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Abstract. Given a sequence (7r,,) of irreducible representations of a liminal C*-
algebra A4, and a sequence (b,,) of trace class operators with b,, € m,(A4), we investigate
necessary conditions and sufficient conditions for the existence of a simultaneous lifting
a € A such that, for each n, the trace of o («) is bounded for irreducible representations
o in a neighbourhood of 7,,.
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1. Introduction. The starting point for this investigation is a result of Akemann
[1, II.10] that strengthened an earlier result of Tomiyama [10, 4.2.5] concerning
simultaneous lifting from irreducible representations. This states that if (7,),>; is a
sequence of distinct elements in the spectrum A of a liminal C*-algebra A, if (7)) has
no cluster points and if (b,) is a null sequence with b, € m,(A4), for all n, then there
exists a € A such that m,(a) = by, for alln > 1. In this paper, we consider the possibility
of obtaining a simultaneous lifting @ € A such that, for each n, if b, has finite rank
(respectively, b, is trace-class) then there exists a neighbourhood V), of 7, in A such
that {rank(o (a)) : o € V,,} is bounded (respectively, {Tr(c(a)) : 0 € V,} is bounded).

Even in the case of a single irreducible representation r; and a positive element
b1, the existence of such a € 4 and V| necessarily forces the finiteness of the upper
multiplicity My (r;). See Proposition 1. In view of this, it is natural to work in the
context of a bounded trace C*-algebra A, so that My(7r) < oo, for all w € A [7,2.6].
Furthermore, motivated by [7, 2.5], we quantify the boundedness requirements of the
first paragraph by asking that, for o € V},, we have

rank(o(a)) < My(m,) - rank(b,) (1
and
ITr(o ()| < My(m,) - Te(|b,)). (2)

In Theorem 1, we give the following sufficient condition on (r,,),>1 for the existence
of a € A and (V)= satisfying (1) and (2):

o(mn) ¢ {@(m) im#n}  (nz 1), A3)
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where ¢ is the complete regularization map on A (see below). Elementary general
topology shows that condition (3) is equivalent to: ¢ () = ¢(r,,) if and only if n = m
and {¢(m,) : n > 1} is discrete in the relative topology. This condition might, at first
sight, appear over-strong, in that it even allows us to construct the V,(n > 1) so as to
be pairwise disjoint and independent of the given sequence (b,). However, we show in
Theorem 2 (at least for separable, quasi-standard C*-algebras with bounded trace) that
the condition (3) is actually necessary for the existence of a € 4 and (V},),>1 satisfying
(1) and (2) (given an arbitrary null sequence (b;)n>1)-

We briefly recall some properties of the complete regularization of the primitive
ideal space Prim(A4) of a C*-algebra 4. See [9, 6] for further details. For P, Q € Prim(A)
let P ~ Qif and only if f(P) = f(Q), for all f € C?(Prim(A4)). Then = is an equivalence
relation on Prim(A4) and the equivalence classes are closed subsets of Prim(4). It
follows that there is a one-to-one correspondence between Prim(A4)/ &~ and a set of
closed two-sided ideals of 4 given by

[P]— ()IP] (P e Prim(4)),

where [P] denotes the equivalence class of P. The set of ideals obtained in this way is
called Glimm(A) (in the unital case these ideals are generated by maximal ideals of the
centre of A [12, Section 4]). The map ¢ : Prim(4) — Glimm(A) given by

P— (P} (P e Prim(4))

is called the complete regularization map.

There are two natural Hausdorff topologies on Glimm(A): the completely regular
topology 7., that is the weakest topology for which the functions on Glimm(A4) induced
by C?(Prim(A4)) are all continuous, and the quotient topology 7,. The second is stronger
than the first, but they coincide if A4 is unital or if ¢ is either z..-open or 7,-open (and
so we may speak unambiguously of ¢ being open).

