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Preface

Physical theories, while devised to model a particular range of phenomena, are
evidently linked in a hierarchical fashion. It is this structure which keeps fascinat-
ing me. In statistical mechanics, my scientific home-town, the link between atomic
and macroscopic properties is one central issue. There we are taught that the emer-
gence of a more restricted theory from a more general one has a richer structure
than merely letting some parameter tend to infinity. I understood at some point, by
accident, that similar issues appear in the dynamics of classical charges coupled to
the Maxwell field. Since I could not find a satisfactory discussion in the literature,
I decided to write up my own account. The theory so covered is the classical elec-
tron theory, a subject which is commonly regarded as settled with some modest
revival through astrophysical applications. On the other hand, the quantized ver-
sion of this theory is more lively than ever through the amazing advances in atomic
physics and quantum optics. It thus seemed to me a welcome opportunity to expand
my enterprise and to cover also nonrelativistic quantum electrodynamics, stressing
its classical counterpart more than is done usually.

The research which has led to this book goes back about seven years and in
part much longer. I am grateful for the constant help from my collaborators Volker
Betz, Brian Davies, Rolf Diimcke, Detlef Diirr, Christian Hainzl, Masao Hirokawa,
Fumio Hiroshima, Frank Hovermann, Matthias Hiibner, Valery Imaikin, Sasha
Komech, Markus Kunze, Joel Lebowitz, J6zsef Lorinczi, Robert Minlos, Gianluca
Panati, and Stefan Teufel. In this list I also include Michael Kiessling for many
illuminating observations. In addition I thank him for a careful reading of a draft
of the book.

As the project expanded I received comments, criticisms, remarks, and ques-
tions which in their total sum shaped my understanding of the subject and the way
things were written down eventually. All I can do here is to deeply thank Robert
Alicki, Asao Arai, Volker Bach, Gernot Bauer, Jens Bolte, Thomas Chen, Stephan

X1
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xii Preface

De Bievre, Jan Derezifiski, Thomas Erber, Laszl6é Erdos, Raffaele Esposito, Jiirg
Frohlich, Luigi Galgani, Christian Gérard, Shelly Goldstein, Vittorio Gorini,
Marcel Griesemer, Vojkan Jaksi¢, Caroline Lasser, Elliott Lieb, Michael Loss,
Claude-Alain Pillet, Mario Pulvirenti, Markus Rauscher, Luc Rey-Bellet, Fritz
Rohrlich, Wolfgang Schleicher, Michael Sigal, and Hong-Tzer Yau. In addition,
I appreciate the help with the figures from Patrik Ferrari.

This book is dedicated to my parents in deep gratitude for a wonderful child-
hood. My father furnished stability and my mother cared for the three boys, en-
couraging our curiosity to learn about the marvellously complex world around us.
This gift constitutes a lasting source of joy.

Herbert Spohn

Miinchen
May 2004
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1

Scope, motivation, and orientation

If one accepts gravitational forces on the Newtonian level of precision and ignores
nuclear fission and fusion, then most physical phenomena on the scale of the Earth
are accounted for by electrons, nuclei, and photons. Here photons play a double
role: they mediate the interaction between charges, and appear freely propagating
in the form of electromagnetic radiation. In their first role it often suffices to ig-
nore all dynamical aspects and replace the photons by the effective electrostatic
Coulomb interaction. Conversely, in the study of radiation phenomena, matter in
the form of nuclei and electrons can mostly be replaced by prescribed macroscopic
quantities like charge, current, and polarization densities. In our treatise we plan
to dwell on the border area, where the interaction between photons and electrons,
respectively nuclei, must be fully retained. Our goal is to discuss the dynamics of
the coupled system, charges and their radiation field.

Although such a description might give the impression that we will deal with
relativistic quantum electrodynamics (QED), in fact we will not even touch upon
it. This theory has been devised for predicting a few very specific effects, like the
anomalous g-factor of the electron, and it does so with astounding precision. Rel-
ativistic QED is, however, not well adapted to discuss, say, the fluorescence of the
hydrogen atom. Thus the subject to be covered is what is commonly known as
nonrelativistic quantum electrodynamics. In fact our enterprise also has a classical
part. Just as in studying quantum mechanics a good grasp of classical mechan-
ics is most useful, we believe that an understanding of classical electron theory,
i.e. classical charges in interaction with the Maxwell field, serves as a solid basis
for taking up the corresponding quantum theory. The classical models discussed
will be semirelativistic with one exception, namely a fully relativistic theory of
extended classical charges.

Classical electron theory was at the forefront of research in the early 1900s
when the development of a dynamical theory of the then newly discovered elec-
tron was attempted. The basic prediction was an energy—momentum relation for
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2 Scope, motivation, and orientation

the electron (compare with chapter 4), which, however, depended on the details
of the particular electron model adopted. This enterprise came to a standstill be-
cause of the advent of the theory of special relativity, which, advancing with a
totally different set of arguments, required a relativistically covariant link between
energy and momentum for massive particles. Classical electron theory further de-
teriorated simply because it had become evident that for the investigation of radia-
tion from atoms the newly born quantum mechanics had to be used. A brief revival
occurred in the struggle to formulate a consistent relativistic quantum theory for
the electron—positron field coupled to the photons. The hope was that a refined
understanding of the classical theory should give a hint on how to quantize and
how to handle correctly the ultraviolet infinities. But as the proper quantum field
theory surfaced, classical considerations faded away. In fact the theory emerged in
a worse state than before as summarized in the 1963 opinion of R. Feynman: “The
classical theory of electromagnetism is an unsatisfactory theory all by itself. The
electromagnetic theory predicts the existence of an electromagnetic mass, but it
also falls on its face in doing so, because it does not produce a consistent theory.”

Because of its peculiar history, classical electron theory never had any share
in the good fortune of being rewritten, modernized, and rewritten again, as can
be seen from a rapid sample of standard textbooks on electrodynamics. While the
conventional chapters essentially follow the same intrinsic pattern, obviously with
a lot of variations on details, once it comes to the chapter on radiation reaction,
Pandora’s box opens. As a student I was rather dissatisfied with such a state of
affairs and promised myself to come back to it at some point. The first few chapters
of this treatise are my own rewriting of the classical theory. It is based on two
cornerstones:

e a well-defined dynamical theory of extended charges in interaction with the elec-
tromagnetic field;

¢ a study of the effective dynamics of charges under the condition that they are far
apart and the external potentials vary slowly on the scale given by the size of the
charge distribution. This is the adiabatic limit.

Our approach reflects the great progress which has taken place in the theory of
dynamical systems. After all, charges coupled to their radiation field can be con-
sidered as one particular case, but with some rather special features. Perhaps the
most unusual one is the appearance of a center manifold in the effective dynamics,
in case friction through radiation is included.

For nonrelativistic QED the situation could hardly be more different. Through
the efforts made in atomic physics and quantum optics a structured theory emerged
which is well covered in textbooks and reviews. It would make little sense in trying
to compete with them. However, almost exclusively this theory is based either on
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such drastic simplifications that an exact solution becomes possible or on second-
order time-dependent perturbation theory. In recent years there has been substan-
tial progress, mostly within the quarters of mathematical physicists, in gaining an
understanding of nonperturbative properties of the full basic Hamiltonian, among
others the structure of resonances, the relaxation to the ground state through emis-
sion of photons, the nonperturbative derivation of the g-factor of the electron,
and the stability of matter when the quantized radiation field is included. These
and other topics will be covered in the second half of the book. Readers less
interested in the classical theory may jump ahead to chapter 12, where the con-
clusions of chapters 2—11 are summarized and the contents of the quantum part
outlined.

A few words on the style are in order. First of all, I systematically develop
the theory and discuss some of the most prominent applications. No review is in-
tended. For a subject with a long history, such an attitude looks questionable. After
all, what did the many physicists working in that area contribute? To compensate,
I include one historical chapter, which as very often in physics is the history as
viewed from our present understanding. Since there are excellent historical stud-
ies, I hope to be excused. Further, at the end of each chapter I add Notes and Ref-
erences intended as a guide to all the material which has been left out. The level
of the book is perhaps best characterized as being an advanced textbook. I assume
a basic knowledge of Maxwell’s theory of electromagnetism and of nonrelativistic
quantum mechanics. On the other hand, the central topics are explained in detail
and, for the reader to follow the discussion, there is no need of further outside
sources. This brings me to the issue of mathematical rigor. In the case of classical
electron theory, many claims of uncertain status are in the literature, hardly any nu-
merical work is available, and there are no quantitative experimental verifications,
as yet, with the exception of the lifetime of an electron captured in a Penning trap.
More than in other fields one has to rely on fixed points in the form of mathematical
theorems, which seems to be the only way to disentangle hard facts from “truths”
handed down by tradition. For the quantum theory we venture into the nonpertur-
bative regime which by definition requires a certain mathematical sophistication.
In a few cases I decided to provide the full proof of the mathematical theorem.
Otherwise I usually indicate its basic idea to proceed then with the formal compu-
tation. To give always full details would overload the text on an unacceptable scale
and, in addition, would be duplication, since mostly the complete argument can be
found elsewhere in the literature. Of course, there are stretches, possibly even long
stretches, where such a firm foundation is not available and one has to proceed on
the basis of limited evidence.

Our introduction might give the impression that all basic problems are resolved,
nonrelativistic quantum electrodynamics is in good shape, and one only has to
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turn to exciting applications. This would be a far too simplistic reading. What I
hope is to bring the dynamics of charges and their radiation field properly into fo-
cus. Once this point is reached, there are many loose ends. On the theoretical side,
to mention only a few of them: on the classical level, the comparison between
the true microscopic and approximate particle dynamics could be more precise; a
similar program for the relativistic theory of an extended charge is hardly tackled;
in the quantum theory the removal of the ultraviolet cutoff at the expense of en-
ergy and mass renormalization is still not understood; and the dynamics of many
charges remains largely unexplored. Also quantitative experimental confirmation
of the effective dynamics of an electron, as given through the Lorentz—Dirac equa-
tion on its center manifold, remains on the agenda. The greatest reward would be
if my notes encourage further research.
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Classical theory
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2

A charge coupled to its electromagnetic field

We plan to study the dynamics of a well-localized charge, like an electron or a pro-
ton, when coupled to its own electromagnetic field. The case of several particles is
reserved for chapter 11. In a first attempt, one models the particle as a point charge
with a definite mass. If its world line is prescribed, then the fields are determined
through the inhomogeneous Lorentz—Maxwell equations. On the other hand, if
the electromagnetic fields are given, then the motion of the point charge is gov-
erned by Newton’s equation of motion with the Lorentz force as force law. While
it then seems obvious how to marry the two equations, such as to have a coupled
dynamics for the charge and its electromagnetic field, ambiguities and inconsisten-
cies arise due to the infinite electrostatic energy of the Coulomb field of the point
charge. Thus one is forced to introduce a slightly smeared charge distribution, i.e.
an extended charge model. Mathematically this means that the interaction between
particle and field is cut off or regularized at short distances, which seems to leave a
lot of arbitrariness. There are also strong constraints, however. In particular, local
charge conservation must be satisfied, the theory should be of Lagrangian form,
and it should reproduce the two limiting cases mentioned already. In addition,
as expected from any decent physical model, the theory should be well defined
and empirically accurate within its domain of validity. In fact, up to the present
time only two models have been worked out in some detail: (i) the semirelativis-
tic Abraham model of a rigid charge distribution; and (ii) the Lorentz model of a
relativistically covariant extended charge distribution. The aim of this chapter is
to introduce and explain both models at some length. On the way we recall a few
properties of the inhomogeneous Lorentz—Maxwell equations for later use.

A short preamble on units and other conventions is in order. We use the
Heaviside—Lorentz units. In particular, the Coulomb potential is simply the inverse
of the Laplacian with no extra factor. The vacuum susceptibilities are eg = 1 = uo,
which fixes the unit of charge. c is the speed of light. Mostly we will set ¢ = 1 for
convenience, thereby linking the units of space and time. If needed, one can easily
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8 A charge coupled to its electromagnetic field

retrieve these natural constants in the conventional way. At some parts below we
will do this without notice, so as to have the dimensions right and to keep better
track of the order of magnitudes. In the nonrelativistic setting we use V x for ro-
tation, but switch to the more proper exterior derivative, VgA, with g the metric
tensor, in the relativistic context. We will use standard notation as often as possi-
ble. Since a fairly broad spectrum of material is covered, double meaning cannot
be avoided entirely. At the risk of some repetition we strive for minimal ambigu-
ity within a given chapter. In the classical part of the book we use boldface italic
letters, x, for three-vectors and boldface roman letters, x, for four-vectors. In the
quantum section such a notation tends to be cumbersome and we use lightface
letters, x, throughout.

2.1 The inhomogeneous Maxwell-Lorentz equations

We prescribe a charge density, p(x, ), and an associated current, j(x, t), linked
through the law of charge conservation

dpx,)+V-jx,t)=0. 2.1)

Of course, x € R and 7 € R, where we use R? to describe physical space and R
as the time axis. The Maxwell equations for the electric field E and the magnetic
field B consist of the two evolution equations

¢ '9B(x,t) = -V x E(x,1),

c'GEX, 1) =V x B(x,1) —c ' j(x, 1) (2.2)
and the two constraints

V-Ex,t)=px,t), V-B(x,t)=0. 2.3)

< How are the Maxwell equations written and named? According to my survey,
there seems to be no universally accepted standard. As indicated by the name
“electromagnetic”, the order E, B is very common and also adopted here. In
the Lagrangian version B is position-like and —E is velocity-like, which would
suggest the opposite order, namely (B, —E). In the nineteenth century the time-
derivative was written at the right side of the equation. By present standards, in
evolution equations like the Boltzmann, Navier—Stokes, and Schrodinger equation,
the time-derivative is always at the left, which is also our convention here.

The common practice is to call the first equation of (2.2) together with the sec-
ond equation of (2.3) the “homogeneous Maxwell equations” and the remaining

Paragraphs indicated by < give explanations of notation and names.

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

2.1 The inhomogeneous Maxwell-Lorentz equations 9

pair the “inhomogeneous Maxwell equations”. We follow here the convention
used in the context of wave equations and call (2.2) with j = 0 the “homogeneous
Maxwell-Lorentz equations” and (2.2) with j # 0 the “inhomogeneous Maxwell—
Lorentz equations”. The constraints (2.3) are always understood. “Maxwell—
Lorentz equations” and “Maxwell equations” are used synonymously. <

We solve the Maxwell equations as a Cauchy problem, i.e. by prescribing the
fields at time ¢t = O. If the constraints (2.3) are satisfied at r = 0, then by the con-
tinuity equation (2.1) they are satisfied at all times. Thus the initial data are

E(x,0), B(x,0) 2.4)
together with the constraints
V-Ex,0)=px,0), V-Bx,0)=0. (2.5)

The choice ¢ = 0 is merely a convention. In some cases it is preferable to prescribe
the fields either in the remote past or the distant future. We will only consider
physical situations where the fields decay at spatial infinity and thus have the finite
energy

E= %/d% (E(x,0)* + B(x,1)?) < 00. (2.6)

In a thermal state at nonzero temperature, typical fields fluctuate without decay
and one would be forced to consider infinite-energy solutions.

The Maxwell equations (2.2), (2.3) are inhomogeneous wave equations and are
thus easy to solve. This will be done in Fourier space first, where the Fourier trans-
form is denoted by ~ and defined through

o~

fk) = Qm)™"? / d"x e ¥ £ (x). (2.7)
Then, setting ¢ = 1, (2.2) becomes

&Bk,t) = —ik x E(k, 1),
SE(k,t) =ik x Bk, t) — j(k, 1) (2.8)

with the constraints
ik-E(k,t) = pk,t), ik-B(k,t)=0 (2.9)
and the conservation law

ptk,t) +ik - jk,t) =0. (2.10)
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10 A charge coupled to its electromagnetic field

To solve the inhomogeneous equations (2.8), we rely, as usual, on the solution of
the homogeneous equations,

—~ —~ ~ 1 —~
Egk,t)= (cos k|t + (1 — cos |k|t)k ®7()E(k, 0) + (m sin |k|t>ik x B(k, 0),

Bok. 1) = (cos k|t + (1 — cos |k|)k @ k) B(k,0) — (Il]c_l sin |k|t)ik % E(k.0).
2.11)

Here k = k /|k| is the unit vector along k and for any pair of vectors a, b, a ® b is
the tensor of rank 2 defined through (@ ® b)c = a(b - ¢) as acting on the vector c.

We insert (2.11) in the time-integrated version of (2.8). Taking account of the
constraints, making a partial integration, and using charge conservation, we arrive
at

E(k,t) = (cos [k|)E(k, 0) + (|k|~" sin |k|t)ik x B(k, 0)
t
+ f ds(— (k| " sin |k|(t — s))ikp(k, s) — (cos [k|(t — s)Jj (k, 5))
0
= Einitk, 1) + Eret(k, 1) , (2.12)

B(k,t) = (cos |k|t)B(k, 0) — (Jk|~" sin |k|t)ik x E(k, 0)
t
+fds(|k|_' sin [k|(t — s))ik x j(k, 5)
0
= Bini(k, 1) + Bra(k, 1) . (2.13)

The first terms are the initial fields propagated up to time 7, while the second terms
are the retarded fields. If one wanted to solve the Maxwell equations run into the
past, then the retarded fields should be replaced by the advanced fields.

