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Abstract

Let 1 < M < N — 1 be integers and K be a convex, symmetric set in Euclidean N-space.
Associated with K and M, Mahler identified the M** compound body of K, (K}, in Euclidean
(Z)-space. The compound body (K ), is describable as the convex hull of a certain subset of the
Grassmann manifold in Euclidean (}})-space determined by K and M. The sets K and (K) are
related by a number of well-known inequalities due to Mahler.

Here we generalize this theory to the geometry of numbers over the adéle ring of a number
field and prove theorems which compare an adelic set with its adelic compound body. In addition,
we include a comparison of the adelic compound body with the adelic polar body and prove
an adelic general transfer principle which has implications to Diophantine approximation over
number fields.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 11 H06, 11 R 56; secondary
117J13,11761.

1. Introduction

In 1955, Mahler {6] illustrated the relationship between compound matrices and
geometry of numbers by developing the theory of compound convex bodies in
Euclidean N-space. Specifically, Mahler compared a convex, symmetric set
with its compound body by exhibiting inequalities involving their volumes and
inequalities involving their successive minima. These results enabled Mahler
to deduce a general transfer principle which has applications to Diophantine
approximation. More recently, the theory of compound bodies was used in
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proving the very deep subspace theorem of Schmidt (see [9, 11, 8]).

In the present paper we address the issue of generalizing Mahler’s original
work to the setting of an arbitrary number field. We accomplish this by replacing
the role of Euclidean space with the adetle ring of the number field.

The subject of geometry of numbers over the adéle ring of a number field
was developed independently by McFeat [7] and Bombieri and Vaaler [2] who
proved the analog of Minkowski’s successive minima theorem. We state this
theorem in Section 2. Recently in [3] we further expanded the subject by
introducing the adelic polar body. We recall the basic results in Section 6.

In Section 2 we describe the relevant objects which will occur and define our
notation. Briefly, let £ be a number field and for each place v of k let k, be the
completion of k with respect to v. For each place v we write R, for a nonempty
subset of (k,)" satisfying the following conditions. If v is an infinite place of ,
then R, is a bounded, convex, symmetric set with nonempty interior. If v is a
finite place of k, then R, is a compact, open & ,-module, where & , is the ring
of v-adic integers. For almost all finite places v we require that R, = (€ ,)V. If
we let (ka)" be the N-fold product of the adele ring of k, then we say a subset
X of (ka)" is admissible if it has the form

R =]—[R,,.

The set #Z is the adelic analog of the convex, symmetric set in the classical
geometry of numbers, and the rdle of the lattice Z" in R" is replaced by the
discrete subgroup isomorphic to (k)" in (k)" . For each place v we normalize a
Haar measure BY on (k,)" and write Vy for the Haar measure on (k4)" induced
by the product measure [ ], B~. The Haar measure Vy on (k4)" is the analog of
volume in R". Just as in the classical geometry of numbers, one can define the
successive minima of an admissible adelic set with respect to the lattice (k)".
This requires a notion of dilation. Let 0 > 0 be a real number. Dilation of an
admissible adelic set #Z by o is defined by

o =l—[oR,, X l—[ R,.

v]oo +
v{oo

For each integer n, 1 < n < N, the n'* successive minimum of # with respect
to (k)" is defined by

A, = inf{o >0: (62 )N (k)" contains n linearly independent vectors over k}.
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3] On Mabhler’s compound bodies 185

Givenintegers 1 <M < N —1and #Z C (ka)" an admissible set, we shall
N
define in Section 4, the M'" adelic compound of Z , denoted by (R) 4 < (ka) G,
We begin by proving

THEOREM 1.1. Let Z < (ka)" be an admissible set. Then
N ~1 N-1 N
y WAL < v (2 )V (@ ) 6D <y [aeromGor)

Here d is the degree of k over Q, r and s are the number of real and complex
places of k, respectively, and y = y(k, M, N) is a constant explicitly defined in
Section 4.

Next let Ay, Ay, ..., Ay and Wy, Yo, ..., () be the successive minima of
X and (X )y, respectively. Let Ay, A,, ..., A(Z) be the (Z) products of M
distinct A,,’s and ordered so that A, < A, < ..- < A(Z)' We then show:

THEOREM 1.2. Let ), o, ..., By and Ay, A,, ..., A(Z) be as above. Then
foralll=1,2,...,(}),

M
NAr+OM(y)/2 _—lAd <yl < Al
I8! ! = /1'1 = 1

where the constant y, = y,(k, M, N) is defined in Section 5.

We then compare the (N — 1)"* adelic compound of # with the adelic polar
body of # . This requires us to introduce the concept of idelic dilations of
admissible sets. Finally we prove an adelic general transfer principle and as
an application, prove a transference result in Diophantine approximation over
number fields in the context of the ring of S-integers.

2. Notation and normalizations

Let k be an algebraic number field of degree d over Q. We write V, for the
collection of all nontrivial places of k. Suppose v € V,. If v is an archimedean
place, we say v lies over infinity, denoted by v|oco. If v is a nonarchimedean
place then there exists a finite rational prime p such that v extends the place of
p to V,. In this case we say v lies over the finite rational prime p, written as
vtoo or v|p.
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For each v € V, we write k, for the completion of k with respect to the place
v. We define the local degree as

d, =k, : Q,1.

