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Abstract

Let G = (V, E) be a locally finite graph with the vertex set V and the edge set E, where both V and E are
infinite sets. By dividing the graph G into a sequence of finite subgraphs, the existence of a sequence of
local solutions to several equations involving the p-Laplacian and the poly-Laplacian systems is confirmed
on each subgraph, and the global existence for each equation on graph G is derived by the convergence
of these local solutions. Such results extend the recent work of Grigor’yan, Lin and Yang [J. Differential
Equations, 261 (2016), 4924-4943; Rev. Mat. Complut., 35 (2022), 791-813]. The method in this paper
also provides an idea for investigating similar problems on infinite graphs.

2020 Mathematics subject classification: primary 35R02; secondary 35A01.
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1. Introduction

Partial differential equations play an important role in dynamics, mathematical
physics, engineering, geometry and the other sciences. For examples, readers are
referred to [1, 2, 8, 12] and the references therein. As they model discrete systems,
it is important to study such equations on graphs.

In recent years, Grigor’yan, Lin and Yang systematically raised and studied several
partial differential equations involving Yamabe equations, Kazdan—Warner equations
and Schrodinger equations on graphs [4-6]. They first established the Sobolev spaces
and the functional framework on graphs. As a consequence, variational methods are
applied to solve partial differential equations on graphs, that is, to find critical points of
various functionals. In particular, in [4], they derived the Sobolev embedding theorems
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2 S. Man and G. Zhang 2]

on graphs, that is, if G = (V,E) is a locally finite graph and Q c V is a bounded
domain, then

Wy* (@) — L'(Q) fors>1land 1 <7y < +oo,
while if G = (V, E) is a finite graph, then
WS (V) es LY(V) fors>land1 <7y < +co.

They observed that the Sobolev embedding theorems on graphs are quite different
from those on Euclidean space, and thus they could assume different growth conditions
on the nonlinear terms f and g on graphs. They also observed that the Sobolev
space they established is pre-compact. By these crucial observations, they studied the
following p-Laplacian equation:

{—Apu = f(x,u) in Q°,

. (1-1)
u>01in Q°u=0 ondQ,

on a locally finite graph and obtained a local solution. They also studied the following
equation on a locally finite graph:

{L,Tl,pu = in ©°, 1)

Vul=0,0<j<m-1 onodQ,

and obtained a nontrivial local solution. In addition, they studied several equations on
a finite graph and obtained global solutions. For more details, we refer readers to [4].
In [11], Lin and Yang studied several Laplacian equations involving the Schrodinger
equation, the mean field equation and the Yamabe equation on a locally finite graph
G = (V,E), and obtained global solutions in Sobolev space W'?(V') or its subspace H
by using calculus of variations, where

H = {u e WI(V) f (Vul® + ) du < oo}.
\%4

For more results about differential equations on graphs, we refer readers to [3, 7, 9, 10],
for example.

In this paper, we give a different division of graph G = (V, E) from that in [11]. We
divide the locally finite graph G = (V, E) into a sequence of finite subgraphs

Gi = (Vi Ey) wherek=1,2,3,..., and V = (Vi uaVvi)
k=1
(please see (2-3) for details), while in [11], the graph G is divided into a sequence of
balls centred at a fixed point O in V. We investigate several equations on each subgraph,
and obtain a sequence of local solutions to each equation. At last, we derive the global
existence of nontrivial solutions to each equation on graph G through the convergence
of these local solutions. We extend the local existence results of [4, Problems 1 and
2] to global existence results on locally finite graphs, and also extend the results for
W'2(V) in [11] to space W™P(V), where p > 2, p € R, m > 1 and m is an integer.
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This paper is organized as follows. In Section 2, we give some preliminary results
on graphs and state our main results. In Section 3, we prove our main results.