Next, let us introduce the fundamental propagator, G,(x), of the wave equation
which is defined as the Fourier transform of (277)~3/2 |k|~! sin |k|r and satisfies

322G — AG =68(x)8(1). (2.14)

This means G,(x) = 27)~! 3(|xl2 — %) and in particular for r > 0

1
Gix) = =3I~ 1). (2.15)

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

2.1 The inhomogeneous Maxwell-Lorentz equations 11

Then in physical space the solution (2.12), (2.13) of the inhomogeneous Maxwell—
Lorentz equations reads as

1
E(t) =0,G, xE(0) +V x G, x B(0) — /ds (VGi—s * p(s) + 0,G1—s * j(5))

0
= Eini(t) + Eret(t) s (2~16)
t
B(t) = 3,G, * B(0) — V x G, * E(0) + / dsV x G;_s % j(s)

0
= Bini(t) + Bret(t) . (2-17)

Here « denotes convolution, i.e. fi * f2(x) = [d"yfi(x —y) ().
For later purposes it will be convenient to have a more concise notation. In
matrix form, the solution of the homogeneous Maxwell-Lorentz equations can be

written as
d (E0) _( 0 Vx\(E®) d .
dr (B(t)) - (—VX 0 ) <B(,)> ; d,F(t) = AF(t) (2.18)

with the column vector F = (E, B). They have the solution
F(t) = Ut)F©0), Ut) =e" (2.19)

with U(¢) given explicitly by the terms with subscripts ‘ini’ in (2.17), (2.16). If we
set g(tr) = (j(¢), 0) as a column vector, then

t
%F(t) = AF(t) — g(t), F(t) = U@)F(0) — f dsU(r —s)g(s). (2.20)
0

The expressions (2.16), (2.17) remain meaningful even in case p, j are gener-
ated by the motion of a single point charge. Let us denote by ¢ (¢) the position and
by v(t) = ¢(¢) the velocity of the particle carrying charge e. Then

px. 1) =ed(x —q(0), jlx.1)=ed(x—q)v(). (2.21)

Upon inserting this in (2.16), (2.17) one arrives at the Liénard—Wiechert fields.
Since their derivation is presented in most textbooks, we do not repeat the com-
putation here and only discuss the result. We take the world line, 7 — ¢(¢), of the
particle to be given for all times. Since the particle is assumed to have a relativistic
kinetic energy, |¢(¢)| < 1. Next we prescribe the initial data for the fields at time
t = to and take the limit fg — —o0 in (2.16), (2.17). Then, at a fixed space-time
point (x, t), the contribution from the initial fields vanishes and the retarded fields
become the Liénard—Wiechert fields. To describe them we introduce the retarded
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12 A charge coupled to its electromagnetic field
time t, depending on x, ¢, as the unique solution of
fret =1 — |x — q(frer) | - (2.22)

tret 1S then the uniquely defined time point at which the world line crosses the
backward light cone with apex at (x, ). Furthermore, we introduce the unit vector

—~ —q (1
S X qte) (2.23)
|x — q (tret) |
Then the electric field generated by the moving point charge is given by
1—v?)@ — nx[@— '
E(x.1) = i[ ( )E” v | nxlm—v) x9] ] (2.24)
drl (1 —v-n)3x —q? (A —v-n)3x —q| izt
and the corresponding magnetic field is
B(x,1) =nx E(x,1). (2.25)

Equations (2.24) and (2.25) are less explicit than they appear to be, since fe
depends through (2.22) on the reference point (x, t) and the particle trajectory.
The first contribution in (2.24) is proportional to |x — ¢|~2 and independent of
the acceleration. This is the near field, which in a certain sense remains attached
to the particle all through its motion. The second contribution is proportional to
|x —¢q|~" as well as to the acceleration. This is the far field, which carries the
information on the radiation field escaping to infinity. Whenever ¢ (¢) is smooth
in ¢, the Liénard—Wiechert fields are also smooth functions except at x = g (¢),
where they diverge as |x — g (r)| 2. The corresponding potentials have a Coulomb
singularity at the world line of the particle.

2.2 Newton’s equations of motion

We take now the point of view that the electromagnetic fields E, B are given. The
motion of a charged particle, with charge e, position ¢ (¢), and velocity v(¢), is then
governed by Newton’s equations of motion,

%(moy'v(t)) =e(E@(), 1) +c 'v(t) x B(g(t), 1)), (2.26)
y(v) = 1/{/1 — (v/c)?, which as an ordinary differential equation has to be sup-
plemented with the initial conditions q(0), v(0). The force law is determined
through the Lorentz force and thus (2.26) is also called the Newton—Lorentz equa-
tions. The particle is relativistic with rest mass mq as measured through the re-
sponse to external forces. Once the particle is dynamically coupled to the Maxwell
field, mq will attain a new meaning.
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2.3 Coupled Maxwell’s and Newton’s equations 13

The (E, B) fields in (2.26) are not completely arbitrary. They are subject to the
Maxwell equations with source (p, j). In other words, we have divided all charges
into a single charged particle whose motion is determined through (2.26) and the
rest whose motion is taken to be known.

The Newton—Lorentz equations (2.26) are of Hamiltonian form. To see this we
introduce vector potentials ¢, A such that

E(x,t)=—-Vé@x, 1) —c '9,A(x,1), B(x,t)=V xA(x,1). (2.27)
Then the Lagrangian associated with (2.26) is
Lg.q.0) = —moc’(1 = c24)'/* —e(p(q.1) = c7'q - Ag. 1) . (2.28)

To switch to the Hamiltonian framework, one introduces the canonical momentum
N e
p =moy(@q)q + ;A(q, 1) (2.29)
and obtains the Hamiltonian function

H(g,p.1) = ((c p— eA(q, ) +mdc")* +ep(q. ). (2.30)

In particular, whenever the fields are time independent, the energy

&(g.v) = moy (v) + ed(q) (2.31)

is conserved along the solution trajectories of (2.26).

It should be noted that in general the solutions to Newton’s equations of motion
(2.26) will have a complicated structure even for time-independent fields. This
has been amply demonstrated for particular cases. Depending on how the external
fields are chosen, the motion would range from regular to fully chaotic with a
mixed phase space as a rule.

2.3 Coupled Maxwell’s and Newton’s equations

While for most practical purposes, barring a few exceptional cases, it suffices to
use either Maxwell’s equations with prescribed sources or Newton’s equations
with prescribed forces, from a more fundamental point of view such a procedure is
unsatisfactory. Physically it would seem more natural to have a coupled system of
equations for the time evolution of the charged particles together with their elec-
tromagnetic field and to regard the two cases discussed above as emerging limit
situations. If for the moment we restrict ourselves to a single particle, it is obvious

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

14 A charge coupled to its electromagnetic field
how to proceed. From (2.2), (2.3) we have
0:B(x,t) = -V x E(x,1),
0E(x,t) =V X B(x,t) —ed(x —q(t))v() (2.32)
with the constraints
V.-Ex,t)=ef(x—q()), V-Bx,t)=0. (2.33)

Moreover, from (2.26) we have

d
E(moy'v(t)) =e(Ex(q(1) + E(q(1), 1) +v(1) x (Bex(q (1)) + B(q(1),1))).
(2.34)

We added the external electromagnetic fields Eex, Bex, Which will play a promi-
nent role later on. They are derived from potentials as

Eex = —Vex, Bex =V X Aex . (2.35)

We assume the potentials to be time independent for simplicity, although a con-
siderable part of the theory to be developed will work also for time-dependent
fields. As before, (2.32)—(2.34) are to be solved as an initial value problem. Thus
E(x,0), B(x,0), g(0), and v(0) are supposed to be given. Note that the continu-
ity equation is satisfied by fiat.

Equations (2.32), (2.34) are the stationary points of a Lagrangian action, which
strengthens our trust in these equations, since every microscopic classical evolution
equation seems to be of that form. We continue to use the underlying electromag-
netic potentials as in (2.27), (2.35). Then the action for (2.32), (2.34) reads

Allg. . 4D = [ & = mot = 407)' = e(pes(a ) + Bl (1)1
—q(1) - (Aex(q (1) + A(q(1). 1)))]
+ %/dr/d%[(w(x, 1)+ A, ) — (V x A(x,1))*].
(2.36)

The only difficulty is that (2.32) and (2.33) taken together with (2.34) make no
proper mathematical sense. As explained, the solution of the Maxwell equations is
singular at x = ¢(¢), and in the Lorentz force we are asked to evaluate the fields
precisely at that point. One might be tempted to put the blame on the mathematics
which refuses to handle equations as singular as (2.32)—(2.34). However before
such a drastic conclusion is drawn, the physics should be properly understood. The
point charge carries along with it a potential which at short distances diverges as
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2.3 Coupled Maxwell’s and Newton’s equations 15

the Coulomb potential, cf. (2.24), and which therefore has the electrostatic energy
R R

1
5 f ABrE(x, 1) ~ / drr?(r )% = f drr?=00. (237
{lx—g(1)| <R} 0 0

Taken literally, such an object would have an infinite mass and hence would not
respond to external forces. It would keep its velocity for ever, which is inconsistent
with what is observed.

Thus we are forced to regularize at short distances the coupled system consisting
of the Maxwell equations and Newton’s equation of motion with the Lorentz force.

In carrying out such a program there are two, in part, complementary points of
view. The first one, which we will not follow here, starts from the idea that regu-
larization is a mathematical device with the sole purpose of making sense of a sin-
gular mathematical object through a suitable limiting procedure. To illustrate this
approach we can think of the following prominent mathematical physics example.
The free scalar field, ¢ (x), in Euclidean quantum field theory in 1 4+ 1 dimensions
fluctuates so wildly at short distances that an interaction such as f d%x V(g (x))
with V(¢) = ¢ 4+ A¢* cannot be properly defined. One way, not necessarily op-
timal, to regularize the theory is to introduce a spatial lattice with spacing a.
Such a lattice field theory is well defined in any finite volume. On taking the
limit @ — 0 along with a simultaneous readjustment of the interaction potential,
V(¢) = V,(¢), a Euclidean-invariant, interacting quantum field theory is obtained.
Ideally this limit theory should be independent of the regularization scheme. For
instance one could start with the free scalar field in the continuum and regularize
¢(x) as ¢ x g(x) with a suitable test function g concentrated at 0. Then the reg-
ularized interaction is f dsz(¢> * g(x)) and in the limit g(y) — §(y) a quantum
field theory should be obtained identical to the one from the lattice regularization.

In the second approach one argues that there is a physical cutoff coming from a
more refined theory, which is then modeled in a phenomenological way. While this
is a standard procedure, it is worthwhile to illustrate it again with a concrete exam-
ple. Consider a large number (= 10%3) of He* atoms in a container of adjustable
size and suppose we are interested in computing their free energy according to
the rules of statistical mechanics. The more refined theory is here nonrelativistic
quantum mechanics which treats the electrons and nuclei as point particles carry-
ing a spin %, respectively spin 0. As far as we can tell, this model approximately
covers the temperature range 7 = 0 K to T = 10° K, i.e. way beyond dissocia-
tion, and the density range p = 0 to p = pcp, the density of close packing. Beyond
these limits relativistic effects must be taken into account. However, there is a
more limited range where we can get away with a model of classical point par-
ticles interacting through an effective potential of Lennard-Jones type. Once this
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pair potential is specified classical statistical mechanics makes well-defined pre-
dictions at any T, p. There is no limitation in principle. Only outside a certain
range of parameters would the classical model lose the correspondence with the
real world. Already from the way the physical cutoff is described, there is a con-
siderable amount of vagueness. How much error should we allow in the free en-
ergy? What about more detailed properties like density correlations? An effective
potential can be defined quantum mechanically, but it is temperature dependent
and never strictly a pair potential. Despite all these imprecisions and shortcom-
ings, the equilibrium theory of fluids relies heavily on the availability of a classical
model.

In the same spirit we modify the coupled Maxwell and Newton equations by
introducing an extended charge distribution as a phenomenological model for the
omitted quantum electrodynamics. The charge distribution is stabilized by strong
interactions which act outside the realm of electromagnetic forces. On the classical
level, say, an electron appears as an extended charged object with a size roughly of
the order of its Compton wavelength, i.e. 4 x 10~!! cm. We impose the obvious
condition that the extended charge distribution has to be adjusted such that, in
the range where classical electrodynamics is applicable, the coupled Maxwell and
Newton equations correctly reproduce the empirical observations.

Such general clauses seem to leave a lot of freedom in the construction of the
theory. However, charge conservation and the Lagrangian form of the equations
of motion severely limit the possibilities. In fact, essentially only two models of
extended charge distribution have been investigated so far.

(1) The semirelativistic Abraham model of a rigid charge distribution. The
charge e is assumed to be smeared out over a ball of radius R,,. This means that in
(2.32)—(2.34) the 5-function is replaced by a smooth charge distribution e@. ¢(x)
is taken to be radial, vanishing for |x| > R, and normalized as f d3x<p(x) =1.
Equivalently, having (2.32)—(2.34) recast in Fourier space, the couplings between
the field modes with |k| 2 1/R,, and the particle become suppressed. This partic-
ular choice for the internal structure of the charge is called the Abraham model
(for a single nonrotating charge). For zero coupling the model is relativistic. How-
ever, ¢ is taken to be rigid, thus velocity independent in a prescribed coordinate
frame, which breaks Lorentz invariance. The standard examples are that the charge
is uniformly distributed either over the ball, ¢(x) = (471R3) /3)_l for |x| < Ry,
¢(x) = 0 otherwise, or over the sphere, ¢(x) = (471R3])_18(|x| — Ry). In the
quantized version of the Abraham model, cf. chapter 13 below, often a sharp cutoff
in Fourier space is adopted, i.e. (k) = (27)~3/% for |k| < A = qu', ok)=0
otherwise; this has the slight disadvantage of being oscillating and having slow
decay in position space.
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Once the charge distribution is extended, besides its center of charge, also ro-
tational degrees of freedom must be taken into account. The Abraham model al-
lowing for a spinning charge will be discussed in chapter 10. Since the dynamical
behavior then becomes more complex, it is advisable to omit spin in the first round.

The Abraham model will be studied in considerable detail. While defined for
all velocities |v(t)| < c, it becomes empirically inaccurate at velocities close to c.
Despite this drawback we hope that the Abraham model will serve as a blueprint
towards a more realistic description of matter.

(i) The Lorentz model of a relativistically rigid charge distribution. More in
accord with special relativity is to require that eg is the charge distribution in the
momentary rest frame of the particle. While such a principle was already stated by
Lorentz and Poincaré, a satisfactory dynamical theory has been arrived at only very
recently. As we will explain in section 2.5, in a relativistic theory translational and
rotational degrees of freedom are intrinsically coupled. To gain an understanding
of how relativistic invariance would modify the theory, we insert some features of
the Lorentz model, although our understanding of its dynamical properties is far
less developed than that of the Abraham model.

We emphasize that for extended charge models the diameter R, of the charge
distribution defines a length (and upon dividing by c also a time) scale, relative to
which the approximate validity of effective theories, like the Lorentz—Dirac equa-
tion, can be addressed quantitatively. In fact, apart from the external forces, Ry, is
the only natural length scale available.

2.4 The Abraham model

Following Abraham, we model the charged particle as a spherically symmetric,
rigid body to which the charge elements are permanently attached. The charge dis-
tribution is prescribed and independent of the particle’s velocity, which singles out
the laboratory frame. In a relativistic theory the charge distribution would appear
to be Lorentz contracted. To be specific the charge distribution eg is assumed to
be smooth, radial, and supported in a ball of radius R, and normalized to e, i.e.

Condition (C):
9 e C¥RY), o) =a@(x]), ¢x)=0for|x|> R,, fd3x<p<x> =1.
(2.38)

<& eg(x) is the charge distribution and @ (k) is the form factor, since in Fourier
space it multiplies the current as (277)3/2@ (k) (k, t). &
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18 A charge coupled to its electromagnetic field

Our goal is to set up the Abraham model as a well-defined dynamical system.
Usually this point is taken for granted. Since the occurrence of ill-defined equa-
tions of motion was one of our main objections to the §-charge, it is worthwhile to
understand why this objection is no longer valid for a smeared out §.

The equations of motion for the Abraham model are

o4B(x,t) = -V X E(x,1),

0fE(x,t) =V X B(x,t) —ep(x —q(1))v(t), (2.39)

V-Ex,t)=ep(x—¢q(t)), V-Bx,t)=0, (2.40)

d

a(mbyv(t)) = e(Ecx(q(1) + Ey(q(1), 1) +v(t) x (Bex(q(1)) + By (q (1), 1)),
(2.41)

where we have set ¢ = 1. In (2.41) we use the shorthand E,(x) = E * ¢(x) and
B,(x) = B * ¢(x) so as to resemble (2.34). Strictly speaking also E¢x, Bex should
be smeared over ¢; however, this would only amount to a redefinition of the exter-
nal potentials. In contrast to Newton’s equations of motion (2.26), for the Abraham
model we denote the mechanical mass of the particle by my}, to emphasize that this
bare mass will differ from the observed mass of the compound object “particle
plus surrounding Coulomb field”. The external potentials ¢ex, Aex can be fairly
arbitrary. We only require them and their derivatives to be smooth and locally
bounded, to avoid too strong local oscillations. No condition on the increase at in-
finity is needed, since |v(¢)| < 1. However, it is convenient to have the energy, as
defined in (2.44), uniformly bounded from below. To keep things simple we make
the (unnecessarily strong) assumptions

Condition (P):
pex € CORY), Aex € CORLRY), oy > ¢ > —00. (2.42)
Moreover, there exists a constant C such that |Vex| < C, |V Aex| < C.

The Abraham model is derived from the Lagrangian
L=—mp(1 =4 = e(dex(@) + b @) — 4 - Aex(@) — 4 - Ap(@))
1 3 2 2
+7/d x((Vo +0,A)° — (V x A)7). (2.43)

Correspondingly, the energy
1
E(E, B,q,v) = myy(v) + edex (@) + 5 /d3x(E(x)2 +B(x)?) (244

is conserved.
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As for any dynamical system, the first step in dealing with (2.39)-
(2.41) is to construct a suitable phase space. The dynamical variables are
(E(x), B(x), q,v) = Y which is called a state of the system. We have g € R} ve
V = {v]| |v| < 1}. In addition, the energy (2.44) should be bounded. Thus it is nat-
ural to introduce the (real) Hilbert space

L? = L2(R3, RY) (2.45)
with norm || E|| = ( f d3x|E(x)|*)!/? and to define L as the set of states satisfying
1Yllz=1El+ B+ lg|+ |y (v)v] < oo. (2.46)

In particular for the field energy, 1(|E|> + ||B||?>) < cc. The norm || - || gives
rise to the metric

d(Y1,Y2) = |[E1 — E2|| + [|B1 — B2l + g — q2| + |y (vD)v) — y(v2)vs].
(2.47)

In addition, the constraints (2.40) have to be satisfied. Thus the phase space, M,
for the Abraham model is the nonlinear submanifold of £ defined through

V- Ex)=ep(x—¢q), V-Bx)=0. (2.48)

M inherits its metric from L.

On various occasions below we will need the property that the system forgets
its initial field data. For this purpose it is helpful to have a little bit of smoothness
and some decay at infinity. Formally we introduce the “good” subset M? C M,
0 <o <1, consisting of fields such that componentwise and outside a ball of
radius Ry, |x| > Ry, we have

|E@)|+ [B)| + [x|(IVE@®)| + [VB®)]) < C x|~ 7. (2.49)

The Liénard—Wiechert fields (2.24), (2.25) are included in MO moreover, MO is
dense in M. However M? = {J for o > 1, by Gauss’s law (2.40) with e £ 0.
The evolution equations (2.39)—(2.41) are of the general form

d
T Y(t) = F(Y (@) (2.50)

with Y (0) = Y° € M. We turn to the question of the existence and uniqueness of
solutions of the Abraham model (2.50).

Theorem 2.1 (Existence of the dynamics for the Abraham model). Let the con-
ditions (C) and (P) hold and let Y° = (E%(x), B®(x), ¢°, 1°) € M. Then the
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integral equation associated with (2.50),

t
Y(&)=Y° —|—/ds F(Y(s)), (2.51)
0

has a unique solution Y (t) = (E(x,t), B(x,t),q(t), v(t)) € M, which is contin-
uous in t and satisfies Y (0) = Y°. Along the solution trajectory

EY @) =EXY (2.52)
forallt, i.e. the energy is conserved.

For short times existence and uniqueness follow through the contraction mapping
principle with constants depending only on the initial energy. For smooth initial
data, energy conservation is verified directly and by continuity it extends to all
finite-energy data. Thus we can construct iteratively the solution for all times.

We first summarize some properties of the Maxwell equations. They follow di-
rectly from the Fourier and convolution representations (2.12), (2.13), respectively
(2.16), (2.17).

