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Nonlinear internal wave reflection and
transmission at an interface
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The reflection and transmission of internal waves at a horizontal interface between
layers of constant buoyancy frequency are treated. This interface is a simple model of
the atmospheric tropopause. The waves are weakly nonlinear and obey the nonlinear
Schrödinger equation away from the interface. The waves are horizontally periodic and
vertically confined to a long packet. The interfacial conditions are formally taken to
third order, and include higher-order linear as well as nonlinear effects. The higher-order
linear affects show an instability at the interface for steep waves. Numerical results
for shorter wave packets show that the higher-order linear terms result in non-physical
wave generation, and are ultimately neglected for such cases. Nonlinear effects result
in a decrease in the reflected wave amplitudes and an increase in the transmitted wave
amplitudes when compared to linear theory. Overall, the nonlinear effects make the
interface more transparent to upwardly propagating internal waves.
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1. Introduction

The atmosphere has an abrupt transition in buoyancy frequency N at the tropopause
(Birner, Dornbrack & Schmann 2002), increasing with altitude by a factor of 2
approximately. This feature causes reflection of upward-propagating internal waves, as
well as a localized mean flow. The behaviour of internal waves at the tropopause is
important to weather and climate, and may result in dynamical features that are hazardous
to commercial aircraft at cruising altitudes.

The transition region is thin (Birner et al. 2002), much less than a typical vertical
wavelength of internal waves in Earth’s atmosphere (2–10 km). The sharpness of this
transition suggests a two-layer approximation, where the transition region is replaced with
a sharp interface in N with continuous density. This interfacial model of the tropopause has
a long history (Scorer 1949) and is sometimes referred to as a density-gradient interface.
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McHugh (2009) and Mathur & Peacock (2009) considered internal waves impinging
from below on a density-gradient interface. Mathur & Peacock (2009) treated linear wave
beams with single and multiple interfaces. McHugh (2009) considered weakly nonlinear
uniform waves with a single interface. The results of McHugh (2009) show that a primary
harmonic (wave of frequency σ ) has higher harmonics (components with frequency 2σ ,
3σ , etc.) that accumulate at the interface, much like free surface waves. This feature
does not happen away from the interface for a monochromatic wavetrain, since the linear
solution is also an exact nonlinear solution as long as N is constant, the waves are uniform,
and the flow is Boussinesq. Thus the region in the vicinity of the sharp interface will
have stronger nonlinear effects than other altitudes. Both McHugh (2009) and Mathur &
Peacock (2009) report that linear reflection and transmission coefficients obey Snell’s law
from the theory of optics.

Grimshaw & McHugh (2013) and McHugh (2015) considered amplitude equations
for a packet of ascending internal waves incident upon a density-gradient interface.
The buoyancy frequency was constant in each layer, with a sudden change in value at
the interface. The waves were horizontally periodic but slowly varying in the vertical,
resulting in nonlinear Schrödinger (NLS) equations for incident, reflected and transmitted
wave packets. The results show that the wave-induced mean flow is discontinuous at the
interface, assuming inviscid flow. Furthermore, the incident and reflected waves combine
for a short period to create a strong localized mean flow under the interface. The NLS
equations in McHugh (2015) neglected the effect of the mean buoyancy. Mean buoyancy
has been included here, with results showing only minor differences.

Grimshaw & McHugh (2013) derive the weakly nonlinear interfacial conditions for
a general interface, but then neglect the nonlinear interfacial effects. The result is
reflection and transmission coefficients that are accurate to O(α), where α is the amplitude
parameter. In contrast, the NLS amplitude equations that are valid in the fluid interior are
accurate to third order (Grimshaw 1975; Shrira 1981; Voronovich 1982). The interfacial
conditions are extended here to include effects up to third order, matching the accuracy of
the amplitude equations, and making the interfacial conditions nonlinear.

A related configuration but with constant N throughout (no interface) has been treated
previously by many authors (Grimshaw 1975; Shrira 1981; Voronovich 1982; Sutherland
2001, 2006; Tabaei & Akylas 2007). Often, a Gaussian wave packet is created at the bottom
boundary (Sutherland 2001, 2006; Tabaei & Akylas 2007), which then evolves as the wave
packet ascends. If the waves propagate at a steep angle such that n < k, where n and
k are the vertical and horizontal wavenumbers, respectively, then the wave packet will
focus energy as a result of the combination of nonlinear and dispersive effects (Sutherland
2001). Waves propagating at a shallow angle will defocus energy (Sutherland 2001). The
evolution depends on parameter values, and also on the distance from the wavemaker.
The results given below neglect this evolution of the incident wave packet, and prescribe
the incident waves at the interface as the Gaussian profile, and sometimes the ‘raised
cosine’ profile. Prescribing the incident wave amplitude allows easier interpretation of
the reflected and incident wave amplitudes.

Density profiles with a density interface (jump in density �ρ) have also been used to
study internal wave reflection. Delisi & Orlanski (1975) performed experiments with a
two-layer configuration, where the upper layer had linearly increasing density with depth,
and the lower layer had constant density, with a jump in density at the interface of the two
layers. Internal wave beams were created in the upper layer that impinged on the interface
and were reflected. They use a linear theory for uniform internal waves to predict that
the reflected wave amplitude is equal to the incident wave amplitude at the interface, as
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Nonlinear internal wave reflection and transmission

expected since internal waves cannot propagate into the bottom layer with its constant
density. The linear theory also predicts the phase shift and the amplitude of the interface,
showing good agreement with their experimental results for a sequence of values of �ρ.

Thorpe (1998) treated wave reflection also using a two-layer density profile with a
density jump at the interface. The upper layer was constant density and finite thickness,
while the lower layer had density increasing with depth, a simplified model of the oceanic
density profile. Thorpe predicts that the amplitude of the primary component of the
reflected waves is equal to the amplitude of the incident waves, as in Delisi & Orlanski
(1975). Thorpe then determines the amplitude and phase of the second-order component
of the reflected wave for the case where the incident waves are uniform. This second-order
amplitude is dependent on the density jump at the interface and the thickness of the upper
layer, as well as the incident wave parameters.

Diamessis et al. (2014) treat reflection of internal wave beams using numerical
simulations. They also employ a density profile that models the ocean, with a
constant-density upper layer, a stratified lower layer with constant N, and a finite-thickness
transition region that has peak value of N (a pycnocline). The results show wave activity
within the transition layer that extends downstream of the incident wave impact region,
ultimately re-radiating internal waves. Experiments by Wunsch et al. (2015) confirm the
presence of these oscillations in the transition region. Thus the concept of wave reflection
is too simple for some circumstances, such as when the transition between layers is thick.