2. Preliminaries and main results

Let G = (V, E) denote a graph where V is the vertex set and E is the edge set. Let
x ~ y represent that vertex x is adjacent to vertex y, and (x,y) denote an edge in E
connecting vertices x and y. Assume that y,, = x,« > 0, where y,, is the edge weight.
A graph G is called connected if for any vertices x, y € V, there exists a sequence {x;}!_
that satisfies

X=X0~X| ~ X2~ ~Xy =)

The degree of vertex x, denoted by #(x), is the number of edges connected to x. If for
every vertex x of V the number of edges connected to x is finite, we say that G is a
locally finite graph. The finite measure 9(x) = .\ Xxy-

In this paper, let G = (V, E) denote a connected graph. Thus, graph G = (V, E) has
no isolated vertices.

From [4], for any function u# : V — R, the J(x)-Laplacian of « is defined as

1
Bu) = s D X (u) = u)).

y~x

The associated gradient form is written as
1
T, v)(x) = S{AWGVE) — u@)AVE) = v()Au(x)}
1
=390 ;xxy(u@) — u(x)O(G) = V).
The length of the gradient for u is denoted by

1 1/2
Vul() = VEw 000 = (5505 > ) —ue)?)
y~x

The length of the m-order gradient of u is written as

[VA™=D/2y|  when m is odd,

|A™/2y| when m is even,

V" ul(x) = {

where |A™?y] is the usual absolute value of the function A”™/?u. To compare with the
Euclidean setting, the integral of a function u : V — R is defined as

dd = 0y .
fv udd =" 9u(x)

xeV
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Let L, ,u be defined in the distributional sense: for any function ¢, there holds

f(_[: b j;/ |Vmu|1)—2r(A(m—l)/2u, A(m—l)/2¢) d9  when m is odd,
m,pU = !
v Jy IV a2 AP un g do when m is even.

In particular, the poly-Laplacian (—A)"u can be defined as

(=AY"u = Lyou.
The p-Laplacian of u : V — R, namely A,u, is defined in the distributional sense as
Bt = s9— S (Vul20) + VUl 2 @) ) —uv).  @-1)
b 29(x) £ ©

Let G = (V, E) denote a locally finite graph and Q c V. For any integer m > 1 and
any p > 1, W™P(Q) is defined as a space of all functions u : Q — R with the norm

" . 1/p
|zl lwmr () = (Z f |V¥ul? dﬂ) < +o0.
k=0 YO

Denote Cj(€2) as a set of all functions u : Q — R withu = |[Vu| = --- = [V~ 1y| = 0 on
9Q. Here, W;""(Q) is denoted as the completion of C'(Q) with the norm

1/p
Ilullwm~”<sz>:(fIVmulpdﬂ) .
0 Q

Moreover, for any s > 0, L°(€2) denotes a linear space with the norm

1/s
||u||L.y(Q) = (f |u|5 dﬁ) .
Q

|[u]lr=() = sup |u(x)| < oo.
xeQ

Additionally, L*(Q) means

Obviously, W(;" P(Q) and L*(Q) are two Banach spaces, and we have the following
famous Sobolev embedding theorem derived by Grigor’yan, Lin and Yang.

THEOREM A [4, Theorem 7]. Let G = (V,E) be a locally finite graph and Q be a
bounded domain of V with Q° # 0. Let m be any positive integer and p > 1. Then,
W(')" P(Q) is embedded in L1(Q) for all 1 < q < +oo, that is, there exists a constant C
depending only on p, m and Q such that for all u € Wy’ (Q),

1/q 1/p
( f Iul"dﬁ) < Co( f IV’"ul”dﬁ) )
Q Q

In particular, denoting 9y = min,co ¥(x), there holds

Co
el () < ﬁ—0||u||wg'~/’(g)~ (2-2)
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Moreover, W, (Q) is pre-compact, namely, if {u;} is bounded in W;""(€2), then up to
a subsequence, still denoted by {u}, there exists some u € W(r)" "P(Q) such that u; — u
in W(']” Q).

Now, we state our main results.

First, we define a sequence of subgraphs of G = (V, E) denoted by

Gk = (Vka Ek)’ (2_3)
where k = 1,2,3,..., V; is afinite vertex set, Ey is a finite edge set, V;, C Vand E; C E,
such that
V,iNV;=0 wheni#jandV = U(V,-uavi).
i=1

For any finite set R c V, W™P(R) is a Sobolev space including all functions u :
R — R with the norm

1/p
MWWF(LWMMMWM.

