Can. J. Math.Vol. 43 (2), 1991 pp. 313-321

THE HOLDER EXPONENT FOR RADIALLY SYMMETRIC
SOLUTIONS OF POROUS MEDIUM TYPE EQUATIONS

GASTON E. HERNANDEZ AND IOANNIS M. ROUSSOS

1. Introduction. The density u(x, t) of an ideal gas flowing through a homogeneous
porous media satisfies the equation

(1) u = A" in Qp = RY x (0, 7).
Here m > 1 is a physical constant and u also satisfies the initial condition
) u(x,0) = up(x) >0 forx € R".

If the initial data is not strictly positive it is necessary to work with generalized so-
lutions of the Cauchy problem (1), (2) (see [1]). By a weak solution we shall mean a
function u(x,¢) such that for 7 < oo, u € L*(Q7), Vu™ € L*(Qyp) (in the sense of
distributions) and
3) /27/(”‘0’ —Vu"V p)dxdr + /R uo(X)p(x,0)dx = 0

¢

for any continuously differentiable function ¢ (x, £) with compact support in RY x (0, T).

We assume here that 0 < ug(x) < Mo, ut~! is Lipschitz and up € L>(R"). Then (see
[8]) there exists a unique solution u(x, t) of (1) and (2). This solution is obtained as the
limit of classical solutions u, (x, ) of

(ue) = Au;n

4)
U (x,0) = up(x) + €.
We let v(x, 1) = %um*' (x,t) (This is the pressure of the gas up to a multiple), then
(1) and (2) becomes
v, = (m— 1)vAv + |Vv|2
(%)

ul ().

v(x,0) = vo(x) = mri I

In the one dimensional case, Aronson 2], proved that if vy is a Lipschitz continuous
function then v is also Lipschitz continuous with respect to x in R x (0, T). Aronson and
Caffarelli [3] proved that v is also Lipschitz continuous with respect to ¢ in the same do-
main. In particular u(x, ¢) is o -Holder continuous for any « € (0, ;nljl ), i.e., the quotient

Iu(x’ t) - M(y,T)|

6
© =l il
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is bounded in R X (0, T) by a constant K that depends only in ug,m and T.
In higher dimensions Caffarelli and Friedman [5] proved that u(x, t) is continuous with
modulus of continuity

2
W(p)=Cllogp|™, N>3,0<e< |

and
W(p) =2 logp|"/? N=2

where p = (Jx — y|? + |t — 7|)"/? is the parabolic distance between (x,) and (y,7).
Thus if ug is a-Holder continuous for some o € (0, 1), then |u(x, ) — u(y,7)| < W(p)
uniformly in RV x (0, T). The same authors in [6] proved that u(x, t) is actually c-Holder
continuous for some o € (0, 1), but o is completely unknown.

The more general porous medium equation

u; = Au™ + h(x, 1, u)u

(N
u(x,0) = up(x) = 0

was treated by the author in [7] in the case N = 1. It is shown there that the corresponding
v(x, 1) is a-Holder continuous for any o € (0, 1) provided vq is ao-Holder continuous
and 4 is bounded. (In particular the bound K in (6) does not depend on the modulus of
continuity of A.)

Let r = |x| = (£x2)"/2 be the Euclidean distance in RV, If v(r,1) is a radially
symmetric solution of (5), it satisfies

Vi = (m— Doy + 2+ (m— DN — 1),
(8) r
v(r,0) = vo(r) = 0.

r>0

We shall first consider the spatial dimension N = 3. We are interested in the “bad”
case, when vo(r) has compact support and is possibly O at r = 0. By using only elementary
considerations we show that for a solution v(r, t) of (8), r*v(r, t) is a-Holder continuous
for a € (0, ’",;'] in a domain [0, R] X [0, T]. As an application of this result it follows
that v(r, t) is a-Holder continuous for r > rg > 0. Also if vy(0) > 0 then v is ar-Holder
continuous in the whole domain Q7 for0 < a < ’"—,;1.

