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Abstract. In this paper, directional sequence entropy and directional Kronecker algebra
for Z1-systems are introduced. The relation between sequence entropy and directional
sequence entropy are established. Meanwhile, directional discrete spectrum systems and
directional null systems are defined. It is shown that a Z9-system has directional discrete
spectrum if and only if it is directional null. Moreover, it turns out that a Z7-system has
directional discrete spectrum along g linearly independent directions if and only if it has
discrete spectrum.
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1. Introduction

Let ¢ € N. Throughout this paper, by a Z7-measure preserving dynamical system
(Z1-MPS for short) we mean a quadruple (X, By, u, T), where X is a compact metric
space, the ZZ-action T is a homeomorphism from the additive group Z4 to the group
of homeomorphisms of X, By is the Borel o-algebra of X and p is an invariant Borel
probability measure. We denote the corresponding homeomorphism of X by TV for any
beZ4, sothat TP o T¥ = T+% and T is the identity on X.

Kolmogorov [14] introduced the notion of entropy to dynamical systems, which played
an important role in the study of ergodic theory and topological dynamics to measure
the chaoticity or unpredictability of a system. To investigate the complexity of entropy
zero systems, many invariants were introduced. KuShnirenko [16] developed an invariant,
sequence entropy, to distinguish non-isomorphic entropy zero systems. We refer to [11, 21]
for further study on sequence entropy. Katok and Thouvenot [12] introduced the notion
of slow entropy for measure-preserving actions of discrete amenable groups to measure
the complexity of entropy zero systems. Recently, Dou, Huang and Park [4] introduced
the notion of entropy dimension to classify the growth rate of the orbits of entropy zero
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systems. To investigate the Cellular Automaton map together with the Bernoulli shift,
Milnor [17] defined directional entropy. Many of its properties were further studied in
[1-3, 19, 20, 24].

In this paper, we introduce a new invariant, directional sequence entropy, for Z?-actions
based on classical sequence entropy and directional entropy. We investigate some proper-
ties of directional sequence entropy analogously to classical sequence entropy. Moreover,
we discuss the relation between the directional discrete spectrum and directional sequence
entropy. One of our main results is to show the directional version of KuShnirenko theorem,
which tells us that a Z7-MPS has directional discrete spectrum if and only if its directional
sequence entropy is always zero for any sequence along a corresponding direction. In the
proof of this result, our main difficulty is that many theories of classical sequence entropy
can not be directly applied to our proof such as spectral mixing theorem of Koopman—von
Neumann [15], because these results are only available for the case of group actions.
Motivated by a Z-MPS, which was introduced by Park [20], we overcome this difficulty
by establishing the relation between directional Kronecker algebra and classical Kronecker
algebra. Taking advantage of the relation between the two, we can show our results by some
classical consequences for the case of Z-actions. Meanwhile, we show that directional
sequence entropy is closely relevant to classical sequence entropy and a Z7-MPS has
directional discrete spectrum along ¢ linearly independent directions if and only if it has
discrete spectrum.

For convenience, we focus on Z2-MPS. Using exactly the same methods, we can
obtain corresponding results of Z7-MPS for any integer ¢ > 2, which are introduced in
Appendix B. To be precise, let (X, Bx, u, T) be a Z2-MPS and v = (1, 8) € R? be a
direction vector. (For simplicity, we write v as (1, 8). In fact all results in this paper are
true when v = (0, 1) because this case is the same as the case of Z-actions.) For a finite
measurable partition « of X, let

Hy(@) ==Y u(A) log u(A).

Aeca
We put

AY(b) = {(m,n) € Z* : Bm — b/2 <n < Bm + b/2}.

For any infinite subset S = {(m;, n;)}{, of AV(b) that {m;}:2, is strictly monotone, we
put

k
1
5 =1i —(m;,n;)
hM(T,Ol) —ll}{nsup %H"(\/ T—(min Ol)_
e i=1

Then we can define the directional sequence entropy of T for the infinite subset S by

S _ S
hM(T) = sgp hM(T, o),

where the supremum is taken over all finite measurable partitions of X.
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Define the v-directional Kronecker algebra by

KY(b) = (B € Bx : (U 15 : (m,n) € AV(b)} is compact in L*(X, B, )},
where U;m’") : L>(X, By, ) — L%(X, By, ) is the unitary operator such that
UMM f = foT™" forall f e LA(X, Bx, 1)

and 1 g is the indicator function of B € By, that is,

1, xeB,

@) = {0 x ¢ B.

In §3, we prove that (Klf (b) is a o-algebra and the definition of %K /f (b) is independent of

the selection of b € (0, 00). So we omit b in 7(117 (b) and write it as K uﬁ .
Motivated by the work in [10], we can show the following consequence.

THEOREM 1.1. Let (X, Bx, 1, T) be a Z2-MPS, v = (1, 8) € R? be a direction vector
and b € (0, 00). Let o be a finite measurable partition of X. For any infinite subset S’ of
AV (D),

RS (T, a) < Hy(a|K)).

Moreover, there exists an infinite subset S = {(m;, ni)}?il of Aﬁ(b) such that {mi}f.’il is
strictly monotone and

hS(T, ) = Hy(a|K}).
Remark 1.2. Let o be a finite measurable partition of X. We define

v, _ S
W) = sup {h5(T, )}, (L)
SCAY(b)

where the supremum is taken over all infinite subsets S = {(m;, n;)}72, of Aﬁ(b). By

Theorem 1.1, hz* (@) = H,(a]K 3 ) and then (1.1) is well defined because it is independent
of the selection of b.

To investigate entropy zero systems, Kushnirenko [16] introduced the notion of sequence
entropy and studied spectral theory via sequence entropy. He obtained a classical conse-
quence, that is, a Z-MPS is a discrete spectrum system if and only if it is a null system.
Motivated by his work, we define directional discrete spectrum systems and directional
null systems as follows.

Definition 1.3. Let (X, Bx, u, T) be aZ>-MPS and v = (1, B) € R? be a direction vector.

(a) We say u has v-discrete spectrum if K /f = By.

(b) We say (X, By, u, T) is v-null if for any b € (0, c0) and infinite subset S =
{(mi, )}, of AV(b), h3(T) = 0.

We obtain one of our main results which is a directional version of KuShnirenko
theorem.
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THEOREM 14. Let (X, Bx, , T) be a Z*-MPS and v = (1, B) € R? be a direction
vector. Then the following two conditions are equivalent:

(a) w has v-discrete spectrum;
(b) (X, Bx, u, T) is v-null.

Meanwhile, we establish the relation between sequence entropy (respectively discrete
spectrum) and directional sequence entropy (respectively directional discrete spectrum) as
follows.

THEOREM 1.5. Let (X,Bx,u,T) be a 7Z2-MPS and « be a given finite measurable
partition of X. If there exists an infinite subset S of 7> such that hi(T, «) > 0, then there
is at most one direction v = (1, B) € R? such that hz’*(a) =0.