We now normalize two absolute values. For each place v of k, we normalize
the absolute value | ||, as follows:

(i) ifv|p then [lp|l, = p~',

(ii) if v|oo then for x € k,, ||x|l, = |x| where | | is the usual Euclidean
absolute value on R or C.
Thus || ||, extends the usual p-adic absolute value if v|p and the Euclidean
absolute value if v|oo. Our second normalized absolute value | |, is defined by

x|, = [lx 1.

This normalization gives to the product formula:

[Tixl=1

vevy

forall x e k, x #O.
We extend our absolute value to vectors as follows. Let

X1
X2

XN
denote a column vector in (k,). We define
x|, = g}la;gv{lxnlu}.

We extend the absolute value || ||, by declaring
N 172
) N EA if v]oo
ixh, = p
max {llx, .} if v{oo.

Assume now that v is a finite place of k. We write & , for the maximal
compact (open) subring of &,

ﬁvz{XEkv:levfl}'
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A subset R, in (k,)" is called a k,-lattice if it is a compact open & ,-module in
(k,)". Clearly (€ ,)" is a k,-lattice in (k,)".

Let ka denote the adele ring of k. Elements of k4 shall be written as x = (x,)
where x, is the v-component of x for all v € V,. We write (ko)" for the N-fold
product of the adeles.

The additive group k4 is locally compact and thus there exists a Haar measure
on kx which is unique up to a multiplicative constant. We normalize this as
follows.

(i) Ifv|oo and k, = R we let S, denote ordinary Lebesgue measure on R.

(ii) If v|oo and k, = C we let 8, denote Lebesgue measure on the complex

plane multiplied by 2.
(iii) If v|p we let B, denote Haar measure on &, normalized so that
ﬁv(é> v) = |@ vl‘;ﬂ,
where 2 , is the local different of & at v.

We now define a Haar measure 8 on ks to be the product measure of the

previously normalized local Haar measures:

B=]]8.-

ver

Technically, 8 determines a Haar measure on all open subgroups of the form

nkvxné’v

ves vg¢S

where S is a finite collection of places of k£ containing all infinite places. There-
fore the Haar measure on k4 is the unique measure which agrees with the product
measure on these open subgroups. For each place v of k we let 8 denote the
product measure on (k,)V. Similarly we define Vi to be the product measure
BY on (ka)" (see [13]).

We may view k as a subset k5 by the natural diagonal map. The set k C &y
is referred to as the set of principal adéles and is a discrete subgroup of ks with
ka/k compact.

Let x = (x,) be an element of k4 and « be a positive real number. We define
scalar multiplication, ax, to be the point y = (y,) in k5 determined by

| ax, if vjoo
Yo = Xy if vfoo.
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We shall view elements of (k4)" as column vectors x and extend our notion of
scalar multiplication to vectors X € (ka)" by

If X C (ka)™ then X C (ka)" is obtained by applying scalar multiplication
by a toeach ¥ € X.

For v|oo we say a subset R, C (k,)" is symmetric if R, = aR, forall @ € k,
with ||a]|, = 1. Let v be any place of k. We call a nonempty subset R, < (k,)"
a regular set if it has the following form.

(i) If v|oo then R, is a bounded, convex, symmetric subset with non- empty
interior.

(ii) If vfoo then R, is a k,-lattice in (k,)".

For each v € V; let R, be a regular set in (k,)". Assume that for almost all

places v,
Rv = (é> v)N'
We now define
% =[]R.
UGVk

From our above assumption it is clear that Z < (ka)". We call a subset #Z
of (ka)N admissible if it has the form described above. The set # is the adelic
analog of the convex, symmetric set K in the classical geometry of numbers,
and the role of the lattice Z" in R is replaced by the discrete subgroup (k)" in
(ka)™.

Let # be an admissible set in (ks)". For each integern, 1 < n < N, we
define the n'* successive minimum A, of #Z with respect to (k)" by

A, = inf {a > 0: (6% )N(k)" contains n linearly independent vectors overk}.
By our assumptions on # ,
0<)\.1§A2§-'-5)\.N<00

(see [2]). We now recall the adelic successive minima theorem of Bombieri and
Vaaler ([2, Theorem 3]).
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THEOREM 2.1. Let # be an admissible subset of (ka)N andlet Ay, Ay, ..., Ay
be the successive minima of # with respect to (k)" . Then
2dN7.[sN
(ND NS TAN

5> < (kgAY VN (Z) < 27V,

where A, is the discriminant of k and r and s are the number of real and complex
places of k, respectively.

3. Grassmann co-ordinates and local compound bodies

We begin this section by defining some notation which will facilitate our
computations. Let N and M be integers such that 1 < M < N — 1. Define

F = {.I C{1,2,...,N}: Jcontains |J| =M elements}.

Clearly ¢ has | # | = (];) elements. For each J € _¢, we write J =
{j1s Jas .- ., ju} Where

1<ji<p<---<jyu=<N.
We order the elements of _# using the lexicographical ordering:
/ - {Jl, Jz, P J(:)}

Next, suppose A = (@,,) is an N x M matrix over k,. For J € _¢ we define
the M x M matrix ; A by:

JA:(anm)’ ne]1 1§m§M

For an N x N matrix B = (b,,) and for J; € ¢, J, € _# we define the
M x M matrix ;,B,, by

JIBJh = (bnm)a ne J[, m e Jh.
For X, Xz, ..., Xu € (k,)", we write X for the N x M matrix given by:

X =X Xn)
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We define X = X(X) € (k,)( by
X,(X)
. %,(X)
X =
X X)

where X;(X) = det (;,X) for/ = 1,2,..., (}}).