Further we prove the same result for the more general equation

Vi = (m — Doy + 2+ (m— DN — D20 4 h(r, 1, vy
9) r
v(r,0) = vo(r)

that corresponds to u, = Au™ + h(x,t,u)u. Here the bound is also independent of the
modulus of continuity of A.
Through this work we shall assume the following:
Al. vy(r)is a nonnegative Lipschitz continuous function (contant M), with compact
support in [0, R ], vo(r) < M.
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A2. Lilvol = (m — Lyvorfy + (v})? + 2(m — 1) is bounded by M, for r > 0.
Under assumption (A1) there exists a unique classical solution v = v, of the problem

vV,

vi=(m—Dw, +V2+m—1)N—1) r>0

(12) r’
v(r,0) = vo(r) + ¢

v(r, t) has bounded derivatives (depending on ¢) and ¢ < w(r,t) < M (M depends only
on vy and m). Also v.(r,t) — v(r,t) as € — 0.

We will consider o € (0, '—"m;'] to be fixed, R, € [0, R] is a point at which vy is strictly
positive, vo(Ry) = n > 0.

2. Main results.

THEOREM 1. Let W(r,t) be a (weak) solution of (8), where vy(r) satisfies Al, A2. Let
R, € [0,R1], be a point at which vo(Ry) = 1 > 0. Then r*v(r, t) is a-Holder continuous
in Qg, = [0, Ry] x [0, T].

PROOF. We shall prove that for a solution v(r, t) of (12), the a-quotient (6) corre-
sponding to r*v can be estimated independently of €.

Let B = (0,R;) X (0,Ry) X (0,T) x (0, 7). Since v,, v, are bounded (in terms of ¢)
we can choose § > 0 small, such that |v,|,|v,| <8§*"in Qp = [0, 00] x [0, T]. Define
Bs ={(r,s,t,T)EB||r—s| >bor|t—7| >4} and

[rov(r, 1) — s%v(s, )|

h(r,s,t,7) =
(rs.6,7) [r—s|?+A|t—1|

where A\ = 2 and A = 6mM + 1.

We also put w(r, 1) = r*v(r,1). Then fora = =

Low(r, 1) satisfies

rw, = (m— 1)ww,,+wf, r>0

w(r,0) = r*vy(r)

13)

We shall prove that in Bs, h(r,s,t,7) < K; independently of § . Then, since A = 2

o

af2 [ r*v(r, t) — s*v(s,T)| [P u(r, £) — s¥v(s,T)|
Ky = 2 = 2 2
(r= o2+ A= 1) = [r=sfo 4 A1 =]

and since A > 1, we obtain that r* v(r, t) is a -HoOlder continuous with constant A/ 2K/ 2,
Clearly A is continuous in Bs. Let us assume that max 4 occurs at a point Qy =
(r0, S0, t0, To) € Bs. We look first at the case ty = 7.
Let g(r, s, t) = h(r,s,t,t). We will use the abbreviations
[w(r, 1) — w(s, 1)|* _wi = wo|*

— — A p—2
gr,s,0) = s = e =|S|*R™%.
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LEMMA 1. g(r,s,t) is bounded independently of § in BM where Bs | = {(r, s, 1) |
0<r<s<R,O0<t<T, |r—s|>6é}.

PROOF. Clearly g is continuous in B;s ;. Let us assume that max g occurs at a point
Q) = (r,s,1) € Bs 1. Then either Q; is an interior point at which g is differentiable or Q,
is a boundary point of Bj ; (g is not differentiable only when g = 0). We begin with the
former case. At O we have

(14) 8r = 8s = ngrr’gss S 0 and 81t Z 0.