THEOREM 1.6. Let (X,Bx,u,T) be a 72-MPS. Then the following statements are

equivalent:

(a) there exist two directions v = (1, B1), w = (1, Bo) € R? with 1 # B> such that p
has v-discrete spectrum and w-discrete spectrum;

(b)  w has discrete spectrum.

This paper is organized as follows. In §2, we recall some basic notions that we use in this
paper. In §3, we introduce the directional Kronecker algebra and study many properties of
directional sequence entropy to describe it. In §4, we prove Theorems 1.1 and 1.4. In §5,
we prove Theorems 1.5 and 1.6. In Appendix A, we prove some consequences that are
not directly relevant to the main purpose of this paper. In Appendix B, we introduce the
corresponding results of Z4-MPS.

2. Preliminaries
In this section, we recall some notions of measure preserving systems that are used later
(see [5-7, 23)).

2.1. General notions. In this article, the sets of real numbers, rational numbers, integers,
non-negative integers and natural numbers are denoted by R, Q, Z, Z, and N, respectively.
We use || f ||, to denote the LP-norm of a function f defined in a Borel probability measure
space (X, By, u), that is,

1/p )
||f||p=(/X|f|pdﬂ> ifl<p<oo

and

[ flloo =infla = 0: u({x : [ f(x)| > a}) = 0}.

2.2. Conditional expectation. Let X be a sub-c-algebra of Byx. Then L2(X , X, [b) is
contained as a subspace in L>(X, By, i) and the conditional expectation is given as the
orthogonal projection map:

EC|X) : L*(X, Bx, u) — L*(X, X, ).
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It is known that the conditional expectation is uniquely determined by the following
statements (see [6]):
(@ E(f|X) is X-measurable for all f € L>(X, Bx, u);
(b) forallAelX, [, fdu= [, E(fIX)dpu.
Therefore, we have the following result of conditional expectation.

PROPOSITION 2.1. Let (X, By, ) and (Y, By, v) be two Borel probability spaces. Let
X and Y be sub-o-algebras of Bx and By, respectively. Then for any f € L*(X, Bx, |v)
and g € L*(Y, By, v),

E(fglX x Y) = E(fIX)E(g]Y)

Sor u x v-almost everywhere (a.e.) (x, y) € X x Y, where X x Y is the product o -algebra
of Xand Y.

2.3. Classical Kronecker algebra and discrete spectrum. Let (X,8Bx,u,T) be a
Z-MPS and H = L*(X, Bx, 1v). In complex Hilbert space 7, we define a unitary operator
Ur : H— Hby

Urf=1/foT

for all f € H. We say that f is an almost periodic function if {U} f : n € Z} is a compact
subset of H. It is well known that the set of all bounded almost periodic functions forms
a Ur-invariant and conjugation-invariant subalgebra of H (denoted by A.). The set of
almost periodic functions is just the closure of A, (denoted by H,). It is known that (see
[25, Theorem 1.2]) there exists a T-invariant sub-o -algebra K, of By such that

H, = L*(X, Ky, ).

The sub-o-algebra K, is called the Kronecker algebra of (X, Bx, u, T). Itis easy to know
that K, consists of all B € Bx such that

{Uf1p : n € Z} is compact in H.

We say 1 has discrete spectrum if 8y = K,. Similarly, the Kronecker algebra and discrete
spectrum for the case of Z4-actions can be defined (see [9]).
Let S C Z be an infinite sequence. We define the upper density and lower density by

_ 1
d(S) =limsup —|SN{0, 1,...,n— 1}
n

n—o0

and
o1
d(S) =liminf —|SN{0, 1,...,n — 1}
n—o0o n
where |A| is the number of elements of a finite set A. If d(S) = d(S) = d, we say S has

the density d.
We recall the spectral mixing theorem of Koopman—von Neumann [15].
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THEOREM 2.2. The Hilbert space H can be decomposed as H = H, Wi‘ where

H,. = span{f € H : there exists A € C, such that Ur(f) = Af}
and

'HCL ={f eH: thereexists S CN, d(S) =1,
such that for all g € H, lim (Uz f, g) = 0}

nes

where d(S) is the density of S and (f, g) = fX f(x)g(x) dx is an inner product on H.

2.4. Sequence entropy. Let (X,8Bx,u,T) be a 7Z2-MPS. Given a finite measurable
partition « of X, let

Hy(e) = — ) u(A) log u(A).

Aca

For any infinite subset S = {(m;, n;)}72, of 77, we put

k—o00

k
1
N 1 —(mj.n;)
b (T, @) = lim sup %Hu<\/ T —(min a).
i=1

Then we define the sequence entropy of 7 for the infinite subset S by

s _ s
hy(T) = sgp h, (T, ),
where the supremum is taken over all finite measurable partitions of X.

2.5. €-net. Let A be a subset of a normed linear space (X, || - ||) and € > 0. A subset
A¢ C X is called an e-net for A if for each x € A, there is an element of A within an ¢
distance to some element of A..

It is known that (see [18, p. 76, Corollary 6.20]) a closed subset A of a Banach space
(X, |l - II) is compact if and only if for any € > 0, there is a finite e-net F, C X for A. That
is, there is a finite set F, C X such that

Ac | B o).

xeFe

Note that the e-net mentioned in this paper is relative to L?-norm unless we explicitly
indicate otherwise.

3. Directional Kronecker algebra
In this section, we introduce the directional Kronecker algebra and describe it via
directional sequence entropy.

Let (X, Bx, u, T) be aZ>-MPS, v = (1, B) € R? be a direction vector and b € (0, 00).
We put

AY(b) = {(m,n) € Z*: Bm — b/2 < n < Bm + b/2}.
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Let ﬂf (b) be the collection of f € L%*(X, By, /) such that

(U f 2 (m,n) € A¥(b))

is compact in L%(X, Bx, p). Itis easy to see that ﬂg (b) is a Ui-invariant for all w in VA
and conjugation-invariant subalgebra of L2(X s Z:j x, i). Itis known that (see [25, Theorem
1.2]) there exists a T-invariant sub-o-algebra %K lf (b) of Bx such that

ALb) = LA(X, K (b), ). 31

By (3.1), the v-directional Kronecker algebra of (X, Bx, u, T) can be defined by

KI(b) = (B € Bx : (U 1p : (m,n) € A7(b)} is compact in L*(X, B, )}

The following result shows that the definition of K i (b) is independent of the selection
of b € (0, 00).

PROPOSITION %.1. Let (Xq, By, u, T) be a Z*-MPS and v = (1, B) € R? be a direction
vector. Then 7(; (b)) = 7(: (b2) for any by, by € (0, 00).

Proof. We put

U(B,b) = (U1 : (m,n) € A%(b)}

for b € (0, 00) and B € By. Fix by, by € (0, 0c0). Without loss of generality, we assume
that b1 > bs.

We first prove that ‘Klf(bl) C V(E(bz). For a fixed B € Wlf(bl), U (B, by) is compact
in L%(X, By, w) and hence U (B, by) is compact in L%(X, By, W) because U (B, by) is
closed in L2(X, By, w) and U (B, by) C U(B, by). It follows that

K\ (b1) C K\ (b2).