Energy dissipation of internal waves by the creation of higher harmonics when N is
non-uniform has been treated recently by Sutherland (2016), Wunsch (2017, 2018), Varma
& Mathur (2017) and Baker & Sutherland (2020). In all of these studies the profile of
N was chosen to model an oceanic pycnocline, with its rapidly changing N. Sutherland
(2016) treated a smooth N profile, and initiated nonlinear simulations with a low-order
eigenmode. They found that higher harmonics formed where N was changing most
rapidly. Wunsch (2017) used a piecewise-constant N profile and weakly nonlinear theory
to determine the second harmonic at second order in wave amplitude. Wunsch (2018)
then extended the theory to a more complex N profile. Varma & Mathur (2017) treated a
smooth N profile and included a pair of primary modes. Weakly nonlinear theory again
shows that higher harmonics are generated where N is rapidly changing, and that a wave
beam incident upon the pycnocline generates a reflected second harmonic at second order.
Baker & Sutherland (2020) include a primary (parent) mode and a second harmonic in a
smooth exponential N profile. The amplitude of the second harmonic is time-dependent,
and the results show ‘beat’ phenomena. The results given here treat the nonlinear aspects
of the primary harmonic, which appear at third order in wave amplitude.

The nonlinear interfacial conditions developed here are accurate to third order, matching
the accuracy of the amplitude equations. These nonlinear interfacial effects create a second
harmonic at second order, and a correction to the reflection and transmission amplitudes
of the primary harmonic at third order. This third-order correction is the main issue treated
here. The final interfacial conditions contain products of incident, reflected and transmitted
wave amplitudes, thus are nonlinear and are treated numerically.

Higher-order linear terms appear formally in the interfacial conditions. The higher-order
linear terms result in a homogeneous part to the reflected and transmitted wave amplitudes.
For steep waves, the homogeneous solution indicates exponential growth, indicating that
the wave solution is unstable at the interface. Numerical evaluation of the nonlinear
interfacial conditions agrees with the linear result, also showing exponential growth
for steep waves. This instability may explain the previous observations over Hawaii by
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McHugh et al. (2008), showing large values of vertical velocity only at the tropopause
altitude.

For less steep waves, linear theory shows that the homogeneous part is exactly zero
for any packet length. But when the packet length is relatively short, the numerical
linear results have erroneous homogeneous oscillations. The asymptotic theory assumes
a long packet, thus these erroneous cases are outside the validity of the theory. However,
nonlinear effects for shorter packets are investigated here by neglecting the higher-order
linear terms while retaining the nonlinear terms.

Overall, the results show that nonlinear wave reflection of the primary harmonic is
less than the linear reflection for all parameter values. Similarly, the nonlinear wave
transmission is always greater than the linear transmission. Thus nonlinear effects cause
the interface to be more transparent to internal waves.

Section 2 quotes the basic equations and develops the weakly nonlinear interfacial
conditions. Section 3 introduces the packet of carrier waves, but only sketches the
derivation of the amplitude equations governing the packet away from the interface,
since this has been published previously (Sutherland 2006; Grimshaw & McHugh 2013;
McHugh 2015). However the interfacial conditions in terms of wave amplitudes are
developed thoroughly in § 3, as the nonlinear part has not been treated previously.
Unfortunately the derivation of the nonlinear interfacial conditions is complex, making
§ 3 somewhat tedious. Section 4 discusses linear results, including the effect of the
higher-order linear terms. Section 5 discusses the nonlinear results. Finally § 6 summarizes
and provides conclusions.

2. Basic equations

The flow is treated as incompressible, inviscid and two-dimensional, and the background
rotation is neglected. The flow is then governed by

(ρ0 + ρ)
Du
Dt

= −∂p
∂x

, (2.1)

(ρ0 + ρ)
Dw
Dt

= −∂p
∂z

− ρg, (2.2)

∂u
∂x

+ ∂w
∂z

= 0, (2.3)

Dρ

Dt
− N2 ρ0

g
w = 0, (2.4)

where
D
Dt

= ∂

∂t
+ u

∂

∂x
+ w

∂

∂z
, (2.5)

the velocity is (u, w), the dynamic pressure is p, ρ0(z) is the base-state density, ρ is the
disturbance density, and N is defined by

N2 = −gρ0z

ρ0
. (2.6)

It will be useful to employ the field ζ(x, z, t), which is vertical displacement of material
lines. The kinematic relationship between velocity and ζ is

Dζ

Dt
= w. (2.7)
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Nonlinear internal wave reflection and transmission

The interfacial conditions between any two layers in a stratified fluid are developed in
Grimshaw & McHugh (2013). In general, the interface may have a jump in density or
buoyancy frequency. The kinematic condition on the interface is continuity of normal
velocity. This condition is treated in the usual manner, with

ηt + uηx = w (2.8)

on z = η, using velocity components for each layer. Since the interface is also a material
line, the kinematic interfacial condition is merely

ζ = η (2.9)

on z = η. Using a Taylor series in the usual way, (2.9) becomes

ζ + ζzη + 1
2ζzzη

2 + · · · = η (2.10)

on z = 0. This expression may be used recursively (Grimshaw & McHugh 2013) to get

η = ζ + ζ ζz + ζ ζ 2
z + 1

2ζ 2ζzz + · · · (2.11)

on z = 0. The kinematic condition may now be written as

[ζ + ζ ζz + ζ ζ 2
z + 1

2ζ 2ζzz + · · · ]+− = 0 (2.12)

on z = 0.
The dynamic condition at the interface is continuity of total pressure:

[p0 + p]+− = 0 (2.13)

on z = η, where p0(z) is the base-state hydrostatic pressure. Using a Taylor series in (2.13)
produces

[(p + p0) + (pz + p0z)η + 1
2 (pzz + p0zz)η

2 + 1
6 (pzzz + p0zzz) + · · · ]+− = 0 (2.14)

on z = 0. The base-state pressure is continuous at all positions, thus

p0|+− = 0. (2.15)

Equation (2.14) is used recursively to evaluate derivatives of disturbance pressure.
Furthermore, the variable η is eliminated from the dynamic condition using (2.11). After
some manipulation, the dynamic interfacial condition becomes[

p − ρ0gζ − 1
2

ρ0N2ζ 2 + 1
6

ρ0

(
dN2

dz
− N4

g

)
ζ 3

]+

−
= 0, (2.16)

on z = 0, where higher-order terms have been dropped. Equation (2.16) is valid for any
interface, including discontinuous ρ0 and/or N.

With continuous density ρ0 and discontinuous N, but N constant in each layer, (2.16)
reduces to [

p − 1
2

ρ0N2ζ 2 − 1
6

ρ0
N4

g
ζ 3

]+

−
= 0 (2.17)

on z = 0.
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3. The amplitude equations

3.1. Away from the interface
A packet of monochromatic waves is assumed to impinge on the interface from below. The
wave amplitude α is assumed small, and all dependent variables are expanded in a power
series in α:

ζ = αζ (1) + α2ζ (2) + α2ζ̄ + · · · , (3.1)

and similarly for u, w, ρ, p, where the superscript indicates the order of the approximation.
Here, ζ̄ is the wave-induced mean. Previous theory (Shrira 1981) has shown that the
wave-induced mean is non-zero at second order. This mean part is separated from the
oscillatory second-order solution merely for convenience.

