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Abstract. We consider families of differentiable diffeomorphisms with hyperbolic
points, close to the identity, which tend to it when the parameter goes to zero.
We study the asymptotic behaviour of the invariant manifolds. Then we consider
the case when there are homo-heteroclinic points and we find that the maximum
separation between the invariant manifolds is of the order of some power of the
parameter which is related to the degree of differentiability.
Finally the analogous case for flows is considered.

1. Introduction and results

It is known that for two dimensional diffeomorphisms, the existence of transversal
homoclinic or heteroclinic points implies a very complicated dynamics in a neigh-
bourhood of the invariant manifolds which is usually described as chaotic, stochastic,
etc. In a given domain, the measure of this neighbourhood depends on the distance
between the invariant manifolds. In this work we study the behaviour of the invariant
manifolds for families of near identity diffeomorphisms with hyperbolic points. We
find that the invariant manifolds tend, in a certain sense, when the diffeomorphisms
tend to the identity, to the invariant manifolds of a critical point of a vector field
which is constructed in association with the family.

The study of the behaviour of the invariant manifolds for families of diffeomorph-
isms when the eigenvalues at the hyperbolic point tend to 1 can be reduced to the
above because, in such a case, after changes of variables and scalings, the family
can be put as a near identity one.

Then we consider near identity families of two dimensional diffeomorphisms with
a hyperbolic point and homoclinic points associated with it. In such a case the
vector field associated with the family has a homoclinic orbit to which tend the
invariani manifolds of the diffeomorphisms. We can prove that the separation
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between the invariant manifolds in a neighbourhood of a given point is of the order
of a power of the parameter related to the degree of differentiability.

Examples of such families are the Poincaré maps of two degrees of freedom
Hamiltonian systems taking the energy as the parameter. Concrete examples are
provided by the Hénon-Heiles Hamiltonian [9] and the restricted three body
problem [10]. They also appear in the study of the behaviour of a diffeomorphism
in a neighbourhood of an elliptic fixed point, near the invariant manifolds of the
hyperbolic points given by the Poincaré-Birkhoff theorem [3, 13].

In a forthcoming paper [4] we shall consider the case of two dimensional analytic
diffeomorphisms. The work was inspired by previous work by Lazutkin [8] on the
standard map and uses some results of the present paper. It also provides several
examples.

Now we give the main results.

Let F,: U<R"—>R" be a family of diffeomorphisms, ¢ € (0, £,), U an open set,
with F,.e C"™*'(U) and r=1. Let h:UcR">R", he C"*(U) and consider the
equation

X = h(x). (1.1)

Let ¢ be the flow of (1.1). We define the family G, by G,.(x) = ¢(ac®, x) with

a>0and a>0.

THEOREM A. Suppose that for € € (0, g,) we have
(i) pe U is a hyperbolic fixed point of F, and G,.

(i) If Spec DF.(p)={A,...,A,} and Spec DG.(p)={p1,..., s}, then \;=
1+be“+0(e”) and p; =1+ bie™ +0(e®) with b; <0 for 1<i=<1[and b;>0 for
I<i=n.

(iii) [|E. = Iflovr,0s Me,
|F. - G.|l,.u = Ne“*®, with B> 0.

(iv) Let >0 and ge W5 n (U ~8). In a neighbourhood of q, the stable manifold
of p, W&, , can be represented as the graph of a function, g, from an open set of
a subspace of R" which contains 1 coordinate lines to another subspace which
contains the remaining n — I coordinate lines.

Then there exist £,>0, C >0 and a neighbourhood V independent of e, such that for

e€(0, ), W%, can be represented locally, near q, as the graph of an e-dependent

Junction, f, of the same kind as g. Furthermore,

If~gll.v=Ce? foreec(0,¢).
THEOREM A'. Under the hypothesis of Theorem A we have the same conclusions for
the unstable invariant manifolds.
As a consequence of these results we obtain the theorem which gives asymptotic
bounds of the distance between the invariant manifolds.

THEOREM B. Let F, and G, be as before and U = R*. Suppose that for € € (0, ).
(i) p, and p, are two hyperbolic fixed points of both F, and G,.
(ii) The eigenvalues A\” of DF,(p;) and u’’ of DG.(p;), j=1, 2, are of the form
A=1+ae*+0(e*) and ul’—AY =o0(e").
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(iii) ”Fe - I||r+l u=Me?®,

”Fs -G, ”rU = N£a+B’ B >0.

(iv) F,. has a heteroclinic point belonging to W, W,, where W,= W"(p,), W, =
W=*( p,) (homoclinic if p, = p,). Suppose there exists a compact set B< U (indepen-
dent of ) which contains the pieces of W, from the fixed points up until the ‘clinic’
one.

Then

(1) The distance between W, and W, in a given domain is O(e*"**?") forall 0< [3 <B.

(2) If r=00, the distance is O(¢*) for all ke Z*.

On the other hand we consider the equations of the form x = ¢f(x)+&%g(x, t, €),
with slow dynamics, which appear in averaging theory [5]. Equivalently they can
be written in the form

X =f(x)+eg(x, t/e €). (1.2)

We consider the case when
%= f(x) (1.3)
has a homoclinic orbit. Melnikov’s method to evaluate the distance between the

perturbed invariant manifolds, equivalent to the study of the first variational
equations, does not work, in principle, in that case [12, §]. In this case we obtain the

THeOREM C. Consider the equations (1.2) and (1.3) satisfying
(i) fand g are of class C™" with respect to x on U, open set of R* which contains
the origin, and DXg is continuous on U* = U xR x[0, &,) for 1=k=r+1.
(ii) f(0)=0 and Df(0) is hyperbolic.
(iii) tr Df =tr D,g =0 on U*,
(iv) g is T-periodic with respect to the second variable and

T
J g(x,t,e)dt=0 on UX|[O0, &).

]

(v) (1.3) has a homoclinic orbit contained in U.

Then

(1) There exists €,>0 such that if e €(0, £,) the equation (1.2) has a hyperbolic
periodic orbit y near the origin.

(2) The distance between the invariant manifolds of vy in a given domain is O(e"). If
r=00, it is O(e*) forall ke Z*.

In § 2 we give some definitions and previous results for the proofs of the next
sections. In §§ 3, 4 and 5 we prove Theorems A, B and C.

2. Definitions and previous results

We begin by giving some standard definitions. Let F be a diffeomorphism from an
open set U of R” into its image. A fixed point p of F is called hyperbolic if DF(p)
is hyperbolic, that is, all its eigenvalues have a modulus different from 1. To any
fixed point there are associated the so-called stable and unstable invariant manifolds
which will be denoted by W(p) and Wk(p), respectively [6, 7]. When no confusion
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is possible we shall write W% or simply W*. If p, and p, are two hyperbolic points
of F, a point g€ Wi(p,) n Wi(p,) is called heteroclinic if p, # p, and homoclinic
if py=p, and g # p,. The images of the homo-heteroclinic points are also homo-
heteroclinic.

If x =f(x) is a differential equation, a critical point p is called hyperbolic if the
real parts of the eigenvalues of Df(p) are different from zero. In that case p has
stable and unstable invariant manifolds. A solution is called a heteroclinic orbit if
it tends, both for positive and negative time, to hyperbolic points. If the two
hyperbolic points coincide it is called homoclinic.

If x=f(x,t) is non autonomous, a periodic orbit is called hyperbolic if the
corresponding fixed point of the associated Poincaré map is hyperbolic. A hyperbolic
periodic orbit also has invariant manifolds.

A heteroclinic orbit is a solution which tends both for positive and negative time
to hyperbolic periodic orbits. If they coincide it is called homoclinic.

If ¢ is the solution of the equation x=f(x,t), that is, d/dte(t, ty,x)=
fle(t, 1, x), t) and @(1,, 1o, x) = x, we shall denote by D, ¢ the derivative of ¢ with
respect to ¢ and by D,¢ the derivative of ¢ with respect to the initial conditions.