The first derivatives are:
gr =S| low,R2 = 2|S|*R™3, o =sgnS
(15) gs = —A|S|Mowy R +2|S|*R73
g = M8 la(wy, — wa)R 2

Thus, (14) implies

20
(16) Wiy = T|S|R" = Wy,
and

2
g =2|S|PR7*(1 - D+ AS* o R 2w,

(17) 5
gss = 2|S|*R*(1 — X) —XS|M o R 2wy
Let
(18) E=(m—Drwigy+m— 1)s>wagsy — g
Then E <0 at Q;. Replacing g,,, g5 and g, in E we get
(19)
2., W w
A p—4 1 2
2(m—D[SPPR™(1 - *)(F + ST)

A
+ A |S|’\_10R‘2{((m — Dr %wywy,, — wl,) — ((m — Ds Fwowo — wz,)] <0.

ii) If s = 0 we have
r*v(r, 1> A\
,0,0) = [*] <M.
8(r,0,1) - <
iii) If [r — 5| = & we use the mean value theorem and the fact that the first derivatives

of v are bounded by § *~! to get

Iv(ryt)“V(S,t)l Ira Sa‘ A
< a |l P\ AR | =57
#s0 [r |r—s|« HE0 |r—s|* ]
(22) e

s[Rg = +M]A§[R§+M]A.
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iv) Finally assume r = R;. Since vy(R;) = 1 > 0 there exists §; > 0 such that vo(r) >
% fOI'R2 —(51 <r< R, +5].

In this case there exists N; > Osuch thatv(r,f) > N;inQ; = [Ry—6;, R, +6,] %[0, T].
Thus (see [8]) [v¢|, |v¢| are bounded by constant K3 independently of € and § in Q,.
Without loss of generality we assume K3 > 1,6; < 1. Then by (19)if |R — 5| < é&; we

have
g(R,5.1) < [RSKs|[R—s|'~* + M| < [R§K:+M] .

Otherwise
| vy — 5%y | < (QR¢ M)
(R —s)? - &

We conclude that g(r, s, t) < K,, where

8(R,s,1) <

A R2AgA
K =max{(RgK3+M)*,M*,(Rg +m)2 IEZZM
1

} for any pointin B 5.

From this lemma we obtain that if #y = 79, then A(ro, so, to, T0) = g(ro, S0, o) < K.
Let us assume next that Q is an interior point of B and h is differentiable at Q, (i.e.,

h(Q) # 0) then
(23) h, = hy = 0 and h,,, hgs, —h,, —h, <0 at Q.

Assume ty > 79. This time instead of (18) we take

(24) E=2m— Dr *wih,+m— 1)s “wyhg — 2h; — h;.
Then E <0 at Q.
We write
[w(r,t) —w(s,T)|*  |wi —wy|? Mool
h(r,s,t,7) = = = |S|*R™".
(s 6T) (r—s)2+A|t—| R 5]
Then using (21) we get

E=2m—1|SPR(2— )R (r— 5 = 1)2R “w; +5 " w))
+A[SM1oR! [(2(m — D i — 2w) — ((m = 15~ waways — wz)]
+A|S*R? <0

We use the differential equation in (r, ¢) and (s, 7) in the second term to get
E=2m—1DISPR2((2— )R '(r—s) = 1)2r *wy +5 “wy)
+A[SA TR (57w — 2w + A|S|ART2 <0
Now, h, = h; = 0 implies w, = 2/\—"|S|R_1(r— 5) = W;, SO
E=2m—1D|SPR*(Q2—a)R'(r—s5)> —1)2vi +v2)

+ ;|S|*+‘0R—3(r— 5257 —2r )+ A|S|*R> <0
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Also
a|S|(sT* = 2r%) = (w) — wa)(s™* = 2r %)

a o
= (5) V|+2(E>a V2—(2V1+V2).
s r
Thus, dividing by |S|* R~2, we have:
2m—1)(2— )R (r— 5> —1)2v; + )

41 2[ () 5\ 41 2
- — z ° S — <
+/\R (r—ys) [( ) v1+2<r) V) )\R (r—s5)XQ2vi+m)+A <0

r

. . L, s
Dropping the positive term containing | and ; we get

(2vi +v7) R_'(r—s)2(2(m—— DR —a)— §) —2m—-1)|+A<0.