For any ¢ >0, p> 1 and integer m > 1, we have the below Sobolev embedding
theorem involving the two spaces W™?(R) and L1(R).

THEOREM 1. Let G = (V, E) be a connected and locally finite graph. Suppose that the
measure 3(x) > Iy > 0 for all x € V, where ¥ is a constant. Let m > 1 be any integer,
p > 1l and g > 0. Then, for any finite set R C V,

leellzaery < Calluellwmn(x)
where

C. = 0,""(vol(R))4 and  vol(R) = > #(x).
xeR

In particular,

lCOllz=w)y < T Pl w)- (2-4)

Moreover, by [4, Theorem 8], W"P(R) is pre-compact, namely, if {u;} is bounded
in W™P(R), then up to a subsequence, still denoted by {u;}, there exists some
u € W™P(R) such that uy — uin W"P(R).

REMARK 2. Let D, = W(’)”’z(Vk) N Wg’z(Vk) be the space with the norm
”u“Dk = ”unw(’)"vz(vk) + “I/‘ng-z(vk)-
Take a sequence of functions (it;) € Dy. If there exist

ug € W(Ve) and  w € WA (Vi)
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such that
|l&t; — ”kuwg’fz(vk) — 0 and ||i— “k”W(';'z(vk) —0 asj— oo,
we can easily get that
||I’/\‘J - uk”Dk = ||fi; - uk“wgﬂl(vk) + ”if\l/ - uk”wgvz(vk) -0 asj — 0,

and thus @ — uy in Dy as j — co. In addition, if we use R instead of V) and set
Dy = W2(R) N W™2(R), we can get a similar result.

Now, we obtain the following global existence result for a class of semi-linear
elliptic equations involving the p-Laplacian, which can be used in wavelets and
dimension reductions for high-dimensional data because p is a tunable parameter.

THEOREM 3. Let G = (V,E) be a connected and locally finite graph. Suppose that
9(x) > 99 > 0 for all x € V, where Oy is a positive constant. Assume K(x) € L¥/¢=D(V),
where s > 1. The function f(x,u) € C(V X R,R) satisfies

uf(x,u) >0 forall (x,u) e VR (2-5)
and
|f(x,u)| < alx) + blul™", K(x) - f,u)£0 forall (x,u) e VXR,

where a(x) € LY/“~D(V),b > 0 and s > 1. Then, for any p > 2, there exists a nontrivial
solution to the following problem:

—Apu=Kx) - f(x,u) inV. (2-6)
Moreover, if
fG,u) < K(x) forall (x,u) e VXR, 2-7)
there exists a positive solution to (2-6).

Now, we extend the global existence result for p-Laplacian to Laplacian systems.
The next result is about a poly-Laplacian system on a locally finite graph G.

THEOREM 4. Let G = (V,E) be a connected and locally finite graph. Suppose that
Hx) = Fo > 0 for all x € V, where 9y is a positive constant. For i = 1,2, assume that

A>0,0:x) e L'(V) and ¢;(x) >0 forallxeV.

Then for any integers m,n > 1, there exists a solution to the following problem:

u

p1(x)e” ‘) ©a(x)e"
fv pr(x)e  di fv or(x)et d

A)"u+ (-A)'u = -4, (2-8)
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[7] Some global existence results 7

in V. Moreover, if
@1(x) 1 2(x)
1 - A
J,eimas [, ga(x)d

there exists a nontrivial solution to problem (2-8).