An upwardly propagating internal wave has the leading-order solution

ζ (1) = IE exp(−in1z) + I∗E∗ exp(in1z), (3.2)

with

E = exp(i(kx − σ t)), (3.3)

where I is the incident wave amplitude, k is the horizontal wavenumber, n1 is the vertical
wavenumber, and σ is the wave frequency, all assumed positive and real. However,
this solution alone cannot meet the interfacial conditions, which require a reflected and
transmitted wave at this order. Following Grimshaw & McHugh (2013) and McHugh
(2015), the leading-order solution including reflected and transmitted waves is

ζ (1) = IE exp(−in1z) + I∗E∗ exp(in1z) + RE exp(in1z) + R∗E∗ exp(−in1z), z < 0,

(3.4)

ζ (1) = TE exp(−in2z) + T∗E∗ exp(in2z), z > 0, (3.5)

where n1, n2 are the vertical wavenumbers in the lower and upper layers, respectively, and
R, T are the reflected and transmitted wave amplitudes, respectively. All terms proportional
to E will be called the primary harmonic, while the secondary harmonic has E2, and so
on. Thus the above expression for ζ (1) contains only the primary harmonic. The secondary
harmonic will appear in ζ (2) as a result of nonlinear effects in the interfacial conditions.

The wave amplitude is chosen to be vertically modulated but horizontally uniform, as in
Sutherland (2006), Grimshaw & McHugh (2013) and McHugh (2015). The parameter ε is
defined to be the inverse of the packet length, normalized by the horizontal wavenumber k.
This makes ε proportional to the ratio of horizontal wavelength to vertical packet length.
A solution is obtained by assuming that the packet is long, making ε small. Slow variables
are introduced to achieve this solution:

tj = ε jt,

zj = ε jz,

}
(3.6)

with j = 1, 2. The amplitude functions I, R, T all depend on these slow variables,
The waves create a wave-induced mean flow, as discussed in Grimshaw & McHugh

(2013). The mean is defined here as a horizontal average (x-average), denoted with an
overbar. The components of the mean solution that are needed for the interfacial conditions
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are ζ̄ and ū, which may be determined to second order using

α2ζ̄ = −1
2

∂

∂z
〈ζ 2〉,

α2ū = k
σ

N2〈ζ 2〉,

⎫⎪⎪⎬
⎪⎪⎭ (3.7)

where the angle brackets mean average. Using (3.4) and (3.5) in these equations gives
(Grimshaw & McHugh 2013)

ζ̄ = −i2n1(I∗R exp(i2n1z) − IR∗ exp(−i2n1z)), z < 0, (3.8)

ū = 2N2
1

k
σ

[II∗ + RR∗ + I∗R exp(i2n1z) + IR∗ exp(−i2n1z)], z < 0, (3.9)

ū = 2N2
2

k
σ

TT∗, z > 0, (3.10)

and ζ̄ = 0 for z > 0.
The governing equations (2.1)–(2.7) may be written as

ρ0 (ut + Q1) = −∂p
∂x

, (3.11)

ρ0 (wt + Q3) = −∂p
∂z

− ρg, (3.12)

ux + wz = 0, (3.13)

ρt + Q4 − N2 ρ0

g
w = 0, (3.14)

ζt + Q5 = w, (3.15)

where the Qj are the sums of the nonlinear terms in each equation. Eliminate all variables
in the linear terms except ζ to achieve

∂3

∂t3
(ζxx + (ρ0ζz)z) + ρ0N2ζxxt

= (ρ0Q1xt)z − ρ0Q3xxt + Q4xx

− ∂2

∂t2
(ρ0Q5xx + (ρ0Q5z)z) − ρ0N2Q5xx. (3.16)

Now assume Boussinesq flow. It may be shown that Q4 ≈ ρ0N2Q5, allowing some
cancellation, which in turn permits an integration with respect to time:

∂2

∂t2
∇2ζ + N2ζxx ≈ Q1xz − Q3xx − ∇2Q5t. (3.17)

Away from the interface, the nonlinear quantities may be approximated using

Q1 ≈ α3(ūu(1)
x + ūzw(1)),

Q3 ≈ α3(ūw(1)
x ),

Q5 ≈ α3(ūζ (1)
x + ζ̄zw(1)).

⎫⎪⎪⎬
⎪⎪⎭ (3.18)

Only terms that contribute to the primary harmonic are included here, and higher-order
contributions, even to the primary harmonic, are neglected.
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Further details of the derivation of the three amplitude equations are provided in
McHugh (2015). The resulting equations are

It + cgIz − i 1
2 c′

gIzz

+ iα22σ [(k2 + n2
1)(|I|2 + |R|2) + (k2 − 3

2 n2
1)|R|2]I = 0, z < 0, (3.19)

Rt − cgRz − i 1
2 c′

gRzz

+ iα22σ [(k2 + n2
1)(|I|2 + |R|2) + (k2 − 3

2 n2
1)|I|2]R = 0, z < 0, (3.20)

Tt + cgTz − i 1
2 c′

gTzz + iα22σ(k2 + n2
2)|T|2T = 0, z > 0. (3.21)

The definitions of I, R, T in McHugh (2015) are slightly different than here. McHugh
(2015) defined I, R, T in terms of vertical velocity rather than vertical displacement, as
here and in Grimshaw & McHugh (2013). Furthermore, McHugh (2015) neglected the
contribution made by the mean buoyancy b̄, reflected in the mean displacement ζ̄ . This
effect is included here, and results in the 3/2 that appears in (3.19) and (3.20). All other
aspects of the evolution equations match McHugh (2015).

3.2. At the interface

3.2.1. The second harmonic
The interfacial conditions (2.12) and (2.17) must be satisfied at z = 0, and they must be
expressed in terms of the wave amplitudes in the two layers. The interface generates
second harmonics, and the interaction between the primary and secondary harmonics is an
important aspect of the nonlinear interfacial condition. This interaction does not contribute
to the amplitude equations away from the interface, since the vertical wavenumber of
the second harmonic is not commensurate with the primary harmonic. However, at the
interface, where the second harmonic is created, the two harmonics are aligned and their
interaction is important.