Next we show that 7(5(172) C 7(5 (b1). Given B € Wj(bz), U (B, by) is compact in
L2(X , Bx, ). Note that we can find a finite subset C of 7?2 such that

uB.byc |J om0 mon) € ARby)). 3.2)

(m'.,n")eC

For each (m’, n") € C, one has

U s () € AV (b))}

is compact in L?(X, By, 1), which is from the fact that {U}'"’")IB : (m,n) € AV(by))
is compact in L*(X, Bx, ). Moreover by (3.2), U(B, by) is compact in L*(X, Bx, ),
because it is closed in L2(X , Bx, ). This implies that B € 7(: (b1). Therefore,

K\ (b2) C K\ (b).

This ends the proof of Proposition 3.1. O
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Now we establish the relation between directional Kronecker algebra and directional
sequence entropy. Let us begin with some notation. Because complex Hilbert space
H=L*(X, Bx, n) is separable, there exists an infinite subset

S = {(mi, n)}2, (3.3)
of A(b) such that lim (g, U}m"’"i)f) exists for any f, g € H. Now for a fixed f € H, we
1—>0
define J : H — C by
J(g) = lim (g, UM f).
11— 00

Obviously, J is a continuous linear functional on H. By Riesz representation theorem,
there exists S(f) € H such that

J(g) = (g, S()) (34

forall g € H.
With the help of the above analysis, we obtain the following lemma.

LEMMA 3.2. Let (X, Bx, u, T) bea Z2-MPS, © = (1, 8) € R2 be a direction vector and
b € (0, 00). Then for any finite measurable partition o of X, there exists an infinite subset
S" = {(m}, n))}2 | of S such that {m}}:2, is strictly monotone and

S (T) > Z/ —S(1p) log S(1p) dy.

Bea

where S and S(-) are defined by (3.3) and (3.4), respectively.

Proof. Enumerate « as {By, . . ., Bi}. Fix a finite measurable partition n = {Dy, . . ., Dy}
of X. Let § = {(m;, n;)};2, be the subset defined in (3.3). Then

lim (U 15, 1p,) = (S(1g,), 1p,) (3.5)

i—00

foranys € {1,2,...,k}andr € {1,2,...,1}. Let

o= [y 20
and
wp, (-) = p(- N D)/ pu(Dy)
for each ¢ € {1, 2, ..., 1}. Then by the concavity of f(x), one has
(/ Sz) <D,>)l°g<fn, Stz (D,)>
f(/ 5(135)61/11),) Z/ F(S(s,)) dup, (3.6)

=— | S log (S
fD[ (I,) log (S(1p,)) ——~ (D,)
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Therefore, we deduce

lim inf H,, (T~ a|n)

i— 00

= lim 1nfz —pu (T~ BN D) log

<M(T(mi’"i)3s N D»)

[—>00 w(Dy)
(m;,n;)
(mi ) Uy 1g,, 1p,)

= lim —(U;p 1, 1p,) lo <

=00 Z s w(Dy)
(3.5) (S(p,), 1p,)
= —(S(1p,), 1p,) log (S—

; ‘ w(Dy)

= D)\ — S 1 S
gm ,>( (f <B>M(Dt)) 0g</Dt ”M(D»))

3.6)

= Z—/D S(1s,) log (S(1g,)) dpe
S,t 1

= Z —/ S(1,) log (S(13,)) dp

=y - / S(1p) log (S(1p)) dp. 3.7)

Bea

Now we can define inductively an infinite subset §" = {(m n; )}"o1 of S by using (3.7)
repeatedly such that {m}}>° is strictly monotone and for any i € N,

1
(T i) \/ T oe) > - fSaB) log (S(15)) du = ;.

Bea

As HM(\/{FZIT—(mz',ni)a) — HM(\/{F;IIT—(mz',ni)a) + HM(T—(Mk,nk)M\/{F:—IIT—(mf,ni)a)’
therefore,

i—1
hS (T)—hmsup ZH (T (mnp) gy | \/T (mj"f)a)

j=1
1
> lim sup — Z(Z /S(IB)log (S(1p)) d, )
k—o00 Bea
-y - / S(15) log (S(15) d.
Bexa
Now we finish the proof of Lemma 3.2. [

For further discussion, we need a classcial consequence [23, p. 94].

LEMMA 3.3. Let (X, Bx, i) be a Borel probability space and r > 1 be a fixed integer.
For each € > 0, there exists § = 8(e,r) > 0 such that if « = {A1, Ao, ..., A} and
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n={B1, Ba, ..., By} are any two finite measurable partitions of (X, Bx, i) with
Z;:l w(A;ABj) < 4, then H,(a|n) + Hy(nla) < €.

By Lemmas 3.2 and 3.3, we can get the following result.

THEOREM 3.4. Let (X, Bx, u, T) be a Z>-MPS, v = (1, B) € R? be a direction vector
and b € (0, 00). Let B € Bx and P be an infinite subset of AV(b). Then the following
conditions are equivalent:

(a) {U}m’”) 1g : (m,n) € P}is a compact subset of L*(X, Bx, |);

(b)  for any infinite subset S" = {(m}, n})}?°, of P,

hy, (T, {B, BY}) = 0;
(c) forany infinite subset S" = {(m;, n;)}° | of P that {m;}?°, is strictly monotone,

hS (T, {B, B)) = 0.

Proof. (a) = (b). Let n = {B, B¢}. If {U}m’")llg : (m, n) € P} is a compact subset of
L%(X, Bx, ), then for any infinite subset §' = {(m}, n})}2, of P,

Uy "1 (', n') € 8}
is a compact subset of L2(X, Bx, i). So for any § > 0, there exists s € N such that for
any (m}, n}) € S,

’
A (m}.n}) (m’; ,n

’or _ ! /'.)
(T~ BAT™ ") By = U 1 — Uy

Bll2 <$é

for some j; € {l,2,...,s}. It follows from Lemma 3.3 that for any ¢ >0 and
(m},n}) € §, there exists j; € {1,2,...,s} such that

Hy (T~ ™55 ) - Hy (17" g 7= < e

Thus for any i > s,
i—1
H, (T(”’l/""”nl \V T‘(’"3"”})’7> < Hy (T~ 7"y < e,
j=1
We conclude that

! 1 " U i — 'l
hS (T, ) = lim sup - > Hy (T(mf’”i)nl \/ T (’"f’”f)n> <e.

n—00 i=2 j=1

Let € — 0. We obtain that 3, (T, ) = 0.

(b) = (¢). This is obvious.