Lemma 2.2 In the Maxwell equations (2.2), (2.3), let ep(x,t) = ep(x —
q)), j(x,t) =epx — q(t))v(t), with prescribed t — (q(t), v(t)) continuous.
Then (2.2), (2.3) has a unique solution in C(R, L> @ L?). The solution map
(E°, BY) > (E(t), B(1)) depends continuously on (q(t), v(t)).

Proof of Theorem 2.1: Let b > 0 be fixed and choose initial data such that
EYY <b.
(i) There exists a unique solution Y (z) € C([0, §], M) for § = §(b) sufficiently
small.

We write (2.41) in the form

d
a(mb)/ V(1)) = Fex(t) + Fini(t) + Fser(t) (2.53)

by inserting E(x,t), B(x,t) from the Maxwell equations according to (2.16),
(2.17). Let

o1
W;(x) = & f d3k|$(k)|2e”"xm sin |k|z

1
= (27)e? / d?y / d3y/<p(y>¢<y/>4—m S(ly +x —y'| —1). (2.54)
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Then

Fex(t) = e (Eex(q (1) + v(1) X Bex(q (1)), (2.55)
Fini(t) = fd3x ep(x —q())[3:Gr * E%(x) + V x G, * B’(x)

+ (1) x 3Gy B'(x) —v(t) x (V x G, * E°(x))],  (2.56)
t

Fi(1) = /dS[ — VWi s(q(®) —q(s)) —v(s)a; W;—5(q(1) —q(s))
0
+(t) X (VX v(s)Wi—s(q(1) — g ()] (2.57)

We now integrate both sides of (2.53) over the time interval [0, ¢]. The resulting
expression is regarded as a map from the trajectory t — (q(¢), v(t)), 0 <t <6,
to the trajectory ¢t — (g (¢), ©(¢)) and is defined by

t

g1 =q°+ f ds v(s) , (2.58)

0
1

mpy (©(1))0(t) = mpy ()" + f ds (Fex(s) + Fini(s) + Feeir(s)) ,
0

where Fex(s), Fini(s), and Fgp(s) are functionals of ¢(-), v(-) according to
(2.55)—(2.57). Since ¢, W, ¢ex, and Aex are smooth, this map is a contraction in
C([0,1],R3 x V), ie.

sup (1g2(s) — @1 ()] + |D2(s) — D1 (s)])

0<s<t

<c(t,b) sup (lg,(s) —gqa2(s)| + [vi(s) — »a2(s)]), (2.59)

O0<s<t

with a constant c(z, b) depending on b and c¢(¢, b) < 1 for sufficiently small 7. Such
a map has a unique fixed point which is the desired solution (g (¢), v(¢)). By the
Maxwell equations also B(x, t), E(x, t) are uniquely determined.
(ii) The solution map Y% > Y(¢) is continuous in M.

This follows from Lemma 2.2 and the continuous dependence of (g (¢), v(¢)) on
the initial data.
(iii) The energy is conserved.

We choose smooth initial fields such that E, B € C*®°(R?) and

IVYE(x)| + |[VYB(x)| < C(1 4 |x|)~ @t (2.60)
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Here o = (ap, a2, @3) is a multi-index with o; = 0, 1, 2, .. .. This subset is dense
in M. By the convolution representation (2.16), (2.17) of the solution to the
Maxwell equations we have E(x, ), B(x,1) € C'([0,8] x R?) and |E(x,1)| +
|B(x, )] < C(1 + |x])~2. Also v(t) € C'([0, 8]). Thus we are allowed to differ-
entiate,

%S(Y(t)) =y3v-'b+'v-V¢ex(q)+/d3x(E~8rE+B~8fB)
=/d3x(E~(V><B)—B~(V><E))=0, (2.61)

since the fields decay and hence the surface terms vanish. Thus £(Y (t)) = & Y%
for 0 < r < §. By continuity this equality extends to all of M.
(iv) The global solution exists.

From (iii) we know that £(Y (8)) = £(Y°) < b. Thus we can repeat the previous
argument for § < ¢t < 2§, etc. Backwards in time we still have the solution (2.16),
(2.17) of the Maxwell equations, only the retarded fields have to be replaced by
the advanced fields. Thereby we obtain the solution for all times. O

Theorem 2.1 ensures the existence and uniqueness of solutions for the Abraham
model. For initial data Y© € M the solution trajectory t — Y (¢) lies in the phase
space M, is continuous in 7, and its energy is conserved. We have thus established
the basis for further investigations on the dynamics of the Abraham model.

2.5 The relativistically covariant Lorentz model

To improve on the semirelativistic Abraham model, following Lorentz, it is nat-
ural to assume that when viewed in a momentary inertial rest frame the charge
and mass distribution of the particle remain unchanged. This is what one would
call a relativistically rigid extended charge. Our requirement fixes uniquely the
four-current density. The equations of motion then follow from a relativistically
covariant action.

For obvious reasons we will switch to relativistic notation, where we follow the
conventions of Misner, Thorne, and Wheeler. Our arena is the Minkowski space-
time M*. A Lorentz frame, i, in M* is specified through the tetrad {e, e, e>, e3}
of fixed unit vectors. They have the inner product

€€ =guv, (2.62)

where g,,,, is the metric tensor with goo = —1, g,y =1, u=1,2,3,and g, =0
otherwise. Therefore M* can be identified with R"3. In the given basis, a vector
x € M* is expanded as

X = )C“e/l (2.63)
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using the Einstein summation convention over repeated indices. We group x =
(¢, x) with t € R the time and x € R? the space coordinate. The scalar product is
X-y=guxty”and X2 =x-x.

The motion of a particle is specified through its world line 7 — q(7)
parametrized in terms of the eigentime 7, dr? = —dx - dx. Denoting by ¢ differ-
entiation of q(t) with respect to t, the four-velocity is u(t) = (). u is time-like,
u-u = —1,and up > 0O for a particle moving forward in time. In the given Lorentz
frame we have

u=(yv), y=>10-v) /2 (2.64)

with v the usual three-velocity.

If the charged particle is at rest, then, as before, its charge is smeared according
to the charge distribution eg. In addition we assume that now the bare mass, myp,
is smeared also according to ¢. In principle, one should distinguish between the
charge and mass form factor. We suppress such a distinction, since it can be un-
ambiguously recovered from the prefactors e and myp. By the definition of a rigid
charge, we require that in any momentary rest frame the mass, respectively charge,
distribution are given by mpg, respectively eg.

Since our charged body is extended, in its kinematical description, besides q(7)
and the velocity u(r) = q(r), we have to specify its state of rotation. Let us in-
troduce the (noninertial) body frame Fy,04y through the tetrad {e;L} 11=0,...,3 of unit
vectors. Fpody 18 fixed in the charged body and thus comoving and corotating. We
sete; = u(7). {e}, €5, 3} gives then the spatial orientation of Fpody in the momen-
tary rest frame. In the course of time Fpogy €volves according to

%e;:—(%e;t, uw=0,...,3, (2.65)
where €2 is the antisymmetric tensor of the instantaneous rate of four-gyration of
Foody as seen in the Lorentz frame Fy..

Even if there is no external torque acting on the rigid charged body, the frame
Foody rotates. This is the famous Thomas precession, determined by the Fermi—
Walker transport equation

d

e = Qe &, n=0....3, (2.66)

where
Qrw =uAU. (2.67)

Here the exterior product of two vectors is defined byaAb=a®b —-b ®a or,
as acting on a vector ¢, (aAb) -c = a(b-c) — b(a - ¢). Together with the initial
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conditions €y(0) = u(0), €,(0) =e,, u =1, 2,3, (2.66) defines the noninertial
frame Frw.

If there is an external torque acting, then Fpody # Frw and it is natural to intro-
duce the intrinsic (Eulerian) four-gyration by

Qp =Q — Qpw . (2.68)
As Q, Qpw, also Qf is antisymmetric and satisfies
Qp-u=0. (2.69)

Therefore 2g has only three independent components and is dual to a space-like
four-vector wg which satisfies

QE-WE=O, wE~u=0. (2.70)

In Frw, wg is of the form (0, wg), where wg is the usual angular velocity vector
which points along the instantaneous axis of body gyration in the space-like three-
slice of Fgw. For zero torque wg = 0.

We conclude that relative to Frw the rotational state is either given by Qg(7)
or by wg(t). wg(t) is space-like, |wE(r)|2 > 0.

2.5.1 The four-current density

Our task is to construct a relativistically covariant current density, which will serve
both as the source term in Maxwell’s equations and as the force, respectively
torque, term in Newton’s equations of motion.

For a given world line let 7 be the momentary rest frame at time ¢ centered at
q(r) with spatial axes oriented as in 7. In the coordinates of 7|, by definition,
the four-current density is given by

i@ x) = ep:(Ix')5(t")(1,0). (2.71)
Transformed to our laboratory frame 77, the current density becomes
J(x) = egr(Ix — q(10) Du(70) o (1) - (2.72)

Here o(7) is the hyperplane defined by o(t) = {ylu(z) - (y — q(r)) = 0} and
the subscript in (2.72) means that for given x we have to choose 7¢ such that
X € 0 (19), see figure 2.1. In general, there will be several such planes, see figure
2.2. Of course, they contribute to the current only if x — q(zp) is space-like and
the distance |x — q(7p)| satisfies [x — q(7o)| < R,. Let us assume for the moment
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To

x1

Figure 2.1: World line of an extended charge and the associated current density.

To

Ha

left

Figure 2.2:  World line of an extended charge with large acceleration and back-
ward currents.
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that with this restriction there is only a single hyperplane intersecting x. Then
Jix) = fdfewr(lx — q()Du(r)8(t = 70)l0 (19

= fdfefﬂr(lx —q(@Du)(1 +u(r) - (x — q(r)))su(r) - (x — q(1))) .
(2.73)

The additional term comes from the change in the volume element, since

%u-(x—q):iv(x—q)—u-u:]+1'1~(x—q). (2.74)

Note that, because of §(u - (x — q)), the factor u(1 +u - (x — q)) in (2.73) may
be replaced by u — Qpw - (x — q). The Thomas precession generates a current in
addition to that due to translations.

In general, the body-fixed frame will be rotated by €2 and we arrive at the final
form of the four-current density as

ix) = fdfewr(lx —qDé- x—q)Hu—-2-x—q)). (2.75)
One readily verifies the charge conservation
Ve - j(x) =0, (2.76)

where Vo f = (=0y, f, V).

Before proceeding to the action for the dynamics, we should understand whether
the current (2.75) conforms with naive physical intuition. An instructive example
is a uniformly accelerated charge, the so-called hyperbolic motion. We assume that
the particle is accelerated along the positive 1-axis starting from rest at the origin.
In the orthogonal direction the current traces out a tube of diameter 2R, and it
suffices to treat the two-dimensional space-time problem. The center, C, of the
charge moves along the orbit

C=(z,g—‘(,/1+g2t2—1)), t>0, (2.77)

where g > 0 is the acceleration. The curves traced by the right and left ends, C+
and C_, are determined from (2.73) and are given in parameter form as

Cy= ((1 + R,g), g ((1 + Ryg)y/1 + 212 — 1)) t>0. (278)

The equal-time distance between the center and C; is ™! ((Ry 2+ 2R,8)/ (2g>
(I + Ryg)) for large ¢ and is thus well bounded. However the left end motion
depends crucially on the magnitude of R,g. If R,g < 1, then the distance to the
center is 7! ((R(/,g)2 - 2R¢g)/(2g2(1 — Ry g)) for large ¢. On the other hand, for
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Ryg > 1, the left end moves into the past and the current density looks strangely
distorted. To gain a feeling for the order of magnitudes involved we insert the
classical electron radius. Then

c? 31 -1
g>—=10"[ms ], (2.79)
Ry

which is far beyond the domain of the validity of the theory. Of course, one would
hope that for reasonable initial data such accelerations can never be reached. But
the mere fact that charge elements may move backwards in time is an extra diffi-
culty.

2.5.2 Relativistic action, equations of motion

For given current density, j, the Maxwell equations read
Vo, *F=0, Vo,-F=j, (2.80)

where F is the antisymmetric electromagnetic field tensor of rank 2 and *F its
star dual. Equations (2.80) can be regarded as the Euler—Lagrange equations of an
action functional A¢, which most conveniently is written in terms of a Lagrange
density L¢(x) + Lint(x). The field part of the Lagrangian is given by

1
Le(x) = —Ztr[F(x) -F(x)]. (2.81)
The interaction Lagrangian, Liy(X), is defined through minimal coupling. We re-
call that (2.80) implies that F is the exterior derivative of a vector potential A,
F = V, A A.If we adopt the Lorentz gauge V, - A = 0, then

Lin((x) = AX) - j(x) . (2.82)

The variation of
Ap = / (LeX) + Lim())d*x (2.83)

with respect to A yields indeed (2.80).

Thus we are left with writing down the particle Lagrangian. One might be
tempted to simply take —my, [ dt from the relativistic mechanics of a single
particle. This cannot be correct, unless all mass is concentrated at the center,
ie. p(x) = 8(x), since —my, [ dt ignores the energy stored in the inner rotation.
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Including rotation the Lagrangian density for the particle becomes

1%
Lp(x) = — f (1= 196 - (x — Q) Pmper((x — aDs(u - (x — @)der,  (2.84)

71

where q = q(7), u = u(r), and Qg = Qg(7) along the world line of the particle.
Let us check that (2.84) yields the physically correct equations of motion when
A(x) is taken to be given. We have

Ay = [[L400 + Lt (285)

and must work out the variation of the world line t +— q(7) at fixed end points,
8q(t1) = 0 = 8q(72), which induces also a change in the Fermi—Walker frame.
The second independent variation is the body-fixed frame Fpoqy relative to Frw.
Thereby we obtain two equations of motion, which we write as

d
3, PO =1, (2.86)
T

d
Es(t) + Qrw - s(1) = t(7) . (2.87)

Let us discuss each equation separately. p is the momentum of the particle,
related to the velocity by

p = mgu. (2.88)
mg depends on |wg| and is defined by

mg = f (1 — 19 - x) " 2mper(x)s(u - x)d*x.. (2.89)
RI,S

mg is the bare gyrational mass, a Lorentz scalar. For small gyration frequency it
can be expanded as

1
mg = my + = Ine|ws|* + O(|we|) (2.90)
with
I 2
Iy = mb3 d’xpx)x”, (2.91)

the moment of inertia in the nonrelativistic limit. f(t) in (2.86) is the Minkowski
force

f(r) = /RI - (= Q- = @)egr(Ix — qhs(u - (x — Q)dix.  (2.92)
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It reduces to the Lorentz force, ¢F - u, in the case where F(x) is slowly varying on
the scale of R,,.

In the rotational equation (2.87), s is the four-vector of spin angular momentum
and is related to the four-gyration by

Sb = Iwa (2.93)

with Iy the relativistic moment of inertia relative to q,

Iy(lwelg = fR (g —x@x)(1 = 1926 X)) mpgr(xDs(u - x)d*x.
(2.94)

In (2.87) s is kinematically Fermi—Walker transported by 2w and changed
through the external Minkowski torque t(7). From the variation of (2.85) we obtain

(r) = fR G A F) - -2 (x—q) egr(x — qhs(u- (x — q)d'x.
(2.95)

where by definition a' = (g+u®u) - a.Inthe case of slow variation of F, (2.95)
becomes the BMT equation, cf. section 10.1.

We remark that through (2.86), (2.87) the translational and rotational motion are
coupled in a rather complicated way with some simplification for a slowly varying
external potential Aex.

Having discussed the action (2.83) for the field at prescribed currents and the
action (2.85) for the particle at prescribed fields, the action for the Lorentz model
of an extended charge is inevitable. The Lagrangian density reads

L(x) = Ly(x) + Lin(x) + L(x) (2.96)

with the corresponding action
A= / Lx)d*x. (2.97)

To include an external potential, Lin; from (2.82) has to be merely modified to
Lint(x) = A(X) - J(X) + Aex (X) - j(X).

One has to be careful with the domain of integration, E. It is a region of M*,
which is bordered by two space-like surfaces, d8;,i = 1, 2. One first fixes an
interval [1, 72] of eigentimes. Restricted to a ball of radius Ry, 0E; = {y|u(7;) -
(y —q(7))) =0},i =1,2.9E1, d 8y are then smoothly extended to hypersurfaces
such that they do not intersect each other, see figure 2.3. The variation is carried
out at fixed end points, which means that q(t1), q(2), Qg(t1), QEg(12), and A on
the hypersurfaces 0 8;, i = 1, 2, are prescribed. In addition we require a properly

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

30 A charge coupled to its electromagnetic field

Zo 05,

[1]

Figure 2.3: Space-like boundary surfaces in the variation of the action.

time-ordered history of momentary charge slices. Then the Euler—Lagrange equa-
tions for (2.97) are given by Maxwell’s equations (2.80), by Newton’s equations
(2.86) for the translational degrees of freedom together with (2.88), (2.89), (2.92),
and by Newton’s equations (2.87) for the rotational degrees of freedom together
with (2.93), (2.94), (2.95), as a coupled set of equations for the extended charge
and the Maxwell field.

As for the Abraham model we should discuss the existence and uniqueness of
solutions. This project is hampered by the fact that we have two constraints. The
equator must have a subluminal speed of gyration, which is ensured by |wEg|R, <
1. In addition, the charge slices have to move forward in time, which is ensured
by |q|R, < 1. The difficulty is that, even if these conditions are met initially, there
seems to be no mechanism which ensures their validity later on. At present, the
general Cauchy problem is known to have a solution only for a finite interval of
time, whose duration depends on the initial data.

Notes and references
Sections 2.1 and 2.2

The material discussed can be found in most textbooks. I find Landau and Lifshitz
(1959), Panofsky and Phillips (1962), Jackson (1999), and Scharf (1994) particu-
larly useful.

Section 2.3

In our history chapter, chapter 3, we discuss the Wheeler—Feynman approach
which cannot be subsumed under short distance regularization. In the literature
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the size of a classical electron, r.|, is usually determined through equating the rest
mass with the Coulomb energy, mec? = &2 /rc1, Which gives r = 3 % 10~ Bem
This is really a lower bound in the sense that an even smaller radius would be
in contradiction to the experimentally observed mass of the electron (assuming a
positive bare mass, cf. the discussion in section 6.3). Milonni (1994) argues that
due to quantum fluctuations the electron appears to have a classical spread, which
is given by its Compton wavelength L. = r¢1/a, with o the fine structure constant.
Renormalization in Euclidean quantum field theory is covered by Glimm and Jaffe
(1987) and Huang (1998). Effective potentials for classical fluids are discussed,
e.g., in Huang (1987).

Section 2.4

The Abraham model was very popular in the early 1900s as studied by Abraham
(1903, 1905), Lorentz (1892, 1915), Sommerfeld (1904a, 1904b, 1904c, 1905),
and Schott (1912), among others. The extension to a rigid charge with rotation was
already introduced in Abraham (1903) and further investigated by Herglotz (1903)
and Schwarzschild (1903); compare with chapter 10. The dynamical systems point
of view is stressed in Galgani et al. (1989). The proof of existence and uniqueness
of the dynamics is taken from Komech and Spohn (2000), where a much wider
class of external potentials is allowed. A somewhat different technique is used
by Bauer and Diirr (2001). They also cover the case of a negative bare mass and
discuss the smoothness of solutions in terms of the smoothness of initial data.