There is another relation on Prim(A4) defined by: P ~ Q if and only if P and Q
cannot be separated by disjoint open subsets of Prim(A4). It is immediate that if P ~ Q
then P ~ Q but the converse fails in general because ~ need not be transitive. A C*-
algebra A is said to be quasi-standard [6] if ~ is an open equivalence relation. In this
case, ~ necessarily coincides with &, ¢ is open, 7, = 7, and 4 can be represented
as a continuous field of C*-algebras over the base space Glimm(A4). If 4 is separable
then the fibre algebras are primitive for a dense subset of the base space. Thus the
quasi-standard C*-algebras may be viewed as a well-behaved class that is significantly
larger than the class of C*-algebras with Hausdorff primitive ideal space; for example,
all von Neumann algebras and several group C*- algebras are quasi-standard [6, 13].

If 4 is a C*-algebra of type I, then 4 may be identified with Prim(4) via the
homeomorphism 7 — kerw (7w € A) and so we may regard ¢ as a map from A
to Glimm(4) given by ¢() = ([ker z]. For = € A, we write [r] for the closed set
¢~ 1(¢()) in A (which corresponds to the closed set [ker ] in Prim(4)).

For 7 € A, the upper and lower multiplicities My () and M () are defined in
[4]. Upper and lower multiplicities for 7 relative to a net in 4 are defined in [8]. (See
also [7].) These numbers are related to the integers occurring in trace formulae and
they are also related to the number of orthogonal nets of pure states that can converge
to a common pure limit associated with 7. A C*-algebra A is said to have bounded
trace [14, 15] if there is a dense two-sided ideal J of 4 such that, for each a € JT,

https://doi.org/10.1017/50017089504002162 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504002162

IRREDUCIBLE REPRESENTATIONS OF C*-ALGEBRAS 197

{Tr(rw(a)) : w € A} is a bounded set of non-negative real numbers. This holds if and
only if My(rr) < oo, for all w € 4 [7].

2. Results.

PROPOSITION 1. Let A be a C*-algebra and let w be an irreducible representation
such that 7t (A) contains LC(H), the algebra of compact (linear) operators on the Hilbert
space Hy.

(1) Suppose that b is a nonzero positive operator of trace-class on H, and that there
exists a neighbourhood V of m in A and an element a € A™ such that 7(a) = b and
{Tr(o(a)) : o € V} is bounded. Then My(w) < oo.

(1) Suppose that b is a nonzero operator of finite rank on H, and that there exists a
neighbourhood V of 7w in A and an element a € A such that 7 (a) = b and {rank(c (a)) :
o € V}is bounded. Then My () < oo.

Proof. (i) Suppose that My(x) = oo. Since 0 # b € n(A) N LC(H), {m} is not
open in A. (See the proof of [4, Proposition 4.11].) It follows from [8, Propositions
2.2 and 2.3] that there exists a net Q = (774)qea in A\{7} that is convergent to = and
satisfies

ML(T[, Q) ZMU(JT) = OQ.

Since Tr(b) > 0, it follows from generalized lower semi-continuity [8, Theorem 4.3]
that

liminf Tr(7wg(a)) > My (7, ) - Tr(b) = oco.

This contradicts the hypothesis that {Tr(o(a)) : 0 € V'} is bounded, because 7, € V'
eventually.

(i1) Since 7w (a*a) = b*b # 0 and rank(o (a*a)) < rank(c(a)), for allo € V', we may
assume that b and a are positive. Also, by scaling, we may assume that ||5| = 1.
Let f : [0, 00) — [0, 1] be defined by f(1) =t (0 <t <1)and f(#) =1 (¢t > 1), and let
¢=f(a). Then(c) =b,0 < c <aand |c| = 1.

Foro eV,

Tr(o(c)) < rank(o(c)) < rank(o(a)).

By part (i) of the proposition, My () < oo. O

Let L(H) be the algebra of bounded linear operators on a Hilbert space H. For
vectors €, n € H, let 6; , € L(H) be the operator defined by 0; ,(¢) = (¢, n)&, ¢ € H.