(c) = (a). If {U;m’")lg : (m, n) € P} is not a compact subset of L>(X, By, 1), then
there exists € > 0 and an infinite subset F of P such that for all (m, n), (s, t) € F with

(m,n) # (s, 1),
(T~ BAT=CDBY = |US 15 — US 1] > €. (3.8)
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Similar to (3.3), we obtain an infinite subset Sg = {(m;, ni)}?il of F such that

lim (g, U™ f) = (. Sp (/)

for any f,g e H. It follows from Lemma 3.2 that there exists an infinite subset
Sy = {(m}, n))}°, of Sr such that {m}}>° is strictly monotone and

h,SL,F(T, {B,BY}) = /x —Sr(1p) log (SF(1p)) — Sr(1p¢) log (Sr (1)) du.

As hiF(T, {B, B°}) =0, it follows that —Sr(1p) log Sp(15) =0 for n-a.e. x € X. So
Sr(1p) is an indicator function and hence

(1x, Sr(1p)) = ISF(1B)l2.

Because
(Lx. 1g) = lim (Ly, U7""15) = {1y, Sp(15)).
11—
it follows that
ISF(1p)ll2 = [I1Bll2.

Hence,

lim U 15 — Sp(1p)|2 = 0.

1—> 00
This implies that for sufficiently large i and j,

M(T*(mh”i)BAT*(mj,”j)B) < ;

which contradicts (3.8). Therefore, {U;m’")l g : (m,n) € P} is a compact subset of
L*(X, Bx, ). O

The following description of directional Kronecker algebra is obtained immediately
from Theorem 3.4.

COROLLARY 3.5. Let (X, 8Bx, u, T) bea 7Z2-MPS, v = (1, B) € R2 pe a direction vector
and b € (0, 00). Then for any B € By. the following statements are equivalent:

@ BeK;

(b)  for any infinite subset S = {(m;, n;)}72, of A¥(b),

hy (T, (B, B} = 0;
(c) for any infinite subset S = {(m;, n;)}72, of A’j(b) that {m;}?2 | is strictly monotone,
hy (T, {B, B}) =0.

Moreover, for any finite measurable partition o C ‘Kj of X and any infinite subset
S = {(mi, n)}Z; of A"(D),

s _
hS(T, ) = 0.
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Remark 3.6. By Corollary 3.5, we immediately obtain

7(5 = {B € By : for any infinite subset S of Aﬁ(b), hi(T, {B, B‘}) = 0}.

4. Directional discrete spectrum systems and null systems

In this section, we prove Theorem 1.1, which is divided into two lemmas. Moreover,
we prove the directional version of KuShnirenko theorem, that is, Theorem 1.4. For this
purpose, we begin with the following property of directional sequence entropy.

THEOREM 4.1. Let (X, Bx,u, T) be a 72-MPS, ¥ = (1, B) € R2 be a direction vector
and b € (0, 00). Suppose that {a,}°° ., satisfying o, /' By, is a family of finite measur-

n=1’

able partitions of X. Then for any infinite subset S = {(m;, n;)}2, ofAﬁ(b),
: S _ 1S
nll)ngo hy (T, an) = hy, (T).

Proof. For any finite measurable partition n of X and k, n € N,

k k
HP_< \/ T—(mia"i)n) < HM( \/ T_(mis"i)(n v Otn)>
i=1 i=1
k k k
— HM( \/ T—(mis"i)an> + HM( T—(mi,ni)m \/ T—(mi’”i)an>
i=1 i=1 i=1

k

k k
HM( \/ T—(mi,ni)an> + Z HM (T—(mi,ni)m \/ T—(m,',ni)an>

i=1 i=1 i=1

k
< Hu( \/ T_(m"’"")an> +kH, <n|an>.
i=1

Dividing by k from both sides and taking the upper limits when k — oo, we can get

IA

hS(T.n) < hS(T. an) + Hyu(nloty).
By Martingale convergence theorem [9],
lim Hy,(nle,) = H,(n|Bx) = 0.
n—oo
It follows that

hS(T.n) < lim inf hs (T, ) < lim sup 1 (T, o) < Iy (T).

n—oo
Therefore,
S _ N T N
(1) = sup by (T ) =l I (T ),
where the supremum is taken over all finite measurable partitions of X. O

Now we are able to prove Theorem 1.1. For clarity, let us divide the proof into two
lemmas.
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LEMMA 4.2. Let (X,8Bx,u, T) be a Z*>-MPS, v = (1, ) € R? be a direction vec-
tor and b € (0, 00). For any finite measurable partition o of X and infinite subset

S = {(mi, n))2, of AV (D),
hS(T, @) < Hy(alKD).

Proof. Because (X, Bx) is separable, there exist countably many finite measurable
partitions {nx}xen C %, such that

lim Hy,(a|n) = HIL(O{W(;))'
k— o0

For a fixed k € N and an infinite subset S = {(m;, n;)}{2, of A”(b) one has

1
1

i=1

by Corollary 3.5. Therefore, we conclude

hS(T, a)—hmsup Ty <\/T (mioni) )

[—o0
)

1
< lim sup 7H,L< \/ T mind) (v 77/<)>

[— o0 i=1

1

1
@D lim sup ZHM<\/T (mi, "')(a\/ﬁk)>— hm H (\/T (mi.n;) )

[— o0 i=1

—hmsup H <\/T (mini) a|\/T (m’”>77k>

-

< lim sup — ZH (T~ 0misni) g | 7= (misnid

=00 i—1
= Hy(alng).
We finish the proof by letting k — oo. O

For further proof, we need the following result [8, p. 69].

LEMMA 4.3. Let (X, Bx, u) and (Y, By, v) be two Borel probability spaces and (X X

Y, Bxxy, L X V) be their product Borel probability space. Then for any B C X x Y, the

following two statements are equivalent:

(@ By:={yeY:(x,y)e B}eBy for p-ae. x € X, BY :={x € X|(x,y) € B} €
Bx forv-a.e.y €Y,

(b) B e Bxxy-

LEMMA 4.4. Let (X,Bx,u, T) bea Z2-MPS, v = (1, B) € R2 be a direction vector and
b € (0, 00). Then for any finite measurable partition o of X, there is an infinite subset
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S = {(mi,n)}2, ofAﬁ(b) such that {m;}:2, is strictly monotone and
hS(T, @) > Hy (@l K)).

Proof. To prove our result, we need a Z-MPS in the direction of v, which was introduced
by Park [20]. Let

f:Xx[O,l)z, w=puxm and @:BXXC,
where C is the Borel o -algebra on [0, 1)2 and m is the Lebesgue measure on [0, 1)2. Let
s (xuy v) = (TETMFD 3 g by — [s+ul, t + v —[r 4 v]),

where [a] is the integer part of a. Write ¢, ;g as W" for any n € N. Then we get the Z-MPS
(X, B, &, W). Let Kz be the Kronecker algebra of (X, 8B, i, W). We divide the proof into
four steps.

Step 1. Ky = 7(,? x C.