The second harmonic solution ζ (2) is

ζ (2) = B1E2 exp(in12z) + B∗
1E∗2 exp(−in12z), z < 0, (3.22)

ζ (2) = B2E2 exp(−in22z) + B∗
2E∗2 exp(in22z), z > 0, (3.23)

where

n2
12 = n2

1 − 3k2, (3.24)

n2
22 = n2

2 − 3k2, (3.25)

as in McHugh (2009). The values of B1 and B2 are determined by the quadratic terms in
(2.12) and (2.17). Substitute (3.4), (3.5), (3.22) and (3.23) into (2.12), and keep only second
harmonic terms, resulting in

[B2 − B1 − in2T2 + in1(I2 − R2)]E2 + cc = 0 (3.26)

on z = 0.
The dynamic condition (2.17) contains the pressure. A useful relationship between

the pressure and wave amplitude can be obtained from the horizontal component of the
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governing equations (3.11):

pxx = ρ0(ζttz − Q1x + Q5tz), (3.27)

which includes nonlinear contributions. For this second harmonic,

Q1 ≈ α2[u(1)u(1)
x + w(1)u(1)

z ],

Q5 ≈ α2[u(1)ζ (1)
x + w(1)ζ (1)

z ].

}
(3.28)

Direct substitution of linear quantities in these expressions shows that Q5 is zero, but Q1
is non-zero for the lower layer. The resulting expressions for the second harmonic of p are

p(2) = ρ0
σ 2

k2 [in12B1 exp(−in12z) − 2n2
1I]E2 + cc, z < 0, (3.29)

p(2) = iρ0
σ 2

k2 n22B2E2 exp(−in22z) + cc, z > 0. (3.30)

Using (3.29) and (3.30) along with the above expressions for ζ in (2.17) gives

[n22B2 − n12B1 − in2
12IR − i 1

2 (k2 + n2
1)(I + R)2 + i 1

2 (k2 + n2
2)T

2]E2 + cc = 0 (3.31)

on z = 0. Finally, (3.26) and (3.31) determine B1 and B2:

B1 = i
1

(n22 − n12)

[
n2

12IR + 1
2

(k2 + n2
1)(I + R)2 + n1n22(I2 − R2)

− 1
2

(k2 + n2
2)T

2 − n2n22T2
]

, (3.32)

B2 = i
1

(n22 − n12)

[
n2

12IR + 1
2

(k2 + n2
1)(I + R)2 + n1n12(I2 − R2)

− 1
2

(k2 + n2
2)T

2 − n2n12T2
]

. (3.33)

3.2.2. The kinematic condition
Now consider the interfacial conditions (2.12) and (2.17) for the primary harmonic. Using
(3.1) in (2.12), and keeping only those terms that will contribute to the primary harmonic
up to O(α3), results in

αζ (1) + α3 ∂

∂z
[ζ̄ ζ (1) + ζ (1)ζ (2)] + α3 1

2
∂

∂z
[(ζ (1))2ζ (1)

z ]|+− = 0 (3.34)

on z = 0. Using (3.4), (3.5), (3.22) and (3.23) gives

T − (I + R) + α2Qk = 0 (3.35)

on z = 0, where Qk is the sum of the nonlinear effects, and

Qk = Mk + Sk + Ck. (3.36)

Here, Mk is the nonlinear interaction between the mean and first harmonic, Sk is the
interaction between first and second harmonics, and Ck is the cubic nonlinearity of the
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first harmonic:

Mk = 2n2
1[IR(I∗ + R∗) + 3(I2R∗ + I∗R2)], (3.37)

Sk = i[(n2 − n22)T∗]B2 − i[(n1 + n12)I∗ − (n1 − n12)R∗]B1, (3.38)

Ck = −1
2 n2

2[T2T∗] + 1
2 n2

1[I2I∗ + R2R∗ + 2IR(I∗ + R∗) + 9(I2R∗ + I∗R2)]. (3.39)

3.2.3. The dynamic condition
To process the dynamic condition (2.17) in a similar manner, first use (3.27) again to
evaluate the pressure, where the nonlinear terms that contribute to the primary harmonic
are

Q1 ≈ α3(ūu(1)
x + ūzw(1) + u(1)u(2)

x + u(2)u(1)
x + w(1)u(2)

z + w(2)u(1)
z ), (3.40)

Q5 ≈ α3(ūζ (1)
x + ζ̄zw(1) + u(1)ζ (2)

x + u(2)ζ (1)
x + w(1)ζ (2)

z + w(2)ζ (1)
z ). (3.41)

Evaluating pressure in this way, and using (3.1) in the dynamic condition, results in

(
1
k2 [αζ

(1)
ttz − α3(Q1

(1)
x − Q5

(1)
tz )]

+α3
(

N2ζ̄ ζ (1) + N2ζ (1)ζ (2) + 1
6

N4

g
ζ (1)3

))+

−
= 0. (3.42)

Slow variables must be added to the linear term ζttz in (2.17):

(
1
k2 [ζ (1)

ttz + ε(ζ
(1)
ttz1 + 2ζ

(1)
tzt1)

+ ε2(ζ
(1)
zt1t1 + 2ζ

(1)
tt1z1 + ζ

(1)
ttz2 + 2ζ

(1)
tzt2) − α2(Q1

(1)
x − Q5

(1)
tz )]

+ α2
(

N2ζ̄ ζ (1) + N2ζ (1)ζ (2) + 1
6

N4

g
ζ (1)3

))+

−
= 0. (3.43)

The derivatives with respect to z1 may be converted into temporal derivatives using

It1 + cgIz1 = 0, (3.44)

and similar operations on R, T . The derivatives with respect to z2 may also be converted
into temporal derivatives with the amplitude equations. The nonlinear parts of the
amplitude equations do not add further nonlinear terms here, as these terms wind up at
higher order. The nonlinear terms are treated by inserting (3.4), (3.5), (3.22), (3.23), (3.8),
(3.9) and (3.10), retaining only contributions to the primary harmonic up to third order.
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The final dynamic condition is

− i (n1I − n2T − n1R)

+ 1
σ

[
n2

1 − k2

n1

]
(εIt1 + ε2It2) + i

1
2σ 2

[
k4 − 5k2n2

1 − 4n4
1

n3
1

]
(ε2It1t1)

− 1
σ

[
n2

2 − k2

n2

]
(εTt1 + ε2Tt2) − i

1
2σ 2

[
k4 − 5k2n2

2 − 4n4
2

n3
2

]
(ε2Tt1t1)

− 1
σ

[
n2

1 − k2

n1

]
(εRt1 + ε2Rt2) − i

1
2σ 2

[
k4 − 5k2n2

1 − 4n4
1

n3
1

]
(ε2Rt1t1)

+ α2Qd (3.45)

on z = 0, where

Qd = Md + Sd + Cd, (3.46)

Md = − i2(2n2(k2 + n2
2)T

2T∗

− n1(k2 + n2
1)[(I + R)2(I∗ − R∗) + 2(I2 − R2)(I∗ + R∗) + 3IR(I∗ − R∗)]

− 2n3
1[IR(I∗ − R∗) + 3(I∗R2 − I2R∗)]), (3.47)

Sd = ((k2 + n2n22 − n2
22 + 3n2

2)T
∗B2

− [(k2 − n2
12 + 3n2

1)(I
∗ + R∗) − n1n12(I∗ − R∗)]B1), (3.48)

Cd = 1
2

k
N2

1
gk

[
(k2 + n2

2)
N2

2

N2
1

T2T∗ − (k2 + n2
1)(I + R)2(I∗ + R∗)

]
. (3.49)

Once again, Md accounts for the interaction between the mean quantities and the primary
harmonic, Sd accounts for the interaction between the second harmonic and the primary
harmonic, and Cd accounts for the cubic effects of the primary harmonic.