Let B be an N x N nonsingular matrix over k,. We define the M** compound
of B, (B)y to be the (}) x () matrix given by:
(B)M = mlh(B))9
where B,,(B) = det (;,B;,). It is well-known that (see [1]):
(3.1) det ((B)y) = {det (B)} (™).

Let R, be aregular subset of (k,)". Below we define the M** local compound
body of R,, {R,)u- Let

(R)u = {%(X) (S (kv)(;‘v’) X = (}1}2. . -;C.M)
with X, € R, for m=1,2,...,M}.

For v]|oo define (R, ) to be the convex hull of (R,),, in (kv)(ff).

For v{oo define (R,)y to be the & ,-module in (kv)(z) generated by (R,) .
It is clear that for all v, (R,)y is a regular subset of (kv)("tvf). We remark that
rather than introducing additional notation, we write { ), to indicate both the
compound of a matrix and the compound of a set. Of course the meaning of
() will be clear from the context in which it occurs. We now demonstrate the
relationship between the M** compound of a matrix and the M** compound of
a subset.

LEMMA 3.1. Let B, be an N x N nonsingular matrix over k,. Let R, be a
regular subset of (k,)N. Then

(By,Ro)m = (By)u(Ry)m-
PROOF. Let ¥, ¥, ..., yu be elements of R,. Set

Xm = B,y form=12...,M.
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Write X = (X,X;---Xy) and Y = (¥, - - - yu) for the corresponding N x M
matrices over k,. As before, let

%,(X) 2,()
] *%,(X) : P,(1)
X(X) = : and YY) = : ;
X&) 20 @)

where X,(X) =det(;,X)fori =1,2,..., (:’4) We now compute:

©)
%,(X) =det (;,X) = Y _det{(;B,,,)(, 1)}
n=1
()
= ) det(;B,,,)det(;Y)
n=1
)
= 21,(B)Y,(Y).
n=1

Therefore we have just shown that
(3.2) X(X) = (B,)u¥(Y)

and thus (B,R,)y = (B,)m(R,) . It now follows in both the archimedean and
nonarchimedean cases that

(ByRy)m = (By)m(Ru)m-

Identity (3.2) is useful and immediately implies the following

COROLLARY 3.2. Let X, be an N x M matrix over k, and B, be an N x N
nonsingular matrix over k,. Then

%(B,X,) = (B,)uX(X,).

REMARK. Suppose vtoo. If R, is any k,-lattice in (k,)" then there exists an
N x N nonsingular matrix B, over k, such that

Rv = Bv(ﬁ v)N
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(see [13, Chapter II, Section 2]). Hence by Lemma 3.1,
(R)m = (B,)m{(O u)N)M-
It is a straightforward calculation to verify that
(O )" = (0 )W,
Therefore we may conclude that

(3.3) (R = (B)m(6 )W),

4. The adelic compound body

Given an admissible subset Z = [], R, of (ka)", we define the M** adelic
compound body of # , (% )u, by

(Z =] [(Ro)u-

From our previous remarks in Section 3 we conclude that (Z ), is an admissible
subset of (ka)().
For v|oo we define S, C (k,)" to be the v-adic unit L2-ball

Sv = {-; € (kv)N : "}”v = 1}

We define the positive constant y = y (k, M, N) by
y = 1ad* 02 TT{aR (s (6 507G},

vjoo
where A, is the discriminant of k. We remark that

BY(S,) = aVPTGN +1)~'  for v real
v QmMT(N +1)"'  for v complex.

The following theorem provides a relationship between the volume of Z and
its M compound body.

THEOREM 4.1. Let Z C (ka)" be an admissible set. Then
y{Nd(r+s)M(Z)/2}—1 < V(N)((% Vo) Vi (Z )_(Zj) < y{Nd(r+s)M(Z)/2},

where r and s are the number of real and complex places of k, respectively.
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In the classical situation, Mahler [6] proved this result by appealing to a the-
orem of Jordan (see John [5] or Schmidt [10]) which, in essence, states that every
convex symmetric set in R” can be approximated by an ellipsoid. We prove
Theorem 4.1 by utilizing this approximation technique at each archimedean
place. Thus we need a version of Jordan’s theorem over C". By a complex
ellipsoid we mean a nonsingular linear transformation of the unit L2-ball in
C". The proof of a generalized Jordan theorem in an N-dimensional vector
space over any archimedean field is very similar to the classical one and thus
we merely outline the argument below.

LEMMA 4.2. Let v be an archimedean place of k and R, C (k,)" a regular
subset. Then there exists an ellipsoid E, centered about the origin satisfying

E,CR,CVNE,.

SKETCH OF PROOF. If k, = R then this is Jordan’s result, thus we need only
prove the lemma for k, = C. Since R, is compact in kY, there exists an ellipsoid
E, with maximal volume satisfying

E, CR,.

Without loss of generality we may assume that E, = S,, the unit L2-ball in k¥,
We claim that E, is the ellipsoid which the lemma asserts exists. If not, then
there must exist a vector w € R, with @ ¢ v/NE,, that is

@, > vN.

Let 2 be the subspace of kY spanned by w and A" be the orthogonal complement
with respect to the Hermitian inner product. We define the orthogonal projection
matrices P; and P; onto 2 and A", respectively, by:

P; = w(w*w) o

and
PéL:lN_bea

where w* is the complex conjugate transpose of w and 1, is the N x N identity
matrix. Let

1 , “w_. ”2
-1 - —u
( ) ’ ”wﬁ ”3 -1
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and define the cone

- PIB-'U P:Lﬂv
%:{zekﬂv:” Qz” + 1Pzl <1}.
lwll, r

For positive real numbers a and b consider the ellipsoid
E(a,b) = {7 € kY : a®|| P;Z112 + | PFZ% < 1}.