Proof of Step 1. Tt is enough to show that K C 7(3 x C because the opposite side is
obviously true. We fix B € K}; and put

BYY ={x e X:(x,s,1) € B}

for (s, 1) € [0, 1)%. We are going to show that B € ‘Ki x C. By Lemma 4.3, it is enough
to show that B®) € K for m-a.e. (s, 1) € [0, 1)%. By the definition of K7, it is sufficient
to show that

(U 1 gy = |Bm —n| < 1, (m, n) € 22)

is a compact subset of L2(X, By, n) for m-a.e. (s, t) € [0, 1)2. To do this, we let

fulx.s. 1) = 2 / 1p(x, &, 0) dE 2, if (s, 0) € 0t

Uy
where u € N and 771':,1 =[k27*, (k+ D27y x [I27", I+ D27, k, 1 €{0,...,2"% — 1}.

We have the following claim.

CLAIM 1. The following statements are true:
(1) foreachu € Nand (s, t) € [0, 1)?,

(U fulxys,0) 2 1Bm = nl < 1, (m, n) € 2}

is a compact subset of LZ(X, Bx, b);
(2) form-a.e. (s, 1) € [0, 1)%

hm ||.fll('7 s, t) - lB(SJ) ||2 = 0’
Uu—00
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Because the proof of Claim 1 is somewhat long and complicated, we move it to
Appendix A. Now let us assume that Claim 1 holds. Then we deduce that

(U 1 gn < |Bm —nl < 1, (m, n) € 22)

is a compact subset of LZ(X, Bx, ) for m-ae. (s,t) €0, 1)2, because 1z €
LZ(X, Bx, n) for m-a.e. (s, 1) € [0, 1)2. By the arguments at the beginning, we finish
the proof of Step 1. (]

Step 2. For a given measurable partition € = {D1, D>, ..., D,}, there exists an infinite
subset §" = {(m}, n})}?2, of A¥(b) depending on € such that {m}°, is strictly monotone

and

. (m}n}) 3
lim (Uy ™" (1p, — E(1p, 1K), 15) =0 (4.2)

i—00

forany B € By and j € {1,2,...,r}.
Proof of Step 2. By Theorem 2.2, there exists a sequence Sc Z+ withd (S) = 1 such that

lim <U{:’V(1DJ X 1[0’1)2 _E(lD./ X 1[0,1)2|7<.ﬁ)), lB X 1[0’1)2> =0 (43)

n—o00,neS
for any B € B8x and j €{l,2,...,r}, where IDj X 1[0,1)2 = IDj(x) . 1[0,1)2(3, t) is

defined on X. We omit the independent variable for convenience. By Step 1 and
Proposition 2.1, we have

E(lp, x 112 |Kz) = E(1p, x 12|k} x ©)
= E(lp,IK)) x E(10,121C) = E(1p, IKY) x 1jg 2.
Let fj = 1p; — E(lnjlwlf),j € {1,2,...,r}. Then we conclude
fi x L2 = 1p, X Lgpp —E(p; x L plK), j € {12, ..., 7).

By Fubini’s theorem,
|<U"/1V(f] X 1[0’])2), 1B X 1[0,1)2> — <U7(—~n’[n'3])(fj X 1[0’1)2), lB X 1[0,])2”

= / /(fj(T(["+S]’[nﬁ+t])x)—fj(T(”’["ﬁ])x)) du(x) dt ds
[0,H2 JB

= '/[O ) /;}(f] (T(n,[nﬂ+t])x) _ fj(T(n,[n/S])x)) dM()C) dt

1
- / / (fH(@ @B+ 0y — ;7D ) dr dp(x)
B J1—{np}

A

< {np) / L5 (T PED 0 4+ 1 (T P dax)
B

< 2|1 fjll1{nB}, (4.4)

where {ng} is the decimal part of ng. Let M = 2 max<;<.{l| fjll1} and ©), = {n € Z, :
{nB} < €/2Y M} for all y € N. Because ©,, is a syndetic set (a subset S of Z is syndetic
if it has bounded gaps, that is, there is a number N € Nsuchthat{i,i +1,...,i + N} N
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S # ¢ for every i € Z), it follows that d(®, N S) > O forall y € N. Take n, € ©, N S
for each y € N. By (4.4), we obtain that

(ny.[ny B])

yll)moo |<U‘r}lvy(fj X 1[0’1)2), lB X 1[0,1)2> — <UT (f] X 1[0,1)2), ]B X 1[0,])2)| =0

4.5)
forall j € {1,2,...,r}. By the construction of ®,,, there exists ¥y € N such that for any

¥ > yo, we have (n,, [n,B]) € Aﬁ(b). It follows that there exists an infinite subsequence
{n},}jjozy(ﬂ_1 of S such that (n,, [n,B]) € A" (b) and

oy BD 0
Tim (U1, — B, ), 1)
g iy B 43)5)
= Jim [{U7 7S x ) 1s x g ap)l =700

forall j € {1,2,...,r}. Let
S" = {(mj, n}) : (m}, n}) = (nyyti, [nyy+iB1), i € N},
which is the infinite subset we want. O

Step 3. Let n be a finite measurable partition of X. Then there exists an infinite subset
S" = {(m],n})}2, of AV (b) such that {m]}$2, is strictly monotone and

lim inf H, (T~ (mf )oz|r]) >H (ot|‘K )

1—00
Proof of Step 3. Let a ={A1, Ay, ..., Ay} and n ={By, B2, ..., B;}. By Step 2,
there exists an infinite subset S” = {(m/, n})}?2, of A¥(b) such that {m}°°, is strictly
monotone and

!l 3
1im (U (1a, — E(La, 1K), 15,) = 0 (4.6)

11— 00

forallpe{l,2,...,k}and g € {1,2,...,[}. Hence,

lim inf H,, (T~ a|n)
1—>00

s T_(ml/'/»n;/)A N B
= lim 1an (T~ A, N By) log ('“( P q)>

=00 1(By)
(m// n//)
(m” nl') (U 1Ap, 1Bq>
= lim inf 14,1 lo
i1—00 Z Ay Bq) & ( /,L(Bq)

(m// n//)

E(14, 1K), 1Bq>>

R Urp
49 im mfz _(U )IE(IAPW(J), 1p,) log << w(By,)
q

i—o0

(m// n//)

; 5 (m/.n)) 5
Let al, =—(Uy ""E(l4,1%)). 15,) log (U ""E(14,1%}). 15,)/1(Bg)) and
uB, () = (- N By)/u(Bg). Slmilar to (3.6), we deduce from concavity of —x log x
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that
( // //) ( // //)

< E<1A|7<>d>lo</ E(14,|K >d>
2, w(By) #) e, w(By) a

¢ ") (m!,nl) 3
U’" DR, 1K) dug ) log ( / U "E(1a, 1K) dMBq>

Bq By

f U ORL, 1%D) og (U VR, 1K) ditg,
Bq

(m// n//)

B4, KD | )
=— U IE 1 7( d
qu B g ( (1, I%D) dpe.

We conclude that

( // //)

"1, 1K) log (UL E(14, 17 d

// //)

- /X USRI Tog (U R(LL 1K) dit
fX E(14, 1) log (E(14, 1K) d.