But2(m—1)2—a)—{ =2m—1).

Thus —2(m — 1)(2v; + v2) + A < 0, in contradiction with the choice of A (A >
6(m — DM + 1).

Therefore max 4 does not occur at an interior point.

If the maximum of A occurs at a lateral point ) = R, or s = R; or at an interior
boundary point (| ro — so| = ) and (Jto — so| < 8) or (|ro—so| <8)and ([to—so| = 6),
we use the same arguments as in Lemma 1 to conclude that 4 is uniformly bounded in
these cases.

Finally, if the maximum of 4 occurs at #) = 0 or 7y = 0 we use the following:

— v A . .
LEMMA 2. Let f(r,s,1) = |W((”r'ls)‘f i‘/“(:)l . Then f is uniformly bounded on the set

Qs ={(r,s,)) | 0<s<R, 0<t<T,|r—s| >8ort>6}.

PROOF. We test the boundary points as in the previous cases. For an interior bound-
ary point (at which f # 0) we choose E = (m — 1)r *wf,, + (m — 1)s “w,fss — f,. Then
E < 0 at a point of maximum.

Replacing the derivatives, the differential equation in (r,t), and using the condition
fr=fs =0, we get

E=2m—D|S*R(Q— )R '(r—s)> = 1)(vi + )
—4
Al R (3 ISR = 9 = = D
+A|S|*R? <0.

In the second term we add and subtract s~ *W3g = 55 *[S|?R%(r — 5)? this term, I,
becomes

4
L = \o|S| A"R—"z(ﬁ]slzzrz(r — ) (s = r ) =57 ((m — HWaWay, + WZ{,))

4
= X|S]“‘ar1r3(r — )X =) = XS]} TR ST (m — YWy Ways + W3,
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As before o|S| = Wy — W, so the first term in Iy is £ | S|P R73(r— )2 ((2) “vi +(2) “va —

s
(vi + vz)) thus we get

E= SR\ +w{2m—D(Q—a)R '(r—s—1) — ;R*‘(r— )}

+ ;|SI2R“3(r— 5)2((£)°'v, + (é)“vz) +A]

= MSPPoRT s ((m — W Wag + W3,) < 0.

Now 2(m — N2 — a) — ; = 2(m — 1). We drop the positive term in {,7 and get
|S[*R7A —20m — D)1 +v2)| S A[S|* o5 ((m — D)Wy Was + W3,).

By the choice of A the coefficient on the left hand side is larger than 1. Also, in terms
of the function v we have
(m— Dww,s + w? = 5% ((m — Dy + vf + 2amv—v{).
s

Since a = "1 the right hand side is s**[v], so
S A
% SAQRIMY RS [vo] S AQRRSM) 'R M.
We conclude that / is uniformly bounded independently of 6, on Bs. Thus letting

6 — 0 we obtain that

| r¥v(r, 1) — s*v(s,7)|*
|r—s|2+A|t —7|

h(r,s,t,7) = < K; on [0, R,])* x [0, T)%.

Therefore r*v(r,t) is a-Holder continuous on [0,R,] X [0, T], with constant K, =
(AK /2.
COROLLARY 1. v(r,t) is a-Hdélder continuous for r > ry > 0.