Section 2.5

This section is based on Appel and Kiessling (2001). Amongst many other results
they explain the somewhat tricky variation of the action (2.97). Global existence
of solutions is available in the case where the charge moves with constant velocity
(Appel and Kiessling 2002). Appel and Kiessling (2001) rely on the monumental
work of Nodvik (1964), but differ in one crucial aspect. Nodvik assumes that the
mass of the extended body is concentrated in its center, which implies Iy, = 0.
Newton’s equations for the torque degenerate then into a constraint, which makes
the Cauchy problem singular. A discussion of the Nodvik model can be found in
Rohrlich (1990), chapter 7-4. The relativistic Thomas precession is discussed in
Thomas (1926, 1927), Mgller (1952), and in Misner, Thorne and Wheeler (1973),
which is an excellent source on relativistic electrodynamics. Another informative
source is Thirring (1997).

Of course, relativistic theories were studied much earlier, e.g. Born (1909). I
refer to Yaghjian (1992) for an exhaustive discussion. The early models use a
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continuum description of the extended charge where each charge element has a
velocity. They are not dynamical models in our sense, simply because there are
more unknowns than equations. Also inner rotation is neglected, which, as we dis-
cussed, is not admissible in a relativistic theory.

The current generated by a point charge can be written as

e.e]
jx)=e f dru(r)s(x — q(7)) . (2.98)
—00
McManus (1948) proposes to smear out the 5-function as

o0

i =e [ druom( - a@)), (2.99)
—0o0
which is to be inserted in the Lagrange density (2.82). He does not identify
the conserved four-momentum, see also Peierls (1991) for illuminating explana-
tions. Schwinger (1983) discusses the structure of the electromagnetic energy—
momentum tensor in the case of rectilinear motion of the charge.

A more radical approach to a fully relativistic theory is to give up the no-
tion of a material charged object and to regard electrons as point singularities
of the Maxwell-Lorentz field. The guiding example are point vortices in a two-
dimensional ideal Euler fluid, whose motion is governed by a closed set of differ-
ential equations which are of Hamiltonian form with the 1- and 2-component of the
position as a canonically conjugate pair. In electrodynamics such a program was
launched by Born (1933) and Born and Infeld (1933) and has not lost in attraction
even now, mostly through activities in high-energy physics and string theory. Still,
to have meaningful Newtonian equations of motion for the singularities is not so
readily achieved. A recent proposal, based on the Hamilton—Jacobi equation, has
been made by Kiessling (2003). He also provides a coherent overview of earlier
attempts.
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3

Historical notes

3.1 Extended charge models (1897-1912)

When in 1897 J. J. Thomson identified the cathode rays as consisting of parti-
cles with charge —e, not only had he discovered the first elementary particle, but
posed the theoretical challenge of computing the energy—momentum relation of
this novel object. To put it concisely, we write the equations of motion in approxi-
mately uniform E and B fields as

mv)o = e(E + ¢ 'v x B) (3.1

with m(v) the velocity-dependent mass as a 3 x 3 matrix. The challenge was to
predict the ratio m(v)/e. For small velocities it was well established that the mass
is independent of v. But for the electron with its tiny mass and unprecedented range
of accessible velocities the case was wide open. In fact, Thomson (1881) himself
had pointed out that, in analogy with a ball immersed in a fluid, the coupling to
the self-generated electromagnetic field will induce a velocity dependence of the
mass.

So which theory could be used to determine m(v)? In fact, there was little
choice. Since the phenomenon under consideration is clearly electromagnetic, the
Maxwell-Lorentz equations had to be used, and since the trajectory of a single
charge was measured, one had to couple through Newton’s equations of motion.
Thus the electron was pictured as a tiny sphere charged with electricity. In the
inhomogeneous Maxwell equations the current generated by that moving sphere
had to be inserted. On the other hand the electromagnetic fields react back on
the charge distribution through the Lorentz force. Thereby the so-called extended
charge model was introduced. Abraham (1903, 1904) adopted a charge distribution
which is rigid in the laboratory frame. The corresponding energy—momentum re-
lation is discussed at length in the second volume of his book on electromagnetism
(Abraham 1905), compare with section 4.1. For Abraham’s model, Sommerfeld
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(1904a, 1905) obtained an exact equation of motion for the electron. As a com-
plicating and unfamiliar feature it contains memory terms through the integration
over the retarded fields. Lorentz (1904a, b) proposed a charge distribution which
is rigid in its momentary rest frame, and therefore, as seen from the laboratory
frame, contracting parallel to its momentary velocity. It was left completely open
by which forces this charge distribution would be kept in place. Poincaré (1905,
1906) developed nonelectromagnetic models where additional stresses counter-
acted the Coulomb repulsion. Bucherer (1904, 1905) and Langevin (1905) intro-
duced a charge distribution Lorentz contracted under the constraint of constant
volume.

Up to 1900 electromagnetism was dominated by mechanics, in the sense that
physicists felt compelled to introduce mechanical models for electromagnetic
fields. Light would propagate through a rather mysterious gas, called the ether,
and not simply through vacuum. The great revolution of the young electrodynam-
icists of the day was to reverse this position and consider inertial mass to be of
purely electromagnetic origin. This electromagnetic world picture was nourished
by the fact that in all extended charge models the velocity-dependent mass has the
additive structure m (v) = my 1 + ms(v), as 3 x 3 matrices with 1 the unit matrix,
where my, is the bare mechanical mass of the particle, in accordance with Newto-
nian mechanics taken to be velocity independent, and m¢(v) is the mass due to the
coupling to the field, which was to be computed from the model charge distribu-
tion. In the spirit of the electrodynamic world picture it was natural to set my, = 0.
Then Lorentz predicted the standard relativistic velocity dependence, which only
for |v/c| > 0.3 differed significantly from the results of Abraham and Bucherer.

While experiments were on the way to decide between the competing theories,
the whole enterprise came to a sudden end, since Einstein (1905a, b) forcefully
argued that just like electromagnetism in vacuum also the mechanical laws had to
be Lorentz invariant. But if Einstein was right, then the energy—momentum rela-
tion of the electron had to be the relativistic one, as emphasized independently by
Poincaré (1906). Thus the only free parameter was the rest mass of the electron
which anyway could not be deduced from theory, since the actual charge distribu-
tion was not known. There was simply nothing left to compute. At the latest with
the atomic model of Bohr, to say 1913, it became obvious that a theory based on
classical electromagnetism could not account for the observed stability of atoms
nor for the sharp spectral lines. Classical electron theory, as a tool for explaining
properties of atoms, electrons, and nuclei, was abandoned.

The experimental status remained ambiguous for some time. Kaufmann (1901)
favored Abraham’s model up to 1906. Only through the experiments of Bucherer
(1908, 1909) were the predictions of Einstein and Lorentz considered to be rea-
sonably confirmed. Of course, by that time Einstein had already convinced the
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theoreticians, and any other outcome would have been in serious doubt. A repeti-
tion of these historical experiments dryly concludes that “it seems fair to say that
the Bucherer—Neumann experiments proved very little, if anything more than the
Kaufmann experiments, which indicated a large qualitative increase of mass with
velocity”, Zahn and Spees (1938).

The effective equation of motion for the electron as given by Eq. (3.1) could
not possibly have been the full story. Through the work of Larmor it was already
understood that a charge loses energy through radiation at a rate roughly propor-
tional to ©”. Lorentz observed that in the approximation of small velocities this
loss could be accounted for by the friction or radiation reaction force

&2

Fo=——. (3.2)

which had to be added to the Lorentz force in Eq. (3.1). In 1904 Abraham obtained
this friction force for arbitrary velocities as

2
e .. _ . _ N ..
F, = P [y4c_2('v v+ 390w v)2u+3yte i (v- v + )/2'0] . 33

He argued that energy and momentum are transported to infinity through the far
field. On that scale the charge distribution is like a point charge and the electromag-
netic fields can be computed from the Liénard—Wiechert potentials. Using conser-
vation of energy and momentum for the total system he showed that the loss at
infinity could be balanced by the friction-like force (3.3). Von Laue (1909) real-
ized that the radiation reaction (3.3) is relativistically covariant and can be written
as

2
€ .. I
Frr = m [l.l —C 2(“ : ll)ll] s (34)

with u the four-velocity. It is in this form that the radiation reaction appears in the
famous 1921 review article of Pauli on relativity. But apparently there was no in-
centive to study properties of Newton’s equations of motion (3.1) including the full
radiation reaction correction (3.3). Using the data from the Kaufmann experiment
Abraham estimated the radiation reaction to be down by a factor of 10~ relative
to the Hamiltonian motion. Schott (1912) after studying the motion in a uniform
electric field concluded: “Hence the effect of the reaction due to radiation is quite
inappreciable in this and probably in all practical cases.”

The first chapter on the dynamics of classical electrons closes around 1912 with
the relativistic version of elasticity theory for deformable bodies by Born (1909)
and von Laue (1911a, b). In essence there were two results: (i) a relativistically
covariant expression for the radiation reaction and (ii) an energy—momentum rela-
tion for the charged particle dependent on the particular model charge distribution.
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Of these models only Lorentz’s model of a charge distribution properly contract-
ing along its instantaneous velocity is consistent with Einstein’s theory of special
relativity.

3.2 Nonrelativistic quantum electrodynamics

The time lapse was short: In late 1925 Heisenberg formulated his matrix mechan-
ics and in early 1926 Schrodinger had come to wave mechanics. Through Dirac’s
transformation theory both approaches were shown to be equivalent. But more
importantly in our context, Dirac clearly formulated the rules of canonical quanti-
zation, providing the tools for quantizing any Hamiltonian system including those
with an infinite number of degrees of freedom. In 1928 Dirac discovered the rela-
tivistic generalization of the Schrodinger equation. From then on the theoretician’s
avant garde strived for creating a relativistic quantum electrodynamics understood
as a specific quantum field theory — no small effort — which in a broad sense still
continues with us today. The nonrelativistic theory, our concern here, was regarded
as being settled. In fact, in its basic theoretical aspects, the research monograph of
Heitler (1936) does not differ significantly from modern variants. But obviously,
many fascinating phenomena and theoretical developments still lay ahead.

Let us briefly recall the major steps. Born, Heisenberg and Jordan (1926) quan-
tized the wave equation by regarding it as corresponding to an infinite set of har-
monic oscillators. They studied the energy fluctuations and derived Planck’s law.
On 2 February 1927 Dirac proudly reported to Bohr that, on the basis of the new
quantum theory, he knew how to compute the lifetime and the line shape of an
excited state of an atom in the approximation where only a single photon is emit-
ted. A systematic quantum treatment of emission and absorption of radiation is
Dirac (1927). Fermi (1930) recognized the importance of the Coulomb gauge and
quantized a system with an arbitrary number of charges. His 1932 review article
discusses the quantization of the (many-particle) Abraham model as we know it
today; compare with chapter 13. With the theoretical foundations laid down, most
physical processes of interest could be handled through second-order perturbation.
Perturbation theory as applied to an isolated bound state had been well established.
However, for radiation one has to deal with resonances, i.e. unperturbed energies
embedded in the continuum energy of field modes. On a practical level Fermi’s
golden rule settled the issue. The reason why and in what sense this was the cor-
rect answer triggered a continuing theoretical effort. As the body of radiation phe-
nomena explainable through quantum mechanics accumulated, the trust in the new
theory increased. Divergences were of concern, but, according to Heitler, “it seems
now that there is a certain limited field within which the present quantum electro-
dynamics is correct”. High frequencies had to be cut off to taste. In this spirit Bethe
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arrived at his famous prediction for the Lamb shift of the 2S level of the hydrogen
atom.

As well as ultraviolet divergence, nonrelativistic quantum electrodynamics is
also infrared divergent, as discovered by Bloch and Nordsieck (1937) and more
exhaustively studied by Pauli and Fierz (1938). Even today infrared divergence is a
somewhat elusive physical phenomenon. It says that an accelerated charge radiates
an infinite number of photons. Since their total energy is finite, by necessity these
photons must have ever-increasing wavelengths.

3.3 The point charge

In the 1930s and early 1940s it was a fairly widespread belief that one way to
overcome the difficulties of quantum electrodynamics is a better understanding of
the classical theory of point charges coupled to their radiation field. Of course,
this was to be understood only as an intermediate step to the final goal, namely a
consistent quantized theory. Our third section deals with a single paper: “Classical
theory of radiating electrons” submitted by P. A. M. Dirac on 15 March 1938.
Dirac’s paper was equally motivated by quantum electrodynamics; however, as
such it is concerned only with classical electron theory.

We have to report the findings of Dirac in sufficient detail, since most later
activities start from there. The formal argument in the original paper can be well
followed and alternative versions can be found in Rohrlich (1990), Teitelbom et al.
(1980), and Thirring (1997). Thus there is no need for repetition and we can focus
on the conclusions. At first reading it is best to disregard all philosophical claims
and concentrate on the equations. But before that, let us see how Dirac himself
viewed the 1897-1912 period:

The Lorentz model of the electron as a small sphere charged with electricity, possessing
mass account of the energy of the electric field around it, has proved very valuable in
accounting for the motion and radiation of electrons in a certain domain of problems,
in which the electromagnetic field does not vary too rapidly and the accelerations of the
electrons are not too great.

Dirac’s goal was to construct quantum electrodynamics. There the electron is re-
garded as an elementary particle with, almost by definition, no internal structure.
Thus Dirac had to dispense with model charges and develop a theory of point-like
electrons.

What then did Dirac really accomplish? Of course, he assumes the validity of
the inhomogeneous Maxwell equations. The current is generated by a point charge
whose motion is yet to be determined. Mechanically this point charge is relativistic
with bare mass my,. There is no explicit reaction of the field back onto the charge,
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since at no stage would Dirac invoke the Lorentz force. Instead conservation of
energy and momentum should suffice to fix the true trajectory of the point charge.
Note that this is very different from the extended charge models where the starting
point is a closed system of equations for the particle and the Maxwell field. Dirac
studies the flow of energy and momentum through a thin tube of radius R around
the world line of the particle. The computation simplifies by writing the retarded
fields generated by the motion of the point charge as

1 1
Fret = 5 (Fret + Fadv) + 5 (Fret - Fadv) (3-5)

in all of space-time. The difference term turns out to be finite on the world line of
the charge and, through a balancing of energy and momentum, yields in the limit
R — 0, the relativistic radiation reaction (3.4).

The more delicate term in (3.5) is the sum, which is divergent on the world
line of the particle. At the expense of ignoring other divergent terms, cf. Thirring
(1997), Eq. (8.4.16), Dirac obtains the expected result, namely

2

s .
~ IR U= T (3.6)

Adding the radiation reaction (3.4) and equating with the mechanical four-
momentum, the final result is an equation of motion which determines the tra-
jectory of the particle,

(mp + M) = Mmeypit = eFey - u+ [i —c @ wu] + OR) (3.7)

67 c3

with an error of the size of the tube, where we have added the prescribed electro-
magnetic field tensor Fex of external fields.

To complete his argument, Dirac had to take the limit R — 0. Since m; — oo,
this amounts to

mp — —00, mf — 00, Mexp = My + my  fixed, (3.8)

where mexp is adjusted such that it agrees with the experimentally determined mass
of the charged particle. The combined limit (3.8) is the classical mass renormal-
ization.

Dirac admits that “such a model is hardly a plausible one according to current
physical ideas but this is not an objection to the theory provided we have a reason-
able mathematical scheme.”

Equation (3.7), dropping the terms O(R), is the Lorentz—Dirac equation. Within
the framework of Dirac it makes no sense to ask whether the Lorentz—Dirac equa-
tion is “exact”, since there is nothing to compare with. The Lorentz—Dirac equation
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comes as one package, so to speak. One could compare only with real experiments,
which is difficult since the radiation reaction is very small, or one could compare
with higher-level theories such as quantum electrodynamics. But this has never
been seriously attempted, since, to begin with, it would require a well-defined rel-
ativistic quantum field theory which is a difficult task.

The Lorentz—Dirac equation is identical to the effective equations of motion ob-
tained from extended charge models, if we ignore for a moment the possibility that
the kinetic energy might come out differently depending on which model charge
is used. In this sense Dirac has recovered the previous results through a novel ap-
proach. However, there is an important distinction. For extended charge models
one has a true solution for the position of the charged particle, say q(z). One can
then compare (¢) with a solution of the Lorentz—Dirac equation and hope for
agreement in asymptotic regimes, like slowly varying potentials. In addition, for
an extended charge model one can set the bare mass to some negative value and
study the consequences.

Dirac continues with a remark which shattered the naive trust in classical elec-
tron theory. He observes that even for zero external fields Eq. (3.7) has solutions
where |v(t)/c| — 1 as t — oo and |v(r)| increases beyond any bound. Such un-
physical solutions he called runaway solutions. It is somewhat surprising that run-
aways apparently went completely unnoticed before, which only indicates that
no attempt was made to apply the Lorentz—Dirac equation to a concrete physi-
cal problem. If one inserts numbers, then runaways grow very fast. For instance,
for an electron ¥(f) = v(0)e’/T with r = 10723 s. Thus if the Lorentz—Dirac equa-
tion (3.7) is a valid approximation in an extended charge model, which after all
was the general understanding of the 1897-1912 period, then this model must
also have runaway solutions — a conclusion in obvious conflict with empirical
evidence.

Dirac proposed to eliminate the runaway solutions by requiring the asymptotic
condition

lim () = 0. (3.9)

As a bonus the problem of the missing initial condition is resolved: since in (3.7)
the third derivative appears, one has to know q(0), q(0), as in any mechanical
problem, and in addition (0). If one accepts (3.9), the initial condition for u is
replaced by the asymptotic condition (3.9). Dirac checked that for zero external
forces and for a spatially constant but time-dependent force the asymptotic condi-
tion singles out physically meaningful solutions. By the end of 1938 the classical
electron theory was in an awkward shape, in fact in a much worse shape than by
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the end of 1912. Formal, but even by strict standards careful, derivations yielded
an equation with unphysical solutions. How did they come into existence? While
Dirac’s asymptotic condition seemed to be physically sensible, it was very much
ad hoc and imposed post festum to get rid of unwanted guests. Even physicists
willing to accept the asymptotic condition as a new principle, like Haag (1955),
could not be too happy. Solutions satisfying the asymptotic condition are acausal
in the sense that the charge starts moving even before any force is acting. To be
sure, the causality violation is on the time scale of = 10723 s for an electron, and
even shorter for a proton, and thus has no observable consequences. But acausality
remains as a dark spot in relativistic theory. The clear recognition of runaway so-
Iutions generated a sort of consensus that the coupled Maxwell-Newton equations
have internal difficulties.
In the preface of his book Rohrlich writes:

Most applications treat electrons as point particles. At the same time, there was the
widespread belief that the theory of point particles is beset with various difficulties such as
infinite electrostatic self-energy, a rather doubtful equation of motion which admits phys-
ically meaningless solutions, violation of causality, and others. It is not surprising, there-
fore, that the very existence of a consistent classical theory of charged particles is often
questioned.