#0 forallxeV,

Now, we consider another division of graph G = (V,E). By [11], for any fixed
O €V, the distance between x and O, denoted by p(x) = p(x, O), is the minimum
number of edges connecting them. Thus, for any integer k > 1, we define a ball centred
at O with radius k by

B = Bi(0) = {x € V| p(x) < k}. (2-9)
The boundary of By can be defined as
0B = {x € V| p(x) = k}.
REMARK 5. Set X; = W""(By) x W;*(By) and define the norm on X as
NG, VIl = max {{lullyre g [VIlwza,))-
Take a sequence of functions (i;, ¥;) € X. If there exist
u € Wy'(B) and v € Wy (By)
such that
&t — ”k”W(')”"’(Bk) —0 and |- Vk||Wg-‘1(Bk) — 0 asj— oo,
we can easily get that
1@, %) = (s villz, = max {lli; — uellyre g,y 119 = villwrogyl = 0 asj— co.
Thus,
(@j, ;) = (ug,vi) in X asj — oo,

In addition, if we use R instead of By and set X = W"™P(R) x W™I(R), we can get a
similar result.

Next, we study the system (2-10), where each equation can be viewed as one
type of Kazdan—Warner equation when u = v. The Kazdan—Warner equation has very
important applications in geometry. By the division of graph G, we can obtain a global
solution to the system on graph G.

THEOREM 6. Let G = (V,E) be a connected and locally finite graph. Suppose that
Hx) = 99 > 0 for all x € V, where ¥y is a positive constant. Assume that

Kx) >0, «(x)>0, K@) #«(x), K)eL/6™D
and

k(x) € L'V forallxe Vands > I
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Then, for any integer m,n > 2 and p,q > 2, there exists a nontrivial solution to the
following problem:

{Lm,pu =K@e™" —k(x) inV, (2-10)

Lngv =k(x)e™™ —K(x) inV.

3. Proof of main results

First, we prove the Sobolev embedding theorem in Theorem 1. For the proof in the
case of W(;’Z(V) and L?(V), where p > 0.

PROOF OF THEOREM 1. Since for all x € ‘R,
i, = [ AP0 + a0

> " Bl

xeR

> > Bolu(ol”,

xeR
we get

)l < 95 Pl llmo w)- (3-1)
It is easy to see that (3-1) implies
ltCOllz=wy < T PN lwmocw)- (3-2)
For all 1 < g < +00, by (3-2),
1/q
@) = (- 20l

xeR
< 95" P VOl (R luC)llwmr (w)

where vol(R) = 3 .cr F(x).
Thus, we complete this proof. ]

Now, we prove the existence results. The method can be viewed as a variational
method from local existence to global existence.

PROOF OF THEOREM 3. Let Gy = (Vi, E}) be a subgraph defined as in (2-3). Define
the functional Jy ) : W(;’p (Vi) » Rby

1
Juxym) = — [Vul? do —f Kx)u d19+f F(x,u)dd, (3-3)
)4 Vi Vi Vi
where

F(x,u)=fuf(x,t)dt and F(x,0)=0.
0

https://doi.org/10.1017/51446788723000149 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788723000149

[9] Some global existence results 9
From (2-5),

F(x,u) >0 forall (x,u) e VXR. (3-4)
It is easy to see that

Jux) € CHW" (V). R).

Set
QO = iI]lf iy ().
ueW, (V)
Obviously,
O < Jkx)(0) = 0. (3-5)

To proceed, the proof is divided into three steps.

Step 1. For any integer k > 1, Ji)(u) is bounded from below in W(l)‘p Vo).
By the Holder inequality, Theorem A and the Young inequality, for any s > 1,

f Ku dd < |ullzsqplIK | psis-n vy
Vi
< CO””“w(;v/’(Vk)||K“LS/(“’“(V)

1
= EHul'Wép(VU : 2C0||K||LS/(S‘1)(V)

1 p—1 _

— 1yl p/(p—1) p/(p=1) _

< s+ 55 QO IKIT (3-6)
By (3-3), (3-4) and (3-6),
o) =, ~ L= Lacype-nygypemn (37)
K) = 2[7 W&'”(Vk) 2p Ls/6=D (V)
p-1 _ _

> === QG VK (3-3)

Therefore, we have that Jy (1) is bounded from below in W(;’P Vo).
Step 2. For any integer k > 1, there exists a function u;, € W(;’p (Vi) such that

T () = O = inf Ty (u).
ueWr (Vo)

Moreover, uy, satisfies the Euler—Lagrange equation

{—A,,uk = K@) - f(r,ur)  in Vg,

Up = 0 on (9Vk. (3_9)
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Obviously, by (3-5) and (3-8),