We shall use the following notations [1]. Let E,, E,, E; be Banach spaces and
L(E,, E,) be the space of the continuous j-linear maps from E, to E,. We define,
for i=1 and j,,...,j;=1 with j,+---+j, =k,

MNreedio L(E,, Es) X D(E,, E;)x -+ - X L'"(E,, E,)> L*(E,, E;)
by
Mvi(A By, ...,B)e,...,e)=A(Bi(e,...,¢),..., Ble,...,e)),

We define
Sym*: L*(E,, E;) > L*(E,, E,)
by

1
Sym*A=— Y o(A),
k! oSk
where S, is the symmetric group of k elements and
O'(A)(el 3oy ek) = A(e,,(l), ey ea(k)).
Sym* is linear and ||Sym*||<1.
We define

k+1

' L(E,, E\) X+ X L(E,, E,)» L*(L(E,, E,), L(E,, E,))
by
a N Xy Xer) (W e W) = (1D X o g0 Xao oo -0 Xy o gy © X
Finally we define
Inv: GL(E,, E,) > GL(E,, E,)
by Inv(e)=¢".
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Then if f, g are functions of class C*

k

D*(gef)=Sym" e ¥ ¥ Cil(jr,...,j)Av"e(D'ge f, Df,..., Df), (2.1)

i=1 %
where § means, here and from now on, the sum with indices j,, ..., ji =1 such that
jit: - -+ji=kand C(j,,...,Ji;) = Ci is an integer number which only depends on
the indices j,, ..., j;. Also

k+1
D*Inv=k!Sym* o a**'o (Inv, ..., Inv).

The following properties will be used
If A,e GL(E,, E,) and A, € L(E,, E,) then

JATHIT A = A AL = (A4 - | A2l (22)
If Ae GL(E,, E;) and |[A—1I| <1 then

1
AT = ———- (2.3)
1-[|A-1]
If A,, A,e GL(E,, E,) then
AT = A=A - HAZ'] - 1AL — Al (24
Furthermore if [[A, — A,| <||A7'{|™" then

Az I=1/(JAT T~ 1A - AslD.

If Fisa C* map on U we define | D*F|y =sup,cy | D*F(x)| where | D*F(x)|
is the norm of D*F(x) as a multilinear map, and

IFllu =max (|F|lu, IDF|lu, ..., ID*Fllu).

B(p, x) and B(p, x) will be the open and closed balls of radius p centered at x. If
x =0 we shall write B(p) and B(p).

If U is a set and >0 we define U+8=,cpy B(8,x) and U—-8=
{xe U, B(s, x)< U}.

Now we give some results which will be used later. Most of these results are well
known without explicit bounds depending on some parameter . However, for the
forthcoming sections it is essential to have such bounds. What is new is the
consideration of families of maps which are close to the identity and tending to it
when £ goes to zero.

LEMMA 2.1. Let U be an open set of R" and F: U -»R" a homeomorphism such that
|F-I|ly<e<]l. Then F(U)> U —~e.

Proof. See the geometrical lemmas of [2]. O

LEMMA 2.2. Let U be an open set of R” and F,:U->R", £€(0, g,), a family of
diffeomorphisms of class C' such that |DF,|y <1+ Me® and ||DF;'|f )<
1+ M'e®, with a>0 and (1+Mel)(1+M'eg)<2. Let §>0. Then we have

(1) Ifx,ye U~ and ||x—y|| <& then

{(1-0)F.(x)+1F.(y), te[0,1]}= F.(U)
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and
|F.(x) = E.) = | DF. [ Ewllx =yl
2) If xeU—-6and r<8/2 then
B((1+M'e%)7'r, F.(x)) = F.(B(r, x)).
Proof. We define
s=sup{te[0,1]:(1 —u)F.(x)+uF.(y)e F,(U) for ue[0,t)}.
Since F,(U) is open, s > 0. We suppose that s < 1. In that case we can suppose that
s=1/2. Let (s,) be a sequence of elements of [0,s) such that lims, =s. Let
ze = F7'((1 - 5 ) F.(x)+ s F.(y)). Since F, is a diffeomorphism and has its derivatives
bounded, (z;) tends to a point in FrU, where Fr denotes the boundary, so that
SUpk=1 ||z« — || = 8. On the other hand

lzi ~ x| <N F'((1 = s) Fo(x) + siFo(y)) = F. Fo(x) |
=(1+M'e")||sc(F.(x) = F.(»))|
=(A+M'e*)1+Me*)si|x—y| <8
which produces a contradiction. So we have s =1. Now, applying the mean value
theorem

Ix=yl=IF:'F.(x)~ F.'F.(y)| = | DF

so that (1) follows directly.
IfxeU—-8and r=|x—y||<8/2 then x, ye U~-8/2 and

r=|lx =yl =|IDF'|lr, )l F.(x) = F.()|.
Hence if y € B(8/2, x) — B(r, x) then
F.(y)2 B((1+M'e*)"'r, F,(x))
which implies B((1+M'e®)"'r, F.(x)) < F.(B(r, x)). O

rllFe(x) = F.(»)|

ProrosITION 2.3. Let E and E' be Banach spaces, U an open set of E and F,,
G.:U~> E’ two families of diffeomorphisms from U onto its image, of class C""',
r=1. Leta, B>0.

If there exist constants M, N such that, for 0<e <sg,

”Fe _‘I”rﬂ,u< Me*,
” G. "I||r+1,u < Mg,
|F. = G.{,u < Ne*®,
then given any 8 >0 there exist ,, M', N' such that for 0 < ¢ < g, we have

"F::'I_I“H-l,FG(U)< M'e®, (2.5)
||G;1_I||r+1,o,(U)< M'e®, (2.6)
NF.' - G.',.w<N'e**P (2.7)

where V=F (U-8)n G (U -8).

Proof. We shall not write the index & corresponding to F, and G.,. Let &, be such
that 0< e§ <min (eg, (2M)7", 8/(2M)).
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For r=0 (2.5) is obtained from
IF" = I py=II=F)e F™'|| gy = I = Fllu < Me*
and
IDF™' ~I|lrwy=I(DF e F)' = I| pv)
=|(DF F7) | eyl I = DF o F ' pu)
=(1-Me*)"'|I - DF||, <2Mge".
For r> 0 we proceed by induction. For r=1 suppose [|F~' = I}, r(uy < M'e” and
let ee E’
D(DF ")(e)=D(Inve DF o F~")(e)
=—(DFo F YY" (D*Fo F Y (DFo F ')y Y(e))(DF o F )
and so |[D*F 7 Y||puy <(1+ M’e*)*Me”. We take M’ =max (M’, (1+ M’e{)’M).
Now suppose | F ' ~I||, )< M'e®. First, if j, <r, using (2.1)

D' Fo F g I D"F gy -+ + ID"F | oy

. jS
|IDM(DF* F)lrw)= £ 1C,
i=1 %

<K%, L+--+L=j,L=1 forl=<k=i
where K; depends on j; and M'. Let e,,...,e,€ E'. Then
D' (DF Y(e,,...,e)
=D'(Inve DFo F Y)(e,,...,e,)

i=1 %
o[—(DF e FY)y"(D"(DF o FY)(e,, ..., e))(DFo F)™, .,
—(DF o F')y"(D(DF*F')(e,...,e))(DF°F )],
with I=j,+ - -+j,_,+1, and hence
ID™ ' F Y ey =D (F™' = Dl reuy
=Y L Gil A+ Me ) MK K, - - - K,e'™ < M"&".
i=1 %
We take M’'=max (M’, M"). The proof of (2.6) is identical to the one of (2.5).
To prove (2.7) first consider
|FeF'=Go G|z |F'-G'lv-(F-I)c F 'y~ (G-DG7'|lv
=|F'-G™ Y|y —2Me*

sothat | F'— G|}y <2Me". If xe V, since F'(x), G '(x)e U—8 and || F'(x) -
G '(x)|| < 8, by Lemmas 2.1 and 2.2 we have

0=[|F(F'(x))= F(G™'(x)] - | F(G™'(x)) - G(G™'(x))|
= || DFVF ' (x) - G ()| = | F- Gl v-
Hence
IF' =G ' lv=IDF|Iv|IF- Gllu=(1+M’e*)Ne*~.
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Furthermore, using (2.2)
0=|(DG™)'DF'=(DG™)'DG7'|v—|(DF )" DF ' = (DG™")"'DF '|lv
z||DG7'|V'IDF'=DG™'||y = |DF e F' = DG G™"||v| DF'| .
Also, by Lemma 2.1
|IDFe F'—DGoG ||y <|DFe F'=DF oG ||y +|DF e G'=DG+* G|,
=|D*Fll |F~'-G™"|lv+|DF - DG| v
and we obtain
|IDF'=DG™ ||y =(1+ M'e*)’[Me*N’e**# + Ne**#).