The dimensionless quantity N2
1/gk, using the definition in (2.6), is

N2
1

gk
= −1

k
ρ0z

ρ0
, (3.50)

which is the inverse of the density scale height, made dimensionless with the wavenumber
k. This quantity is a free parameter in the analysis, but has the generally small value of
approximately 1/100 in the troposphere (N1 ≈ 0.01 s−1, g ≈ 10 m s−2, k ≈ 1/1000 m−1).
This suggests that the effect of the cubic term Cd in the dynamic interfacial condition is
rather less important.
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3.2.4. Final conditions
If slow variables are reverted to original variables in (3.45), then the operator for the linear
terms in (3.45) may be defined by

Lm = −inm + am
∂

∂t
+ ibm

∂2

∂t2
, (3.51)

where m = 1, 2, and

am = 2
σ

[
n2

m − k2

nm

]
,

bm = 1
2σ 2

[
k4 − 5k2n2

m − 4n4
m

n3
m

]
.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(3.52)

The dynamic condition becomes

L1I − L2T − L1R + α2Qd = 0. (3.53)

This may be combined with the kinematic condition (3.35) to obtain final expressions
governing transmitted and reflected waves:

(L1 + L2) R = (L1 − L2) I + α2QR, (3.54)

(L1 + L2) T = 2L1I + α2QT (3.55)

on z = 0, where

QR = Qd − in2Qk,

QT = Qd + in1Qk.

}
(3.56)

4. Linear cases

The interfacial conditions (3.54) and (3.55) are two coupled equations that may be
solved for the reflected and transmitted wave amplitudes, R and T , at the interface.
These equations are coupled since the nonlinear terms contain both R and T . Before the
calculation of R and T can proceed, the value of the incident wave amplitude I at the
interface is required. This value is set by the ascending wave packet.

McHugh (2015) created a wave packet at the bottom of the computational domain and
determined its evolution as the packet approached the interface and interacted with it.
The initial packet shape was the ‘raised cosine’. Previous authors (Sutherland 2001, 2006;
Tabaei & Akylas 2007) chose an initial packet shape with a Gaussian profile. For both
profiles, the packet shape evolves at it ascends due to both nonlinearity and dispersion,
arriving at the interface with a more complex shape, and continuing to evolve as the packet
interacts with the interface. This complexity makes interpretation of the reflection and
transmission difficult, and it is instructive to consider I at the interface to be prescribed.
Both the ‘raised cosine’ and the Gaussian profile are used here for this purpose.

It is also instructive to consider linear versions of the interfacial conditions. Previous
results by McHugh (2009, 2015), Mathur & Peacock (2009) and Grimshaw & McHugh
(2013) used linear conditions accurate to O(α) for reflection and transmission of the
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primary harmonic:

R0 = n1 − n2

n1 + n2
I, (4.1)

T0 = 2n1

n1 + n2
I, (4.2)

on z = 0. These algebraic expressions are identical to Snell’s law in optics.
Another set of linear interfacial conditions is obtained from (3.54) and (3.55) by

neglecting products of the wave amplitudes (setting QR = QT = 0) but retaining the linear
terms containing derivatives of R and T . These higher-order linear conditions include
second- and third-order effects due to the non-constant wave amplitude.

For this higher-order linear case, the homogeneous part of the solution may be treated
separately, which is governed by (3.54) with forcing set to zero:

(L1 + L2) R = 0 (4.3)

on z = 0, which is

i (b1 + b2) Rtt + (a1 + a2) Rt − i (n1 + n2) R = 0. (4.4)

The homogeneous solutions for T obey this same equation. The exponential function eλt
gives

λ = i
1
2

[
a1 + a2

b1 + b2
±

√
(a1 + a2)2 − 4(b1 + b2)(n1 + n2)

b1 + b2

]
. (4.5)

If the quantity under the radical is positive, then the two values of λ are purely imaginary,
implying an oscillatory solution. However, if the argument of the radical is negative, then
one of the λ values is complex with positive real part, implying exponential growth and
instability. Thus the sign of

(a1 + a2)
2 − 4(b1 + b2)(n1 + n2) (4.6)

dictates stability. Numerical evaluation shows that this quantity is negative for small
n1/k, and positive for larger values, with the critical value depending on N2/N1. With
N2/N1 = 2, (n1

k

)
cr

≈ 0.335. (4.7)

Thus an instability exists in this case with n1/k < 0.335. Numerical solutions of
the interfacial conditions, in both linear and nonlinear cases, show solutions with
exponentially growing amplitude with n1/k less than the critical value, in agreement with
this linear theory. For values of n1/k larger than the critical value, the homogeneous
solutions are purely oscillatory, and determined by initial conditions. If the initial
value and first derivative of R and T are zero, then the homogeneous solution is
also zero.

The behaviour of (n1/k)cr with N2/N1 is shown in figure 1. The value of (n1/k)cr
increases dramatically as N2/N1 becomes small. Thus as the upper layer becomes only
weakly stratified, N2/N1 is near zero, and the interval of n1/k where this instability occurs
includes all realistic values of n1/k.

This instability may explain the results of McHugh et al. (2008), who launched a
sequence of weather balloons over Hawaii, measuring atmospheric velocity, temperature
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6

4

2

(n
1
/k

) c
r

0 2 4

N2/N1

6

Figure 1. Critical value of n1/k for an interval of N2/N1. For values of n1/k less than the critical value, the
higher-order linear terms result in instability.

and other quantities. The measurements showed excessively large values of vertical
velocity only at the elevation of the tropopause. The above instability showing exponential
growth at the interface is likely responsible.

If the packet shape at the interface is chosen to be the ‘raised cosine’

I = 1
2 [1 − cos ωt] (4.8)

on z = 0, where
ω = 2πεcg, (4.9)

then an exact solution for the forced solution is easily obtained for R and T:

R = 1
2

[
n1 − n2

n1 + n2

]
− 1

4

[
(n1 − n2) − ω(a1 − a2) + ω2(b1 − b2)

(n1 + n2) − ω(a1 + a2) + ω2(b1 + b2)

]
exp(iωt)

− 1
4

[
(n1 − n2) + ω(a1 − a2) + ω2(b1 − b2)

(n1 + n2) + ω(a1 + a2) + ω2(b1 + b2)

]
exp(−iωt), (4.10)

T = 1
2

[
2n1

n1 + n2

]
− 1

4

[
2(n1 − ωa1 + ω2b1)

(n1 + n2) − ω(a1 + a2) + ω2(b1 + b2)

]
exp(iωt)

− 1
4

[
2(n1 + ωa1 + ω2b1)

(n1 + n2) + ω(a1 + a2) + ω2(b1 + b2)

]
exp(−iωt). (4.11)

Since ω = O(ε), these expressions are relatively minor corrections to R0 and T0 given by
(4.1) and (4.2).