LEMMA 1. Let A be a C*-algebra, & € A and assume that w(A) 2 LC(Hy). There
is an open neighbourhood V of w such that, for every one-dimensional projection e in
L(H,), there exists a € AT with |a|| = 1, w(a) = e, and rank(o(a)) < My(r), for all
oel.

Proof. Firstly, suppose that M () = co. Then we may take ¥ = A. Given e, let
b € A be any lifting and then set ¢ = f(b*b), where f is the function used in the proof
of Proposition 1. From now on, we may suppose that My () < co.

Let p be a fixed one-dimensional projection in £L(H, ). By [7, Theorem 2.5], there
is an open neighbourhood V of 7 in Aand b € A" such that ||b]| = 1, w(b) = p and

https://doi.org/10.1017/50017089504002162 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504002162

198 ROBERT ARCHBOLD AND ALDO LAZAR

rank (o (b)) < My(m), o € V. Now let e be any one-dimensional projection in L(H,).
Choose unit vectors & and 5 in the ranges of p and e respectively. By [2, Theorem 4.3]
there is x € 4 such that ||x||=1and 7(x) =6; ,. Fora=x*bx wehavea € A, ||la| <1,
n(a) = 67 ,p0sn = e and rank(o(a)) = rank(o(x)*o(b)o(x)) < rank(o (b)) < My(r),
forallo € V. O

LEMMA 2. Let A be a C*-algebra, & € A and assume that w(A) 2 LC(H,). There
is a neighbourhood V of m in A such that, for every trace class operator b on 'H,, there
exists a € A, which may be chosen to be positive if b is positive, satisfying |la| = ||b],
w(a) = b, |Tr(o(a))| < My(m)Tr(|b]) and rank(o(a)) < My(mw)rank(b), forallo € V.

Proof. Firstly, suppose that M () = oo. Then we may take V = 4. Given b, there
is a lifting a € A such that ||a|| = ||5||, by [2, Theorem 4.3] (and if » > 0 we may then
replace a by |a|). From now on, we may suppose that My () < oco.

Let V' be a neighbourhood of 7 as given by Lemma 1. Let » be an operator of
trace class on H,;. By [16, Theorem 1.9.3 and Lemma 2.1.2],

b = Zkiuipi, (4)

where A; > 0, {p;} are mutually orthogonal one-dimensional projections, {u;} are partial
isometries whose initial domains are the ranges of p;, respectively, and whose final
domains are mutually orthogonal, and Tr(|b]) = ) ;A; < oo. If b > 0, we take u; = p;,

for each i.

ByLemmal,foreachi =1,2,,...,thereexistsa; € A" suchthat||g;|| = 1,7(a;) =
pi and rank(o (a;)) < My(m), for every o € V. By [2, Theorem 4.3], there exists v; € A
with ||v;|| = land 7 (v;) = u;, fori =1, 2,....1fb > 0, we choose v; = a;, for each i. Put

x =), va; € A and let x = u|x|, with u € 4**, be its polar decomposition (unless
x > 0in which case we let u = 1 € A*). Then |x| = u*x, and 7 (x) = ) A (v (a;) =
YA up; = b. For o € V, let o be the unique normal extension of o to 4**. Then the
finite dimensional operator o (u*v;a;) satisfies

oW vian)lle, < lo@ v)ll llo(a)lle, < Tr(o(a;) < My(r)

and so ) _; 10 (u*v;a;) is absolutely convergent in the trace class norm C;, and hence in
the operator norm. We have,

Tr(o(]x])) = Tr(o(u*x)) = Tr <a (Z )»,—u*v,—a,-))
=Tr (2 )\ﬁ(u*vi)O(ai)> < Y T E W v)o (@) )
< Y hllE@ o) Tr(o (@) < My() Y & = My(m)Tr(b).

Consider the function £ [0, c0) — [0, co) defined by

t, 0<tr=<|bl,

/0= { 160, ¢ > 1161
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Puta =uf(|x|) € 4. Then |a| < ||b|| and

7(a) = T ((1x))) = T/ (b)) = T(w)|b|

= T (Ix]) = 7 (ulx]) = 7 (x) = b.