In Chapter 28 of the Feynman Lectures we read:

Classical mechanics is a mathematically consistent theory; it just doesn’t agree with ex-
perience. It is interesting, though, that the classical theory of electromagnetism is an un-
satisfactory theory all by itself. The electromagnetic theory predicts the existence of an
electromagnetic mass, but it also falls on its face in doing so, because it does not produce
a consistent theory.

And finally to quote from the textbook on mathematical physics by Thirring:

Not all solutions to (3.7) are crazy. Attempts have been made to separate sense from non-
sense by imposing special initial conditions. It is to be hoped that some day the real solution
of the problem of the charge—field interaction will look differently, and the equations de-
scribing nature will not be so highly unstable that the balancing act can only succeed by
having the system correctly prepared ahead of time by a convenient coincidence.

To be sure, these issues were of concern only to theoretical physicists in search
of a secure foundation. Synchrotron radiation sources were built anyhow. The
loss in energy of an electron during one revolution can be accounted for by
Larmor’s formula. This is then the amount of energy which has to be supplied
in order to maintain a stationary electron current. The radiation emitted from
the synchrotron source is computed from the inhomogeneous Lorentz—Maxwell
equations with a point charge source, i.e. from the Liénard—Wiechert potentials.
No problem.
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3.4 Wheeler—Feynman electrodynamics

To avoid the infinities of self-interaction Wheeler and Feynman (1945, 1949) de-
signed a radical solution, at least on the classical level, since the quantized version
of their theory was never accomplished.

Their basic tenet is to have as dynamical degrees of freedom only the trajectories
of the particles. As such there are no electromagnetic fields, even though one still
uses them as a familiar and convenient notational device. As Wheeler (1998) puts
it later on, the 1940s were his period of “all particles — no fields” and he wanted to
understand how far this point of view could be pushed.

Wheeler—Feynman electrodynamics starts from an action which was first writ-
ten down by Fokker (1929). Let us consider N particles, where the i-th particle has
mass m;, charge e;, and a motion given by the world line q; (7;), i = 1,...,N. The
world line is parametrized by its eigentime 7; and the dot ‘" denotes differentiation
with respect to this eigentime. The action functional has the form

N 1 N . .
S= _Zm" szdff ) Zl ¢iej //5(((11' —q,)")(@; - q;)drdr; . (3.10)
i,j=

i=1 .
i#j
A formal variation of S leads to the equations of motion

N
. e 1 :
miq; = ?l ; E(Fret(j)(qi) + Faav(j(@i)) - 4i - (3.11)
J#i
Here Fie(j)(g;) and Fagy(j)(q;) are the retarded and advanced Liénard—Wiechert
fields generated by the charge at ¢ ; and evaluated at ¢;. They are derived from the
retarded and advanced potentials

Arer(j)(X) = €4 (Tjre) [(X — qj (Tjrer)) - 4 (Tjre)] ", (3.12)
Aav()H %) = €jq; (Tjaa)[(X = q; (Tjady)) - 4 (Tjaan)] ™" (3.13)

with T, Tespectively 7jaqyv, the eigentime when the trajectory q; crosses the
backward, respectively the forward, light cone with apex at x. Notationally (3.11)
looks like a set of ordinary differential equations. In fact, the locations of the other
particles have to be known both at the advanced and retarded times, a situation
which is not covered by any of the standard techniques. Even if the existence of
solutions is taken for granted, it is widely open which data would single out a
specific one.

To transform (3.11) into a familiar form, we use the decomposition (3.5) and
Dirac’s observation that (Fre; — Fagy)/2 at the trajectory of the particle yields the
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radiation reaction. Then

N 2
. € . e .- o
A — — F . Y. a- ! . . Q- .
miq; B ; ret(])(ql) qi + 673 (qz c 7 (q; ql)ql)
J#
e N g )
+— D 5 (Faav( (@) = Frea( (@) - G (3.14)

1

J

Of course, being symmetric in time, we could have equally transformed to the
advanced fields for the force and a radiation reaction with reversed sign.

As a specific example let us consider the scattering of two charges with all other
charges far apart. In the framework of the Lorentz model one would start with two
charges and their comoving Coulomb field, sufficiently far apart and with incoming
velocities. If radiation reaction is neglected, the bare mass is renormalized, and
the force on one particle is due to the other particle at the retarded time. In the
Wheeler-Feynman theory for rwo particles, the mass is just the bare mass, the
forces are the average of retarded and advanced, and there is no radiation reaction.
The Wheeler—Feynman theory seems to be at variance with empirical observations.

The crucial new element of their theory is that even in the case of two-particle
scattering, the motion of all other charges cannot be ignored. Thus in (3.14), we
take only i = 1, 2, but sum over large N. Wheeler and Feynman spend a consider-
able amount of effort to argue that when averaged over the random-like motion of
all other charges, the last term in (3.14) vanishes and they call this the condition
of a perfect absorber. The exact cancellation is hard to check and one has to be
satisfied with qualitative arguments. The perfect absorber granted, in the first sum
of (3.14) only the terms j = 1, 2 contribute by assumption and one has achieved
the reduction to a two-particle problem with retarded forces. In its 18-dimensional
phase space there is a 12-dimensional submanifold of physical solutions; all others
run away. Wheeler and Feynman discuss an energy-like quantity for the system of
N charges which seems to ensure that all solutions to (3.11) are well behaved. As a
consequence, only the physical solutions to (3.14) with perfect absorber are a valid
approximation to the motion of N charges as governed by (3.11) and agreement
with the conventional theory is accomplished.

Notes and references
Section 3.1

An authorative, highly recommended source on the history of the classical elec-
tron theory is Miller (1997), which should be augmented by Pais (1972, 1982),
by Rohrlich (1973), and by the introductory chapters of Rohrlich (1990). For a
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discussion of the Kaufmann experiments I refer to Cushing (1981) and Miller
(1997). The monograph by Schott (1912) is the most complete technical account.
It contains lots of material which has become an integral part of our present-day
textbooks on electrodynamics and discusses in detail properties of various electron
models. Reviews of classical electron theory are Honl (1952), Caldirola (1956),
Erber (1961), Barut (1980), Teitelbom et al. (1980), Coleman (1982), and Pearle
(1982). The interconnection with quantum electrodynamics before the 1947 Shel-
ter Island conference is vividly described in Schweber (1994).

Section 3.2

There are excellent studies of the historical development of quantum electrody-
namics as culminating in the work of Dyson, Feynman, Schwinger, and Tomon-
aga, in which as one part also the nonrelativistic theory is discussed. The most
complete coverage is Schweber (1994), where the mentioned letter by Dirac is re-
produced. Miller (1994) covers the history up to 1938 and includes reprints of the
most important papers. A somewhat different selection is Schwinger (1958) with
a recommended introduction. A further source is the monumental work of Mehra
and Rechenberg (2000) on The Historical Development of Quantum Theory. The
relevant volume is no. 6, part 1. Modern textbooks and research monographs on
nonrelativistic quantum electrodynamics are Heitler (1936, 1958), Power (1964),
Louisell (1973), Healy (1982), Craig and Thirunamachandran (1984), Cohen-
Tannoudji, Dupont-Roc and Grynberg (1989, 1992), Milonni (1994) among others.
They all have a common core, but emphasize rather diverse aspects once it comes
to applications.

Section 3.3

Kramers’ (1948) investigations on the mass renormalization in the classical theory
were instrumental for a correct computation of the Lamb shift. We refer to Dresden
(1987) and Schweber (1994).

Section 3.4

The two-body problem in Wheeler—Feynman electrodynamics is discussed by
Schild (1963). The existence and classification of solutions is studied by Bauer
(1997). A few explicit solutions are listed in Stephas (1992).

The opposite extreme “no particles — all fields” is briefly mentioned in the Notes
to section 2.5.

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

4

The energy—momentum relation

If the external forces vanish, the equations of motion must have a solution, in which
the particle travels at constant velocity v in the company of its electromagnetic
fields. There seems to be no accepted terminology for this object. Since it will be
used as a basic building block later on, we need a short descriptive name and we
call this particular solution a charge soliton, or simply soliton, at velocity v, in
analogy to solitons of nonlinear wave equations. The soliton has an energy and a
momentum which are linked through the energy—momentum relation.

For the Lorentz model, by Lorentz invariance, it suffices to determine the four-
vector of total momentum in the rest frame, where it is of the form (mg, 0), mgq
being the rest mass of the soliton. mg depends on |wg|. Through a Lorentz boost
one obtains the charge soliton moving with velocity v and, of course, the relativis-
tic energy—momentum relation. No such argument is available for the Abraham
model and one simply has to compute its energy—momentum relation, which can
be achieved along two equivalent routes. The first one is dynamic, as alluded to
above, while the second one is static and directly determines the minimal energy
at fixed total momentum. The minimizer is the charge soliton.

In the following two sections we compute the conserved energy and momentum,
the charge solitons, and the energy—momentum relation for both the Abraham and
the Lorentz model. ¢pex = 0, Aex = O is assumed throughout.

4.1 The Abraham model

The mechanical momentum of the particle is given by

myy v “4.1)
and the momentum of the field by
Pr = f d&x(E(x) x B(x)). 4.2)
44
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Thus we set the total momentum

P =mpyv+ Pt 4.3)

as a functional on M. It is easily checked that P is conserved by the coupled
Maxwell and Newton equations (2.39)—(2.41). To ensure that P corresponds physi-
cally to the total momentum we note that the Lagrangian (2.43) of the Abraham
model is invariant under spatial translations. By Noether’s theorem, this symmetry
is linked with a conserved quantity which turns out to be P.

We want to minimize the energy at fixed total momentum. One eliminates v
from (2.44) and (4.3) and thus has to minimize

(m% n (73 — / Bx(E x B))2>1/2 n % f $x(E® + BY) (4.4)

at fixed P and subject to the constraints V- E = ep, V- B = 0. By translation
invariance we may center ¢ at an arbitrary ¢ € R3. For ¢ = 0, say, the minimizer
is unique and given by

Ey(x) = =V (x) + v(v - V(%)) ,
By(x) = —v X Ve (x) 4.5)

with v € V = {v| |v| < 1}. Here
po(k) = elk* — (v-k)*1", (4.6)
or in physical space
Po(x) = e(m) " (y 2" + (v-x)P) 72, (4.7)

and ¢, is shorthand for the convolution ¢y, * @, i.e. g, (k) = 277)¥25(k) by (k).
v has to be adjusted such that P = Pg(v) with

Py(v) = mpyv + & f k@) [ ([k* — (k- v)*1 '

—y 2K = (k- v)*] 2 (k - v)k)
= v(mpy +mg|v] 3 [ — [v] + (1 + v*)arctanh|v]]) , (4.8)

where my is the electrostatic energy of the charge distribution e,
1
mg = 5eZ / ExdPx o) px)@r|x —x'D7L. (4.9)

The map V> v+ Pg(v) € R3 is one-to-one and therefore P = P¢(v) has a
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unique solution. The minimizing energy is given by

Eg(v) = mpy + %ez / FrGU) [ [k* — (k- v)*]7>((1 + vk
-3 —v)(v-k)?)
= mpy + my |v|"'[ — |v| + 2arctanh|v]]. (4.10)
Eliminating now v from E and Py yields the energy—momentum relation

Eefi(p) = Es(v(p)) (4.11)

with v(Py) the function inverse to Pg(v). It is emphasized that E.g depends on the
charge distribution only through its electrostatic energy.
We note that

P (v) = VT (v), (4.12)
where
T(w) = —mpy ' + %ez y~? / Fr@d) 1 [k* — (k- v)*]!
= —mpy " —ms|v|'(1 = |v]*) arctanh|v], (4.13)
and that
Es(v) = Ps(v) - v—T((v). 4.14)

This suggests that 7 will play the role of the inertial term in an effective
Lagrangian and Ej the role of an effective Hamiltonian as our notation in (4.11)
indicates already. In particular,

v = Vp Eer(p) (4.15)
and, equivalently,
dPg(v)
v=V, Es(v) (4.16)
dv

which implies that v is to be interpreted as a velocity and dPg/dv, regarded as a
3 x 3 matrix, as the velocity-dependent mass.
For a relativistic theory one expects that

Es(v) = (mp +mp)y , Ps(v) = (mp +mp)yv. (4.17)

Since the Abraham model is semirelativistic, there is no reason for such a prop-
erty to be satisfied. Still, as in the relativistic case, the energy—momentum relation
depends on the charge distribution e¢ only through m;y.
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To gain a feeling for the field contributions to the mass we define

d(Ps — mpyw)
dv

where @ is the unit vector along v; m(v) is the longitudinal and m(v) is the trans-
verse field mass. Using (4.8) one obtains

me(v) = =mUVRUv+m)(1-vv), (4.18)

mi(v) = melv| > (2Jv|(1 — |[v|*) ™" — 2arctanh|v]) , (4.19)
my(v) = melv| (= |v| + (1 + |v|})arctanh|v]) , (4.20)

and by expanding in small v, i.e. small |v|/c,

4 6 9

mi(v) = §mf(l + Sl + Sl + - ) , 4.21)
4 2 5, 9

my(v) = 5mt(l + Sl + 2o+ ) . (4.22)

In particular one has

1 4 4
Ey(v) = Es(0) = 5 (mb +3 mf)vz, P(v) = (mb +3 mf)v. (4.23)

Thus the effective mass in the nonrelativistic approximation is

4

Meff = Mp + 3 ms. (4.24)
We compare (4.19)—(4.22) with a relativistic particle for small v and of the same
mass. Then
m™ =mB QD4+ mi* (1 — B QD) (4.25)
with

i) = (my 4+ 3me)y = (mo+ Sme) (14 210 4 St +---) . @26)

rel 4 4 1 2 3 4
m™ (v) = (mb n gmf)y - (mb n gmf)(l + 51+ Sloft + - ) . @427
If one sets the bare mass to zero, my, = 0, even for |v| = 0.5 the error in the
velocity-dependent mass is less than 5%. Only at speeds |v| > 0.5 will the
Abraham model lose its empirical validity. The model could be partially saved by
declaring the Compton wavelength as the characteristic size of the charge distri-
bution. Then m¢/my = 0.01 and the relativistic dispersion would be violated only
for speeds very close to one.
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The energy minimizer has a simple dynamical interpretation. We look for a
solution of (2.39)—(2.41) traveling at constant velocity. Let us first define

Sq.v=(Ev(x —q), By(x —q),q,v) (4.28)

withv € V, g € R3, and B,,, E,, from (4.5). Then the solution traveling at constant
velocity is

Y() = Sq+vr,v- (4~29)

The particular state (4.28) will play an important role and is called a charge soliton,
labeled by its center g and its velocity v. It has the energy £(S; ) = Es(v) and
momentum P (S, ) = Ps(v). The set of all charge solitons is

S={SvlveV,geR}c M. (4.30)

Sometimes we use the same words and symbols for the field configuration only.

There is an instructive alternate way to represent the charge soliton. We consider
the inhomogeneous Maxwell-Lorentz equations (2.39) and prescribe the initial
data at time . We require that the particle travels along the straight line ¢ = vr.
If we let T — —o0 and consider the solution at time ¢ = 0, then in (2.16), (2.17)
the initial fields will have escaped to infinity and only the retarded fields survive.
Using (2.16), (2.17) this leads to

0
Ey(x) = — f dr fd3y (VG (x —y)ep(y — o)
+0; G (x — y)vep(y — v1)) , 4.31)

0
B,(x) = / dr /d3yV X G_;(x —y)vep(y —vt), (4.32)

which can be checked either in Fourier space or as being a solution of the Maxwell
equations traveling at constant velocity v.

4.2 The Lorentz model

We fix a Lorentz frame, J1,, and seek a solution with q(t) = 0, w(r) = w for all
7. The corresponding four-current is

JX) = e (X2 - x (4.33)
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and provides the source for the electromagnetic vector potential. The inhomoge-
neous Maxwell equations yield

B0 () = / B — oo, 434)
4 |x — x|

1
Ag o) = f I A — TS 1 (4.35)
’ 4 |x — x|
the index 0 standing for v = 0.
Outside the support of the charge distribution, ¢y (, is the Coulomb potential,

e

P00 (x) = x| = Ry, (4.36)

4r|x|’

and Ay ., is the vector potential generated by the magnetic moment

1 1
n= > / dxx x (Wg X X)ep(x) = pwg with u = gefd3x<p(x)x2,
(4.37)

which means

Bxr  xI=R,. (4.38)

Ag,w(x) = W’ =

To check the Lorentz force and torque we note that a well-defined momentum
and angular momentum requires the equator to have subluminal speed, i.e.

wR, <1, o= |wgl|. (4.39)

Inserting the fields (4.34), (4.35) in Egs. (2.92), (2.95) we indeed find f(z) = 0,
t(t) = 0 and thus (2.86), (2.87) are satisfied.

The family of charge solitons is obtained from (4.34), (4.35) through a Lorentz
boost with velocity u = (y, yv). They are labeled by their center at r = 0, set
equal to zero here, by the velocity v, and by their angular velocity w. Explicitly
we have

P, 1) =ppx —vt), AX, 1) =Apux —v1). (4.40)

Because of the convolution structure ¢y, .,, Ay o, are more easily written in Fourier
space, where

o~ e ~ —1 . —1
Pvwk) = m[‘P(D k) +v-(wxiVig)(D™ k)], (441)
oy _ € ] l N
Avol) = s [00(D 710 + (w0 x V(D)
+5 _:)y'v- (W x ivka)(D—‘k)] (4.42)
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with D'k =k — (y~!' — 1)(@ - k). We note that (4.40), (4.42) coincide with
(4.5), (4.6) for w = 0 and D = 1. Put differently, (4.40) and (4.42) properly incor-
porate the Lorentz contraction of the charge distribution and the extra fields due
to the nonvanishing magnetic moment. To obtain the energy—momentum relation
we only have to compute the energy of the soliton in its rest frame. By rotation
invariance, this energy depends on w through its absolute value w = |w|. From
(2.89) the bare gyrational mass of the particle is given by

mg(@) = my / Brp@)(1 — wg x x[2)~1/2

o0
1
= my / drasmr?e:(r)—arctanhor . (4.43)
0 wr
The field energy is defined through
1
mi= > / &dx(E* + B?). (4.44)
Inserting from (4.34), (4.35) results in
15 32 ) 152 3 21
me(w) = Ee /d ko] 2 + ga) e d’k| Vo] 2 (4.45)

Thus the charge soliton carries the energy
ms(w) = mg(w) + me(w) (4.46)
and its energy—momentum relation is necessarily relativistic,
E=p*+mH'2. (4.47)

The rotational degrees of freedom are handled in the same spirit. The charge dis-
tribution carries the magnetic moment defined in (4.37). u sets the rotational cou-
pling to the electromagnetic field. Like the charge, it is not renormalized through
the interaction with the field. According to (2.93), (2.94), the bare angular momen-
tum of the particle is

Sp = Ip(w)WE, (4.48)

where

oo ) 1 1+ w?r?
Iy(@) =my | drawrie(r)=—(— 1 + ———arctanhor) . (4.49)
0 2w wr

In addition, the soliton carries a field angular momentum defined by

Sf = / dxx x (E x B) (4.50)
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with E, B in their rest frame inserted from (4.34), (4.35). One obtains
se= Lwg, Ir= 2 / d3k|vka|2i . (4.51)
3 k2

Thus the charge soliton carries the spin

Ss = sp + 8t = (In(w) + IH)WE . (4.52)

4.3 The limit of zero bare mass

The bare mass seems to be an artifact of the theory, since there is no way to
determine its value through experiments involving only electromagnetic forces
(unless the charge distribution could be probed). Thus a natural and conceptu-
ally attractive proposal is to take myp = 0, thereby declaring all mass to be of
electromagnetic origin. We discuss here the limit mp — O, on the level of the
energy—momentum relation, whereas the correct procedure would be to study
this limit on the level of a solution to the evolution equations. The problem re-
mains unexplored, since for the equations of motion zero bare mass is rather
singular.