This proves (2.7) for r=1. For r>1 we proceed by induction.
For r=2 we write D*F~'— D*G™" in terms of the derivatives of F and G as in
(2.5). Using (2.5), (2.6), (2.7) for r=1 and

|D*Fe F'~D’G° G|, <|D*FeF'=D*Fo G|y
+|D*F-G'-D*G-G ||y
=|D*F||y|F'-G™"|v+|D*F - D*G|v
<Me*N'e* B+ Neo*P

we obtain |D*F'—D’G7'|, <N"¢**# for some N”. Now suppose |F~'-
G 'l,-,v<N'e*"",
First we consider

D/(DF o F"Y) =D (DG~G™), j=<r-1 (2.8)
whose norm is, in V, less than
J A :
Y YG|D™'Fo F'x DHF™!
i=1 %
X+ XxD/F'=D"'Go G 'x D"G ' x - - x DGy

Developing each term in telescopic form and noticing that j,<j=<r—1 we deduce
by analogous reasonings as before that the norm of (2.8) is less than Kie*P.
Finally, let e,, ..., e,_;€ E’,

[Dr-l(DF—l) _Dr_l(DG_l)](el, cees€y)
= [D"I(Inv o(DF F ))-D" '(Inve (DG o G Ney,...,e0).

Writing the differences in telescopic form and using (2.1), (2.5), (2.6) and (2.7) for
j=r—1weget |DF'=D*G™'||y < N"¢**#. We take N'=max (N', N"). 0O

Consider the equation x = f(x) and let ¢ be its flow. We define two families of
maps by

G (x)=p(ac”, x), -
F.(x)=x+aef(x)+&*"Pg(x, &),

with a, a, B8 >0.
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PROPOSITION 2.4. Let f be of class C™" in U (open set of R"), g of class C"™** with
respect to x in U*= U x[0, €,), and D%g continuous on U* for 0<k=<r+1. Then
Jor all compact set B< U there exist an open set U,, B< U, < U, and &,> 0 such that
Jor e €(0, £,) we have
(1) G. is well defined on U,,
@) G = Ilsr,0, < Me*,
(3) F,u, is a diffeomorphism,
(4) |Fe=I|| 1,0, <M'e",
(5) ||F. = G.|,u,< N'e*"” where y =min(e, B).
Proof. 1t is not restrictive to suppose that a =1. Since B is compact there exists
§>0 such that B,=B+&c U. Let
U,=B+8/2, K;=||Df |5, Ki=|Digls,
and &, be such that
e] <min (&g, 8/(4K,), 8/(4Ko), 1/(2K,), 1/(2KY)).
To prove (1) we recall that if £7 <8/(4K,) and xe U,, by the existence theorem
for ordinary differential equations, the solution ¢ of x =f(x) with ¢(0, x)=x is
defined for |¢| < ] and furthermore ¢(c*, x)€ B,, for 0<e <¢,.
(2) ¢ verifies ¢(t, x) = ¢(0, x)+ [, f(¢(s, x)) ds and so

le (e, x)—x|| sj Ko ds < Kqe®.
0

It is clear that D*G.(x) = D5¢(¢° x) and that D%¢ satisfies the equation
D,D3¢(t, x) = D3D,¢(t, x) = D5(f ° ¢)(1, X) (2.9)
with D, (0,x)=1 and D%¢(0, x)=0 for k>1, where A(t): E¥-> E* with E*=
L¥(R",R™), is defined by A(1) - A= A% (Df(e(t,x), A) and
k
bi(1)=Sym" o ZZZ Ciljys - iAot
i=2 %
o (Df o ¢(t, x)x Dyo(t, x) % + - x Djo(t, x))
if k> 1 and b,(t) =0. We notice that b, only contains derivatives of order less than
k. Let £€(0,¢,) and t€[0, €*] - A(¢) is linear and from
IA(A] = [ Df(e(1, )| - |All = K| Al we get |A(D)]| = K,.
Furthermore
()] = ZZZ Gl Df(o(t, x)| - | DRe(t, x)|| - - - | D¥e(t, x)||.
i=2 %
First, we consider the homogeneous linear equation
A'=A(t)° A (2.10)
with A(t)e L(E*, E*¥) and A(0) = Iz«. From (2.10) in integral form we have

t

||A<z>|151+J Ine A ds=1+K, [ 1o s
[

0
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and by Gronwall’s lemma we get |A(t)|| <exp (K,¢). Then, for k=1, by (2.9)
t

||Dz¢<t,x>—1||sj 1Df(o(s, )]l ds

0

+J | Df (e (s, x))|| - | D2 (s, x)—1I| ds

t

=K, t+K, J I D2o(s, x)— 1| ds

V]
and again by Gronwall’s lemma
D2 (1, x) — I|| =< (K,t) exp (K1) < K ee".

In particular | D, (t, x)||=1+e/2.
For k=2 we have

t

1Dk (s, x>||sf JAG=$)] - [be(s)] ds

0

=exp(K;t)- J' |6 (s)| ds. (2.11)

Until now we have proved (2) for r =0. For r > 0 we proceed by induction. We have

[1B2() =1 D*f (@ (2, X))l - | Do (8, x)|| - | Do (1, x)|| = K(1+e/2)".

Then by (2.11) | Die(t, x)| = Myt with M, = e(1+¢/2)°K,. If |G — I ||, p < Me* for
r=1, it is clear that ||b,.,(¢}|| < C,,, with C,,, independent of &. Again by (2.11)
we obtain | D5 'o(t, x)|| = M,,,t with M,,, = eC,,,. We take M =max (M, M,.,).

(3) We want to see that F, |, is injective. Let x, y € U,. F.(x) = F.(y) implies that

lx = yll= e (ILLN+ LD+ (llg(x, )| + g, €)D.

By the definition of £, we have ||x —y|| < 8. Furthermore the segment Xy is contained

in B(8/2,x)u B(6/2,y)= B,. Then if x # y,
Ix=yl=e*IDf s llx—pli+e**? [ Diglls,llx =yl <llx =yl
which gives a contradiction. Finally ,
IDF.(x)~I||=e“Df(x)+e*"*D,g(x, &)| <1 (2.12)

proves that F, |, is a diffcomorphism.

(4) It is a consequence of the fact that the derivatives of f and g are bounded

on U,.
(5) From

F.(x)—=G.(x) =J (f(x)—fle(s, x))) ds+ & Pg(x, €) (2.13)

and .
[LfCe(s, x)) = f(x)| = [ f(e (s, x)) = f(#(0, x))||
= ”Df”Blll‘p(S’ x) —‘P(O, x)” = KIKOS’
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we have

s

”Fs(x) - Ge(x)” < J K,Kysds+ g**P ||g(x, E)” = (1/2)K0Kleza + K(’)E‘HB-

0

For 1< k= r, by derivation of (2.13)

D*F,(x)- D*G,(x) = I [D*f(x) - D5(f° ¢)(s, x)] ds+e***Dig(x, €).

V]

By the bounds of the derivatives of g we only need to study the first term
k
D3(f° ¢)(s, x) = D*f(x)={A"""" o [D*f(o(s, x)), D¢ (s, x),
-+-» Dag(s, x)] - D*f(x)}

k—1

+Sym*o T T Gl o (D'f (g(s, x)), Die(s, x), ..., Dhe(s, x)).

i=1 %
We call Q, the first term and Q, the second one. We notice that we can write
D*f(x)=1"""' o (D*f(¢(0, x)), D;¢(0, %), ..., D29 (0, x)).
Writing Q, in telescopic form we get k+ 1 terms; k of them have norm less than
K. (1+ 9/2)“1“ D,e(s, x) — D,¢(0, x)||.
The other one has norm less than
”Dk+lf”B1“‘P(s’ x) - ‘P(O, x)” = Kk+1K0s'
On the other hand, since all the terms of Q, contain at least one derivative of ¢ of
order bigger than 1, each one is of order £°. Since the number of terms is independent
of &, Q, is of order £”. Hence there exists C > 0 such that ||Q,+ Q.|| 5, < Ce* and
so | D¥F, - D*G, |y, = Ce** + K} e**~. O
We will need a version of the unstable (and stable) manifold theorem valid

uniformly for a family of diffeomorphisms near the identity. The following results
whose proof can be found in [7] will be used.

THEOREM 2.5 (Lipschitz inverse function theorem). Let E, E’ be Banach spaces,
U< Eand V< E’' opensetsand F: U > V a homeomorphism such that F~" is Lipschitz.
Let G: U~ E' be such that Lip(G—F) - Lip F"'<1. Then G is a homeomorphism
onto an open set, and Lip G™'<[(Lip F")"'-Lip (G- F)]"~

PROPOSITION 2.6. (Size estimate.) Let X, Y be metric spaces and F : X - Y a bijective
map such that (Lip F~")™' = A. Then B(Ap, F(x))< F(B(p, x)) forallp>0andx e X.

We define the graph transform: Given F:B(p)< E—>E with E=E,XE,,
J1,f2: Bi(p) = By(p) where B;(p) and B,(p) are balls of radius p centered at zero
in E, and E, respectively, we write ['(f;) =f; if

F(graph (f,)) n B(r) = graph (f;).