Consider numerical results using a prescribed incident wave profile. The ‘raised cosine’
profile discussed above has a discontinuous second derivative at the instant the incident
wave packet begins interacting with the interface, and also at the instant the packet ends.
For this reason, the numerical results will employ a Gaussian profile to prescribe I at the
interface:

I = exp(−c2
gε

2t2) (4.12)

at z = 0. The numerical techniques used here are discussed in Appendix A.
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1.0
|I |

|R|

|T |
0.5

|I|
, 

|R
|, 

|T
|

0

–10 –5 0 5

t
10 15 20

Figure 2. Incident (black), reflected (red) and transmitted (blue) wave amplitudes with n1/k = 1 and ε =
0.5. Higher-order linear effects are included, but nonlinear effects are neglected. Dashed lines are the linear
amplitudes R0 (red) and T0 (blue). The incident wave packet profile is Gaussian.

Linear simulations with higher-order linear terms included and I prescribed by
(4.12) show that if ε ≤ 0.1 approximately, then the numerical values of R and T are
indistinguishable from R0 and T0. It takes nonlinear effects, discussed below, for R, T
to be significantly different from R0, T0, respectively, for ε ≤ 0.1.

Results of a linear simulation with a short packet length (larger ε) are given in figure 2.
Figure 2 shows a time history of the incident wave amplitude I, and reflected R and
transmitted T wave amplitudes determined by including higher-order linear effects but
neglecting nonlinear effects. Also shown are linear wave amplitudes R0 and T0, determined
using (4.10) and (4.11). With this relatively large value of ε, R and T display large
oscillations that continue after the incident wave amplitude is negligible. The frequencies
match the values in (4.5), thus these oscillations are homogeneous solutions. Yet the exact
solution shows that the homogeneous solution should be zero, therefore these oscillations
are artefacts of the numerics. Arguably, such short packets are outside the validity of the
basic assumption of a long wave packet.

One strategy for eliminating these homogeneous oscillations in the numerical results
is to add a condition that R and T be zero when the incident wave packet terminates.
However, such a condition has proven to be difficult to achieve, partly due to the ill-defined
termination of the incident wave packet: a Gaussian wave packet does not end abruptly, and
the ‘raised cosine’ packet ends with a discontinuous second derivative. A wave packet that
is allowed to evolve as it ascends will be even more problematic than the above prescribed
incident wave packets.

A further issue with forcing R and T to zero at the termination of I concerns the
nonlinear effects. If I is zero in the interfacial conditions (3.54) and (3.55), then what
remains is a pair of coupled equations for R and T: e.g. the nonlinear equations do not
require R and T to be zero after I has reached zero. It may be possible for the nonlinear
effects to cause wave energy to be absorbed by the interface, then released after I = 0.

The homogeneous oscillations may be eliminated simply by neglecting the higher-order
linear terms in (3.54) and (3.55). As shown by the above exact solution, the effect
of the forced part of the higher-order linear terms is small. The resulting nonlinear
algebraic conditions must still be treated numerically using the iterative scheme
described in Appendix A. Results for short wave packets are obtained below with this
approximation.
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1.0
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0
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|T |

Figure 3. Incident (black), reflected (red) and transmitted (blue) wave amplitudes with n1/k = 1 and
ε = 0.05. Dashed lines are the linear amplitudes R0 and T0. The incident wave packet profile is Gaussian.

5. Nonlinear results

Figure 3 shows a time history of the incident, reflected and transmitted wave amplitudes at
the interface for the example case n1/k = 1 and ε = α = 0.05. All terms in the interfacial
conditions (3.54) and (3.55) are included, and the results are obtained numerically. The
incident wave amplitude at the interface is prescribed by (4.12). Also shown in figure 3,
with dashed lines, are the linear reflected and transmitted amplitudes R0 and T0. Figure 3
shows that the reflected amplitude R is less than R0, and the transmitted amplitude T is
greater than T0 for all time. This means that for this case, the nonlinear effects make the
interface more transparent to internal waves, transmitting more energy and reflecting less
than the linear version.

Figure 4 also shows a time history of the wave amplitudes at n1/k = 1, but with ε = α =
0.1, larger than previously. When I is maximum (at t = 0), the profile of R is significantly
less than the profile of R0, while T is larger than T0, indicating that the interface is more
transparent, as before. For times t > 0, after the maximum of I has appeared, both R and
T in figure 4 show complex behaviour. This complex behaviour is due to the higher-order
linear terms, as in the linear results in figure 2. The value of ε for the results in figure 4 is
smaller (ε = 0.1) than in figure 2 (ε = 0.5), and a simulation without the nonlinear terms
with ε = 0.1 does not show significant homogeneous oscillations. Thus these erroneous
homogeneous oscillations are also problematic in the numerical solution to the nonlinear
equations, if higher-order linear terms are included.

The values of |R| and |T| in figure 4 are seen to be non-zero beyond the time when
I has become negligibly small. As with the linear simulations that include higher-order
linear effects, these oscillations in the nonlinear equations appear to continue indefinitely,
and would cause waves to radiate away from the interface in both layers. While it may be
possible for the interface to absorb energy due to nonlinear effects and then radiate energy
after I is zero, such radiation cannot continue indefinitely. Thus physically meaningful
solutions with larger values of ε (short wave packets) must have the homogeneous
oscillations suppressed, most easily achieved simply by neglecting the higher-order linear
terms in (3.54) and (3.55).

Figure 5 shows results for the nonlinear case without higher-order linear effects with
k = 1 and ε = 0.1, the same parameter values as in figure 4. After the incident wave
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Figure 4. Incident (black), reflected (red) and transmitted (blue) wave amplitudes with n1/k = 1 and ε = 0.1.
Dashed lines are the linear amplitudes R0 and T0. The incident wave packet profile is Gaussian.
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Figure 5. Incident (black), reflected (red) and transmitted (blue) wave amplitudes with n1/k = 1 and ε = 0.1.
Dashed lines are the linear amplitudes R0 and T0. Nonlinear effects are included, but higher-order linear effects
are neglected. The incident wave packet profile is Gaussian.

packet in figure 5 is gone, both R and T also are approximately zero. Thus there are no
lingering oscillations when the higher-order linear terms are neglected.

When the higher-order linear terms are neglected, the instability discussed above is
not present, and R and T may be determined for any small value of n1/k. However,
the nonlinear algebraic interfacial conditions do not have roots if the value of α is too
large, depending also on the value of n1/k. Figure 6 shows the value of ε above which
the numerical iteration does not find any solutions. Also shown in figure 6 are parameter
values for the cases of figures 3, 4 and 5.