(i) Abraham model. Since mg is additive, the only choice is simply to set mp =
0. In particular, the kinetic energy equals %(%mf)vz for small velocities. If we
equate 4my/3 with mexp, the experimental mass of the electron, we conclude that
Ry, =rq=3x 1013 cm with a prefactor which depends on the choice of the
form factor @.

(i1) Lorentz model. Since mg depends on w, the Lorentz model offers more
variety. We recall Eq. (4.43). If the integral is bounded, which in particular is
the case for ¢ bounded and wRy, < 1, then mg vanishes in the limit mp — 0.
We conclude that mg = m¢(w) and Iy = I5. A novel situation occurs if the inte-
gral in (4.43) can be made to diverge, for which we must choose ¢ to be well
concentrated at the sphere with radius R,. To be concrete let us set R = R, and
p(x) =6(x]| — R)(4rn R%)~1. We also reintroduce c. Then the integral in (4.43)
becomes

c wR
mqe(w) = mp— arctanh — . (4.53)
° wR c
We let wR/c — 1 and mp — O such that
wR _
myp arctanh— — m (4.54)
c

with m > O still at our choice. Note that in this limit the equator rotates with
the speed of light. For the mass, moment of inertia, and magnetic moment of the
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soliton, one obtains, respectively,

11 ¢ 2 2 e 1
Iy=-mcR+—-—, pu=—-eR, (4.55)

Ms =M+ e 3R 3 9 ¢ 3

which leaves us with R and m as free parameters. They can be fitted through the
experimentally determined mass and gyromagnetic ratio of the electron. While for
the mass we simply set mg = mexp, the g-factor requires a more elaborate discus-
sion which will be taken up in section 10.1.

Notes and references
Section 4.1

Abraham (1905) computes the energy—momentum relation in essence along the
same lines as outlined here (except for the variational characterization). Sommer-
feld (1905) uses the expansion of the exact self-force, as will be explained in chap-
ter 7. Lorentz (1904a) proposes a model charge which relativistically contracts
parallel to its momentary velocity. Thus provisionally we replace the charge dis-
tribution eg(x) by its Lorentz contracted version

oL(®) = yor(x* + v (x - 021", oLt = ok — (v-0)*1Y?) . (4.56)

This expression is substituted in (4.5) and gives the electromagnetic fields comov-
ing with the charge at velocity v. Their energy and momentum are computed as
before with the result

4
PL(@W) = v(myy (0) + 3 miy ) (457

1
EL(v) = myy (v) + mfy(m(l + gvz) . (4.58)

The momentum has the anticipated form, except for the factor 4/3 which should
be 1. The energy has an unwanted v? /3. In particular the relation (4.16) does not
hold, which implies that the power equation % E1 (v) differs from the force equa-
tion v - % Py (v). We refer to Yaghjian (1992) for a thorough discussion, which
however somehow misses step zero, namely to specify a relativistically covariant
model for an extended charge, as, e.g., in section 2.5. Schott (1912, 1915) em-
ploys a deformable elastic medium as a model charge. To compute the velocity-
dependent mass he uses essentially the same method as Sommerfeld, an exact
self-force and an expansion in the charge diameter. Schott considers also elec-
tron models different from those of Abraham and Lorentz. Reviews are Neumann
(1914) and Richardson (1916).
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There have been various attempts to improve on the oversimplistic version
(4.56) of the Lorentz model. Fermi (1922) argues that in a relativistic theory energy
and momentum have to be redefined. His argument has been rediscovered several
times and is explained in Rohrlich (1990). Poincaré (1906) takes the elastic stresses
into account. We refer to Rohrlich (1960) and Yaghjian (1992), and the instructive
example by Schwinger (1983).

Section 4.2

Since the Lorentz model is defined through a Lagrangian, the total energy and
momentum are determined from Noether’s theorem for space-time translations.
The transformation as a four-vector is then automatically guaranteed, a property
which we used in the computation of the soliton mass.

Section 4.3

The limit of zero bare mass is discussed in Appel and Kiessling (2001).
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Long-time asymptotics

For any dynamical system one of the first qualitative issues is to understand
whether there are general patterns governing the long-time behavior. In this spirit
we plan to study the long-time asymptotics of the Abraham model with prescribed
external potentials. The basic mechanism at work is the loss of energy radiated to
infinity, which is proportional to (r)? according to Larmor’s formula. Since the
energy is bounded from below, we expect

lim (1) =0 5.1

under rather general conditions. In fact, one would also expect that the velocity
tends to a definite limit,

Iim v(t) = v €V, (5.2)

—>00

which leaves us with two qualitatively rather different cases.

(i) Voo = 0. The charged particle comes to rest confined by the external potentials.
(ii) v # 0. The charge escapes into a region with zero external potentials and
travels there with constant velocity.

If we take also the asymptotics for 1 — —oo into account, then four familiar cases
arise: excitation by incident radiation and subsequent relaxation, (i) — (i); ioniza-
tion, (i) — (ii); capture through radiation losses, (ii) — (i); and scattering of light
from a freely moving charged particle, (ii) — (ii).

There must be a corresponding long-time asymptotic for the radiation field. It
consists of a part attached to the motion of the particle and a part scattered to
infinity. Thus a more complete description of the long-time solution is

Y (1) = Sq(),vt) + (Eou(t), Bou(1), 0, 0) (5-3)

54
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for large . Here Sg(1),v(r) is the charge soliton at the current position and momen-
tum and E oy (?), Boy(t) are the solution of the homogeneous Maxwell equations
with appropriately adjusted initial conditions, the scattering data which depend on
Y (0).

At present two techniques are at hand for establishing a limit like (5.3). The first
one exploits the fact that energy cannot be radiated to infinity forever. This route
requires that all field modes are coupled to the particle as expressed by the

Wiener condition (W):
pk) > 0. (5.4)

The second route is based on a contraction method. It needs no extra condition and
gives explicit convergence rates. However, it requires |e| to be sufficiently small,
i.e. |e| < e with a suitable e depending only on the initial energy. Presumably (W)
and e are artifacts of our mathematical technique.

5.1 Radiation damping and the relaxation of the acceleration

We will establish the limit (5.1) under the Wiener condition, but otherwise in com-
plete generality. The proof follows rather closely physical intuition and leads to an
equation of convolution type which has a definite long-time limit.

Let us consider a ball of radius R centered at the origin. At time ¢ the sum of
the field energy in this ball and of the mechanical energy of the particle is given by

Er(t) = E@) — % / &Px(E@x, )%+ B(x,1)?) (5.5)
(x[=R)

provided R is sufficiently large. Using the conservation of total energy, £(t) =
£(0), Eg changes in time as

%513(0 =—R? /d%oa [E(R®, 1) x B(R®,1)], (5.6)

where @ is a vector on the unit sphere, d%w the surface measure normalized to 47,
and E x B the Poynting vector for the flux in energy at the surface of the ball under
consideration. Since the total energy is bounded from below, we conclude that

R+t
ER(R) —ER(R+1) = — / ds dd—ng(S) =C (5.7)
R

with the constant C = £(0) — 95 independent of R and 7.
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In (5.7) we first take the limit R — oo, which yields the energy radiated to
infinity during the time interval [0, 7] through a large sphere centered at the origin.
Subsequently we take the limit # — oo to obtain the total radiated energy. To state
the result let us define

Ex(@,1) = —i /d3y<0(y —qt+w-y) (5.8)

x[1-@- 0o+ (1-8-97@ De-)]|,4,
which is a functional of the actual trajectory of the particle. Whatever its motion
we must have

o0
/ dr /dzleoo(ZJ, NP <C < oo. (5.9)
0

Note that the integrand in (5.9) is proportional to ¥(r)%, which therefore is expected
to decay to zero for large 7.

To establish (5.9) is somewhat tedious with pieces of the argument explained
in the section below and in section 8.5. One imagines that the trajectory t — q(¢)
is given and solves the inhomogeneous Maxwell-Lorentz equations according to
(2.16), (2.17). If the time-zero fields are in M?,0 < o < 1, see the definition
(2.49), then Ejni(t) and Bjui(t) decay as stated in (5.28). Therefore |(% Er()| <
CR%(1 4+ 5)~2729 and the contribution to (5.7) from the initial fields vanishes in
the limit R — oo. Next one has to study the asymptotics of the retarded fields,
which is carried out in section 8.5. There ¢ is fixed, and for our purpose we may
set ¢ = 1. In addition in (8.48) the sphere of radius R is centered at g°(r), rather
than at the origin. This means, in the present context one can use the asymptotics
(8.51), (8.52) as R — oo with g®(¢) replaced by 0. Combining both arguments
proves that (5.9) follows from (5.7) in the limit R — oo.

The real task is to extract from (5.9) that the acceleration vanishes for long
times.

Theorem 5.1 (Long-time limit of the acceleration). For the Abraham model sat-
isfying (C), (P), and the Wiener condition (W) let the initial data be Y (0) =
(E°, B, ¢°, %) € M7 with0 < o < 1. Then

lim v(t) =0. (5.10)
11— 00
Proof: By energy conservation |v(f)| < v < 1. Inserting in (2.41) and using (P)

we conclude that |v(¢)| < C. Differentiating (2.41) and using again (P) also
|©(¢)| < C uniformly in ¢. Therefore E (@, t) is Lipschitz continuous jointly in
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@, t. Since the energy dissipation (5.9) is bounded, this implies
lim Ex(w,1) =0 (5.11)
t—00

uniformly in &.

We analyze the structure of the integrand in (5.8). The retarded argument de-
pends only on y| = @ - y. Therefore the integration over y | =y — y @ can be
carried out and we are left with a one-dimensional integral of convolution type.
We set ¢,(x3) = [ dxjdxz ¢(x). Then

Eo(@, 1) = é / dyjea(y) —q)( + y))

x[1=3 0776 x (@ - xD)]|,,,

= % /dsgoa(t — (s —q)(s)))

x[1—@- 1) 720 x (@ —v) x V)] (5.12)

s’

Since |g| (s)| < 1, we can substitute & = s — g (s) and obtain the convolution rep-
resentation

Eo(@.1) = / 40 galt — 0)g5(0) = 0a % g2(1) 5.13)
where

e o~ _2,\ o~ .
g;,(@):a[(l —@-v) O x (@ —v) x V)] (5.14)

s(0) "

From (5.11) we know that Ilim @ax g5() = 0.If (ko) = O for some ko, hence
—> 00

@ violating the Wiener condition, then we could choose gz (0) periodic with fre-
quency |ko| and still have ¢, * g5(t) = 0. At this point no further progress seems
to be possible. However under the Wiener condition (W) and with the smoothness
of g5(0) already established, Pitt’s extension to the Tauberian theorem of Wiener
assures us that

lim g5() =0, (5.15)
60— 00
which, since 6(f) — oo as t — oo, implies
rlim WX (@—v@) xv@)=0 (5.16)
— 00

for every @ in the unit sphere. Replacing @ by —@ and summing both expressions
yields @ x (@ x v(t)) — 0 as r — oo. Since this is true for every @, the claim
follows. =
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Note that by fiat Theorem 5.1 avoids any claims as regards the convergence of
(g(),v(t)) ast — oo.

Since the acceleration vanishes for large times, the comoving electromagnetic
fields will adjust locally to the appropriate charge soliton. We established already
that Ein;(¢) and Bi,i(¢) decay. Thus one only has to consider the retarded fields
Ei(x +q(t), 1), Beet(x + q(2), t) relative to the position of the particle and com-
pare them with the soliton fields Eq()(x), By;)(x) at the current velocity. For
this purpose one uses the representations (4.31), (4.32) for the charge soliton and
(2.16), (2.17) for the retarded fields. We insert the explicit form (2.15) of the prop-
agator. This yields

Eo(x) = e/cﬁy @rle =y (1% =y oy — vlx — yDi
+v-Voly — vix —y)(w—7)) . 5.17)
By(x) = edey(4n|x —yD A x (= lx =yl ey — Ix — ylv)v

+v-Vo(y — |x —ylv)v), (5.18)

where 7 = (x — y)/|x — y|. Similarly for the retarded fields

Era(x +q(0),1) = fd3y @rlx =y~ (Ix =y "oy +9) —g(@)n
+v(1) - Vo(y +q () — q(1)(v(r) — 1)
—o(y +q(1) —q(@)(1)), (5.19
Bre(x +q(1).1) = /d3y(4n|x — ¥ (= =y +4(®)
—q(0)v(r) +v(7) - Vo(y +41) — q()v(r)
— oy +q®) —q(0)v(r)), (5.20)

where 7 =1 —|x —y|andt > 1, = 2R, /(1 — v).
We compare the fields locally and use the result that t]im v(¢t) = 0. Then, for
—> 00
any fixed R > 0,

t—00
{lx|=R}

+(B(x+q(0), 1) — BU(,)(x))Z) —0. (5.21)

lim f d3x<(E(x+q(t),t)—Ev(,)(x))z

The scattered fields are not covered by (5.21) and will be studied in section 5.3.
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5.2 Convergence to the soliton manifold

In the case of zero external potentials, in essence any solution Y (¢) rapidly con-
verges to the soliton manifold S as t — 0o, in particular v(t) — voo. Such behav-
ior will be of importance in the discussion of the adiabatic limit, see chapter 6,
where it will be explained that in the matching to a comparison dynamics one
cannot use the naive v(0) but instead must take vo,. For hydrodynamic boundary
value problems such a property is known as the slip condition, since the extrap-
olation from the bulk does not coincide with the boundary conditions imposed
externally.

To prove the envisaged behavior we need a little preparation. Firstly we must
have some decay and smoothness of the initial fields at infinity. We already intro-
duced such a set of “good” initial data, M“, compare with (2.49), and therefore
require here Y (0) € M?,0 < o < 1. Secondly, we need a notion for two field
configurations being close to each other. At a given time and far away from the
particle the fields are determined by their initial data. Only close to the particle are
they Coulombic. Therefore it is natural to measure closeness in the local energy
norm defined by

I(E, B)|%= % f dx(Ex)* + B(x)?) (5.22)
{lx|<R}
for given radius R.

The true solution is Y (t) = (E(x, t), B(x, 1), q(t), v(t)) which is to be com-
pared with the charge soliton approximation (Ev(,)(x —q(1)), By)(x —q(2)),
q (1), 'v(t)). We set Z1(x,t) = E(x,t) — Ey(x —q (1)), Z2(x,t) = B(x,t) —
Byy(x —q (1)), Z=(Z1, Z») and want to establish that [|Z(- +¢q(t),t)|g — O
for large times at fixed R.

Proposition 5.2 (Long-time limit for the velocity). For the Abraham model with
zero external potentials and satisfying (C) let |e| < e with sufficiently small e and
let the initial data be Y (0) € M for some o € (0, 1]. Then for every R > 0 we
have

1Z¢+q@).Dllr < CRA+ )™ (5.23)
In addition, the acceleration is bounded as
o) < CA+1)~'7° (5.24)
and there exists a Voo € V such that

lim v(t) = Voo - (5.25)

—>00

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

60 Long-time asymptotics

Proof: Using the Maxwell equations together with the identities (v-V) E, =
—V X By + epv, (v- V)By = V X E, one obtains

%Z(I) = AZ(t) — g(t), (5.26)

where A is defined in (2.18) and g(¢) has the components (0(¢) - Vo) Ey(x — q (1)),
(v(2) - Vy)By(x — q (1)), and therefore

t
Z(t) = U()Z(0) — / ds U(r — 5)g(s) (5.27)
0

with U(t) = ™.

For the first term we note that Z;(x,0) = Eo(x) —E p(x — qo), Z>(x,0) =
B(x) — Bo(x — q%) € M° by assumption. Using the solution of the inhomo-
geneous Maxwell-Lorentz equations in position space and the bound (2.49) one
has

1Z1(x, )|+ |Z2(x.1)| < Ct_zfd3y3(lx—yl —0(1Z1(y, 0 +1Z2(y, 0)])

+Cz—1fd3y3(|x—y|—r>(|vzl(y,0>|
+1VZa(y, 0)))
< Ct‘Z/ch S(Ix —y| — )1 +[yp~ '
+Ct—1fd3y6(|x—yl DA+ |y >
<C+n-'". (5.28)

The integrand in the second term of (5.27) will be estimated in section 7.3 with the
bound

UG = )gs)lIr, < COIEA+ =) NZ+ (). 9)lIr,: (5:29)

compare with (7.36).
We choose R > R,,. From (5.29) and (5.28)

12 +q@),0llg < CA+0)"1°

t
+CH)e /0 ds (14— 26 +q() lz. (530

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

5.3 Scattering theory 61

Let k = sup (1 + t)1+"||Z(- +q(t), t)||r. Then
t>0

t
Kk < C + C(0)e? (/ ds (1 +(t —)>)~'(1 + s)—l—")/c, (5.31)
0

which implies k¥ < oo provided C(v) e is sufficiently small.
To estimate the decay rate for the acceleration we start from Newton’s equations
of motion in the form

d
a(me'U(t)) = e(Ey(q (1)) — Ev)p(0) + v x (By(g(1)) — By),(0))),
(5.32)

which uses the fact that the force from the soliton field vanishes. By energy con-
servation |v(t)| < v < 1. Therefore (5.32) implies

o) = CellZ(- +q@®). Dlr, (5.33)

and (5.24) follows from (5.23). Since v(t) = v(0) + f(; ds v(s), one has |v(t) —
Vool = C (1 +[t)77. ]

5.3 Scattering theory

We still have to provide an analysis of the scattered wave. Our results are somewhat
fragmentary and we start with an easy and sufficient integrability condition.

Theorem 5.3 (Existence of scattering solutions). For the Abraham model satis-
fying (C) and (P) let Y (t) € M be a solution. If

o0
f dr|v(r)| < oo, (5.34)
0
then there exist scattering data (Eg., By.) such that
lim (1) = Evin (- — (1) = E (0]
+ |B(t) — Byy(- — q(1)) — Bs(1)]|) =0, (5.35)

where (Eg(t), Bsc(t)) = U@)(Eg., Bs.) propagate according to the homoge-
neous Maxwell-Lorentz equations.