Putting F, =, ° F, i=1,2, where m;: E > E, is the canonical projection, we can
write this condition as I'(f) o F, o (I, f) = F,0 (I, f) where I is the identity on B,(p).
If F, (I, f) is invertible

L(f)=F,o(Lf)o(F° (I,f))_lha‘(r)-
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IfI'(f) =, graph f is an invariant set for F. The proof of the following proposition
is parallel to that of the unstable manifold theorem in [7].

ProrosiTioN 2.7. Let E be a Banach space, U< E an open set and F,: U E,
g€ (0, &), a family of homeomorphisms onto F.(U) such that F, is Lipschitz and
F,(0) =0. We suppose there exist a linear map T,: E - E with an invariant splitting
E=E,XE,, T.,=T,g, and T,,=T,, verifying max (| T_}|, | T..[)=1~ce and
Lip (F,—T,) < Ne on B(p) < U.

If ceg<1 and N <c/2, for all £¢€(0, &,) there exists a unique Lipschitz map
f.:By(p)— By(p) with Lip f, =1 such that {(x, f.(x)), x€ B,(x)}c WEg..

Proof. Let £ €(0, &). For the sake of simplicity we shall not write explicitly the
dependence of F, T, T;, T, and f on &. We shall use the norm || x|| = max (||x, [, {|x.]|)
if x,=(x;, x,) € E;x E,. We define

Q={f:B\(p)~> By(p), f(0)=0, Lip f=1}.

With || ]| = supxes,,) | f(x)]l, Q is a complete metric space. Given f € ) we define
Yf:Bi(p)=> E, by ¢f=F,°(L f), ®f:B(p)> E, by &f=F,°(L,f) and [': Q>0
by I'(f)=f- (*/’f)'z_;ll(p)-

First we prove that (¢f)" exists and I is well defined. By Theorem 2.5, from
Lip (¢f — T,)<Lip (F — T) < Ne <(c¢/2)&,<1/2 we have that ¢f is a homeomorph-
ism onto an open set and

Lip (¢f)'=((1—ce) ' = Ne) ' <(1+(c/2)e)"".

By Proposition 2.6 ¢f(B,(p)) > B,(p) and hence ®f- (¢f)”' is well defined.

Furthermore

Lip'(f)=Lip ®f Lip (¢f ) ' <(1—ce+ Ne)(1+(c/2)e) "' <1

and I'(f)(0) = 0 show that I" is well defined.
Now we prove that I is a contraction on (). Let f;, f;€ (). We observe that

fi—vfa=(F,— T)(L fi))—(Fi— T)(L )+ Ti(L, fy) — TW(L, f2)
and since the last difference is zero,
I = wfall = Lip (Fi— T f, = £l < Ne| fi—£all-
Also
Of, - 0f,=(F.— UL fi) —(F,— To)(L )+ T f)) - To(1, 1)
and from that
|®f, —®fll = Nellfi — £l + (1= ce)l| fi ~ .
We evaluate
IT(A) =T = A(f) ' = @AWL) | +@fi(4f) ™ —2fi(vf)
= Lip (Pf)II(w/1) " — () ' + | @fi - @f
=Lip (®f,) Lip (/i) "' [ Wi~ ¥l + (1 - ce + Ne) || /i = £2]
=[(1-ce+ Ne)(1+(c/2)e) ' Ne+(1~(c/2)e) | fi— L1l
<(-c*&/2+ce)lfi-1L-

The unique fixed point of I' is the function we looked for. O
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ProPOSITION 2.8. Under the hypothesis of Proposition 2.7, with max (|| T, ||, | T7']]) <
1—~ce, F.' Lipschitz and Lip (F.'=T™')< Ne on B(p)<= Bc F,(U), we have that
Joralle € (0, &,) there exists a unique Lipschitz function g : B,(p) > B,(p), with Lip g =
1 such that {(x, g(x)), x€ Bi(p)} < WF%,.

Proof. We apply Proposition 2.7 to F.' changing the role of E,; and E,. We obtain
the result using that

U
WF_g\lg(p) < WSF: . [:'

Remarks. (1) The functions such that their graphs are the local invariant manifolds
of F, are well defined on a ball B,(p) of radius independent of &.

(2) By the usual invariant manifold theorems, if F, is of class C” then f and g
are of class C". In such a case | Df||,,)<1 and || Dg| ,,,)=1.

3. Proof of Theorem A

By Proposition 2.4 we can suppose that G, satisfies condition (iii) as F, does. It is
not restrictive to suppose that p =0 and a = 1. The proof has three main steps. The
first one deals with the local case for r =0 and r = 1. The second one deals with the
global case and the third one with the case r> 1. To simplify the line of the proof
we introduce some lemmas whose proof will appear at the end of the main proof.
To simplify the notation we shall not write the dependence of F and G with respect
to e

Step 1. We write R" = E, x E, where E,=R' and E,=R""".
LeEMMA 3.1. There exists a linear transformation S, independent of e, such that
G = S7'GS has the form

é(xy ,V) = (Bl(x) + Ql(xa ,V), Bz(}’) + QZ(x’ }’)), xXe El sy € EZ’
where B, and B, are linear and Q,(0, 0) = Q,(0, 0) =0, DQ,(0, 0) = DQ,(0,0) =0 and
if € is small enough there exists ¢>0 such that max(||B,|, | Bz'|) <1—ce®. (In fact
B,, B,, Q, and Q, do depend on &.)

In R" we shall use the norm ||(x, y)|| = max (| x||, [Ly[}) for xeE,, yeE,. In E,
and E, we shall use the euclidean norm. We define F=S""FS. F has the form

F(x, y) = (B,(x)+ Ci(x,y) + Py(x, y), Bo(y) + Ca(x, y) + Py(x, »))
where C, and C, are linear and P,(0, 0) = P,(0,0) =0 and DP,(0, 0) = DP,(0,0)=0.

LeMMA 3.2. There exist constants M" and N" such that
“ﬁ_I“H—lS (U)—M" *
NG =TIll,15 1y =M"&"
HF G|| stuy=N"e e,
LeEMMA 3.3. There exists 8,>0 such that S"'(U - 8)< S~ (U)—38,.

From now on we shall write F and G instead of F and G, U instead of S™'(U)
and M and N instead of M” and N". We shall also write h instead of S™'hS and
¢ to denote the flow of x =S 'hS(x).
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From Lemma 3.2 it is easy to see that

ICll=1(Ci, C2)|| = |DF(0, 0) - DG(0, 0)|| < Ne**#,
|D*(P,, Py)||lu <Me* for2=k=r+1,
ID*(Q:, Q)|lu <Me® for2=k=r+l1,

I D(Py, P;)— D(Q;, Q)||y <2Ne**?,

| D*(P,, P,))-D*(Qi, Q)|lu <Ne**? for2=k=r, (3.1)
and
[(Py, Py) = (Qy, Q5= "F_GllB(p)_*_x:l;g) lC) = NQ+p)e**>.

Also, if (x, y)€ B(p) with p small enough
I D(Py, P)(x, )| =< || D*(Py, P)llsoll(x, »)]| = Me*||(x, y)I,

”D(Ql’ Q2)(x, J’)" = ||D2(Ql, Qz)"B(p)”(X, }’)” = Mﬁa”(X, }’)"
We define U, as U—id,, i=1,2,3.

LemMa 3.4. For &€ small enough U, F(U,)~ G(U,).

By Proposition 2.3, F~' and G™' satisfy a condition like (iii) on F(U,)n G(U;)
with constants M’ and N'.

(3.2)

LeEMMA 3.5. There exists p, > 0, independent of &, such that W¥% is, locally, the graph
of a C™"! function f: B,(p,) > E, with || Df || p,(,n=1. In fact p, < c/(4M).

Since Wy does not depend on ¢, there exists p,> 0 such that WY is, locally, the
graph of a C"*! function g: B,(p,) > E, with | Dg| s,(,,,=<1. Let p be min (p,, p,)
and d, =Sup,cp,,) | D*g(x)|. We define

Wei={(x,f(x)),xe Bi(p)} and Wy, ={(x, g(x)), xe By(p)}.
Let R and R’ be defined by R(x, y)=(x, y+f(x)) and R'(x, y)=(x, y+g(x)) in
B{(p). They transform the stable invariant manifolds to the subspace E,. We define
F=R7'FR and G=R""'GR'. We have,

F(x, y) = (B,(x)+ Cy(x, y + f(x)) + Py(x, y + f(x)), Boy +f(x))
+Cy(x, y +f(x)) + Py(x, y+ f(x))
—f(By(x)+ Cy(x, y+£(x)) + Py(x, y + f(x))),
G(x,y)=(By(x)+ Qy(x, y +g(x)), Bo(y +g(x)) + Qa(x, y+g(x))
—g(By(x)+ Qi(x, y+g(x))).