Note that if » > 0 then x > 0 and so, by our choice of u, a = f(|x]) > 0. Let o € V.
Then

ITr(o (a))| = |Tr(a(w)o (fF(IxD)] < lo@)ITr(o (f(|x1))
< Tr(o (f(1x)) < Tr(o (Ix])) = My(7)Te(|b]),

by (5). We also have rank(o(a)) < M, () - rank(b). Indeed, if the range of b is infinite
dimensional there is nothing to prove. Otherwise, we may assume that the number of
summands in (4) is rank(b). Then, foro € V,

rank(o(x)) < ) rank(o (via;)) < Y _ rank(o(a;)) < My () - rank(b)

and so

rank(o(a)) = rank(a(u)/ (o' (1x]))) < rank(f (o (|x])))
< rank(o (|x|)) = rank(o (x)) < My(r) - rank(b). O

We shall need two elementary topological lemmas.

LEMMA 3. Let X and Y be topological spaces, Y regular, ¢ : X — Y a continuous
map and (x,) a finite or infinite sequence in X. Suppose that ¢(x,) & {¢(xy,) : m # n}
for each n. Then there is a sequence (V) of open sets in X, pairwise disjoint, such that
X, € V), for every n.

Proof. Let U; and O; be disjoint open sets in Y such that ¢(x;) € U; and
{p(xn) :m # 1} C Oy. Put V| =@~ 1(U)), W) = ¢~ '(0y). Then V;, W are disjoint
open setsin X, x| € Vyand {x, : n > 2} C W7.

Suppose we have chosen open sets {V;}7_,, {W;}._, in X such that {};}7, are
pairwise disjoint, VN W; =@, x; € Vi, {x,, :m#i} C W; for 1 <i <n. There are
disjoint open sets U, and O, in Y such that ¢(x,11) € Uyy1, {@o(x) :m#n+ 1} C
Opy1. Put vV, | = ¢ (Uns1), Was1 = ¢ 1 (Opq1) and V,yy = V1 V(N2 W) Then
(v, (wiyit! satisfy the induction hypothesis. O

LEMMA 4. Let X and Y be topological spaces and let ¢ : X — Y be a continuous,
open mapping. For x € X, let [x] = ¢~ '(¢(x)). Let S be a non-empty subset of X and let
x € S. The following are equivalent:

(1) x ¢ U{ly]: y € S\{x}},

(2) o(x) € {e(y) : y € S\{x}}.

Proof. (1) = (2). Suppose that ¢(x) € {¢(y) : y € S\{x}}. Let V' be a neighbour-
hood of x. Since ¢ is open, ¢(V) is a neighbourhood of ¢(x). By assumption, there
exists y € S\{x} such that ¢(y) € ¢(V). Thus V' N [y] # Aandso x € U{[y] : y € S\{x}}.

(2) = (1). This is immediate from the continuity of ¢. 0
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THEOREM 1. Let A be a bounded trace C*-algebra and ¢ : A — Glimm(A) be the
complete regularization map, the latter space being considered with its T, topology. Let
(7,) be a finite or infinite sequence in A satisfying

w(nn)¢{¢(ﬂm)m5én}a n=1’27 (6)

in Glimm(A). Then there are pairwise disjoint open neighbourhoods V,, of m, (n > 1)
such that for each sequence (by) of trace class operators b, € L(H,) withlim, ||b,|| =0
(if the sequence () is infinite) there exists a € A (which may be chosen to be positive if
all b, are positive) such that for n > 1 : w,(a) = b, and, for all 6 € V,, o(a) is of trace
class, | Tr(o (a))| < My(m,) - Tr(|b,|) and rank(o (a)) < My(w,) - rank(b,).