-1 _ _
~55, QG VIKIG, < 0 <0, (3-10)

By (3-10), we get that @y is a bounded sequence of numbers.
Now fix a positive integer k. We take a sequence of functions (i;) € Wé’p (Vi) such
that

Jvxo (i) = O as j — oo.
Thus, by (3-7),

”u]”de(Vk) < M9
where M is a positive constant. Therefore, we get that {i;} is bounded in W(;’p V).
By Theorem A, we have that up to a subsequence, ii; converges to some function

e € WyP (V). Clearly,

Juy ) = O = inf Sy (u).

ueW,? (Vi)

Thus, uy, satisfies the Euler—Lagrange equation (3-9).

Step 3. There exist &t : V — R and a subsequence of {u}, still denoted by {u}, such
that {u;} converges to i uniformly in V, that is, i is a solution to (2-6). Moreover, & > 0
forallxe V.

By (3-8) and (3-10),

[oag I

Wiy < M- (3-11)

where M is a positive constant independent of k. By Theorem A and (3-11),

Co
ekl lz=qvy) < ﬂ—0||uk||w(;w(vk) < M,, (3-12)

where M, is a positive constant independent of k.
It is easy to see that {u;} can be viewed as a sequence defined on V with u; = 0 on
V' \ Vi, that is,

() = {uk(x) forx € Vi, (3-13)

0 forxe V\ V..

Therefore, by (3-12) and (3-13), we get that {u;} is uniformly bounded in V. Thus,
there exists a subsequence of {u;}, still denoted by {u}, such that {u;} converges to i
uniformly in V, that is,

klim ur(x) = i(x).
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For any fixed x € V, letting k — oo in (3-9),
—-A,i(x) = K(x) — f(x,i(x)) inV. (3-14)

Thus, #i(x) is a solution to (2-6). Since K(x) — f(x,u) £ 0, we get it # 0.
Now, we prove that & > 0 if (2-7) holds. We set

" = max{ii(x),0} and & = min{ii(x),0}.
It is easy to see that &t = &i* + &i~. Noting that
Vi P < T(@™) + D@, i*) = D@, i),
since K(x) — f(x,u) = 0,

flVthlpdﬂ <- fﬁA,,ﬁdﬁ = fﬂt(K(x) - f(x, i) d? < 0.
v v v
So,

=0 andthusii=f"+& >0forallxe V.

Next, we prove that iz > 0 for all x € V. Suppose not. Then there would exist a point
x* € V such that

i(x*) = 0 = min @i(x).
xeV
Thus, by (2-1), we get A,ii(x*) > 0. Then, by (3-14),
-Api(x") = K(x*) = f(x*, i(x")) < 0,

which contradicts (2-7). Therefore, we have that #i(x) > O for all x € V, and the proof
is completed. o

PROOF OF THEOREM 4. Let Gy = (Vi, Ex) be a subgraph defined as in (2-3). By
Remark 2, set Dy = W(’)"’Z(Vk) N Wg’z(Vk) with the norm

”u”Dk = ”u”W(’]"vz(Vk) + ”u”ng(Vk)-

Define the functional Jig) : Dy — R by

1 1
Twow) == | V'uPdd+< | [V'ul*dd
2 Vi 2 Vi

-1 logf p1(x)e ™ dd — A, logf ea(x)e" di. (3-15)
Vi Vi

Obviously, Jig) € C'(D, R).
Since ¢;(x) > 0 for all x € V, there exists some xy € V; such that

o1 (x0) < Fxo)gi1(xo) < f P10 dd = Z P01 (x). (3-16)
Vi

xeV,
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Similarly,
Yopa(xo) < f 02 (x) d).
Vi

Set @, = infue]])k Jk(Q)(u). By (3-16) and (3-17),
O < Jik)(0) < =41 log (Fop1(x0)) — A2 log (Fopa(x0)).-
To proceed, the proof is divided into three steps.