The condition of E, being invariant can be expressed as the second components
of F and G to be zero on (x, 0). From that we have

f(x)=B3'[f(Bi(x)+ Ci(x, f(x))
+ Py(x, f(x))) — Calx, f(x)) — Paox, f(x))], (3.3)
g(x) = B3 '[g(Bi(x)+ Qi(x, g(x))) — Qx(x, g(x))].
Now our objective is to find upper bounds of || f—g||s,,) and || Df — Dg|| 5,,)-
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We introduce the following notation
u=(x, f(x)), u'=(x, g(x)),
v=By(x)+ Ci(u)+ P(u), v'=B(x)+Q(u).

If ||x|| <p then [[u|=max (| x|, | f(x)|) <[lx|} <p and analogously |lu’|| <p. If
we suppose £ <c¢/4N then by Lemma 3.1, (3.1) and

I Pi(u)|| = | Py(u) — Py (0)]| = | Py || o, |
< Me“p||x|| < (c/4)e (x|
we have
ol =B+ [ Cy(w)]| + | Pu(w) | < (1 = (e/2)e*) |1 x|

and analogously [jv']| <(1-(3¢/4)e*)| x|l
On the other hand we have

| Py() = Qu(u)|| = [| Py(u) — Qu(u) || + | Qi () — Qy (u) |
=N(1+p)e* P +(c/4e”|f - gllsm (3.4)
and the same bound for || P,(u) — Q,(u')||. Furthermore
lo=v'l| = ||Py(u) = Qu(u)] + || C:(w)]
=NQ1+2p)e* P+ (c/8) e’ || f—glls, - (3.5)
From (3.3), (3.4) and (3.5)
17(x) ~ gl = I B |1l f (v) ~ g ()| + || P2(u) — Q)] + || Co(w) ]
= B2 f ~ &) sy + N8 (0) —g(0")]| + N(1+2p)e*"?
+(c/4)e|| f-gllByo]
=(1=ce®)[(1+(c/De)f ~ glls,n+2N(1+2p)e**]
=(1=(c/2)&*)||f — gll 3oy + Kr&™ ™.

Hence there exists Co> 0 such that || f - g||5,(,) < Coe”.
For ||x|| <p we also have

| DPy(u) — D,Q: ()]
= ”Dxpl(u)"Dle(“)ll+ "DxQI(u)—onl(u’)”
=2Ne""?+ Me*||f - g|| = K",
| D,P,(u) Df (x) — D,Q,(u") Dg(x)|
=||D,P\(u) Df(x) — D,Q,(u) Df (x)|
+|D,Q,(u) Df (x) — D,Q:(u") Df (x} ||
+|D,Q(u") Df(x) — D,Qy(u") Dg(x)|
= [DP,— DQi|lu + | DQ,(u)— DQ(w’)[| + | DQ:\(w) || || Df (x) — Dg(x)||
=<(c/4)e®||Df — Dg|| 5,y + K367,
and the same bounds for | D,P,(u) — D,Q.(u')| and
| DyPy(u) Df (x) — D,Q,(u') Dg(x)|.
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Now we evaluate
| Df(x) — Dg(x)||
=< || B;'{ Df(v)[ B, + D.P,(u)+ D,P,(u) Df (x) + D,C,(u) + D,C,(u) Df(x)]
— D,Py(u) — D,P,(u) Df(x) — D,C5(u) — D,C,(u) Df (x)
—[Dg(v')(B,+ D,Qy(u') + D,Q:(u") Dg(x)) — D,Qx(u')
— D,Qx(u') Dg(x)1}.
We introduce more notation
e, = B,+ D,P\(u)+ D,P,(u) Df(x)+ D,C\(u) + D,C\(u)Df(x),
ey = B,+ D,Q,(u')+ D,Q,(u") Dg(x),
e;= Df(v)e,— Dg(v')ey,
e3= D,P,(u)— D,Q,(u'),
e,= D,P,)(u) Df(x) — D,Q,(u") Dg(x),
es= D,C,(u)+ D,Cy(u) Df(x),
so that
I Df(x) — Dg(x)|| = || B; [[[llexl] + l e[l + | eall + [[es}]-
We have
leill =< || Bil + | DQ:|| + 1 DQu|l - | Dgll =1~ (c/2)e",
lles— eill = | DP,— DQy || + (c/4)e” || Df — Dg ||+ Kse**? + || DC\||+ | DC,|} - [| Df |
=(c/4)e*| Df - Dg|| + Kse**®,
ezl < || Df(v)e, — Df (v)ej|| + || Df(v)ei — Dg(v)ei]| + || Dg(v)ei — Dg(v')ef|
=(1-(c/4)e")| Df - Dg||+ Kse**".
And the following is easily obtained
les]l < Kee*™,
leall <(c/4)e* || Df — Dgl|+ K7e**%,
lles]| < Kge**2.
Hence
IDf (x) — Dg(x) ]| = (1= ce*)| Df — Dg |l g,(0) + Koe™**],
from which we find || Df — Dgl|5,,y= C,£”.
Step 2. Now we want to obtain bounds for the separation of the invariant manifolds
while they are in U;.

Let pe W5~ Us. We note that Wy is the stable invariant manifold of the origin
of %= h(x) and so does not depend on &. There exists a neighbourhood V of p
such that the connex component of V~ W which contains p is the graph of a
function from an open set of E; to E,, where E; and E, are vectorial subspaces of
R" of dimensions / an n—1 and contain [ and n—1[ coordinate lines respectively.
Note that they may not coincide with E, and E,. Let 7, and =, be the projection
operators onto E; and E,. We suppose that 7;( V) is convex.

Since lim,_» ¢(t, p) = 0 there exists ¢, such that if 1> ¢,, ¢(t, p) € B(p). Let T> ¢,.
By continuity there exists an open set V; of W n B(p) such that ,(V,) is convex
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and pe o (—T, V,)< V. Let Vi=V,—Ley where L=supy,| k]| and V,=¢(-T, V}).
We are going to study the proximity of the invariant manifolds as graphs of functions
defined on m,(V,). We suppose that the piece of W§ from the origin to V, is
contained in U;. Let n =(N'+ N'M'e™")Te™ and suppose that £? < 5,/2%. Now
let N be the integer part of T/e* and V;=G"(V,) (which depends on &). It is
clear that V,c V..

We define ®;,=m,c G No(l g)and ¢;=m;c F No(lf), i=3,4.

V, is the graph of

g.=d,° ¢3—1|1r3(V2)’
where 30 G N o (I, g)(x)= me(—Ne®, (x, g(x))) is invertible because we have
supposed that W7; is the graph of a function from E; to E, and its inverse is defined
on my(V). Let ¢, = | D®,||, (v, for i=3, 4, c;= || D*®s]|, (v,) and ¢;= | D®3||.ry(v)-
They can be chosen independently of . Now we are going to see that
fe=tao s !

is well defined in a suitable domain.

LEMMA 3.6. If G *(x)e U,—2ne? for 0=k=N and |x—y| <C,e?, then for

0<k=<N
G (y)e U,—ne?, (3.6)
IDG*( <1+ Me* ) <e™, (3.7)
F*(y)e U, (3.8)
NE ()~ G * W) <k(1+M'e*)*N'e**P < Te™ N'e? < ne®, (3.9)
ID’G*(»)|| <k(1+M'e*)* M'e* < Te*™ M’, (3.10)
|DF~*(y)— DG *(y)| <[k(1+ M'e*)*N'+ K*(1+ M'e*)**N'M'e*]e**#
< neh. (3.11)
We have

1o = ®ill vy =llmie FN o (Lf) =m0 G™N o (L ) myvyy
Hmoe G N oL f)=mo GV o (L, g)|lmevi
<|\FNe(Lf)=G ™ o (L Nmvy
+|G™N o (L )= GV, &) mv)-

By (3.9) the first term is less than ne” since for0= k=< N, G *(x, g(x)) € U,—2ne?
and [|(x, f(x)) — (x, g(x))|| = Coe” for x € B,(p). By (3.7) the second one is less than
e™| f—glls,) <me® and so we get || — D]l v, <27me”.