The numerical results show that nonlinear effects cause a reduction in wave reflection
and a corresponding increase in wave transmission. This conclusion is true for all
parameter values considered. Thus the interface is more transparent than predicted by
linear theory. This is indicated in figure 7, which shows the maximum values of R and T
for an interval of n1/k with ε = 0.05. The maximum values of R and T occur when I is also
maximum, and the data in figure 7 correspond to maximum I. For all parameter values,
|R| < |R0| and |T| > |T0|. Furthermore, larger values of n1/k show a larger increase in |T|
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n1/k
2

Figure 6. Values of ε above which the nonlinear equations do not have any roots. Marker a shows the
parameters for the case in figure 3, while marker b shows parameters for figures 4 and 5.
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Figure 7. Maximum reflected (red) and transmitted (blue) wave amplitudes with ε = 0.05 over an interval of
n1/k. Dashed lines are corresponding maximum values of the linear amplitudes R0 and T0. Nonlinear effects
are included, but higher-order linear effects are neglected. The incident wave packet profile is Gaussian.

and decrease in |R| compared to linear values. This same trend with n1/k is found with all
other values of ε.

The interface becomes more transparent to internal waves as ε increases. This is shown
in figure 8 for n1/k = 0.4 and in figure 9 for n1/k = 1. Both figures show the maximum
values of |R| and |T|, as well as the maxima of |R0| and |T0|. Clearly, |R| < |R0| and
|T| > |T0| for all values of ε in both figures, indicating a decrease in reflection and increase
in transmission with increasing ε. There are no results in figure 9 beyond ε ≈ 0.11.
The nonlinear interfacial conditions do not have roots beyond this value, as indicated in
figure 6.

Not all nonlinear terms contribute significantly to the reflected and transmitted wave
amplitudes. The strongest contributions, Sd, Md and Mk, are plotted in figure 10 for the
example case n1/k = √

2, ε = 0.05 and N2/N1 = 2. The quantity Sd is the interaction of
the secondary harmonic with the primary harmonic in the dynamic condition, and can
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Figure 8. Maximum reflected (red) and transmitted (blue) wave amplitudes with n1/k = 0.4 over an interval of
ε. The maximum value for convergence with n1/k = 0.4 is ε = 0.23. Dashed lines are corresponding maximum
values of the linear amplitudes R0 and T0. Nonlinear effects are included, but higher-order linear effects are
neglected. The incident wave packet profile is Gaussian.
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Figure 9. Maximum reflected (red) and transmitted (blue) wave amplitudes with n1/k = 1 over an interval of
ε. The maximum value for convergence with n1/k = 1 is ε = 0.11. Dashed lines are corresponding maximum
values of the linear amplitudes R0 and T0. Nonlinear effects are included, but higher-order linear effects are
neglected. The incident wave packet profile is Gaussian.

be seen to have the largest value for all times. The value of Sd is largest for n1/k > 0.6,
approximately. For smaller values of n1/k, the interaction between the wave-induced mean
and the primary harmonic Md is largest. The other contributions, Sk, Ck and Cd (not shown
in figure 10) remain smaller than 10 % of the maximum contributor for all n1/k. This
suggests a simpler model for the interfacial conditions, where Sd and/or Md are retained
and the other terms are neglected.

6. Conclusions

Internal waves impinging on the abrupt change in buoyancy frequency at the tropopause
will reflect partially. Previous theories have treated the reflection using linear interfacial
conditions, resulting in the equivalent of Snell’s law. Reflection of internal waves is treated
here with nonlinear interfacial conditions. The configuration is two layers of stratified
Boussinesq fluid, each with a constant but different value of the buoyancy frequency.
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Figure 10. Profile of nonlinear contributions Mk, Md and Sd for n1/k = √
2, ε = 0.05 and N2/N1 = 2. The

incident wave packet profile is Gaussian.

The density is continuous at the interface of the two layers, but the buoyancy frequency is
discontinuous.

The waves are assumed periodic in the horizontal and are confined to a vertical
wave packet. The wave amplitude is small, and the wave packet is long. The amplitude
equation governing the waves in each layer is the nonlinear Schrödinger equation.
The interfacial conditions are expanded to third order, matching the accuracy of the
amplitude equations. The interfacial conditions include higher-order terms that are linear
in the wave amplitudes as well as terms that include products of the incident, reflected
and transmitted wave amplitudes. The higher-order linear terms allow homogeneous
oscillations to exist. For steep waves, the homogeneous solution indicates that the
waves are unstable at the interface. If the waves are not steep, then the homogeneous
oscillations, which should be zero, are negligible if the wave packet is long. However, for
short packets, the numerical solution erroneously shows larger homogeneous oscillations.
Shorter packets are treated by neglecting the higher-order linear terms while retaining
the nonlinear terms.

Results are obtained by dictating the packet shape of the incident wave amplitude at
the interface. Both the Gaussian and ‘raised cosine’ profiles are treated. The nonlinear
interfacial conditions are treated numerically, producing a time history of reflected and
transmitted wave amplitudes at the interface, driven by the time history of the incident
wave amplitude at the interface. Results show that the nonlinear effect causes the reflected
wave amplitude to be less than the linear value, and the transmitted wave amplitude to be
greater than linear. Thus the interface is more transparent to internal waves than predicted
by linear theory. Furthermore, the interface is increasingly more transparent with larger
amplitude waves, and as the waves become less steep.
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Appendix A. Numerical techniques

First transform (3.54) and (3.55) into standard form. Use

u1 = −i(n1 + n2)R + i(n1 − n2)I,

u2 = i(b1 + b2)Rt − i(b1 − b2)It

}
(A1)

for (3.54), and

u1 = −i(n1 + n2)T + i2n1I,

u2 = i(b1 + b2)Tt − i2b1It

}
(A2)

for (3.55). In both cases, the result is two first-order equations:

u1t = −
[

n1 + n2

b1 + b2

]
u2 − i

[
(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)

b1 + b2

]
It, (A3)

u2t = −u1 + i
[

a1 + a2

b1 + b2

]
u2

+ 1
(n1 + n2)(b1 + b2)

[(b1 + b2)[(a1 − a2)(n1 + n2) − (a1 + a2)(n1 − n2)]

− (a1 + a2)[(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)]] It

+ α2Q, (A4)

where Q represents the pertinent nonlinear terms, namely either QR or QT depending on
whether (3.54) or (3.55) is being treated, respectively. Furthermore, let

v1 = u1 + i
[
(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)

b1 + b2

]
I, (A5)

v2 = u2 − 1
(n1 + n2)(b1 + b2)

[(b1 + b2)[(a1 − a2)(n1 + n2) − (a1 + a2)(n1 − n2)]