Step 1. For any integer k > 1, Jy()() is bounded from below in Dy.
By Cauchy’s inequality and (2-2), for any € > O,

2 2 2 2 2 2
o < P HElB el oAl

)2 P 2 2 2 2
el < e( w)”[Aellully, +ellully, < eC0/4£1?0+€”"”Dk,

Thus,
2

G
log f e1(e™ d¥ <logllpillw) + — + ellulld,.
Vi 48190

2
4819

log f p2(0)e" d <logllalluiy) + — + ellullg, -
Vk 0

By (3-15), (3-19) and (3-20),

2

1
T = (5 = e, = Toglenlliqy - ezl - 5%

2 202

Choosing € = }‘, for any u € Dy,

| 2
Jk(Q)(M)ZZ””HDk log(lleillzi vy - llg2llzivy) — 2192
2
> —log(llerllzivy - llwallzivy) — e ﬂ2~

Therefore, we have that Jig)(u) is bounded from below in Dy.

Step 2. For any integer k > 1, there exists a function u; € Dy such that
Jk(Q)(uk) = ®k = inf Jk(Q)(M).
uebDy
Moreover, uy, satisfies the Euler—Lagrange equation:

@1(x)e™* 2 (x)e™

(=A™ + (=A)Y'uy = =1, + inV

fv p1(x)e” dif ’ fv @2 (x)et di
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Obviously, by (3-18) and (3-22),

2

C
~log(lleillzi vy - lallivy) — ;;2 < @ < -2 log (Bog1(x0)) — A2 log (o (x0))-
0
(3-24)

By (3-24), we get that ®; is a bounded sequence of numbers.
Now fix a positive integer k. We take a sequence of functions #; € Dy such that

Jk(Q)(ﬁj) - ®k asj — 00,
Thus,
i, < M,

where M is a positive constant. Therefore, we get that {#;} is bounded in Dy. By
Theorem A and Remark 2, we have that up to a subsequence, #; converges to some
function u; € Dy. Clearly,

Jk(Q)(uk) = ®k = inf Jk(Q)(l/t).
ueDy

Thus, u; satisfies the Euler—Lagrange system (3-23).

Step 3. There exist &z : V — R and a subsequence of {u;}, still denoted by {u;}, such
that {u;} converges to i, that is, # is a solution to (2-8).
Since ®; is bounded, by (3-21),

llucl3, < My, (3-25)

where M is a positive constant independent of k.
By Theorem A and (3-25), for any u; € Dy,

C
el vy < ﬂ—gnuknm < M,, (3-26)

where M, is a positive constant independent of k.
Let {u;} be extended as a sequence defined on V with uy = 0 on V' \ V,, that is,

() = {uk(x) forx € Vy, (3-27)

0 forx e V\ V.

Therefore, by (3-26) and (3-27), we get that {;} is uniformly bounded in V. Thus,
there exists a subsequence of {u;}, still denoted by {u}, such that {u;} converges to i
uniformly in V, that is,

klim ur(x) = i(x).
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For any fixed x € V, letting k — oo in (3-23),
p1(x)e S <P2(X)€’
fv pr1(x)et dd fv pa(x)et dif
Thus, #@(x) is a solution to (2-8).
Moreover, if

(A"l + (=A)'i = -4, inV. (3-28)

1 @1(x) b @2(x)
fe@dd [ ea(x)dd

by (3-28), we get that #1(x) # 0. Therefore, #(x) is a nontrivial solution to (2-8). O

#0 forallxeV,

PROOF OF THEOREM 6. Let By be defined as in (2-9). Set
X = Wy (Br) x Wy (By)
with the norm

[I(zt, V)|Is, = max {||u||wg"~”(3,(), ||V||WS'4(Bk)}'

Define the functional Ji) : X — R by
1 m 1 n —Uu—-v
o (U, v) :—f [V™ulP d + —f |V | dﬂ+f K(x)e dd
p Bk q Bk Bk

+f K(x)e_“_vd19+f K(x)udﬂ+f K(x)vdd. (3-29)
By B By

Set
Or = inf Jyo(u,v).
k= nf ko (U, V)

Obviously,

O < Jkw(0,0) = f Kx)do + f k(x)dd < fK(x) dy + fk(x) ddy. (3-30)
By By 1% 1%

To proceed, the proof is divided into four steps.