Proof- By Lemma 3, there is a sequence (U, of pairwise disjoint open sets in X such
thatr, € U, forn=1,2,.... Let I, be the closed two-sided ideal of 4 corresponding
to the open subset U, of A,n=1,2,...and let I be the closed two-sided ideal of 4 for
which 7= \U,, Un, so that I is the (restricted) direct sum of the I,. For each n, we may
apply Lemma 2 to I, to obtain an open neighbourhood V,, of n,, such that V,, € U,
and for each b, € L(H,) of trace class there exists @, € I, (which may be chosen to be
positive if b, is positive) such that ||a,| = ||b,|l, 7,(ay) = by, and for all o € V), o(ay)
is of trace class, | Tr(o (a,))| < My(w,) - Tr(|b,]), and rank(o (a,)) < My(w,) - rank(b,).
Given (b,) as in the statement of the theorem, there exists (a,) as above, and then
a = Xa, € I C A has the required properties. ]

REMARKS 1. If we suppose that the bounded trace C*-algebra A is quasi-standard,
then ¢ is open and so, by Lemma 4, the sequence (7r,,) satisfies (6) if, for every n, n, &
U{[rm] : m # n}. Thus, in particular, if (7, is a sequence of separated points in A such
that wr,, & {m,, : m # n} for each n, then (6) will be satisfied because [r,,] = {7} = {7,,}
for each m. For instance, any sequence (7r,,) of distinct separated points that has no
cluster points in A will satisfy (6).

The strong hypothesis (6) on (7r,,) is justified for quasi-standard C*-algebras in
Theorem 2 below. Nevertheless, one may ask if it is always implied by (7r,) being a
sequence of distinct points of A that has no cluster points (which is all that is required
for Akemann’s result quoted in the introduction). The negative answer is illustrated by
the following example.

EXAMPLE 1. Let 4 be the C*-algebra of all continuous functions /" : [0, 1] — M>(C)
such that (1) = (" L) S(0) = (D)), where A(f) € €, 2,(/) € Cand u,(f) € C

forn > 1. Then A is a quas1 standard, bounded trace C*- algebra (in fact, it is a Fell C*-
algebra). The sequence A, 111, 42, . .. has no cluster points in 4. However, since A,, — A
in 4 and [wn] = {An, un}, for n > 1, we have A € {[u,,] : » > 1}. Since ¢ is continuous,
condition (6) fails for the sequence A, uj, ua, .... Furthermore, the conclusion of
Theorem 1 fails for this sequence: this will follow from Theorem 2 but also can be
easily seen directly.

The next example shows that, for separable, bounded trace C*-algebras, condi-
tion (6) is not necessary for the conclusion of Theorem 1 to hold. It follows that, in
Theorem 2 below, the hypothesis of quasi-standardness cannot be deleted.

ExAMPLE 2. Let 4 be the C*-algebra of all the continuous functions

fi{x,):0<x<1,i=0,1} - M)
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such that

1
e ()= (40,0 roo=(L)

0= 0 s where (/). (/). va(), (/) are scalars for n = 1. Then A is a

separable, bounded trace C*-algebra. However, the relation ~ is not transitive and so
A is not quasi-standard. It is easily checked that the conclusion of Theorem 1 holds for
the sequence A, A1, Ay, ... . Nevertheless, A € U{[A,,] : n > 1} because [A,] = {An, Uy, Vn}
for each n and v, — A in 4. Since ¢ is continuous, ¢() € {¢(A,) : n > 1}, which shows
that condition (6) fails.

The next two lemmas will be needed in the proof of Theorem 2.

LEMMA 5. Let A be a separable, quasi-standard, liminal C*-algebra. For eachw € A
there is a sequence (p,)u=1 in A such that

M, (n)n=1) = My, (o)1) = My(m)

and (p,)n=1 converges to each p € [r].

Proof. Let 7w € A. The set of separated points of 4 is dense in 4 by [10, Proposi-
tion 2]. By [5, Lemma 1.2], there is a sequence (p,),>1 of separated points in A that
converges to 7 and satisfies

Mp(7, (Pn)n=1) = My(m, (n)n=1) = My(m).