Therefore,

lim inf H, (T~""Da|n) > Hu(a|7<,f)-

1—> 00

Step 4. In this step, we finish the proof of Lemma 4.4.

We can define inductively an infinite subset S = {(m;, n; )}°° , of A”(b) by using Step 3
repeatedly such that {m;}?°, is strictly monotone and for any i € N,

i—1
H, (T_(’"i’"i)a| \/ T_(mf’"f)(x> > Hu(@lK)) =
Jj=1
Therefore, one has

i—1

hS (T, @) = lim sup — Z H ( —mini) | \/ T_(’"f’”f)oe>

k— 00 i—=1 j=1
> lim sup — <H (a|‘K ) )
k— 00 Z
=H, (al?(u ).
This finishes the proof of Lemma 4.4. O O

Remark 4.5. By Lemmas 4.2 and 4.4, we complete the proof of Theorem 1.1.
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By Lemmas 4.2 and 4.4, one of our main results, the directional version of KuShnirenko
theorem, is proved as follows.

Proof of Theorem 1.4. Let (X, Bx, i, T)be aZ>-MPS and v = (1, B) € R? be a direction
vector.

(a) = (b). Assume that u has a v-discrete spectrum system. Then K lf = Bx.Fixb e
(0, 00). By Lemma 4.2,

hS(T, ) < Hu(e|KD) =0

for any infinite subset S = {(m;, n;)};2, of Aﬁ(b), which implies (X, Bx, u, T) is v-null.
(b) = (a). Assume that (X, By, u, T) is v-null. Then for any b € (0, oo) and infinite
subset S = {(m;, n;)};2, of AV(b),

Sy —
hy(T) = 0.
Hence,
hS(T,{B.BY}) =0

for any B € By, which implies B € 7(,1j by Corollary 3.5. Therefore, 7(11j = By, thatis, u
has v-discrete spectrum. This completes the proof of Theorem 1.4. O

5. Sequence entropy and directional sequence entropy

In this section, we recall and prove Theorems 1.4 and 1.5, which establish the relation
between sequence entropy (respectively discrete spectrum) and directional sequence
entropy (respectively directional discrete spectrum). For these purposes, we recall a result
in [13, Lemma 5.1], which is restated as follows.

LEMMA 5.1. Let (X,Bx,u,T) be a 72-MPS. Then the following conditions are
equivalent:

(a) {U}m’") 1g : (m, n) € Z%} is a compact subset osz(X, Bx, iL);

(b) for any infinite subset S = {(m;, n,-)}f?i1 onz,

hs(T.{B, B}) = 0.
Next we prove a combinatorial result as follows.
LEMMA 5.2. Letv = (1,81), w = (1, Bp) € R? be two directions with B1 # Bo. Then
7% = AV(b) + AV (b)
Jorany b > 4([|181 — B2l] + 1), where
AP(B) + AP (b) = {(m1 +ma, ny +n2) : (my,ny) € A’ (b) and (ma, n2) € A (b)).
Proof. Given (m, n) € Z>. By division algorithm, we can choose m| € Z such that

In — Bom + (B1 — B2)mi1| < [B1 — pal. (6.1
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Because b/4 > [|81 — B2|] + 1, we can choose n; € Z such that:

(@ PBimy—b/2 <ny <pim+b/2;
(b) ny = pym; +r with |r] < b/4.
Letnp =n — ny and my = m — my. Then it is sufficient to prove that

(m2, n2) € A" (b).
Note that
Iny — Bomaz| = |n — Bom +ny — Pami| = |n — fom + Bim1 +r — pam;|
— I — Bom + By — Pom +r1 = 1B — ol +Ir
<{IB1=B2ll+ 1) +b/4 <b)2,
which implies (m3, ns) € A‘I’(b). This finishes the proof of Lemma 5.2. O]

With the help of the above lemma, we are able to prove Theorems 1.4 and 1.5, which
are recalled and proved as follows.

THEOREM 5.3. Let (X, Bx, u, T) be a Z>-MPS and « be a finite measurable partition of
X. If there exists an infinite subset S of 7* such that hﬁ(T, «) > 0, then there is at most
one direction v = (1, B) € R? such that

ho* (o) =0,
where h'* (o) is defined by (1.1).

Proof. Let « be a finite measurable partition of X. Assume that there exists an infinite
subset S of Z? such that

S
hM(T, a) > 0.

In the following, we show that there is at most one direction 7 = (1, 8) € R? such that
hi*(a) = 0. If this is not true, then there exist two directions v = (1, B1), w = (1, B2) €
R? with 1 # f8> such that

hl”;*(oa) =0 and h;f’*(a) =0.
By Lemma 4.4 and (1.1), we obtain that
Hy(@|K)) = Hy(a|%KP) =0,

which implies that o« C 7(5 N 7(5’ . Fix B € «. In the following, we show that

(U1p : (m, n) € 72}

is a compact subset of L?*(X, Bx, i), which implies that hi,(T, {B, B}) =0 for any
infinite subset " = {(m}, n})}°, of 7Z? by Lemma 5.1. In fact, by Lemma 5.2, taking
b= ([IB1 — B2l + 2), we have

AY(b) + AP (b) = 72
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and hence it suffices to prove that

Ry = {U}m’”)lg : (m,n) € AV(b) + A% (b))

is a compact subset of L>(X, By, 1). Note that B € ‘K/f N 'Klf’ So

Py = (U1 : (m,n) € A¥(b)} and  Qp := (U 15 : (m, n) € AD (b))
are compact subsets of LZ(X , Bx, n). For any € > 0, let
(i, n)li_y C AY(B) and  {(u), v))Y)—; € A" (D)

be €/2-nets of P and Q,, in L*>(X, By, 1), respectively. Hence for any (p1, q1) € Aﬁ(b)
and (p2, ¢2) € A" (b), we conclude

U1 — UMD gy < €/2 and U1 — US 1) < /2
forsome i, j € {1, ..., s}. Moreover, we deduce
||U;p1+pz,q1+q2)13 _ U;miJruj,niJrvj)lBHZ
< ||U;p1’ql)1T—(pz,qz)B — Ui g2
FNU 1y = Up ™ 1y gl < €. (52)
It follows from (5.2) that
Op :={m; +uj,n;+vj):1=<i,j=<s}

is a finite €-net of R} in LZ(X, By, 1), which implies that R}, is a compact subset of
L*(X, Bx, it). By the arguments at the beginning of this proof, we obtain

hS (T, {B,B}) =0

for any infinite subset §" = {(m}, n})}2, of 72
Because \/Beoz{B’ B¢} is finer than «, it follows that

N _
hS (T, @) =0

for any infinite subset S” of 72, which contradicts the fact that there exists an infinite subset
S of Z? such that hﬁ(T, «) > 0. This completes the proof of Theorem 5.3. O

The following example shows that they could both hold at the same time that there is an
infinite subset S of Z? such that hi(T, a) > 0 and there is a direction vector v = (1, B) €
R? such that h%* () = 0.