We note that

WPaily  IPEEN, @ b
’ = Tt Pl + I P
”w"v r "w”va s
1 LYY 12
: (W_{_ﬂ_[ﬂ) (02”P'7’Z”§+b2||1)$zl|i) .
Hence if
1 + 1 B
lwl2a? = r?
then

E(a,b)C¥.
Furthermore, if b > a then the previous identity implies that
ﬁ <1

and thus P (E(a, b)) C E,. As E(a, b) is an ellipsoid contained in ¢ with the
property that
P;(E(a,b)) CE,,

it follows that E(a, b) is contained in the convex hull of E, and aw with
icll, = 1. Thatis, E(a, b) is contained in the smallest convex, symmetric set
containing £, and w, and therefore we conclude

E(a,b) CR,.
Thus we wish to maximize the volume of E(a, b) given the constraints

1 1

—_— + -
fwl2a? = r2b?

4.2) =1 and b > a.
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A short calculation reveals

4.3) By (E(a, b)) = (ab™ ") *B(S,).

So we wish to minimize a?b*"V-D

occurs when

given the constraints of (4.2). This minimum

By (4.1) and (4.3) we have
B)(E(@,b))*/B)(E.)’ = (@b~ Vy

_ |2 ) ( NV -1
B ((Hﬁ)llﬁ — W=D J (N — 1)(N—1))

The function f(x) = x"(x — 1)!"¥ is increasing for real x > N. Since
lwl2 > N, f(lwli2) > f(N) and thus

B (E(a, b)) > B} (E,).

This contradicts the maximality of E,.

d‘U

PROOF OF THEOREM 4.1. We write
2 =[]R.

where R, is a regular subset of (k,)" for each v. For v{oo selectan N x N
nonsingular matrix B, over k, such that

R, = Bv(ﬁ u)N-

For each place v|oo, let E, C (k,)" be the v-adic ellipsoid of Lemma 4.2. That
is,
E,C R, S VNE,.

For v|oo let B, be an N x N nonsingular matrix over k, so that
Ev = BvSv,
where S, C (k,)" is the v-adic unit L2-ball. Next define

& =T]T c k)"
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by

B,(O )" for vtoo.

Clearly & is an admissible set and

4.4) ECR CJNE.

I — { E,=B,S, for v|oo

By Lemma 3.1 and the remarks which follow it we have

(Bo)m(Su)m for vjoo

Tdu = { (B)m(0 ) for v}oo.

We now compute the volume of (T} .

| det(B,) B ((S,)y)  forv | oo

)
v ( Tv ) = d (N
Pt (Lo { | det(B,) 412 |5 for v}oo.

Thus,

Vn(&) = 1A (H | det Bu|‘5> (ﬂ B (Sv>>

v]oo

and

Viny (& ) = A=) (H!det(BnMr;’) (]‘[ B ((5.) )

v vjoo

By (3.1) we may write

G )
V(6 ) = 1A~ (ﬂ | det Bvl‘i> (ﬂ ﬁ5“)<<sv>m> .

v|oo

Hence N
4.5) Ve (&) - V(&) ) = .

We may also report the compound body analog of (4.4):
(4.6) () S (R S VN (&
From (4.4) and (4.6) we conclude
Ven (& m) - Vw(WNEY D) < Vs (R ) - Vi )~
< Viy N (E ) - V() 6.
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Clearly
VW(VN&) = (ﬂ N"”/z) V(&)

vjoo

V(z)(x/ﬁM) = (l_[ NdM('Z)ﬂ) V(;)((éa)M)

vioo

The theorem now follows from (4.5).

5. Successive minima

Let A1, Ay, ..., Ay be the successive minima of Z and let u, w,, ..., )
be the successive minima associated with (Z )y in (kA)(Z). ForJ € 7,

J={l§ll<12<<lMSN},

define
Pj = A,,'IA.,'Z .o .A.,'M.
Let N
o frimrn ()]
We now select a permutation o : {1,2,..., (¥)} = {1,2,..., (}))} such that if
we write
A[ = Pj‘,([)

fori=1,2,...,(}), then
0<A1§A2§---§A(z)<oo.

We remark that a simple counting argument shows
(5.1) Midg. A ) = AjA, L Ay,
Next we define the positive constant y; = y,(k, M, N) by

240-M () 75}y -1
(G @G D1 G2
where r and s are the number of real and complex places of k, respectively and

y is the constant from Section 4.
We now show that the u,’s and A;’s are compatible.

Y=
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THEOREM 5.1. Let j44, s, ..., (Y and Ay, As, ..., A(Z) be as above. Then
foralll =1,2,...,(}),
yi [NACrMGI2 AL < it < AL

PROOF. Let iy, Uy, ..., Uy be linearly independent vectors in (k)" asso-
ciated with the successive minima A;, A,, ..., Ay of #Z . That is, for each
n=12,...,Nand A > A,

{ﬁlaii29---,ii"} EA«%.
Write U for the N x N nonsingular matrix over k given by
U = (ﬁlﬁz e ﬁN)

Foreach/=1,2,..., (Z), define fl, € (k)(:f) by

U, (U,)
- U (U,)
lll = . )
Uy (Uy)
where U, (U,,) = det(;,,U,;,) for h = 1,2,..., (f;) We remark that since
ANy, A gy, ., ATy, are all in 2 it follows that

ﬁ[ € P],(% )M-

Also, (3.1) reveals that ﬁl, 212, R ﬁ(ﬁ) are linearly independent vectors in
(k)(f';). Next we define real numbers I'|, I, .. ., F’(N) by:

T =inf{o > 0:2 € 0(Z ).