Note that in (5.35) the difference is in the global energy norm and therefore
carries the information on the scattered wave.
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Proof: The difference in (5.35) is Z(¢) by definition. (5.26) remains valid in the
presence of external forces, which means that

t
Z(t) = U(t)(Z(O) — /0 dsU(—s)g(s)) . (5.36)
We set

Eg(x) = E%x) — Eo(x —¢°) — /0 dr (1) - Vo) Ep(x — q (1)),

By(x) = B'(x) — Bo(x — q°) — / - dt (0(t) - Vo) By(x — q(1)). (5.37)
0

Since |v(t)| < v < 1, the integrands have uniformly bounded energy norm. Thus
by assumption (5.34) the integrals converge in M and define (E., By) € M.
Hence (5.35) follows. O

There are two cases of interest for which the integrability condition (5.34) can
be checked.

(1) Compton scattering (zero external potential). If |e| < e, then by (5.24)
[o(t)] < C(1 + |t])~'=° which implies (5.34). For a freely moving charge the
asymptotic motion is rectilinear and the scattered waves propagate according to
the free Maxwell equations. Such a result also applies to a charge reaching an
essentially potential-free region. The standard example is a charge scattered by
an infinitely heavy nucleus. For sufficiently long times the incident fields have de-
cayed already and we assume that the charge has reached, with its velocity pointing
outwards, a large sphere centered at the nucleus. Then the external force decays as
1/t which combined with Theorem 5.3 yields the desired asymptotics.

(ii) Rayleigh scattering (bounded motion). Under the Wiener condition (W) we
already know that lim;_, o, ©(¢) = 0. If in addition the motion is bounded,

lg()l = q (5.38)
for all ¢, then necessarily

lim v(¢) =0, (5.39)
t—00

i.e. the particle comes to rest. Inserting in Newton’s equations of motion (2.34) and
using the fact that the fields become locally soliton-like, we infer that

lim Vex(q () = 0. (5.40)

Let us define the set A of critical points for the potential ¢ex, A = {q | Vex(q) =
0}. By (5.40), ¢ (¢) approaches A as a set. If A happens to be a discrete set, then,
by the continuity of solutions in 7, g (¢) has to converge to some definite ¢* € A.
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Such reasoning yields no rate of convergence. The situation improves in the case
where g¢* is a stable local minimum of ¢ex. We linearize the Maxwell equations at
Y* = S4+ 0. The solution to the linearized equations converges exponentially fast
to zero. Therefore, once ¢(¢) is in the vicinity of ¢*, the velocity decays exponen-
tially ensuring (5.34). In particular, if ¢ey is strictly convex and if (W) holds, then
the asymptotics (5.35) of Theorem 5.3 hold for every Y (0) € M.

A standard situation not covered by (i) and (ii) is the motion in a uniform mag-
netic field. Even if one assumes that the motion is bounded, one can only conclude
that v(r) — 0. The attractor A equals R3. Physically one would expect the charge
to spiral inwards and to come to rest at its center of gyration. Another instruc-
tive example is the motion in a confining ¢ex with a flat bottom, say {x | |x| < 1}
and A¢x = 0. Each time the particle is reflected by the confining potential, it loses
energy. Thus v(t) — 0 ast — oo, but g(¢) has no limit.

Notes and references
Section 5.1

The long-time asymptotics are studied in Komech and Spohn (2000), where the
details of the proof can be found. See also Komech, Spohn and Kunze (1997).
Pitt’s version of the Wiener theorem is proved in Rudin (1977), Theorem 9.7(b).
We remark that Theorem 5.1 provides no rate of convergence. Thus to investigate
the asymptotics of the velocity and position requires extra considerations.

Theorem 5.1 can also be read that under the Wiener condition the Abraham
model admits no periodic solution. In the literature, Bohm and Weinstein (1948),
Eliezer (1950), and in particular the review by Pearle (1982), periodic solutions of
the Abraham model have been reported repeatedly for the case of a charged sphere,
ie. p(x) = 4ma®)~'8(|x| — a), which is not covered by Theorem 5.1 since (W)
is violated. These computations invoke certain approximations and it is not clear
whether the full model, as defined by (2.39)—(2.41), has periodic solutions. Pearle
(1977) argues that in the Nodvik model there are no periodic solutions. Kunze
(1998) proves that if there is a periodic solution, its frequency is determined by the
zeros of the radial part of the form factor ¢, which under (C) form a discrete set.
If ¢ has a zero, then the linearized system admits a periodic solution. However, the
full nonlinear equations have no periodic solution, at least in a small neighborhood
of the linearized periodic solution.

As will be explained in chapter 11, the Abraham model extends in the obvious
way to the dynamics of many charges. The argument of Theorem 5.1 applied to
this case yields that the acceleration of the center of mass relaxes to zero. One
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would expect particles to form neutral lumps, each of which is traveling at constant
velocity for large . No argument towards a proof is in sight.

Section 5.2

The contraction method was first developed in Komech, Kunze and Spohn (1999).
Komech and Spohn (1998) prove the convergence to the soliton manifold in the
case of a scalar wave field requiring only (W) and not the restriction |e| < e. No
convergence rates are obtained. Their result is extended to the Abraham model by
Imaikin, Komech and Mauser (2003). Orbital stability was established before by
Bambusi and Galgani (1993). Bambusi (1994) investigates the long-time stability
in the case of an attractive central potential.

Section 5.3

Our results are based on Imaikin, Komech and Spohn (2002). The linearization
argument is fully carried out in Komech, Spohn and Kunze (1997).
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Adiabatic limit

If we assume that the mass of an electron is purely electromagnetic, then by equat-
ing its rest energy and electrostatic Coulomb energy the charge distribution must
be concentrated in a ball of radius

2

= =3x10""cm (6.1)

rel =

mec

which is the so-called classical electron radius. Quantum mechanically one argues

that on the basis of light scattering the electron appears to have an effective size

of the order of the Compton wavelength A, = hme/c = (e2 / he) Vrg = 137 rg.

Thus empirically R, is limited to ro; < R, < 137r). Electromagnetic fields which

can be manipulated in the laboratory vary little over that length scale. r¢ defines

a time scale through the time span for light to travel across the diameter of the
charge distribution,

te] = rel/c = 10723 , equivalently a frequency w¢ = 1033 Hz. (6.2)

Again, manufactured frequencies are much smaller than w.|. Space-time variations
as fast as (6.1) and (6.2) lead us deeply into the quantum regime. Thus it is natural
and physically compelling to study the dynamics of a charged particle under exter-
nal potentials which vary slowly on the scale of the charge radius R, which is the
only length scale available. This means we have to introduce a scale of potentials
and enquire about an approximately autonomous particle dynamics with an error
depending on the scale under consideration. We will introduce such a scheme in the
following section. The resulting problem has many similarities with the derivation
of hydrodynamics from Newtonian particle dynamics — with the most welcome
bonus that it is simpler mathematically by many orders of magnitude. Still, the
comparison is instructive.

65
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6.1 Scaling limit for external potentials of slow variation

For the Abraham model, see Eq. (2.41), the Lorentz force has in addition to the
dynamical fields E (x, t), B(x, t) also prescribed external fields, which are the gra-
dients of the external potentials @ex (x), Aex (X).

We want to impose the condition that ¢ex and A¢x are slowly varying on the scale
of Ry. Formally we introduce a small dimensionless parameter ¢ and consider the
potentials

Pex(ex) , Aex(ex), (6.3)

which are slowly varying in the limit ¢ — 0. Most of our results extend to po-
tentials which vary also slowly in time. For simplicity we restrict ourselves to
time-independent potentials here. Clearly, ¢ appears as a parameter of the poten-
tial, just like wg is a parameter of the harmonic oscillator potential % ma)(%xz. But
¢ should really be thought of as a bookkeeping device which orders the magnitude
of the various terms and the space-time scales according to the powers of ¢. Such
a scheme is familiar from very diverse contexts and appears whenever one has to
deal with a problem involving scale separation.

So how small is ¢? From the discussion above one might infer that if ¢ex, Aex
vary over a scale of 1 mm, then ¢ = 10~!2. This is a totally meaningless statement,
because egex, €Aex have the dimension of energy and thus the variation depends
on the adopted energy scale. In (6.3) we merely stretch the spatial axes by a factor
¢! and fix the energy scale. Since from experience this point is likely to be con-
fusing, let us consider the specific example of a charge revolving in the uniform
magnetic field Bex = (0, 0, Bp). The corresponding vector potential is linear in x,
and to introduce ¢ as in (6.3) just means that the magnetic field strength equals
&Bp. The limit ¢ — 0 is a limit of small magnetic field strength relative to some
reference field By. Thus to obtain & we first have to determine the reference field
and compare it with the magnetic field of interest. This shows that in order to fix ¢
we have to specify the physical situation in detail, in particular the external poten-
tials, the mass of the particle, the charge of the particle, y (v), and the time span of
interest.

The scaling scheme (6.3) has the great advantage that the analysis can be car-
ried out in generality. In a second step one has to figure out ¢ for a concrete sit-
uation, which leads to a quantitative estimate of the error terms. For instance, if
in the case above we consider an electron with velocities such that y < 10, then,
by comparing the Hamiltonian term and the friction term, the reference field turns
out to be By = 10!7 gauss. Laboratory magnetic fields are less than 10° gauss and
thus & < 10712, In this and many other concrete examples, ¢ is very small, less
than 10710, which implies that, firstly, all corrections beyond radiation reaction
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are negligible. Secondly, we do not have to go each time through the scheme in-
dicated above and may as well set ¢ = 1 thereby returning to conventional units.
Still on a theoretical level the use of the scale parameter ¢ is very convenient. In
an appendix to this section we will work out the example of a constant magnetic
field more explicitly. If the reader feels uneasy about the scaling limit, (s)he should
consult this example first.

Adopting (6.3), Newton’s equations of motion now read

d
O (myy () = e(Ey(q (1), 1) + e Ecx(eq (1))

+v(t) X (By(q(1). 1) + eBex(eq(1)))) . (6.4)
where
Eex = —Véex, Bex =V X Aex. (6.5)

Note that if E¢x, Bex are smeared by ¢, as would be proper, the resulting error in
(6.4) is of order &3, which can be ignored for our purposes.

Equation (6.4) has to be supplemented with Maxwell’s equations (2.39), (2.40).
Our goal is to understand the structure of the solution for small ¢, and as a first
qualitative step one should discuss the rough order of magnitudes in powers of ¢.
But before that we have to specify the initial data. We give ourselves g°, v° as
the initial position and velocity of the charge. The initial fields are assumed to be
Coulombic, i.e. of the form of a charge soliton centered at ¢° with velocity 1°,

compare with (4.28), which we formalize as
Condition (I):
Y(0) = Sqo’vo . (6.6)

Equivalently, according to (4.31), (4.32), we may say that the particle has traveled
freely with velocity v° for the infinite time span (—oo, 0]. At time ¢ = O the ex-
ternal potentials are turned on. Geometrically, our initial data are exactly on the
soliton manifold S considered as a submanifold of the phase space M. If there
are no external forces, the solution stays on S and moves along a straight line. For
slowly varying external potentials as in (6.3) we will show that the solution stays
e-close to S in the local energy distance.

On general grounds one may wonder whether such specific initial data are re-
ally required. In analogy to hydrodynamics, we call this the initial slip problem. In
times of order 7, (= Ry/c), the fields close to the charge acquire their Coulombic
form while the external forces are still negligible; compare with figure 6.1. How-
ever, during that period the particle might gain or lose in momentum and energy
through the interaction with its own field and the data at time 7, close to the particle
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Figure 6.1: Schematic phase space with attractive soliton manifold S. Away
from S the motion is fast, on S it is slow.

are approximately of the form S 3, where ¢ and v are to be computed from the
full solution. Of course, at a distance ct away from the charge, the field still re-
members its = 0 data. Thus we see that the initial slip problem translates into the
long-time asymptotics of a charge at zero external potentials but with general ini-
tial field data. We refer to section 5.2, where this point has been studied in detail.
At the moment we just circumvent the initial slip by fiat.

Let us discuss the three relevant time scales, where we recall that t, = Ry /c.

(i) Microscopic scale, t = O(t,), ¢ = O(R,). On this scale the particle moves
along an essentially straight line. The electromagnetic fields adjust themselves to
their comoving Coulombic form. As we will see, they do this with a precision O(¢)
in the energy norm.

(i) Macroscopic potential scale, t = 0(8_]t¢), q= O(s_lR(p). This scale
is defined by the variation of the potentials, i.e. on this scale the potentials are
Pex (X), Aex(x). The particle follows the external forces. Since it is in company
with almost Coulombic fields, the particle responds to the forces according to the
effective energy—momentum relation, which we determined in chapter 4. On the
macroscopic scale the motion is Hamiltonian up to errors of order ¢. There is no
dissipation of energy and momentum.

(iii)) Macroscopic friction scale. Accelerated charges lose energy through
radiation, which means that there must be friction corrections to the effective
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Hamiltonian motion. According to Larmor’s formula the radiation losses are pro-
portional to ¥(r)%. Since the external forces are of the order ¢, these losses are
proportional to £2 when measured in microscopic units. Integrated over a time
span &~ 't, the friction results in an effect of order e. Thus we expect order &
dissipative corrections to the conservative motion on the macroscopic scale.
Followed over the even longer time scale e_th,, the radiation reaction results in
O(1) deviations from the Hamiltonian trajectory.

On the friction time scale the motion either comes to a standstill or stays uni-
form. In addition, as will be shown, the dissipative effective equation has the same
long-time behavior as the true solution. Thus we expect no further qualitatively
distinct time scale beyond the friction scale.

From our description, in a certain sense, the most natural scale is the macro-
scopic scale and we transform Maxwell’s and Newton’s equations to this new scale
by setting

' =et, x' =ex. (6.7)

We have the freedom of how to scale the amplitudes of the dynamic part of the
electromagnetic fields. We require that their energy is independent of . Then

E,t)y=e3?Ex, 1), Bx.,t')=c3?Bx,1). (6.8)
Finally the new position and velocity are

q' 1) =eq), V(') =), (6.9)

d

so that T

denote

q' = V. There is little risk of confusion in omitting the prime. We then

@) =eqe '), Y@O)=vE'), g.x)=e 9 %), (6.10)

which means that [ d3x ¢¢(x) = 1 independent of ¢ and that ¢, is supported in
a ball of radius ¢R,. In the macroscopic coordinates the coupled Maxwell’s and
Newton’s equations read

0:B(x,t) = -V x E(x,1),
HE(x, 1) =V x B(x,1) — eep. (x —q° (1))’ (1),

d
T (mpy® (1)) = e(Eex(@® (1) 4+ 17 (1) X Bex(¢°(1)))

+Vee(Ey, (" (1), 1) +1°(t) x By, (" (1), 1)) (6.11)
together with the constraints

V.E=\eep:(- —q°(t)), V-B=0. (6.12)
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On the macroscopic scale the conserved energy is

1
Emac = myy (V) + edex(@) + 3 / &x (E@)* + B(x)?).

Also the initial data have to be transformed and become

Condition (I,):

Yo(0) = Sk o = (Efp(x —4°), Bly(x —4°).4°.0")

with
Ef, = -V, +v(v- Vi), B =—vx Ve,
where now
- ¢ ep(ck)
Futy = YOO
k' — (v-k)

(6.13)

(6.14)

(6.15)

(6.16)

On the macroscopic scale, the scaling parameter ¢ can be absorbed into the

“effective” charge distribution /ce@;. Its electrostatic energy,

12 3 ~ 21 1 371 21
me=ze /d kel3h ()| ;?:5/‘1 MR -

is independent of &, while its charge
efd3x¢5¢g(x) =Vee

vanishes as /¢. Recall that ¢ is a “bookkeeping device”.

(6.17)

(6.18)

We argued that on the macroscopic scale the response to external potentials in
the motion of the charges is of order one. We thus expect that g®(z) tends to a

nondegenerate limit as ¢ — 0, i.e.

Tim, g () =r(), Jim, v(1) = u(t).

(6.19)

The position r () and velocity u(¢) should be governed by an effective Lagrangian.
In section 4.1 we determined the effective inertial term. If the potentials add in as

usual, one has

Lefi(q.4) = T(q) — e(pex(q) — G - Aex(q)) .
which results in the equations of motion

F=u, muu=ce(Ex(r)+ux B(r)).
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The velocity-dependent mass m (u) has a bare and a field contribution. From (4.12)
we conclude that

dPs(u)
Cdu

as a3 x 3 matrix. If instead of the velocity we introduce the canonical momentum,
p, then the effective Hamiltonian reads

Hest(r, p) = Eefi(p — eAex(r)) + egex (r) (6.23)

with Hamilton’s equations of motion

mu) = (6.22)

F =VpHer, p=—V;He. (6.24)

Our plan is to establish the limit (6.19) and to investigate the corrections due to
radiation losses.

6.1.1 Appendix 1: How small is ¢?

We consider an electron moving in an external magnetic field oriented along
the z-axis, Bex = (0,0, Bp). The corresponding vector potential is Aex(x) =
% Bo(—x2, x1, 0). According to our convention the slowly varying vector potential
is given by Aex(ex) = %830(—)62, x1,0). Thus By is a reference field strength,
which is to be determined, and B = ¢ By is the physical field strength in the lab-
oratory. The motion of the electron is assumed to be in the 1-2 plane and we set
v = (u, 0). According to section 9.2, example (iii), within a good approximation
the motion of the electron is governed by

yit = ot — Bocu) . (6.25)

Here u' = (—us,u1), w.=eB/moc is the cyclotron frequency, and B =
&2 / 67 c3myg. The first term is the Lorentz force and the second term accounts for
the radiation reaction.

We now choose the reference field By such that the two terms balance, i.e.

By = (Be/moc) ™" . (6.26)
For electrons
By=1.1x 10" gauss (6.27)

and even larger by a factor (1836)2 for protons. For a laboratory field of 10° gauss
this yields

e=10"12, (6.28)
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Written in units of By, (6.25) becomes
yu= é‘a)g(uL —cu) (6.29)

with ,ng =1, i.e. a)g = ¢ By/moc = 1.6 x 10® s~!. Thus friction is of relative
order ¢ and higher-order corrections would be of relative order £2. As will be
demonstrated, the dimensionless scaling parameter ¢ serves as a bookkeeping de-
vice to track the relative order of the various terms contributing to the dynamics.

6.1.2 Appendix 2: Adiabatic protection

The adiabatic limit, as discussed above, relies on the fact that photons have zero
mass. If they had finite mass, radiation damping would be hindered. This point can
be most easily argued in the context of a scalar wave field. Moreover, rather than
having a particle interacting with the field, it suffices to have a source fixed at the
origin.

The scalar wave field is denoted by ¢ with canonically conjugate momentum
field . They are governed by

Qop(x, 1) =m(x, 1), m(x.1) = Adp(x.1) —k’Pp(x,1) +a()d(x). (6.30)

o/(t) is a smooth function vanishing outside the interval [0, 7]. Assuming that ¢ =
0, w = 0O initially we want to determine how much energy is radiated in the long-
time limit.