Also we have

| DY, = D®if vy
<||DF™N o (L, f)(I, Df )= DG ™™ o (I, g)(L, Df )| my( v
+|DG™N o (I, g)(I, Df ) = DG o (1, g)(I, Dg)|| (v
=[IDF™N o (Lf)=DG™™ o (L )l vy
+[[DG™N o (1, f)-DG™™ o (I, &)l cvo L DF Yy
+|DG™N o (1, g)l (v | Df = Dl 3,0 -
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As before, since G *(x,g(x))e U,—2ne® for 0=k=N and |(x f(x))-
(x, g(x))|| = C,e? for x € B,(p), by (3.11), (3.10) and (3.7) we obtain
| Dy = DD || vy < (N'+ N'M'e™)Te™ e? + Te*™ 'M'| f - gl 8,(»)

+e™'|| Df - Dgl|,(p) =< K106”.
LeMMA 3.7. If €, is small enough
(1) ¢, is a diffeomorphism from m,(V;) onto its image and | D3 ||y, (mcvan = K -
(2) There exists 8'> 0 such that m5(V,)—8'¢? < y(m(V3)).

Let n'> 0. We define V,=m;(V,)~n’. (We suppose that 5’ is such that V,# &)

We suppose that &, is such that §’¢? <7’. By Lemma 3.7, ;' is well defined on
V, and ¢3'(V,)< 7,(V;). So we have that f, is well defined on V,. Now we are
going to bound | f, — g.||v, and || Df. - Dg.|l,.

LeEMMA 3.8. If &, is small enough,
los'— @3 [lv,=< Ki26%,
| Dy3' — D®3 |y, = K,3°.

Finally we have
Ife—gellve=lldbae 93" = @uo @3 v, =Yg 3" = Duo g3 'y,
+[@g0 ¢3! ~Dy0 @3 v, = [[ha— Pall vy
+ | D®4| myvyllgs ' — @3 v.= K146,
and
| Df. — Dg.|lv,= || Diso ¢5' Dyp3' = D@, o &3 DD3 Yy,
=< || Dy 45" Dy3" — Dy 3 DOy,
+[[Dyye 3" D3~ DP,o 3 ' DOy,
+||D®4o ¢3! DO3' — DO, @3 DDy,
=< | Dgall my vyl D5 " — DD,
+|Dys— D4l v | DL v,
+HD®y| avyllgs' = @5 v D®3 ' |lv, = Kys6”.

Since now we have proved the theorem for r = 1. The next step proves the general
case.
Step 3. We are going to continue by induction. Suppose the theorem is true for
r—1. We define AF:UXR"> F(U)xR" and AG:UXxR"-> G(U)xR" by
AF(y, v)=(F(x), DF(x) - v) and AG(x, v) =(G(x), DG(x) - v). In fact they are
families of diffeomorphisms depending on &. It is obvious that

AF ™ '(y,w)=(F~'(y), DFT'(y) - w)
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and
AGT'(y, w)=(G (), DG7}(y) - w).
It is clear that (0, 0) is a fixed point of AF and furthermore it is hyperbolic because

DF(0) 0 )

D(AF)(0, 0)=( 0 DF(0)

Now we consider Wir.

LEMMA 3.9. If W% can be represented as the graph of a function f: U< E;> E, ina
neighbourhood of p, then Wi r can be represented as the graph of a function U xR' >
E,xR' defined by (x, v)> (f(x), Df(x).v) in a neighbourhood of (p, v,).

It is clear that AF is a family of C" diffeomorphisms and AG is the flow time £*
of the vector field (h, Dh) defined by (h, Dh)(x, v) = (h(x), Dh(x)v) which is also
of class C". We are going to verify the hypotheses (i), (ii), (iii) and (iv) for AF and
AG in U x B(p) where B(p)<R". In fact (i) and (ii) are immediate. To prove (iii)
and (iv), let (x, v)e U X B(p) and u = (u;, u,) € R*" with ||u]|=1. We have

|AF(x, v) = (x, v)[| = ||(F(x) - x, DF(x) - v = )|

=Me*+Me™||vo) <MQ+p)e®,
I(D(AF)(x, v) = Dul| = |[((DF(x) — I u,, D*F(x)(v, u,)+ (DF(x) = Iu,)|
= Me||v|+ Me* <M(1+p)e®,
| D*(AF)(x, v)|| = [(D*F(x), D*"'F(x)(v, - )|
=M(1+p)e®, if2<k=r,
I D*(AF)(x, v) = D*(AG)(x, v)||
= J(D*F(x) - D*G(x), (D*"'F(x) - D**'G(x))(v, -))
=N(1+p)e**?, ifosk=r-1.

Then if g, is small enough and f and g are the functions such that their graphs
are Wir and Wj; in a neighbourhood of a point (p, v,)€ Wi we have that
| f—£l|l,-,< C'e? which implies that |D"'f—D""'g||< C'e® and |D'f—D'g| <
C"¢®. Then || f—g||, < Ce? with C =Max (C’, C"). a
Proof of Lemma 3.1. By the definition of G we have that DG(0, 0) = D,¢ (£, 0, 0).
D, verifies D,D,p=Dhe¢D,p with the condition D,¢(0,x,y)=1 By (i)
G(0,0) = (0, 0) and so ¢(¢, 0, 0) = (0, 0) is a solution of X = h(x). Then D,¢(t,0,0) =
exp (Dh(0,0)t). Let b=min (=b,,...,—b, b.,,..., b,). The linear transformation
S which transforms the matrix Dh(0, 0) into its modified Jordan normal form in
such a way that the non-diagonal terms are b/2 instead of 1 and the boxes
corresponding to negative eigenvalues are located in the first term satisfies the
conditions of the lemma. Indeed, first we note that

DG(0,0) =57 DG(0, 0)S = S~'(exp (Dh(0, 0)e%))S = exp (S™' Dh(0, 0)S&*).
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A box of the normal form of Dh(0, 0) associated with the eigenvalue v corresponds
to a box

b k-1 e(k~1)a
2 - 1
G &
in the matrix of DG(O, 0). The boxes of the matrix of B, = (DG(O, 0))! are of a

similar form, changing the sign in » and b.
It is clear that ||B, || =e”"(1+(b/2)e* + O(¢°*)) and

B} =e " (1+(b/2)e® + O(**)).

We take B,=DG(O, 0)lg, and BZ=D(~;(0, 0)|g,. Since e”" is an eigenvalue of
DG(0,0), if <0 then »<-b and ||B,||<1—(b/2)e*+ O(£>*) and if v>0 then
v>b and ||B.||<1-(b/2)e*+ O(&**). Since (using the euclidean norm) || B, || is
less than the maximum of the norms of || B, || with » <0 and analogously for | B3|
with B/, with »>0 we have that |B,|, | Bz'|| <1—(b/2)e* + O(&>*). Then if ¢, is
small enough there exists ¢ > 0 satisfying the lemma. O

Proof of Lemma 3.2. From F—I=8"'oFoS—I=8"'s(F—1)oS we have
VF=Ills=n=S7" - |\ F—I|lu <|IS7"|Me".
From DF—I=D(ST'FS)—I1=S8"'-(DF°S—1I)-S we have
IDE—1|s-1cn=|SI- IS7'| - IDF=I|u=|S| - |S7"| Me".

We have D*F=S"'-(DFoS)- S-S and by induction D*F = §™' - (D*F - §) - §¥
so that

ID*Flls-tuy= ISK“IS7"Il - ID*Fllu < ISI*)S™"| Me".
The same happens for G. The existence of M" is obvious. Finally, from

ID*F = D*Glls-w)=|57" - (D*F e §=D*G = S) - $*||s-1 ()= IS|*|IS™" | Ne**

we get the existence of N”. O
Proof of Lemma 3.3. Let ze S~'(U — 8) and x = S(z). Then B(8, x) < U. By Proposi-
tion 2.6

B(ISII7'8, 7' (x))= STH(B(8,x))= STH(U)
and so S7'(x)=ze STHU)-||S| 8.
We take 8, =(1/3)|S||"'s. O

Proof of Lemma 3.4. From (iii) and the Proposition 2.1 if £} <8/ M we have that
U-28cU~-86—-Ms"c F(U—8) and in the same way U—-26< G(U - 8). O

Proof of Lemma 3.5. Let p > 0 such that B(p, 0) < U,. By Lemma 3.4, B(p, 0) < F(U).
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It is clear that F|5{, is Lipschitz. On the other hand
Bi' 0
DF'(0,0)=| | )
(0,0) ( 0 B
and by Lemma 3.1, max (|| B, ||, | Bz'[) <1—ce*.
Lip (F|a(,)— DF'(0,0)) < | DF " = DF (0, 0|l a¢5)
<||D*F "\ 5() - p = Mpe“.