Trivially, forall/ = 1,2, ..., (}),

M
(5.2) I < Py.
LetI'y, T, ..., F(N) be a permutation of the numbers I' |, Iy, ..., F’(N) such
M M
that

0<I‘15F2§---5F(Z)<oo.
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N

Fixan/,1 <! < (j,

), then for any collection of integers 1 < j; < jp < --- <
Ji < (};) we have

Iy < max{l’;, F}z, eee, Fj’.,}.
Select integers ji, Ja, ..., j; so that
max{Ple,Psz,..., P]”} = Al.

Thus by (5.2) we have

Iy < AL
Since ):ll, ﬁz, ey ):ll are linearly independent and contained in I')(Z )y, we
must have
(5.3) w < A

which is our upper bound.
For the lower bound, we recall the adelic successive minima theorem:

2dNn.sN

(N!)’(Q,N!)slAklN/z = ()"1)\'2 .o

AN VN(Z ) < 2N,

This together with (5.1) yields
(ipta - ) Viey (R han) (Oada . A) V(R )) ™G0
() o
[100pe] [ JCun/ AnY Vi (R ) - V(& ) Ge) =y,
h=1
Theorem 4.1 along with (5.3) and the previous inequality show
yl(Nd(r+s)M(};)/2)—1A;1 < N;j

which is the required lower bound.

6. The compound body (% )., and the polar body % *

The set (# )-1y is readily seen to be a subset of (ka)", and thus has the
same dimension as & . In [6], Mahler demonstrated a relationship between
(Z )n-1) and Z . In fact, just as in the classical setting, the adelic compound
body (Z ) -1y is compatible with the adelic polar body. We begin by briefly

https://doi.org/10.1017/5144678870003202X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003202X

200 Edward B. Burger [18]

recalling the adelic polar body as described in [3] and then considering the local
situation,

Let Z = [], R, be an admissible subset of (ka)". For each place v of &,
define the local polar body R, of R, by:

N

R = {)'c' € (k)N : Xn Vn

< lforalljl'eRu}.

n=1 v

If R, is a regular subset of (k,)" then the same is true for R} and
(R)" = R,.
Alsoif A, is an N x N nonsingular matrix over k, then
(AR)" = (AD)7'R;,
where AT is the transpose of A,. We define the adelic polar body % * by:

#*=[]R; € ka)".

The sets Z and # * possess two fundamental reciprocal properties. The first
is that
1 K VN(Z)Wn(Z") K 1,

and the second isif Ay, Ao, ..., Ay and A}, A3, ..., A, are the successive minima
of #Z and & *, respectively, then foreachn =1,2,..., N,
1< (Ah,, ) <« 1.

N+1-n

Here the constants implied the Vinogradov symbol depend only upon the number
field k and N, and are explicitly given in [3].
In what follows, v is an archimedean place of k. Again, we write S, C (k,)"
for the unit L?-ball:
S, = {¥ € (k)" : %, < 1}.

Below we prove that S¥ = (S,)v-1y = S,. It is a well-known fact that S} = §,,
thus we need only prove the second equality.
It will be useful to define the N x N matrix (1) = (e,.,) Where

. = (=1t ifn=m
™10 ifn #£m.
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Alternatively, (1), has the following shape:

1
—1 O
)y = 1
O -1
Finally, recall that for y,, y,,..., yu € (k,)" we write Y for the associated

N x M matrix defined by:
Y =Gz In)

and write
Y.(Y)

V1)

P(¥) = € (k)™

?(Z)(Y)

where Y, (Y) = det(;,Y)forl =1,2,..., (z) We note that by the Cauchy-Binet
formula (see [2]) we have

6.1) 19,1, = || det(Y*Y)|| /2,

where Y* is the complex conjugate transpose of Y. We now prove the following;:
LEMMA 6.1. Given S, C (k,)V as above,

(So)v-1 = Ss.

PROOF. Mahler proved this in the case when k, = R (see [6, Section 16}),
so we need only consider the case k, = C. First suppose X € S,. Let ¢ € k,
with [ic||, = 1 be a constant to be chosen later. Select orthogonal (with respect
to the Hermitian inner product) vectors cy;, 2, ... yy—_; in (k,)" such that the
following hold:

(i) X isorthogonal to (+1)yy, forn =1,2,...,N —1;

G) 13l = XN

(i) || yully =1forn=2,3,...,N — 1.
Let Y be the N x (N — 1) matrix over k, defined by

Y = (Cyliz--'i;N—l)-
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It is simple to verify that ‘g)(Y) € (k,)V is orthogonal to (£1)y¥, for each
n=1,2,..., N — 1. Also, by orthogonality and (6.1) we have

N-1
PO, = Il det@* V)12 = [ ] 15all.-
n=1

From (ii) and (iii) this implies
1Py = 11,

Therefore we see that ‘?(Y) and X are dependent vectors with the same L%
norm. Select ¢ € k, with |[c||, = 1 so that Y(¥) = X. Since X € S,,
{cY1, ¥2r oo, In-1} € S, Thus

X =‘§’(Y) € (Sw-1 E (S -1

and §, € (S,)w-1)- .