Now let p € [r]. For each open neighbourhood N of p, ¢(N) is an open neighbourhood
of p(p) = p(r). Hence ¢(p,) € ¢(N) for n sufficiently large. Since A is quasi-standard
and liminal, ¢~ '(¢(p,)) is the singleton {p,}, for each n, and so p, € N eventually. [

LEMMA 6. Let m be a positive integer and let &, ..., &,+1 be unit vectors in a
Hilbert space such that |(&;, &) < % for 1 <i<j<m+1. Then {&, ..., &1} is
linearly independent.

Proof. Suppose that Zi’:{l a;& = 0, where not all of the complex coefficients
ai, ..., oy are zero. Choose j such that || > |oy| for all i. Then

i 1
1=(§.§) = Z<%Eia§j> <m-— =1,

i# Y
a contradiction. OJ

THEOREM 2. Let A be a separable, quasi-standard C*-algebra with bounded trace and
let (,) be a finite or infinite sequence in A. Suppose that, for every sequence (b,), where
by, is a positive operator of finite rank in 7,(A) andlim,,_, «, ||b,|| = 0 (if the sequence (r,,)
is infinite), there exist a € A and a sequence (V,)) of open subsets of A such that

(1) foralln, w, € V, and m,(a) = b,
(i1) either, for all n and for all o € V), o(a) is a positive operator and

Tr(o(a)) = My(my) - Tr(bn)
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or, foralln and all o € V,,,
rank(o(a)) < My(m,) - rank(b,).

Then ¢(r,) & {@(m,,) : m # n} for every n.

Proof. First of all, we show that ¢(mr,,) # ¢(r,,) whenever m # n. Suppose, on the
contrary, that ¢(mw,) = ¢(7,;,) for some distinct m and n. Since A is quasi-standard,
T, ~ T, (that is, 7, and m,, cannot be separated by disjoint open subsets of /i) and
so there is a net (o,) in A that is convergent to both m,, and 7,. Define b, to be a
nonzero operator of norm one in m,(4) and define b; = 0 for j # n. By hypothesis,
there exists @ € A and a neighbourhood V, of n,, such that 7,(a) = b, and o(a) = 0,
for all o € V,,. Eventually, o, € V,, and then o,(a) = 0. By lower semi-continuity [11,
3.3.2],

1 =16yl = llmn(@)]| < liminf [y (a)]| =0,

a contradiction.

Since ¢(7,,) # () for m # n and Glimm(A) is Hausdorff, the conclusion of the
theorem is now clear if the sequence (i7,,) is finite. From now on we assume that () is
an infinite sequence. Suppose that the conclusion of the theorem fails. By renumbering,
we may as well suppose that ¢(1) € {¢(r,) : n > 2}. Since A4 is quasi-standard, ¢ is
open and so, by Lemma 4,

1 € Upza[ma]. ()

Since A is separable, there exists a decreasing base (Uy)x>2 of open neighbourhoods of
71 in A. By (7), there exists 7o > 2 such that thereiso, € Us N [771,]. Since @(7r1) # ()
for n > 2, we have 7y ¢ [n,] for n > 2 and so Us\ U2, [r,] is an open neighbourhood
of ;. Hence there is n3 > n, such that there is 03 € Uz N [m,,,]. Proceeding in this way,
we may construct a strictly increasing sequence of integers (ny)i>2 (with n; > 2) and
ox € Ur N[m,]forall k > 2. Since (Uy) is decreasing, o, — 71 as k — oo.

For each n > 1, let p,, be a projection of rank one in 7,,(4). Let (1,),>1 be a strictly
decreasing null sequence in R with A; = 1, and let b, = A,p, (n > 1). By hypothesis,
there exists @ € 4 and a sequence (V,),=1 of open subsets of 4 such that (i) and (ii) hold.
Theset {o € A: ||lo(a)|| > %} is an open neighbourhood of 7 [11, 3.3.2] and so, since
7 (@ = An, — 0ask — oo, there exists K > 1 such that ox € V71, |og(a)l| > % and
ok # Tn,. By Lemma 5, there is a sequence (px)k>1 in A that is convergent to both og
and 7, and satisfies

MU(”nK’ (pk)) = ML(T[HK, (pk)) =m,

where m = My(m,, ). Since py — 7, as k — oo, there exists L > 1 such that px € V,, for
allk > L.