Let p, be such that Mp, <c/4. Then by Proposition 2.8 there exists f satisfying
the Lemma. f is of class C'*' and since Lipf=1 in B,(p,) we have
”Df“Bl(Pl)S 1' D

Proof of Lemma 3.6. The second inequality of (3.7) is a consequenceof k< N = T/¢“.
Now we prove (3.6) and (3.7) by induction. If x € U,—27¢”, then y € U,—~ ne? and
DG '(y)|| <1+ M'e". Also

IG™ x)-G' W)=+ M'e%)|x—y|| <(1+ M'e*)Coe” < ne?

which implies G™'(y) e U,— ne®.
If they are true for 0=k—1=< N,
IDGT*WI=IDGHG™ () - IDG* V()
=(1+M'e*)(1+M'e*)*!
and again by the mean value theorem we get G *(y) € U, — ne”.
We also prove (3.8) and (3.9) by induction. For k=1,
IF' () -G '(»)|<N'e* P <ne? andso F'(y)e U,.
If they are true for 0=k—-1=<N,
IF* 0 -G *WI=IF'F*“ () -G 'F*“ )|
|G F V() -GG
= N'e**+| DGy |F*“P(») -G * Py
<Ne " B+(1+Me*)k—-1)(1+M'e*)* 'N'g**F
<k(1+M'e*)*N'e**® < ne®,
and hence F *(y)e U,.
(3.10) is obvious for k=1. If it is true for 0=k —1=< N, using the formula

D(gef)(x)(er, e2)
= Dg o f(x)(D*f(x)(e1, €;)) + D’g » f(x)(Df (x)(e,), Df (x)(e))
we obtain, for [e,|, |e:] =1,
ID’G™(y)(e1, &) = | DG™H(G™* Py - ID*G* V()
+|D?’GH(G™ ()] - IDG™* VW)l - | DG ()]
<(Q+M'e*)k-1)1+M'e*)*2M'e”

+Me*(1+M'e*)* V< k(1+M'e*)*M'e".
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Finally (3.11) is obvious for k= 1. Supposing that it is true for 0O<k—1<N
IDF(y)- DG~ *(y)|
=< | DF'(F~*“""(y))DF~*"Y(y) = DF"(DF~*""(y)) DG~ *"(y)||
+||DFY(F~*"V(3))DG™*V(y) - DG™H(F~* V(y)) DG+ V()|
+|DGH(F~* V(yNDG“V(y) - DG(G*"(y)) DG~ * (y)|
=A+M'e*)(k=1)Q+M'e*)  'N'+(k=1)2(1+M'e*)* 2 N'M'g*]e~*?
+N'e*BA+Me* ) '+ M'e*k(1+M'e“)*N'e* B (1+ M'e*)*!
<[k(1+M'e*)*N'+ kK> 1+ M'e*)**N'M'e*]e***. O
Proof of Lemma 3.7. (1) Since (V) is convex, ®; ' is Lipschitz with Lip ®;' =< C;.

By Theorem 2.5, if ¢, is small enough (&§ <(27C,)™"), ¢, is a homeomorphism and
since it is of class C™' it is a diffeomorphism. Furthermore

Lip ¢3" = ((Lip ®3") "~ Lip (&3 - ¢3)) ' =(C3' - 2nef) "= Ky.

(2) Let8'=29K,,C,.If x € m,(V,) ~ 8’ there exists z € m,( V;) such that d,(z) =
x. By Proposition 2.6,

B(C1'8'¢", 2) = @3(B(8'e”, x)) = @3 (m3(V3)) = m(V5).
Using again Proposition 2.6,
B(2ne®, ¢3(2)) < Ys(B(C'8'€”, 2)) < yy(mi(V3)).
Since
I = 3(2)[| = [ @303 (x) — 5 (x) | < 27me”
we get x € Y5(m,(V3)). a
Proof of Lemma 3.8. Since ®; ' is Lipschitz in (V) we have
0= "‘1)3‘1)3—1 _‘I’sl//;l” \ 7 ”q)sl//;l - *l’sl/f;l” A
= (Lip @3 ") 03"~ v3 " flv.— 193 = ¥sllmcvyy-
So we get '
103" =3 llv, = (1/ CH|®s — ]| = 2me®/ Cs = K,»6”.
If ¢, is small enough we have
D@3 = Dy3 'l v, = | DD3 |y | Y3 [ D*®s 1wy
D5" = ¢3'llv,+ | DPs— D3|l oy vy] = C: K, [(20Co/ Cs)eP + K 0e® 1= K 3eP. O
Proof of Lemma 3.9. It is easily seen by induction that
(AF)*(x, f(x), v, Df(x)v) = (F*(x, f(x)), D(F* (I, f))(x)v).

To see that z = (x, f(x), v, Df(x)v) € Wi we must prove that lim,_ . (AF)"z=0. The
first component tends to zero because (x, f(x)) € Wir. The second one because it
is the transport by the derivative of the vector (v, Df(x)v) tangent to Wk. O

To end this section we give the proof of Theorem A'.
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Proof. The unstable invariant manifolds of F, and G. are the stable invariant
manifolds of F.' and G.'. G_' is the flow time &* of X = —h(x). By Proposition
2.3 we can apply Theorem A to obtain the result. O

4. The distance between split separatrices for diffeomorphisms
In this section we prove Theorem B and two corollaries.

Proof of Theorem B. We shall prove the homoclinic case since the heteroclinic one
is analogous. By Theorems A and A’ the distance between the invariant manifolds
of F, and G, (as defined in § 1) is of order e. As the invariant manifolds of G, do
not depend on ¢, near a homoclinic point of F,, they must intersect which implies
that they intersect becoming a homoclinic orbit, o, of X = h(x). It is clear that o is
contained in B. Let p>0 be such that B< B(p). Let P be a point of o and
g: V< R->R such that its graph represents o locally in a neighbourhood of P. For
g, small enough, by theorems A and A’, W, and W, can be represented by the
graphs of functions f; and f, defined on V, = V (independent of £) and there exists
a constant C such that || f, — g|l,.v, < Ce” and | f,— g||..v, < Ce”. We define f=f,— f;
in V,. Clearly | f||,.v, = O(g”). Let z be a homoclinic point of F, such that w(z) € V,
where 7 is the appropriate projection operator. Of course f(#7(z))=0, and also
f(w(F'(2))) =0 while w(F'(z))e V,. By hypothesis (iii) |7 (F(z))—#(z)| < Me*®
so that if ¢, is small enough there are r zeroes of f in V.

We call generically u; the zeroes of D'f. Between two zeros of D'f there is a zero
of D'*'f It is easily seen by induction that the distance between two consecutive
zeroes of D'f is less than Me*.

Now we prove (1). Suppose it is not true that || f|| = O(¢™ ") on V,. Let £ € (0, &)
and C > 0. There exist 0<e, <& and V, such that || f(v,)|| > Ce{***. By the mean
value theorem there exists v, such that

£ (o) | = [| f(vo) = f(uo) || < || Df (v)|| Me¥
and hence || Df(v,)|| > Ce***'/ Me . Applying the mean value theorem again there
exists v, such that

| Df (v)|| = | Df (v,) — Df (w))|| < || D*f(v,) |2 Me5
and hence ||D*f(v,)}|> Ce™*#/2(Me§{)>. By induction there exists v, such that
| D’f(v,)||> Cei>"#/r! (Me§)” which contradicts the fact that 1 f1l.v, = O(e?).

To prove (2) we suppose there exists ke Z* such that d(W,, W,) is not O(&").
Since Fe C**' and « >0, from (1) we get a contradiction.

CoROLLARY 4.1. Let F, and h be as in theorem B and verifying (i), (ii) and (iii) with
p1=p,. Furthermore we suppose

(iv) F, is a family of conservative diffeomorphisms.

(v) x=h(x) has a homoclinic orbit o.

Then we have the same conclusions as in Theorem B.

Proof. The hypotheses (i), (ii) and (iii) let us to apply Theorems A and A'. From
them we have that the distance between the invariant manifolds of F, and o is of
order of £ so that the distance between them is also of order of &. By (iv) they must
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intersect [11] and we have a homoclinic point. Furthermore, if ¢, is small enough
there exists a compact set contained in U which contains the pieces of invariant
manifolds from p, to the homoclinic point and finally we can apply Theorem B. O

COROLLARY 4.2. Let F, be as in Theorem B, of the form
F.(x,y)=(Ax, uy) +&°f(x, y) +&*Pg(x,y,£), a=1,
withA=1+a,e“+o(e*)andu =1—a,e*+o(e"),a,,a,>0,f(0,0)=g(0,0,&)=0,
and Df(0,0)= Dg(0,0, £) =0.
If the hypothesis (iv) of Theorem B is satisfied with p, = p,=(0, 0) then we have
the same conclusions of Theorem B with 0< ' <min (e, 8).
Proof. We consider here G, defined through the flow ¢ of
Xx=ax+fi(xy),
y=—ay+fx,y),
by
G.(x,y)=e(e% (x, y)).
The hypothesis (i) of Theorem B clearly holds. The hypothesis (ii) comes from
DG, (0,0)=exp (¢* diag (a,, —a,))

and the hypothesis (iii) is a consequence of Proposition 2.4. O

5. The case of a flow with a periodic orbit
First we establish the existence of a periodic orbit in a neighbourhood of the origin
and we find bounds of its amplitude for equations of the form
Xx=f(x)+eg(x, t/¢, £) (5.1)

with f(0)=0.