Example 5.4. Let (Y,2Y, 1) denote the measure space, where Y = {0, 1}, 2¥ is the
collection consisting of all subsets of Y and the points 0, 1 have measure 1/2. Let

(X, Bx,m) = [[¥. 2", w.
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Define Ty = Idx : X — X by

T1({xn}) = {xn}
for any {x,} € X. Define 75 : X — X by

T ({xn}) = {yn},

where y, = x,4+1 for all n € Z, that is, 7> is the two-sided (%, %)-shift. Define the
Z2-action T by

T(m n) __ Tm T2

Then we obtain a Z2-MPS (X,Bx,m,T).
Let

={oljlo:j=0,1}

be a finite measurable partition of X, where o[ j]o = {x = {x,} : xo = j}. On the one hand,
take § = {(0,n)};2 . Itis known that (see [23, p. 102, Theorem 4.26])

hS(T a) = lim sup — H (\/T ©.0) >=log2>0. (5.3)

n—oo N
On the other hand, let v = (1, 0). Because T; = Idy, it is easy to see that
hlli’*(ot) =0.

It is known that for a Z9-MPS (X, By, u, T), n has discrete spectrum if and only if
Bx = K., where K, is the Kronecker algebra of (X, Bx, i, T) (see [9]). Following the
proof of Theorem 5.3, we can immediately obtain the relation between classical discrete
spectrum and directional discrete spectrum.

THEOREM 5.5. Let (X, Bx, u,T) be a Z2-MPS. Then the following statements are

equivalent:

(@) there exist two directions v = (1, B1), w = (1, B2) € R? with B1 # Ba such that u
has v-discrete spectrum and W-discrete spectrum;

(b)  w has discrete spectrum.

Proof. (a) = (b). If there exist two directions v = (1, 81) and w = (1, B,) with B # B2
such that u has v-discrete spectrum and w-discrete spectrum, that is,

K =By =K.

Fix b € (0, 0co) large enough. For any B € By,

Pp = (U1 : (m,n) € A¥(b))  and @ := {UL"1p : (m,n) € AP (b))

are compact subsets of Lz(X , Bx, ). By the proof of Theorem 5.3, we deduce

(U 1p - (m,n) € 72
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is a compact subset of L2(X , Bx, 1), which implies K, = By. That is p has discrete
spectrum.
(b) = (a). If 1 has discrete spectrum, then K, = By, that is,

{U}m’")llg : (m,n) € 72}

is a compact subset of L%*(X, By, w) for any B € Bx. Because for any b € (0, 00), Pp, and

Q, are closed subsets of {U}m’") 1p : (m, n) € Z2}, it follows that P, and @, are compact
subsets of LZ(X , Bx, 1), which implies that

v W
K, =8Bx =K,
Therefore, u has v-discrete spectrum and w-discrete spectrum. O

Remark 5.6. By the proof of Theorem 5.5, it is clear that if u has discrete spectrum, then
w has v-discrete spectrum for any direction v = (1, ) € R%.
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A. Appendix. Proof of Claim 1
In this section, we complete the proof of Claim 1.

It follows from Lebesgue differentiation theorem (see [22, p. 106, Corollary 1.5]) that
we obtain the following result.

LEMMA A.l. Forany E € Cwithm(E) > 0, we deduce

i @G ONE)

Al
u=oo  m(n"(s, 1)) A-D

for m-a.e. (s, t) € E, where n" (s, t) is the cube r},’j’l containing (s, t).
By Lemma A.1, we can prove the following consequence.
LEMMA A.2. For p-a.e. x € X,
lim f,(x,s,t)=1p(x,s,1t)
u—>0o0
for m-a.e. (s, t) € [0, 1)2.

Proof. 1t is clear that f,(x, s, t) is measurable on [0, 1) for u-a.e. x € X. For a given
g(s, 1) € L®([0, )2, C, m), we let

gu<s,r>=22”f €. 0 dEde i (s.1) €l

u
M1
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where u € N and 77;:,1 =[k27%, (k+ D27y x [I27*, (I + 1DH27%) for all k,1 € {O0,...,
2% —1}. To prove this result, we prove a stronger result, that is, for any g(s,?) €
L°([0, 1)2, C, m), we have lim g, (s, 1) = g(s, 1) for m-a.e. (s, 1) € [0, 1)%.

u— o

First, we assume that g(s, 1) € C([0, 1)2), where C([0, 1)?) represents the set of all
continuous functions defined on [0, 1)%. For any € > 0, there exists § > 0 such that for any
(s, 1), (s, ') € [0, 1)* with | (s, 1) — (s/, )| < &,

lg(s, 1) —g(s', 1] < e.

So for any u large enough, we obtain that

|gu(5» t) _g(s, t)| =

2 / g(5.0) — gls. 1) di d¢
n¥(s,t)
522"/ 8. £) — g(s, 1)] dE di < e,
n"(s,t)

where I, (s, t) is the one that contains (s, ¢) in {’71’:,1 tk,1€{0,...,2" — 1}}. It follows
that lim g, (s, r) = g(s, t) pointwise.
u— 00

Now we prove the general case. Fix a g(s, t) € L°°([0, 12, C, m). For any g € N,
taking €, = 1/g, by Lusin theorem, there exists a measurable closed set £, C [0, 1)? such
that Eg C Eq41, m(Eg) > 1 — €4 and g|g, is continuous. Then m(U;o=1 E;) = 1. For
each ¢ € N, we conclude

i
—00

lim |g, (s, 1) — g(s, )| < lim (22“/ 18(§, &) — g(s, )] d§ d¢
Uu— o u T]u(S,l) m Eq

+22“/ Ig(&, &) — g(s, )| d& d;)
n”(s,t)ﬂE(‘['

. 2 (A1)
§0+ugn302“<m<E§ﬂn“(s,t)>>M =0,

for m-ae. (s,1) € Eg, where M = max e,1)2{180s, )[}. It follows from
m(U;”;l E;) =1 that g,(s,t) converges to g(s,t) for m-ae. (s,t) € [0, )2 as
u — oo. O

Now we are able to prove Claim 1.

Proof of Claim 1. Before proving it, we introduce a notation, that is, Ug,, ,h = h o ¢
forall h € LZ(X, B, ). Because B € K7, it follows that

{W"1p : n € Z} is compact in L*(X, B, ),

which implies that

{Uppu1B i 1Bm —n| <1,(m,n) € 72} is compact in L2(§, %, ). (A2)

It follows from (A.2) that for any € > 0, there exists a finite e-net {U¢m,-,n,- 1 B}l.p=1 with
(m;,n;) € Z* and |Bm; — n;| < 1. That is, for any (m, n) € Z* with |8m — n| < 1, there
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existsi € {1,2, ..., p}such that

1/2
</ |U¢mi,ni lB - U¢m,nlB|2 d(l’L X m)) = ||U¢m,~,n1 1B - U¢m,nlB||2 < €.