Step 1. For any positive integer k, Ji() is bounded from below in Xj.
Noting the fact that e™" > — + 1 for all t € R, since K(x), x(x) > 0, by (3-29),

1 1
Jiwo (U, v) >2— [V™"ul? d9 + — V"7 dd
p

By q JB,
- f Kud?9 - f kvd® + (K + k) d?. (3-31)
By By By
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By the Holder inequality, Theorem A and the Young inequality,
f Ku d < |lullzs@pIK|lzsr6-0cv)
By
< C0||M||W(j"vﬁ(3k)||K||Ls/<v—1>(v)

1
= EHMHW(’)".p(Bk) . 2C0||K”LX/(.Y—1)(V)

p—1 _ _
< gy lllyne sy + =55 QG0 PIKIT S (3-32)
Similarly,
wdd < e .+ L Ly vyl (3-33)
5 = 2g" Wyt T g 0 LoD (V)

By (3-31), (3-32) and (3-33),

1 p—1 _ _
Tuo(.v) 2 -l — @)k
% 2p

q
m,p + .
W) " 2g Ml s,y

o LS/(S’[)(V)
Y o it (3-34)
Zq 0 LY/=D(V)
p-1 . -y _q=1 1)y 412/ @=D)
2 L ey VKL, - S @ VI, 639)

Therefore, for any positive integer k, Ji) is bounded from below in X.

Step 2. For any positive integer k, there exists (i, v¢) € Xj such that
JeooWe, vi) = O = Inf  Ji (U, v).
k() (s Vi) = O (oL k(e (Ut V)
Moreover, (1, vi) satisfies the Euler-Lagrange system:

Ly pur = K(x)e™ ™ —k(x) in Vi,
Ly gvi = k(x)e ™ — K(x) in Vj, (3-36)
Uy = Vi = 0 on BVk.

Obviously, by (3-30) and (3-35), there holds

_p-1 T VR el § a/(q=D)) 4/
O > o (2Co) KI5 vy g (2Cy) [ e (337

O < [, Kx)d? + [, k(x) d?.

By (3-37), we know that ®y, is a bounded sequence of numbers.
Now we fix a positive integer k and take a sequence of functions {(i;, ¥;)} C Xj
satisfying

Jkw(@j, D)) = O as j — oo. (3-38)
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It follows from (3-34) and (3-38) that {#;} and {?;} are bounded in W(')" P(By) and
Wg’q(Bk), respectively. By Theorem A, we get that there exist

Uy € W(r)n’p(Bk) and v € Wg’q(Bk)
such that
l#; —wull = 0 and [[Dj —will > 0 asj— oo.

By Remark 5, for (u, vi) € Xg, up to a subsequence, {(i;, ;)} converges to (ug, vi).
Clearly,

Jo(Ue, vi) = Op = Inf  Jio(u, v).
o (Ui Vie) k= nf ko (U, V)

Thus, (uy, vy) satisfies the Euler—Lagrange system (3-36).

Step 3. For any finite set R C V, (i, v¢) is uniformly bounded in W;""(R) x W /(R).
By (3-34) and (3-38),

p
“uk”WgI'I)(Bk) < Ml7 (3'39)

”Vk”Zngq(Bk) < Mls (3-40)

where M| is a positive constant independent of k. When k is large enough, we get that
R C Vi. By (2-4), (3-39) and (3-40),

lgllor) < Mz and  [[vell=r) < Mo,

where M, is a positive constant independent of k. Therefore, {(ug, v)} is uniformly
bounded in Wy (R) x Wy *(R).

Step 4. There exist (u*,v*) : VXV — R and a subsequence of {(u, v)}, still denoted
by {(ug,vi)}, such that {(uy, v¢)} converges to (u*,v"), that is, (u*,v*) is a solution to
(2-10).