PROOF. We have

[P v(r, 1) — sv(s,T)|
>
Ky 2 [r—s|@ aj2

+t—T

[v(r, ) — v(s,T)| |r* —s%|

* — (s, T
|r—s|@+|t—7|/2 ( )lr_s|a+|t_7-|a/2
thus |
v(r, t) — v(s,T) K,+M
< < < )
sl li—r|a2 S forrg <r,s <R,, t7 €[0,T]

COROLLARY 2. Ifvy(0) = 1 > O then v(r,t) is a-Holder continuous on the whole
domain Qp, for 0 < a < ’"7“

PROOF. In this case, there exist 1,61 > Osuchthatv(r,f) > n; > 0for0 < r <4.
Then v is a classical solution in [0,6;] X [0, T] with bounded derivative independent of
€. Thus v is Lipschitz in [0, 6], and by Corollary 1 it is Holder in [0, R,] X [0, T].
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THEOREM 2. Let v(r,t) be a radially symmetric solution of (9). Then r*v(r,t) is o -
Holder continuous in Qg,, for a € (0, mT;l]'
PROOF. v(r,t) satisfies
Vv,
v =(m— vy, + v% +2(m— 1)— + h(r,t,v)v
(25) ' r
v(r,0) = vo(r) > 0.

We assume || < M.
Again we put w(r,t) = r*v(r,t) and consider the same functions h(r, s, t,7), g(r, s, 1)
and f(r, s, t) over their corresponding domains. Here w(r, ¢) satisfies

(26) “w,=(m— Dww, + wE +r%h(r, t,v)w.
We study first the function

[w(r, 1) — w(r,p)|*

_ — qhp-l
g(r,S,t); (r—s)2 —-|S' R .
This time at an interior point of maximum of g we get like in (19)
27
2\ [/w; w
— A — Sy ( 222
o bispace (1 2) (5 42)
+ XS} ToR? [((m — Dr wyw,, — wl,) — ((m — s “wowag — wz,)] <.
When we use the differential equation (26), and the condition wy, = 2/\—" [S|R™! = Wy
we get
2
2m — 1)|S|*R*“(1 - 7)(ﬂ + ﬂ)
(28) DAY
_ L[ 4 1 1
+X\[S|*'oR z[plSlzR 2(y—u — 7&) + h(s, t,va)wy — h(r,t,vﬂw.] <0

this is, like in Theorem 1,

m]s]*ﬂ(% + 22 )+ LS O R haws — hywn) <0,

factoring R~2, transposing the second term, taking absolute value and replacing w, we

get
2a|SA( < XS hor® his®
e vi+v2) < AS|2 T har® vy — hys®vy].

Thus | \

S| 1 _ V2 Vi

_<_2R“M*'[MR“[ ]+MR"‘[ ]

R2 _(12( 2 ) ( 02)V2+V2 ( 02)V1+V2
e, B < 2" QReM) 1 in this case.

The boundary points of the domain of g(r, s, t), the function A(r, s, #,7) and the function
f(r,s,t) are treated with the same techniques of Theorem 1.
Now we turn to the case N > 3.
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THEOREM 3.  Theorem 1 and its corollaries, and Theorem 2, remain valid for N > 3.
In this case, r*/? v(r,t) is a3 -Holder continuous for o € (0, T,;—l], 8 = ﬁ
PROOF.  We let W(r,1) = r*v(r#,1). With @ = "1, W(r, 1) satisfies:
B2 FPW, = (m— DWW, + W2 r>0
W(r,0) = r*w(®), p=a+28 -2
This is like equation (13) with p instead of «. We define the same domains and func-
tions as in Theorem 1, with A = % and |v,|, |vs] < 8P@~D_ Then all the previous
arguments can be extended to this case obtaining that W(r,t) is a 8-Holder continuous
with constant, say, Ks.
Next, let r; = r'/ﬂ, = s'/ﬁ, then

[P/ By(r, 1) — 5@/ Bu(s, 1) :lr‘l"v(rﬂ,t)—s‘l’v(sﬂ,t)l

(30)

|r—s|oB |r— s|oB
< [W(r,0) = W(si, )| |ri — s1|*#
T n—si]ef [r—s|*f
/B — g1/B\B 1\eB -
<k [T TS <K<‘) RXUH).
_S(IV—SI)_SB 2

This shows that r*/ 8 u(r, 1) is « (3 -Holder continuous (with respect to r).
All other lemmas and corollaries follow in a similar way.
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