Next, let {X,, X5, ..., Xv_1} € S,. We claim that X(X) € S,. It follows from
the Cauchy-Binet formula (6.1), and an application of Hadamard’s inequality
(or directly from an inequality of Fisher [4]), that

N—1
%O, = Il detX*X)I1/> < [T 1% -
n=1

Since each L2-norm in the product is bounded above by 1, we have Q—é (X) € S,.
Thus

(Swv-1 € Ss.

Since (S,)w-1) is the convex hull of (S,)v-1) and being that §, is convex we
conclude (S,)n-1y € S,. Hence

(Sv)(N»l) = Sv'

We are now in a position to analyze arbitrary regular subset R, C (k)"
for v archimedean. We begin by observing that the (N — 1) compound of a
nonsingular matrix is similar to its adjugate matrix. Specifically,

(6.2) (AD)™ = (D) det(A,) " (A -1y (E Dy
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where A, is an N x N nonsingular matrix over k,, for any place v of k. Next
we define the constant 7,(N) by:

n"2TGAN +1) for v real

T,(N) = [ Q2r) "N + 1) for v complex,

where I is the gamma function. We note that for all v|oo,
ﬂ:’(Su) = tv(N)_l-

THEOREM 6.2. Let v be an archimedean place of k and R, C (k,)" a regular
subset. Then

N7 (@, (NBY (R R] € (R)v-—1y S N (5, (N)BY (R)) ™ R?.

PROOF. By Lemma 4.2, there exists an ellipsoid E, centered about the origin
satisfying
(6.3) E,C R, CV/NE,.

Clearly there exists an orthogonal (unitary, in the case when v is complex) N x N
matrix U over k, such that

(FDN(UE,) = UE,.

If we were to multiply each set of (6.3) by U we would merely rotate the sets
in space. Thus without loss of generality, we may assume that £, is already
invariant under the action of (£1),. That is,

6.4) (£)yE, = E,.
Next we write the ellipsoid as
E,=A,S,,

where A, is an N x N nonsingular matrix over k,. Without loss of generality,
A, may be chosen so that

det(A,) = || det(A,) .-
From Lemma 3.1 and Lemma 6.1 we have

(Ev)(N—l) = (AvSv)(N—l) = (Av)(N—l)(Sv)(N—l) = (Av>(N—1)Sv-
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By the containments of (6.3) the above implies
(N=-1)
(6.5) (A w-nSy S (R)wv—1y SVN" (A 1S,
Next we observe that
EX=(A,S) =(A)7'S = AD7'S,.

Alternatively, by (6.2), this may be expressed as

(6.6) E; = (£D)n det(A,) " {A) v (EDNS,.
Clearly,

(FDnS, =S,
and by (6.4)

E; =((EDNE)" = (XDNE].

In view of these remarks, (6.6) becomes
(6.7) E} = det(A,) (A v-1)Ss-

We remark that by the definition of the polar body, if R, € T, then T C R}.
Thus from (6.3) we have

VN 'E*C R*C EY,
and by (6.7) this yields
VN det(A,) " (A -y S, € R S det(4,)" (A - S..
It now follows from (6.5) that
6.8) det(A)R; S (R)w-1) S VN det(4,)R?.
We note that
BY(E,)/B) (S,) = | det(A)|1% = (det(A,))*.

Also from (6.3),

BY(E) < BY(R) < VN “BY(E,).
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Therefore (6.8) implies:

N=VBYS) T BY RNV R C (R oy
c NN BN (S, BY (R )R,

which is the conclusion of the theorem.

We now turn our attention to the nonarchimedean places of k. It is a straight-
forward calculation to show that

@)Yy =@ )" and () )w-1y=(0)".

Next we wish to consider arbitrary k,-lattices in (k,)". We pause momentarily
to give an outline of our plan of attack. We wish to prove a result similar to
Theorem 6.2. Here in the nonarchimedean case, the set (& ,)" will play the
role of the L2-ball, S,, in the archimedean setting. Recall that any k,-lattice, R,
may be expressed as

Rv = Bu(ﬁ v)N,

where B, is an N x N nonsingular matrix over k,. Thus at the finite places,
very regular set is an “ellipsoid.” Hence there is no need for a nonarchimedean
form of Lemma 4.2. This suggests that the sets (R, )v_; and R} differ only by
a constant multiple.

Clearly (€ ,)" is invariant under the action of multiplication of (£1)y.
However the k,-lattice R, might not have this strong symmetry property which
would then prevent us from utilizing the identity of (6.2). This issue was quickly
dispensed with in the archimedean case by the basic fact that we may always find
an orthogonal (unitary) matrix which rotates the ellipsoid into the appropriate
position. Thus we need to insure that for any given R, < (k,)", there exists an
N x N nonsingular matrix U over k, such that:

(i) the transformation of (k,)" by U is, in some sense, a “rotation”
and

(i) (ELyUR,=UR,.

Issues of orthogonality in a general nonarchimedean setting are discussed in
[13, Chapter II, Section 1] and in this particular situation in [12].

Below we review the basics of orthogonality in (k,)", for v a nonarchimedean
place. Let X and ¥ be vectors in (k,)V. We say that X is orthogonal to y if

1% + 51, = max{|iXll,, I¥ll}-

We say thatan N x N matrix U is orthogonal if |Uw||, = |w||, forallw e (k,)"
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LEMMA 6.3. Let U be an N x N nonsingular matrix over k,, vtoo. If U is
an orthogonal matrix and X is orthogonal to y then UX is orthogonal to U'y.