For a fixed u, we consider {Us,, . fu} P_,. By Minkowski’s inequality for integrals (see [8,
p- 194]), we conclude

||U¢mi,ni flfi - U¢m,n fM ”2

1/2
N ( -/X /[0 1)2 |U¢nli,ﬂi fu - U¢mm fu|2 dm du)

E 1/2
/‘M |U¢m,n, fu - U¢mn fu|2 dm d/j,)
Nkt

/;( k.l
L[ wee |
U )

Xl

/ > mg )l /
X ki U

1pdm — U™ /

u
Nk

1/2
1Bdm|2 dm du)

u
k.l

1/2
< (U‘p’”is”i lB - U¢m,n IB) dm|2 dM)

k.l

12
= (/ Z m(nZ,l) |U¢mi,ni lB - Ud)m,n lB|2 dm dM)
X ki Uy

1 ) 12
=5 Usn 15— Ugy 151 dmd,u)

214(/)(/[0’1)2 Pmjn; Om,

1 ) 12
= o Uy, ;18 — U, 18] d(uxm)>

2u ( /;(x[o,l)Z Pmion om.

1
< —E€.

2M

Hence, {U¢m.un,- fu}f’=1 is a finite €/2"-net of {Uy, , fu :|Bm —n| <1, (m,n) € 72},
which implies that

{U¢m,nfu : |:Bm - nl < 1’ (m7 l’l) € ZZ}

is compact in L2(§, B, ) for all u € N. For a fixed u € N, we take a finite €/2"-net
{Us,,. .. full—,- Note that

Ugpon fu(x,5,0) = fu(T™Vx, 5, 1).
So for any (m, n) € 7? with |Bm; — n;| < 1, there exists i € {1, 2, ..., p} such that
€
T Uy n fu = Upy, . full2
172
- ( [ R sy = a0 s 0P dm dM) L@
x Jio,1)2
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For any (s, t) € [0, 1)2, there exist k, [ € {0, ..., 2% — 1} such that (s, 1) € nz,l. Hence,
NUY™™ fuCrsit) = US"™ fu s, D2

1/2
= ( / | fu (T x5, 1) — fu(T“"f’"f)x,s,r)qu)
X

1/2

= </ 22"/ | fu (T x5, 1) — fu(TMDx, 5, 1) dm du)
X i

1/2
< 2”( f / |fu(T(m’")x, s, 1) — fu(T(m"’”")x, s, 0)|* dm d,u)
x J[0,1)2

A3
(<)2”-i:e.
< T

Hence for a fixed (s, ) € [0, 1), {U}m’m)fu 2 |pm —n| < 1, (m,n) € Z2} has a finite
€-net {U;m"’"")fu (x,s, t)}{’zl. It follows that

{U;m,m)fu . |ﬁm —n| < 1, (m, i’l) € ZZ}

is compact in L%(X, By, ) for each (s, 1) € [0, 1)>. This ends the proof of the first
statement in Claim 1.
By Lemma A.1, we deduce that for u-a.e. x € X

lim f,(x,s,t)=1p(x,s,t)
u—00

for m-a.e. (s, 1) € [0, 1)2. By dominated convergence theorem, we conclude that

lim || fC,s,8) —1genl2=0
u—00
for m-a.e. (s, t) € [0, 1)2. Now we finish the proof of Claim 1. O]

B. Appendix. Results for Z1-MPS

In this section, we introduce the corresponding results of Z7-MPS, which are proved by
exactly the same methods for the case of 72-MPS. Let (X, Bx, u, T) be a Z4-MPS. For a
fixed finite measurable partition o of X and an infinite subset § = {J)i};?il of Z4, we put

k
1 -
hi(T, o) = lim sup %H“< \/ T—wi(;().
k—00 i=1
Then we can define the sequence entropy of T for the infinite subset S by
S _ s

where the supremum is taken over all finite measurable partitions of X.
Now we define directional sequence entropy for the case of Z9-actions. Let v =

(1,B2,...,By) € R? be a direction vector and b= (bs,...,b,) € ]Rz__l ={u=
Wi, ..., uqg—1) € RI-1:y; > 0}. We put
AV(b) = (b = (my, ..., my) € 29 : Bimy —b;i/2 < m;

<Bimi+b;i/2, i€{2,...,q}).
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Define the v-directional Kronecker algebra by

‘Klf(b) ={B € By : {Ug’lg W e Aﬁ(b)} is compact in LZ(X, Bx, w)},
where U? : LZ(X, Bx, 1) —> LZ(X, By, w) is the unitary operator such that
UPf=foT” forall fe L*(X,Bx, ).

Similarly, we can prove that ‘Kj (b) is a o-algebra and the definition of 7(,1B (b) is

independent of the selection of b. So we omit b in 7(11j (b) and write it as 7(5 .

THEOREM B.1. Let (X, Bx, 1, T) be a Z4-MPS, v = (1, Ba, . . ., By) € RY be a direc-

tion vector and b = (b2, . . ., by) € R:Ir_l. Let o be a finite measurable partition of X. For
any infinite subset S' of AV (b),

hS (T, @) < Hy(alKD).

Moreover, there exists an infinite subset S = {W; = (mgi), ce mg))}?il of Aﬁ(b) such

that {mil) 172, is strictly monotone and

hS(T, @) = Hy(alKY).
Remark B.2. Let « be a finite measurable partition of X. We define

ho*(@) = max {(hS(T, a)}. (B.1)
SCA¥(b)

By Theorem B.1, hz’*(a) = Hu(oel‘](j) and then (B.l) is well defined because it is
independent of the selection of b.

Corresponding to the case of Z2-MPS, we have the following definitions.

Definition B.3. Let (X,8Bx,u,T) be a Z4-MPS and v = (1, B2, . . ., By) € RY be a
direction vector.

(a) We say u has v-discrete spectrum if ’Kj = Bx;
(b) we say (X, Bx, i, T) is v-null if for any b = (bs, .. ., by) € R(J’:I and infinite
subset § = {i; = (m\", ..., m{"))%, of AU(b), h(T) = 0.

Now we state main conclusions for the case of Z?-actions corresponding to Z2-actions,
which are proved by exactly the same methods for the case of Z>-MPS as follows.

THEOREM B.4. Let (X, Bx,u, T) be a Z9-MPS and v = (1, B, . . ., Bg) € R be a
direction vector. Then the following two conditions are equivalent:

(a) w has V-discrete spectrum;
(b) (X, Bx, u, T) is v-null.

THEOREM B.5. Let (X, Bx, i, T) be a Z9-MPS and « be a finite measurable partition of
X. If there exists an infinite subset S of 74 such that hfL(T, a) > 0, then there are at most
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q — 1 linearly independent directions {v; = (1, ,35, cee /3;)};1;11 C RY such that

hi*a) =0, i=1,2,....q—L

THEOREM B.6. Let (X, Bx, u, T) be a Z1-MPS. Then the following statements are

equivalent:
(a) there exist q linearly independent directions {v; = (1, ,35, cee ﬂé)};{:] C RY such
that | has vj-discrete spectrum foralli =1, ..., q;
(b)  w has discrete spectrum.
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