢ 0.06¢
ﬂj\ 0.05}
004t T— 0.04}
\

0.03} N\
0.02} N\
0 05 I

. . . Lox . .
—-1.0 -0.5 0.0 0.5 1.0 -10 -0.5 0.

0"

FIGURE 7: The density p(x, t) for the P6lya scheme with densities (32),t = 1l,c=v=1,A=pu =1,
r=1,and A = 0.4, 0.6, 0.8, 1 (bottom to top near x = 0) for b = 1 (left) and b = 2 (right).
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p(x,1)
0.071

0.06}
0.05
04t

. . . X : : : =X
—10 -5 0 5 10 —10 =5 0 5 10

FIGURE 8: The density p(x, t) for the Pélya scheme with densities (32),t =10, c=v=1,A=pu=1,
A=2,andr =1, 2, 3, 4 (bottom to top near x = —8) for b = 1 (left) and b = 2 (right).

Hence, some calculations allow us to study the behavior of the density p(x, ¢) in proximity of
the endpoints —vt and ct. We have

b t r/A—1,—ut b A
lim px, 1) = — TR e (L 2R )
e b +1r)(c+0ATG/A+ 1) A

and

, bra(at)b/A—1e=M b+A+r
lim p(x,t) = 1Fill, ———xt ) =1}
xtet b+r)c+v)AT'(B/A+1) A

Note that in this case a stationary distribution does not exist. Indeed,

Iim P{S; =ct} =0, lim P{S, = —vt} =0, lim p(x,t) =0,
t—+00 t—+00 t— 400

since (see Equation 13.1.4 of [1]), as |z] = +o0,
I'(b)
(@)

Finally, the mean velocity subordinated to the positive initial velocity can be expressed in
the following form.

1Fi(a,b;z) = ez P14+ 0(zI™")]  forRe(z) > 0.

Proposition 6. Under the assumptions of Theorem 3, for all t > 0, we have

+00 RS
ELV, | Vo=cl=cFuy) +ema Y it |0+ ()1 -7 Y it 1o)  @3)

k=1 k=1
with b1
qb(t|c)—ZIP’{N —'|Z—c}G£+k—’—1 é—i-'-l-l)»'t
k _j:() k—l_.] 0= A .] ’M’A J LA}
(kw2 itane)| @
_ - i z . a
A J ’M’A J » AS )
k—1
Yt | o)=Y PNe1=j | Zo=c}|G 2+j+1 Mk —j— 1t
k L 71 0 A b ,A 9 9
j=0
(24 iv1a Dtk (44b)
A .] 9 ’A ‘]711'7 9
where P{Ny_1 = j | Zo = c} is given by (49) and the function G is defined by (58) in
Appendix B.
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Proof. Equations (43) and (44) easily follow from Proposition 2, Remark 2, and (58) since,
fork > 1, Upy1 and Dy, are exponential with parameters A and u, respectively, and U®) and
D% are gamma distributed with parameters (b/A + k, 1) and (r/A + k, j1), respectively.

5.1. A suitable extension

In this section we propose a suitable extension of the model based on the Pélya scheme by
replacing the classical Pélya urn with the following randomly reinforced urn (cf. [3], [6], [7],
and [10]). An urn contains b > 0 black balls and » > 0 red balls. At each epoch n > 1, a ball
is drawn and then replaced together with a random number of balls of the same color. Say that
B,, > 0 black balls or R, > 0 red balls are added to the urn according to whether X,, = 1 or
X, = 0, where X, is the indicator function of the event {black ball at time n}. We assume that,
foreachn > 1,

(B, Ry) is independent of (X1, By, Ry, X2, ..., By—1, Ru—1, Xn).
According to this new model, (2) must be replaced by

b+ k1 BeXk
b+r+Yj_ (BiXp + Re(1 = Xp))
r+> o Re(1—Xp)
b+r+Y 5 (BiXk + Re(1— X))

P{Zy=c| Gu} =P{Xuy1 =11 Gn} =

P{Zy = —v | §n} =P{Xn11 =01 Gn} =

where
9’():{@19}9 g»nZU(XI’Blles'-~,Xn»Bn7Rn)-

It has been proven that, if B,, = R, for each n (cf. [6] and [10]), or, more generally, if B, = R,
for each n (cf. [7, p. 538]), where 2 denotes equality in distribution, then (X, ),>1 is a sequence
of conditionally, identically distributed random variables (which cannot be exchangeable) and
so we have, forn > 2,

b+ B

PiX,=1|X1=1}=E| ———
{Xn | X1 =1} [b+Bl+r

r
PX,=0| X1 =1} =E| ——|.

Using the above equalities, instead of (22), we can obtain a formula for the mean velocity similar
to (20). However, in this case the computation of the conditional probability distribution of
Ni—1 needed in (18) is not an easy task, and is likely to be the object of future investigations.

Appendix A. The conditional probability distribution of Nj_1
A.1. Bernoulli scheme (A = 0)

Using the independence of {X,; n > 1} and setting p as in (3), we have, for k > 1 and
0<j=<k-—-1,

k

k—1 . .