PROOF. From the hypothesis we have
WUw|, = 1%, forallw € (k,)".
Assume that X is orthogonal to y, that is,

1% + ¥, = max{lIX]l,, I50.}.

Thus we see

WUz + U5l = 1UG + M), = 17 + 51,
= max{[Z[l,, 511}
= max{[ U], 1UFI.).

Therefore U X is orthogonal to U'y.

Clearly if D is an N x N nonsingular diagonal matrix over &, and R, =
D(6 )" then
(:tl)N Rv = Rv-

So given an arbitrary k,-lattice
R, = B,(0 )",

we wish to find an orthogonal matrix U which, in some sense, diagonalizes B,.
This is accomplished via a proposition of Weil [13, Chapter II, Proposition 4].
We state it here in our present notation:

LEMMA 6.4. Let Ay and A, be two N x N nonsingular matrices over k,,
vioo. Then there exists an N x N nonsingular matrix, W = (W, W, - - - Wx),
over k, with columns W, W, . .., Wy such that:

G) Ndall, = 1foralln=1,2,...,N,

Gi) forall ¥ € (k)Y

A WX, = max {[|A;w,}lIx,]l,)
l<n<N

and
A WX, = max {[| Aywn I, 1. l,}.
1<n<N
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We now show that every k,-lattice may be rotated in order to achieve certain
symmetry properties.

LEMMA 6.5. Let v be a finite place of k, and let R, be a k,-lattice in (k,)".
Let ® be any diagonal N x N matrix whose diagonal entries are units in k,.
Then there exists an N x N orthogonal matrix U over k, such that

®(UR,) = UR,.
PROOF. Let B, be an N x N nonsingular matrix over k, such that
Rv = Bv(ﬁ v)N-

We now apply Lemma 6.4 with A, = 1y (N x N identity matrix) and A, = B;'.
Thus there exists a matrix W = (i, .. . wy) satisfying:

|wall, =1 forn=1,2,...,N,

and for each X € (k,)",

©69)  IWEll, = max (il %I} = max (Ixll,) = |71,
and
(6.10) B, WX, = lrg%{llBJI@nllullanuL

Lemma 6.3 and equality (6.9) show that W is an orthogonal matrix. By making
the change of variables in (6.9), ¥ —> W'y, we immediately conclude that
W1 is also an orthogonal matrix. We claim that U = W~!. To see this, select

-

{81,82, ..., 88} € k,\{0} so that ||8,]l, = ||B;'W,|l, foreachn =1,2,..., N.
Define the N x N diagonal matrix D by:

5!
8" O
v

Next we recall
R, = (X € (k)" : B, |, < 1).
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Therefore by (6.10) we see that
URv = {-;C' € (kv)N . ”BU_IU_I)?HU =< 1}

= (% e (k)" : 1B WX, < 1)
= (% € (k)" : max (I8, Ixll} < 1)

={Xe k)" : DX, <1}
= DO ).

However, since D is diagonal, from our previous remarks we have
®(D(6 ,)") =D )"
and hence

®(UR,) =UR,.

We are finally prepared to prove the nonarchimedean version of Theorem 6.2.

THEOREM 6.6. Let v be a nonarchimedean place of k and R, € (k,)" a
regular subset. Let B, be the N x N nonsingular matrix over k, such that
R, = B,(O ,)¥. Then

(R,)(v-1) = det(B,)R;.

PROOF. By Lemma 6.5 we may find an N x N orthogonal matrix U so that
(FDn(UR,) = UR,.
Thus without loss of generality, we may assume that
(£)NR, = R,.
It now follows from (6.2) and Lemma 3.1 that

R} = (XDnR))"
= (£D)n(B])' (€ )"
= det(B; ) (B,) - (xD)n (G )"
= det(B,) (Bu)w-1y{(F )V )v-)
= det(B,) " (B.(O )" Y-
= det(B,) " (R,)v-1)-
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Let (a,) be an ideéle in k5. The volume of the idéle, V ((«,)), is defined to be:

V(@) =[]lewl.-

Let#Z =[], R, be an admissible subset of (ka)". We define the idelic dilation
of Z by (), (@,)Z , by:

(@) R = l—lavRv.

This is clearly a generalization of the usual real dilation at the infinite places
which we recall here. If o is a real number then o # = [],,,, o R, X l—[v+oo R,.
Of course, for ease of notation, one could dilate in both manners simultaneously:

oc(a,)#Z = naavRv X l—l o,R,.

vioo vhoo
At last we compare (Z )v-1) With Z *. Again write Z = [[, R,. For each

vfoo write R, = B,(€ ,)", where B, is an N x N nonsingular matrix over k.
Define the idele («,) by:

v

(t(N)BY (R )% for v]oo
det(B,) for v4oo.

The following is now immediate from Theorem 6.2 and Theorem 6.6.
THEOREM 6.7. Let Z and («,) be as above. Then
N"N@)R* SR vy S NV (@) .
Moreover,

V(@) =272 "L GN + DTN + D7 APV ().

REMARK. One can prove theorems in geometry of numbers over the adele
space using the idelic dilation outlined here, and it is of some independent
interest.

https://doi.org/10.1017/5144678870003202X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003202X

210 Edward B. Burger [28]

7. A general transfer principle over number fields

Below we present an application of Theorem 5.1 in Diophantine approxima-
tion over number fields. For each place v of &, let C,(L) be the v-adic cube in
(k)"

Co(L) = {X € (k)" : 19" < 1).

We remark that given our normalizations on the absolute values | |, and || ||, we
may also write C,(L) as

Cu(L) = {i € (k)" : max{fixl,} < 1} .