Notice that we shall not require Df(0) to be hyperbolic. This is due to the fact
that g is rapidly oscillating.
ProPOSITION 5.1. Consider the equation (5.1) with f: U->R", g: U*>R" where U is
an open set of R" containing the origin, U* = U xR X [0, &,) and such that

(i) f€ C"™"Y(U), that is Df is Lipschitz in U,

(ii) ge C°(U*) and is Lipschitz with respect to the first variable,
(iii) f(0)=0,
(iv) g is T-periodic with respect to the second variable and _[OT g(0,1, e)dt=0.

Then there exist €,, c >0 such that for 0<e <g, (5.1) has a unique periodic orbit
v of period €T such that ||y| < ce*.

Proof. We can suppose that g is bounded in U*. Let k, be a positive bound. We
call k, and k; the Lipschitz constants of Df and g. We define A= Df(0) and
(1) =exp At

We take

c=4k,T|All - |A7"] +1,
ey=min (2T|| A7, Bkscl|A™') 7", (10K, ATM) V2, &)
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and we suppose that B(ce?) < U. Given a function y:R-> U we define

Y(s)=f(v(s)) - Ay(s)+ eg(y(s), s/¢, €).
We fix € € (0, £,). First we shall prove that vy is an ¢T-periodic solution of (5.1) if
and only if vy is eT-periodic and

y(£)=(I-®(eT))™ rr D(eT—s5)Pp(s+1) ds. (5.2)
Indeed, if y is an £T-periodic solution oof (5.1) we have
y(1)= @(t)[y(0)+ J: ' (s)9(s) ds]. (5.3)
Then
‘I>(t)[7(0)+ Lt P (s)y(s) ds]

eT

Q7 (s+)Y(s+1) ds]. (5.4)

0

=P(t+ sT)[y(O)+J”<D_1(s)d/(s) ds+J’

To find y(0) we must prove that ®(t) —P(t+eT) =P(1)[ I —P(eT)] is inversible.
We need to consider I —®(eT). From

I-®(eT)=—-¢TA § (eTA)*/(k+1)!
k=0

we only need to consider ¥ _, (¢TA)*/(k+1)!. We have

I—éo (sTA)k/(k+l)!“ Sé] (eT| AN/ (k+1)!

= (e —eT| Al -1)/eT|| Al =1/2,
so that I —®(eT) is invertible. Furthermore
(1 -@(eT))™"|

5(1/(1—“1—§ (sTA)“/(k+1)!“))||A—1||/3Tsz||A“||/sT. (5.5)
k=0

Finding y(0) from (5.4) and putting it into (5.3) we get (5.2). Conversely, we suppose
that y satisfies (5.2) and is eT-periodic. We write (5.2) in the form

t+eT

y(£)=(I—-P(eT))! J O(eT - s+ 1)Y(s) ds.

t

Now, taking the derivative, we can immediately verify that it is a solution of (5.1).
To find £T-periodic solutions of (5.1) we define X ={y:R-> U continuous, &7T-
periodic with || y|| = ce’} and A:X~> X by

eT

(Ay)(1)=(I = ®(eT))™" J ®(eT—s)g(s+1) ds. (5.6)

0

X is a complete metric space. We shall see that A is a contraction operator. The
unique fixed point of A in X will give us the periodic orbit we are looking for.
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Making the change s = eu, from (5.6) we obtain

Ay
<t -a(emyife

I P(e(T-u))(f(y(eu+1))—Ay(eu+1t)) du

1]
We call I, and I, the first and second integrals. If ||x|| <8 we have

Ilf(x) = Ax|l = [ f(x) - £(0) — Df(0)x|| = Sup IDf(£) - DO - ||x|| = k,8°

+£?

J D(e(T—u))g(y(eu+t),(eu+t)/e e) du

and hence || f(y(eu+1))— Ay(su+1t)| < k|| y|” so that | I,|| < e* "I Tk, %",
Integrating by parts

T
Iz=j g(y(es+1t),(es+t)/e €)ds

0

+eA J eE(T_“)A(J-u g(y(es+t),(es+t)/e, €) ds) du.

V] 0
We call I and I, the last two integrals. By (iv)

T
||I3||SI llg(y(es+1),(es+1t)/e, e)—g(0,(es+1)/g, &)| ds
0
T
= [ livtes+ ol ds=tTes?,
0

T u
| L]l =<e||A| J eeT“A“(J k, ds) du=cel|A|k, TN T?/2,
)] 0

By (5.5) and the definitions of ¢ and &, we get |Ay|| < ce’. On the other hand,
ify,ceX

IAY)(8) = (Aa) ()]
=e|(I-®(eT)) ")

T
XH [@(e(T—w))|| - |f(y(eu+1))—Ay(eu+1)~fla(eu+1))
0

T

+Ao(eut+t)| du+te J |P(e(T—u))| - l|lg(y(eu+1t), (eu+t)/e, )

(1]
—glo(eu+t), (eut+t)/e &) du}.
We call I and I4 the two last integrals. We have
T
Il SJ e sup ||DF(&) - DO} - ly—o| du
0 £ B(ce”)
= e Tkyce?|y - o,

T
16l = J e Mky|ly—o|| du=e T Ty - o],
0
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where in bounding Is we have used the mean value theorem for the map z-
f(z) — Df(0)z. Again by (5.5) and the definitions of ¢ and ¢, we get

1
IAy=Aol<Zlly-oll. O

The point x =0 is not, in general, a singular point of equation (5.1). Consider
instead

X=f(x+y(n)+eg(x+y(1), 1/, €)= (1) (5.7)
obtained from (5.1) when we translate vy to the origin. Now x =0 is a singular point
of (5.7). Consider also

x =f(x). (5.8)
Suppose that f: U->R" and g: U*¥*>R" are as before.
Let ¢,(t, 7, x) and ¢,(t, 7, x) be the solutions of (5.7) and (5.8) such that
¢.(7, 1, x) = x and ¢,(7, 7, x) = x. We define the families of diffeomorphisms F,(x) =
¢ (eT+7,7,x) and G.(x)=¢@(eT+ 1, 7, x).

ProPOSITION 5.2. Consider the equations (5.7) and (5.8) with
i) feC™l(U), r=1,
(ii) g is of class C™*" with respect to the first variable and D%g is continuous in U*
for 0sk=r+1,
(iiii) f(0)=0 and Df(0) is hyperbolic,
(iv) g is T-periodic with respect to the second variable and joT g(x, 1, &) dt=0 for all
xe Uand g €0, g,).

Then given a compact set B < U containing the origin there exist €,, M,N >0 such
that
(1) ”Fs - I“r+1,3S MEe, ” G. - I“r+1,13S MEe,

(2) |F.~ G.|l.s= N>, for e€[0, &,).

The proof of this proposition is analogous to that of Proposition 2.4 and so we
omit it. We notice that the bound in (2) is Ne’. It is essentially due to hypothesis
(iv) and the fact that both F. and G. come from flows.

With this result we can finally give the following.

Proof of Theorem C. The existence of the periodic orbit is a consequence of
Proposition 5.1. From (ii) and (iii) we have that the eigenvalues of Df(0) are +u
with £ >0. Let Bc U be a compact set which contains o and let F, and G, be
defined as in Proposition 5.2. From that proposition || DF,(0) — DG.(0)|| = Ne’. That
implies that the coefficients of the characteristic polynomials of DF,(0) and DG, (0)
differ in terms of order £ and that the eigenvalues differ in terms of order £°.

From this we see that if £ is small enough, DF,(0) is hyperbolic and hence v is
hyperbolic. That finishes the proof of (1). Corollary 4.1 tells us that F, has homoclinic
points and the distance between the invariant manifolds is O(e") (O(e*) for all k
if r=o00).

This finishes the proof for the invariant manifolds of x(¢) =0 of (5.7). The same
holds for the invariant manifolds of y of (5.1) because the latter are related with
the former by a translation. d
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