P{Ni—1=j | Zo=6}=P{ZXh=J' ' X1 =1} =< i )Pj(l—P)klj,
h=2

and so _
P{Ni_1 = J, Zk=c|zo=c}=( B )pf“(l—p)k—l—f, (45)
J
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which simply becomes P{Z] =c | Zo = c} = p fork = 1 and j = 0. Similarly, we have

k—1 . .
P(Nici = j, Zk=—v | Zo=c} = ( ; )pf(l - p)fi. (46)
Conditioning on Zy = —v, we obtain
. k—1 . .
]P’{Nk1=k—1—J,Zk=Clzo=—v}=< i )Pk (1= p) 47)

and
. k—1 L .
P{Ne—g =k — 1 — j, zk=—v|zo=—v}=( ; )pk i —pyith 8)

A.2. Pélya scheme (A > 0)
Using the exchangeability of {X,,; » > 1}, we have, fork > 1l and0 < j <k — 1,
P{Nx-1=j | Zo = c}
. (k — 1) ro+A+r)/A) T4G+bB+A)/ATkk—-1—j+1r/A)
j L'+ A/ATF/A) Frk—1+®+A+r)/A)

-0 (), [, ] “

where (a¢)o = land (@) ; = a(a+1)--- (@+j—1) = I'(a+ )/ I'(a) (the ascending factorial).
For k > 2, the above formula corresponds to the quantity }P’{ZIZZZ Xn=j | X1 =1},ie. the
probability of obtaining j black balls in k — 1 drawings in a Pélya urn scheme starting from r
red balls and b + A black balls. Hence, we obtain

P{Nko1=j, Zek=c| Zog=c}
=PXir1 =1 N1 =J, Xi = 1}P{Ny—1 = j | Zo = ¢}
b+ A+
T b+4r+ Ak
_(k=1\T((b+A+r)/AT(+1+ b+ A)/ATk—1—j+7r/A)
B < J ) T((b+A)/AT(r/AT(k+ b+ A+r)/A)

(706, )] .

which simply becomes P{Z1 =c | Zp =c} = b+ A)/(b+r+ A)fork =1and j = 0.
Similarly, we have
P{Nk—1=j, Zr=—v | Zp = c}
=P{Xpp1 =0 N1 = j, Xi = 1}P{Ne—1 = j | Zo =}
r+Atk—j—1) .
= —P N 1 = Z =
b7t AR {Ne-1=1Jj | Zo=c}
(k - 1) r(b+A+nr)/ATG+B+A)/ATk—j+r/A)
j L@+ A /ATF/ATk+bB+A+7r)/A)

DT e

P{Nk—1=j | Zo=c}
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Conditioning on Zg = —v, we obtain

P{Nk—1=k—1—j, Zr=c | Zp = —v}

L] e

P(Neei =k —1—j, Zx = —v | Zo = —v)

(50 G )] e

Appendix B. Auxiliary functions

and

For the reader’s convenience, we now provide some formulae used in the proofs.
The confluent hypergeometric function (or Kummer’s function) used throughout the paper
is defined as (see [1] for details)

o0 k
Ui z
1Fiu,v;z) = %F (54)
= (Wi k!
We start by recalling the relation
1Fi(a,b;z) =e* 1 Fi(b—a,b; —2) 55)
or, equivalently, 1Fj(a,b; —z) =e¢ *1F1(b—a,b;?z).
A useful integration formula is Equation 3.383.1 of [21]:
! r'(wr
[yt =yt ay = Tt Fi ek v (56)
0 F'(pn+v)

when Re(u) > 0 and Re(v) > 0.
Let X and Y be independent gamma-distributed random variables with parameters (o, ()
and (B, A), respectively. By (55) and the integration formula (56), we find that

()
ﬂm_rm+n

and so, for o, B, u, A > 0and ¢ > 0,

e MIFi(, o+ 1; ut), w>0,1>0, (57)

G, u, B, M) =P(X+Y <1)

t
=/O Fx(t — y) fr () dy

400 h

_ (ut)
= Ot)\’ﬂt()(‘l'ﬁ wt F) s h 1, — Mt).
" e hE:OF(Oé+,3-I-h~I—1)1 1Ba+B+h+1;(u—21)1)

(58)

Note that an alternative expression of G was given in [25] as a series of suitable integrals.
Analogously to (58), by (56) we can express the function

t
H(a, Bit) = f (t =y Fi(1, 2 a0 —y)e e Pdy,  a,peR, >0, (59)
0
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in terms of the hypergeometric function as

é[m(l, 2Bt —e M F(1,2; (@ — B))], a#0, BeR,

H(a, Bit) = é[e—ﬂ’ — 1 Fi(1,2; —B0)], a=0,p8#0,
t2
E, o = 0, ﬂ = 0,

where we recall that | F| (1, 2; z) reduces to 1 when z = 0 and to (e* — 1)/z when z # 0.
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