We begin by demonstrating that the sets (C,(N))y and C,((})) are similar.

LEMMA 7.1. Let N and M be integers suchthat1 <M < N — 1. Then
(i) if v is an archimedean place of k then

1 N N
mM(C,(N))u € C, ((M)) c Z(M)(Cv(N))M
and

(ii) if v is a nonarchimedean place of k then

N

PROOF. We first consider the case when v is archimedean. Let {y,, y,, . .., ¥}
C C,and write Y = (¥, ¥, ... yu) for the associated N x M matrix over k,. We
write

PY) € (Co(NY)m < () ®)

for the M** compound of Y. By Hadamard’s inequality we have
P < MY,

sog)(Y) € M%MC,,((AA;)). Thus

' N
(C.(N)u € MMC, ((M))
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and since C,((},)) is convex, it follows that

i N
M=M(C,(N))u S C, ((M)) ;

which is the required first containment.
For the second containment, we first assume that v is a real place of k. By
considering all possible permutations of rows and permutations of columns of

the N x M matrix
1y

O
one may quickly show that &, € (C,(N))y forl =1,2,..., (;‘;), where ¢, is

the I column of the (}) x (}/) identity matrix 1 (vy- Therefore by convexity,
(Cy(N)) y contains the unit L!-ball in (k,,)(m:

)
L,={%e®)®:Y Ixnl, <1
I=1

It now follows that

c.((3)) € (Z)L < () s

which is even stronger than required.

For v complex, one may use a similar argument to show that every vector in
(k,)(%) having {(}y) — 1} components zero and one component a unit is contained
in (C,(N))u. By the complex convexity of (C,(N)), it follows that (C,(N))y
contains the unit L'-ball in R2(w) = (k,)G) . Therefore,

c. ((z)) c 2(Z)<CU<N>>M,

which is the required containment of (i). Part (ii) is immediate from our remarks
following Corollary 3.2.

We now fix some further notation. For each place v of , let A, be an
N x N nonsingular matrix over k,. Define sets R, and T, in (k,)" and (k,,)(z),
respectively, by:

R, = {% € (k)" 1 |AF19% < 1)
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and . . .
T, = (X € (k) : [(A) X|9% < 1},

We assume that foralmostallv, R, = (6 )". LetZ =[], R,and 7 =[], T..
From our above assumption we have that # and .7 are admissible subsets of
(ka)™ and (ka)(), respectively.

COROLLARY 7.2. Let & and  be as above. Then

MMR )\ ST C 2(2)(% Ym-

PROOF. Clearly for each place v, A,R, = C,(N) and (A,)uT, = C,((,,))-
By Lemma 3.1,
(AR = (A m(Ry)m-

The corollary now follows from Lemma 7.1.

We now state and prove Mabhler’s general transfer principle in this setting.
We define the constants y» = y»(k, M, N) and y53 = y3(k, M, N) by

N\ _ya r+s)M ()12 o
=12, N “

y3 — 25N(M—1)/(d(N—1))M%M(n,—s,Ak|I/Z)N/d{(N!)r(2N!)s}(N~M)/(d(N—1))’

and

where the constant y; is defined in Section 5.

THEOREM 7.3. Let # and 7 be as described above. Let A, and o, be the
first successive minima of # and 7, respectively. Then

M-

N-1

)\1 < yzo'll/M and o<WV (l—[ I det(Av)Iv) )‘IN_j

PROOF. Let Ay, Ay, ..., Ay and wuq, ta, ..., B2 be the successive minima
of # and (Z )u, respectively. Write Ay, A,, ..., A(Z) for the corresponding
M -products as in Section 5. From Lemma 7.2 we have

N} ‘
(7.1 {Z(M)} pi <oy < MMy,
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Trivially we have
AM < (MAg .. An)? = AL

Therefore by Theorem 5.1 and (7.1) we conclude
A < )’ZUll/M
For the second inequality, we begin by noting

(1.2) Oods o ANYYD < O Apgas - Ag) YO,

From the upper bound in the adelic successive minima theorem and (7.2) we
conclude

A= (MAg. ) < Qiidmga - An) 2NV )
< (Aahs .. Ay) IV IIN=DRIN Y (p )1,

By the lower bound in the successive minima theorem, the previous inequality
yields:

(N1 (2N [ AN
NxN

d(N-M)

} V@ )

A‘fs{

The theorem now follows from Theorem 5.1, (7.1) and the identity

1

VN(%’)=2‘1N(2

)" 182 T 1 detcan .

Let S be a finite set of places of k containing all the archimedean places.
Write &  for the ring of S-integers in k. That is,

Os={xek:|x|l, <1 forallv¢S}.

Define the function

s | dsd  ifvloo
710 if v4oo.

Then as an immediate consequence of Theorem 7.3 we have the following result:
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COROLLARY 7.4. Let A, be an N x N nonsingular matrix over k, for each
vedS. Foreachv € S, select €, € k,\{0} so that

[Tle;" detca,)l, = 1.

ves
If there exists an X € (0 s)V, % # 0, such that
|AX), < ley|s foreachv e S,
then there exists an X € (0 S)(,’Z), X #+ 6 such that
(A mX], < vs'le M foreachv € 8.
Similarly, if there exists an X e & 5)(:'), X #* 6, satisfying

HA M X, < |&,|¥  foreachv € S,

then there exists an X € (O 5)V, X # 0, satisfying

[AX|, < 15")e,|s foreachv € S.
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