‘We have to consider the two possibilities for @ and (V) in (ii). Firstly, suppose that
a and (V) satisfy the tracial condition. Then

Tr(o(a)) < mTr(by, ) = mhy, (0 € Vi)

and, since ok € V1, og(a) is positive. It follows that Tr(px(a)) < m,, for all k > L.
Hence, by generalised lower semi-continuity [8, Theorem 4.3] and the fact that ok(a)
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is a nonzero positive operator,
My > liminf Tr(ox(@)) = M (70, (01)) - T (70, (@) + M0k, (08)) - Tr(0k (@) > Mk,

a contradiction.
Secondly, suppose that a and (V) satisfy the condition on rank. Then

rank(o (a)) < mrank(b,,) = m (o € Vi)
and so rank(px(a)) < mforallk > L. Let& bea unit vector in the range of the projection
P and let n be a unit vector in the Hilbert space for og such that |ogx(a)n| > % Let
be the pure state of 4 defined by ¥ (x) = (m,, (x)&, &) for x € A. Since A is separable, a
simple adaptation of the proof of [7, Lemma 5.2(i)] shows that there is a subsequence

(ox,)r=1 of (px) and an orthonormal set {£/: 1 < i < m} in the Hilbert space for o,
(r > 1)such that, forx e 4and 1 <i <m,

Tim (o5, (V8] &) = ¥ (). (8)
Hence, for1 <i <m,
lim | or, (@)8!]* = lim (pr, (a*a)8]. &) = Y(a*a) = 22,
r—>00 r—>00
and
. ; 2 . 12
lim [ o (@8 — ngl]* = lim [[or, @8]+ 22,
- )‘«nk(g;{s pky(a)S;{) - )“nk(pk,‘ (a)gyf’ g;)] =0.
Thus
Tim (pr, (@, pr, (@) =0 (1<i<j<m) ©)
(This also follows from (8) by [8, Lemma 2.5].)

Since A is separable, the w*-topology on A* is first countable. Hence, since the
canonical mapping from the set of pure states of 4 to 4 is open, we may assume, by
passing to a subsequence of (py,) if necessary, that there exists a unit vector 7, in the
Hilbert space for pi, (r > 1) such that

Jim (o, ()1, 1y) = (ox()n,m) - (x € A).
In particular,
lim ll ok, (@n:lI* = Lim (o, (@* @)y, n;) = {ok(a*a)n, n) = lox(aml* > 1/4.
Thus for r large enough, || ok, (@)n,|| > 1/2.
Since m,, # ok, the pure states ¢ and (ok(-)n,n) are inequivalent and so

Lemma 2 of [3] implies that for x € 4

lim (o, (), &) =0 (1 <i<m).

https://doi.org/10.1017/S0017089504002162 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504002162

204 ROBERT ARCHBOLD AND ALDO LAZAR

In particular,
lim (pr, ()0, pr,(@E]) =0 (1 <i<m). (10)

Since lim,—, o || 0k, (@& | = Ap, (1 <i<m) and | o (a)n, || > % eventually, there
exists R > 1 such that, for r > R, u!. = p ()&/ |l pr.(@)€]]l (1 <i<m) and u'*! =
ok (@, /| pr,(@)n,|| are well-defined unit vectors for which (using (9) and (10))

lim (i, 1) =0  (1<i<j<m)

r—00
and

lim (W, ) =0 (1 <i<m).

r—00
It follows from Lemma 6 that, for r sufficiently large, the set {u!, ..., "} is linearly
independent. This contradicts the fact that rank(ox(a)) < m for all k > L. O
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