− (a1 + a2)[(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)]] I, (A6)

to get

v1t = −c1v2 − d1I, (A7)

v2t = −v1 + ic2v2 + id2I + α2Q, (A8)

where

c1 = n1 + n2

b1 + b2
,

c2 = a1 + a2

b1 + b2
,

⎫⎪⎪⎬
⎪⎪⎭ (A9)

d1 = 1
(b1 + b2)2 [(b1 + b2)[(a1 − a2)(n1 + n2) − (a1 + a2)(n1 − n2)]

− (a1 + a2)[(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)]], (A10)
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d2 = 1
(b1 + b2)2(n1 + n2)

[(a1 + a2)(b1 + b2)[(a1 − a2)(n1 + n2)

− (a1 + a2)(n1 − n2)]

− (a1 + a2)
2[(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)]

+ (b1 + b2)(n1 + n2)[(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)]]. (A11)

This is more convenient for computations as derivatives of I are avoided.
The interfacial conditions are integrated numerically using the second-order

Adams–Bashforth and Adams–Moulton methods:

vn+1
1 − vn

1 = −c1
1
2 (3vn

2 − vn−1
2 )�t − d1

1
2(In+1 + In)�t, (A12)

vn+1
2 − vn

2 = −1
2 (vn+1

1 + vn
1)�t + ic2

1
2 (3vn

2 − vn−1
2 )�t

+ id2
1
2 left(In+1 + In)�t + α2 1

2(3Qn − Qn−1)�t, (A13)

where again Q is either QR or QT . There are two sets of values of v1, v2, one for R and
the other for T . For the set leading to the new R value, (A12) is used to obtain vn+1

1 , then
(A13) is used to obtain vn+1

2 using Q = QR. Then finally, R is obtained with

Rn+1 = i
1

n1 + n2
vn+1

1

+
[
(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)

(n1 + n2)(b1 + b2)
+ n1 − n2

n1 + n2

]
In+1. (A14)

The process is repeated with the other set using Q = QT , then T is obtained with

Tn+1 = i
1

n1 + n2
vn+1

1

+
[
(b1 − b2)(n1 + n2) − (b1 + b2)(n1 − n2)

(n1 + n2)(b1 + b2)
+ 2n1

n1 + n2

]
In+1. (A15)

Further accuracy is achieved with iteration. The new values of R and T are used in the
nonlinear terms QR and QT , which are then used to replace the previous values of Qn,
allowing improved values of R and T to be determined. This process is repeated until
convergence. Ten iterations are found to be adequate.

REFERENCES

BAKER, L.E. & SUTHERLAND, B.R. 2020 The evolution of superharmonics excited by internal tides in
non-uniform stratification. J. Fluid Mech. 891, R1.

BIRNER, T., DORNBRACK, A. & SCHMANN, U. 2002 How sharp is the tropopause at midlatitudes? Geophys.
Res. Lett. 29, 45-1–45-4.

DELISI, D.P. & ORLANSKI, I. 1975 On the role of density jumps in the reflexion and breaking of internal
gravity waves. J. Fluid Mech. 69, 445–464.

DIAMESSIS, P.J., WUNSCH, S., DELWICHE, I. & RICHTER, M.P. 2014 Nonlinear generation of harmonics
through the interaction of an internal wave beam with a model oceanic pycnocline. Dyn. Atmos. Oceans
66, 110–137.

GRIMSHAW, R. & MCHUGH, J.P. 2013 Steady and unsteady nonlinear internal waves incident on an interface.
Q. J. R. Meteorol. Soc. 139, 1990–1996.

964 A4-22

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

36
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2023.360


Nonlinear internal wave reflection and transmission

GRIMSHAW, R.H.J. 1975 Nonlinear internal gravity waves and their interaction with the mean wind. J. Atmos.
Sci. 32, 1779–1793.

MATHUR, M. & PEACOCK, T. 2009 Internal wave beam propagation in non-uniform stratifications. J. Fluid
Mech. 639, 133–152.

MCHUGH, J.P. 2009 Internal waves at an interface between two layers of differing stability. J. Atmos. Sci. 66,
1845–1855.

MCHUGH, J.P. 2015 Incidence and reflection of internal waves and wave-induced currents at a jump in
buoyancy frequency. Nonlinear Process. Geophys. 22, 259–274.

MCHUGH, J.P., DORS, I., JUMPER, G.Y., ROADCAP, J.R., MURPHY, E.A. & HAHN, D.C. 2008 Large
variations in balloon ascent rate over Hawaii. J. Geophys. Res. 113, D15123.

SCORER, R.S. 1949 Theory of waves in the lee of mountains. Q. J. R. Meteorol. Soc. 75, 41–56.
SHRIRA, V.I. 1981 On the propagation of a three-dimensional packet of weakly non-linear internal gravity

waves. Intl J. Non-Linear Mech. 16, 129–138.
SUTHERLAND, B.R. 2001 Finite-amplitude internal wavepacket dispersion and breaking. J. Fluid Mech. 429,

343–380.
SUTHERLAND, B.R. 2006 Weakly nonlinear internal gravity wavepackets. J. Fluid Mech. 569, 249–258.
SUTHERLAND, B.R. 2016 Excitation of superharmonics by internal modes in non-uniformly stratified fluid.

J. Fluid Mech. 793, 335–352.
TABAEI, A. & AKYLAS, T.R. 2007 Resonant long–short wave interactions in an unbounded rotating stratified

fluid. Stud. Appl. Maths 119, 271–296.
THORPE, S.A. 1998 Nonlinear reflection of internal waves at a density discontinuity at the base of the mixed

layer. J. Phys. Oceanogr. 28, 1853–1860.
VARMA, D. & MATHUR, M. 2017 Internal wave resonant triads in finite-depth non-uniform stratifications.

J. Fluid Mech. 824, 286–311.
VORONOVICH, A.G. 1982 On the propagation of a packet of weakly nonlinear internal waves in a medium

with constant Vaisala frequency. Izv. Acad. Nauk SSSR Atmos. Ocean. Phys. 18, 247–250.
WUNSCH, S. 2017 Harmonic generation by nonlinear self-interaction of a single internal wave mode. J. Fluid

Mech. 828, 630–647.
WUNSCH, S. 2018 Nonlinear harmonic generation by internal waves in a density staircase. Phys. Rev.

Fluids 3, 114803.
WUNSCH, S., DELWICHE, I., FREDERICK, G. & BRANDT, A. 2015 Experimental study of nonlinear

harmonic generation by internal waves incident on a pycnocline. Exp. Fluids 56, 87.

964 A4-23

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

36
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2023.360

	1 Introduction
	2 Basic equations
	3 The amplitude equations
	3.1 Away from the interface
	3.2 At the interface
	3.2.1 The second harmonic
	3.2.2 The kinematic condition
	3.2.3 The dynamic condition
	3.2.4 Final conditions


	4 Linear cases
	5 Nonlinear results
	6 Conclusions
	Appendix A. Numerical techniques
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