By Step 3, we have that {(u,v;)} is uniformly bounded in B;. Thus, there
exists a subsequence of {(u, vi)}, denoted by {(ux, vir)}, and functions (u],v}) such
that (uyx, vir) = (uj,v]) in By. By Step 3 again, {(ui, vi)} is uniformly bounded
in B,. Then there exists a subsequence of {(u1x,vix)}, denoted by {(ux,var)}, and
functions (u3,v3) such that (uy, vor) — (u3,v3) in By. Obviously, (uj,v]) = (u3,3) in
B,. Repeating this process, we can find a diagonal subsequence {(u, vix)}, Which is
still denoted by {(ug, v¢)}, and functions (#*,v*) : V X V — R such that for any finite
set R C V, (g, i) = (u*,v*) in R. For any fixed x € V, let k — oo in (3-36), so

Ly pu* = K(xX)e ™™ —k(x) inV,
LoVt = k(x)e™™ ™ —K(x) inV.

Since K(x) # «(x), we get (u*,v*) # (0, 0). Therefore, (1, v*) is a nontrivial solution to
(2-10). |

https://doi.org/10.1017/51446788723000149 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788723000149

[17]

[1]
(2]

[7]
[8]
9]
[10]
[11]

[12]

Some global existence results 17

References

G. Che, C. Chen and H. Shi, ‘Ground state of semilinear elliptic systems with sum of periodic and
Hardy potentials’, Complex Var. Elliptic Equ. 65(2020), 381-408.

F. J. S. A. Corra Corréa, G. C. G. dos Santos, L. S. Tavares and S. S. Muhassua, ‘Existence of
solution for a singular elliptic system with convection terms’, Nonlinear Anal. Real World Appl.
66 (2022), 103549.

H. Ge, ‘A p-th Yamabe equation on graph’, Proc. Amer. Math. Soc. 146 (2018), 2219-2224.

A. Grigor’yan, Y. Lin and Y. Yang, ‘Yamabe type equations on graphs’, J. Differential Equations
261 (2016), 4924-4943.

A. Grigor’yan, Y. Lin and Y. Yang, ‘Kazdan—Warner equation on graph’, Calc. Var. Partial
Differential Equations 55 (2016), 92—113.

A. Grigor’yan, Y. Lin and Y. Yang, ‘Existence of positive solutions to some nonlinear equations
on locally finite graphs’, Sci. China Math. 60 (2017), 1311-1324.

B. Hua and M. Keller, ‘Harmonic functions of general graph Laplacians’, Calc. Var. Partial
Differential Equations 51 (2014), 343-362.

J. H. Kang and T. Robertson, ‘An elliptic nonlinear system of multiple functions with application’,
Dyn. Partial Differ. Equ. 19 (2022), 141-162.

Y. Lin, S.-M. Ngai and S.-T. Yau, ‘Heat kernels on forms defined on a subgraph of a complete
graph’, Math. Ann. 380 (2021), 1891-1931.

Y. Lin and Y. Wu, ‘The existence and nonexistence of global solutions for a semilinear heat
equation on graphs’, Calc. Var. Partial Differential Equations 56 (2017), 102.

Y. Lin and Y. Yang, ‘Calculus of variations on locally finite graphs’, Rev. Mat. Complut. 35 (2022),
791-813.

Y. Yang, ‘Existence of positive solutions to quasi-linear elliptic equations with exponential growth
in the whole Euclidean space’, J. Funct. Anal. 262 (2012), 1679-1704.

SHOUDONG MAN, College of Science and Technology,
Tianjin University of Finance and Economics, Zhujiang Road,
Tianjin 300222, PR China

e-mail: shoudongmantj @tjufe.edu.cn

GUOQING ZHANG, College of Science,

University of Shanghai for Science and Technology, Jungong Road,
Shanghai 200093, PR China

e-mail: shzhangguoqing @ 126.com

https://doi.org/10.1017/51446788723000149 Published online by Cambridge University Press


mailto:shoudongmantj@tjufe.edu.cn
mailto:
mailto:shzhangguoqing@126.com
https://doi.org/10.1017/S1446788723000149

	1 Introduction
	2 Preliminaries and main results
	3 Proof of main results