The local field energy is given by

1
e(x,1) = 2 (m(x,0° + (Vo (x, ) + K¢ (x, 1)?) (6.31)
from which, using (6.30), the energy current
Joe=—nVo (6.32)
follows. The energy flow through a sphere of radius R is given by
o
—f dtR? / Por(WR, Hw - Vo (wR, 1)
0
o0
= —4x R2/ dtm (R, )¢’ (R, 1)
0
oo
= —471[ dtRn(R,R+1t)R¢'(R, R +1). (6.33)
0

The first step uses radial symmetry of the solution to (6.30), while retaining the
notation for the radial fields and setting ¢’ (R, 1) = dr¢ (R, t), and the second step
uses the condition that the solution is supported inside the light cone. To separate
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between near and far field one still has to take the limit R — oo in (6.33). Thus

i
— 0

o0
Egiss = Rl m —4m / dtR7w(R,R+1t)RP (R, R +1). (6.34)
0

The fundamental solution of (6.30) is

(o) = (76 50)(2) 639
x@t))  \o’G 8,G)\x )" '
G is the propagator for ¢ > 0,

Gx, 1) = La(t —|x]) — %sz(K\/ﬂ —x2)x(x* <1?)  (6.36)

47 |x|

with
F(z) = %Jl (2) (6.37)

and J; the integer Bessel function of order 1. For the initial conditions ¢ = 0, 7 =
0 the solution to (6.30) is then

t

t f
d(x,t) = f dsG(x,t —s)a(s), m(x,t)= f dsd;G(x,t — s)a(s). (6.38)
0 0

Before inserting them in (6.34) both terms have to be somewhat simplified through
partial integrations using the condition that & (0) = 0. For the momentum field one
obtains

4m R (R, R+ 1) = a(t) — k*R /’ dsF <K\/(t —9OQR+1— s)) &(s) .
0
(6.39)

For the scalar field there are two subleading contributions, which vanish as R —
0o, and the leading term

4
47TRY (R, R+1) = —d(t)-l—KzRf dsF (K\/(t—s)(2R+t—s))
0

. 1

We insert (6.39) and (6.40) into (6.33), which results in four terms. The first
one is clearly (471)_l fooo dto'z(t)z. For the cross-term the integral involving F con-
verges to a(¢) as R — oo. Thus the cross-terms add up to —@2n)7! fooo dra(r)>.
The fourth term requires more work. The 7-integration of (6.33) is split into [0, 7]
and [T, oo]. The first integral yields (4m)~! fooo dra(t)?, thereby cancelling terms
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1 to 3. The remainder is

T T 00
Egu = lim —— [ dsé(s) / ds’é(s") / dtK4RF(/<\/(t — QR +1— s))
R—o0 41 Jo 0 T
R
R+t—s"
At this point one can use the asymptotics of J; for large arguments leading through
oscillating integrands to

1 [~ 1
Egiss = 2—[ do—vw? — Kzlwﬁ(w)lz. (6.42)
T Je w

In the limit « — O one obtains the familiar analog of the Larmor formula as

x RF(K\/(I — QR+ 1 — s/)) (6.41)

1
Egis = — / dra(1)? . (6.43)
4

If o has slow time variation, incorporated as «(et), € < 1, then

1
Egiss = ¢ — f dra(1)?, (6.44)
4

which in our working example would determine the time scale for radiation damp-
ing. On the other hand, for « > 0

1 [ 1 R
Egiss = e fK . da);,/wz — (/)| wd(w)|. (6.45)

If @ has exponential decay, d(w) = e~ 71l for large |w|, then Egiss = e 7/, The
low frequencies of the source do not couple to the medium.

If photons were massive, the adiabatic motion of charges would be protected in
the sense that radiation damping is of order e !/¢ rather than of order £ as is the
case for photons with dispersion w (k) = clk|.

6.2 Comparison with the hydrodynamic limit

In hydrodynamics one assumes that a small droplet of fluid with center r has its
intrinsic velocity, u(r), and that relative to the moving frame the particles are dis-
tributed according to thermal equilibrium with density o (r) and temperature 7 (r).
For such notions to be reasonably well defined, the hydrodynamic fields p, u, T
must be slowly varying on the scale of the typical interparticle distance. This is
how the analogy with the Maxwell-Newton equations arises. As for them we have
three characteristic space-time scales.

(i) Microscopic scale. The microscopic scale is measured in units of a colli-
sion time, respectively interatomic distance. On that scale the hydrodynamic fields
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are frozen. Possible deviations from local equilibrium relax through collisions. To
prove such behavior one has to establish a sufficiently fast relaxation to equilib-
rium. For Newtonian particles no general method is available. For the Maxwell
field the situation is much simpler. Local deviations from the Coulomb field are
transported off to infinity and are no longer seen.

(i1) Macroscopic Euler scale. The macroscopic space-time scale is defined by
the variation of the hydrodynamic fields. If, as before, we introduce the dimen-
sionless scaling parameter ¢, then space-time is O(¢~!) in microscopic units. On
the macroscopic scale the time between collisions is O(¢), the interparticle dis-
tance O(¢), and the pair potential for the particle at position ¢; and the one at g ;
is V(e (g i — ¢ j))- On the macroscopic scale the hydrodynamic fields evolve ac-
cording to the Euler equations. These are first-order equations, which must be so,
since space and time are scaled in the same way. The Euler equations are of Hamil-
tonian form. There is no dissipation, and no entropy is produced. In fact, there is a
slight complication here. Even for smooth initial data the Euler equations develop
shock discontinuities. There the assumption of slow variation fails and shocks are
a source of entropy.

(iii) Macroscopic friction scale. In a real fluid there are frictional forces which
are responsible for the relaxation to global equilibrium. One adds to the Euler
equations diffusive-like terms, which are second order in spatial derivatives, and
obtains the compressible Navier—Stokes equations incorporating the shear and vol-
ume viscosity resulting from friction in momentum transport and thermal conduc-
tivity resulting from friction in energy transport. On the macroscopic scale these
corrections are of order ¢. In the same spirit, based on the full Maxwell-Newton
equations, there will be dissipative terms of order ¢ which have to be added to
(6.21). Of course, in this context one has to deal only with ordinary differential
equations as effective dynamics.

6.3 Point-charge limit, negative bare mass

The conventional point-charge limit is to let the diameter of the charge distribution
tend to zero under the condition that the total charge remains fixed. Accordingly,
let us consider now Ry, as a reference scale and let R/R, — 0. Then for the point
charge one sets

9r(*) = R3p(x/R) (6.46)

and takes the limit R — 0. This means that the charge diameter is small in units
of the variation of the external potential, since this is the only other length scale
available. At first sight, one just seems to say that the potentials vary slowly on
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the scale set by the charge diameter and that hence the point-charge limit and
the adiabatic limit coincide. To see the difference let us consider the electrostatic
energy

%eZ/d*k@R(k)F% = %mf. (6.47)
In particular, the ratio of field mass to bare mass grows as R~ ! in the point-charge
limit and remains constant in the adiabatic limit.

To display the order of magnitude of the various dynamical contributions we
resort again to our standard example of an electron in a uniform magnetic field
Be.x = Bn, 1 = (0,0, 1) with B of the order of 1 tesla = 10* gauss, say. It suf-
fices to consider small velocities. In the adiabatic limit we set B = ¢ By where the
reference field is By = 1.1 x 10!7 gauss; compare with appendix 1 to section 6.1.
Up to higher-order corrections, the motion of the electron is then governed by

2
v+ 0> (6.48)

4
(mb + —mf)’i)= EeB()('v x n) +
C

3 6me3

on the microscopic scale. Going over to the macroscopic time scale, t' = ¢!z,
(6.48) becomes

&2

e+ O(@?). (6.49)

4 . e
(mb+—mf)'v=—Bo('vxﬁ)+
C

3 6me3

Setting mg = myp + %mf, a)g = e Bo/moc, B = e2/6nc3m0, and restricting to the
motion on the critical manifold, as will be explained in chapter 9, Eq. (6.49)
becomes

b= wd(vx i+ efal (vx 1) x 1)+ O(?), (6.50)
equivalently, on the microscopic time scale
b= we(v X 1+ Bwc(v x 1) x 1) + O(e?) (6.51)

with the cyclotron frequency w. = e e By/moc = eB/myc.
For the point-charge limit we rely on the Taylor expansion of section 7.2. Then,
for small velocities,

2

(mb+R_'£—1mf)'i7=€B(vxﬁ)+ v+ OR). (6.52)
C

3

Since based on the same expansion, as long as no limit is taken, of course, we can
switch back and forth between (6.52) and (6.48), respectively (6.49), provided the
appropriate units are used. This can be seen more easily if we accept momentarily

673
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the differential—difference equation

myv(t) = e(Eex(q(1)) + ¢ 0(t) x Bex(q (1))
2

n e
12wcR?

(v(t —2¢7'R) —v(1)), (6.53)
which is exact for a uniformly charged sphere at small velocities, see section 7.1.
If we expand in the charge diameter R, then

2 2
e ) _
- Rcz)v=e(Eex+c v Be) + ——

(o + o+ O(R).  (654)
which is the analog of (6.52). On the other hand, if we assume that the external
fields are slowly varying, as explained in section 6.1, then on the macroscopic
scale

emp(t) = e e(Eex(q (1)) + ¢ 'v(t) X Bex(q(1)))
2
e

- _ —1 _
+12mR£ (v(t —2ec™'Ry) — v(1)), (6.55)

where R, is now regarded as fixed. Taylor expansion in ¢ yields

2 2

_ -1 €
W)'U—E(EQX-FC UXBeX)+86

— 9+ 06 (6.56)

(m+

which is the analog of (6.49).

As can be seen from (6.52), in the point-charge limit the total mass becomes
so large that the particle hardly responds to the magnetic field. The only way out
seems to formally compensate the diverging R ~! (4/3)my by setting

my = —R 1 (4/3) m¢ + mexp (6.57)

with mexp, the experimental mass of the charged particle. But this is asking for trou-
ble, since the energy (2.44) is no longer bounded from below and potential energy
can be transferred to kinetic mechanical energy without limit. To see this mecha-
nism in detail we consider the Abraham model with By = 0 and ¢¢x varying only
along the 1-axis. The bare mass of the particle is now —my,, with mp > 0 as before.
We set ¢ (t) = (¢, 0,0), v(t) = (v;,0,0), Ecx = (—¢'(g), 0, 0). ¢ is assumed to
be strictly convex with a minimum at g = 0. Initially the particle is at rest at the
minimum of the potential. Thus E(x, 0) = Eo(x) from (4.5) and B(x, 0) = 0. We
now give the particle a slight kick to the right, which means gp = 0, vg > 0. By
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conservation of energy
1
—myc® y(v;) + e p(qr) + 3 / &x (E(x,1)* + B(x,1)?)
2 L[ 2
= —mpc“y (Vo) + ep(qo) + 3 d’x E(x,0)". (6.58)

We split E into longitudinal and transverse components, E = E| + E |, E” =
k(k - E).Clearly [d’x E| - E; = 0 and therefore

/d3xE(x, n? > /d3xE||(x,t)2 = fd3k(’12. E(k. 1))?

= ¢’ / &k k|72 [pk))? = fd3x E(x,0), (6.59)
since the initial field has zero transverse component. Inserting in (6.58) yields

g2 =1 —[y (o) + (e/mpc® (@ () — dqo)] . (6.60)

Since y(vg) > 1, ¢; > 0 for short times. As the particle moves to the right,
(¢ (q:) — ¢ (qo)) is increasing and therefore ¢; — 1 and g, — oo ast — 00. Note
that vy and my, can be arbitrarily small. Not surprisingly, the Abraham model with
a negative bare mass behaves rather unphysically. A tiny initial kick suffices to
generate a runaway solution.

The point-charge limit is honored by a long tradition, which however seems
to have constantly overlooked that physically it is more appropriate to have the
external potentials slowly varying on the scale of a fixed-size charge distribution.
Then there is no need to introduce a negative bare mass and there are no runaway
solutions.

Notes and references
Section 6

The importance of slowly varying external potentials has been emphasized re-
peatedly. In the early literature slow variation appears as the quasi-stationary hy-
pothesis and quasi-stationary motion (Miller 1997). Such principles remain vague
and, interestingly enough, in more mathematical considerations the size R, of the
charge distribution is taken as an expansion parameter rather than the appropriate
parameter in the potential. To me it is rather surprising that, apparently, there is
no systematic study of the equations of motion with external potentials of slow
variation. We use the notion “adiabatic limit” to correspond to the adiabatic theo-
rem in classical and quantum mechanics which refers to a Hamiltonian with slow
time-dependence. More appropriately we should speak of “space-adiabatic limit”,
since the slow variation is in space, the slow variation in time being a consequence.
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Section 6.1

In the context of charges coupled to the Maxwell field the adiabatic limit was first
introduced in Komech, Kunze and Spohn (1999) and in Kunze and Spohn (2000a).
The fundamental solution (6.36) of the Klein—Gordon equation is discussed in
Morse and Feshbach (1953). De Bievre (private communication) points out that
the dissipated energy (6.42) can be guessed also from elementary considerations.
In Fourier space the wave equation becomes

32 (k) = —w (k) (k) + ) > (1) (6.61)

with w(k)? = k? + «2. For a forced harmonic oscillator the equation of motion
reads ¥ = —w”x + f(r) and the energy transferred by the forcing is nlf(w)|2.
Inserting in (6.61) and integrating over all k yields (6.42). Schwinger (1949) uses
a similar argument for the radiated energy.

Section 6.2

A more detailed discussion of the hydrodynamic limit can be found in Spohn
(1991).

Section 6.3

In the early days of classical electron theory, one simply expanded in R,. R, was
considered to be small, but finite, roughly of the order of the classical electron ra-
dius. Schott (1912) pushes the expansion to include the radiation reaction. Appar-
ently, the notion of a point charge is first stated explicitly by Frenkel (1925). The
difficulties resulting from the point charge were clearly understood by P. Ehrenfest
as stressed by Pauli in his 1933 obituary. The point-charge limit is at the core of
the famous Dirac (1938) paper, cf. section 3.3. Since then the limit mp — —oo has
become a standard piece of the theory, reproduced in textbooks and survey articles.
The negative bare mass was soon recognized as a source of instability. We refer
to the review by Erber (1961). On a linearized level stability is studied by Wilder-
muth (1955) and by Moniz and Sharp (1977) and Levine, Moniz and Sharp (1977).
Bambusi (1996), Bambusi and Noja (1996), and Noja and Posilicano (1998, 1999)
discuss the point-charge limit in the dipole approximation and show that then the
true solution is well approximated by the linear Lorentz—Dirac equation with the
full, both physical and unphysical, solution manifold explored. An extension to the
nonlinear theory is attempted by Marino (2002). The bound (6.60) is taken from
Bauer and Diirr (2001), which seems to be the only quantitative handling of the
instability for the full nonlinear problem.
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7
Self-force

The inhomogeneous Maxwell equations have been solved in (2.16), (2.17). Thus
it is natural to insert them into the Lorentz force in order to obtain a closed, albeit
memory equation for the position of the particle.

According to (2.16), (2.17) the Maxwell fields are a sum of initial and retarded
terms. We discuss first the contribution from the initial fields. By our specific
choice of initial conditions they have the representation, for ¢ > 0,

0
Eini(x, 1) = — f ds fd3y (VGi—s x —y) ep(y — q° — °s)
+0,Gr—s (x = )1 ep(y —¢° =), (7.1)

0
Buni(x, 1) = f ds f ByV x Gy (= y) Pep(y —q° —os); (1.2)
— 00

compare with (4.31), (4.32). Since G, is concentrated on the light cone, one con-
cludes from (7.1), (7.2) that Ejni(x, t) = 0, Bini(x, t) = O for |q0 —x| <t —Ry.
If we had allowed for more general initial data, such a property would hold only
asymptotically for large 7.

Next we note that constrained by energy conservation the particle cannot travel
too far. Using the bound on the potential, one can find a v < 1 such that

sup |[v(t)| <v <1, (7.3)
teR

cf. Eq. (7.26). The charge distribution vanishes for [x —¢q(z)| > R,. Therefore,
once

t >0, =2R,/(1 - ), (7.4)

80
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the initial fields and the charge distribution have no overlap. We conclude that for
t > t_(/J the initial fields make no contribution to the self-force and it remains to
discuss the effect of the retarded fields.

We insert (2.12), (2.13) into the Lorentz force for which purpose it is convenient
to use the scaled version (6.11). The external potentials are set equal to zero for a
while. Then on the macroscopic scale, for r > e1,,

—d (m 'vg(t)) =F¢ (1) (7.5)
dr bY self :
with the self-force

1
Fiy () = ¢ f dse / &k [@ek)[? e F @ OO (he| = sin (k| (c — 5))ik
0

— (cos k| (t — )0 (s) — (k| ™" sin [k|(t — 5)) v (1) x (ik x v (5))),
(7.6)

which in position space for ¢ = 1 was already written down in Eq. (2.57).

Equation (7.5) is exact under the stated conditions on the initial fields. No in-
formation has been discarded. The interaction with the field has been merely tran-
scribed into a memory term. To make further progress we have to use a suitable
approximation which exploits the assumption that the external forces are slowly
varying. Since this corresponds to small ¢, we just have to Taylor-expand F? (1),
which is carried out in section 7.2 with the proper justification left for section 7.3.
But before that, and to make contact with previous work, we take a closer look at
the memory term.

7.1 Memory equation

Equation (7.6) can be simplified, for which it is convenient to set ¢ = 1. By partial
integration

t

‘ d

fds/d3k |$(k)|2e—""(‘l(“—q(-‘))v(s)d— k|~ sin [k|(r — s)
S

0

=— f Bk [Pk)|> e K @D=aOD 4 0) k|~ sin |kt

t
~ [[as [ SuioP e OO o skl - 5600
0

+ ik - v(s)v(s)) . (7.7)
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Since 1 > t_(,,, the boundary term vanishes. Inserting (7.7) into (7.6), returning to
physical space, and setting  — s = 7, one has for 7 > 1,

Fgs (1) = —eZ/dt ['i)(t -1+ 1 —v() vt —1))Vy
0
+ vt — D) — vt — 1)) - Vi Wi () [x=q)—g—1)»  (7.8)

where
W, (x) = / &Sk [Pk) > e ** k|~ sin |k|z . (7.9)

In (7.8) we have extended the integration to oo, since the integrand vanishes any-
way for 7 > 1,. Carrying out the integrations on the angles in (7.9) one obtains

W, (x) = x| (h(x| + 1) — h(jx| = 1)), (7.10)
h(w) = 27 fdkg(k) cos kw (7.11)
0

with g(|k|) = |@(k)|>. Since ¢ vanishes for |x| > Ry, h(w) =0 for [w| > 2R,.
Note that |g(t) —q(t — )| < vt. Thus for r > t_g,) we indeed have W;(q(t) —
q(t — 1)) =0, as claimed before. Fg¢(f) has a finite memory extending back-
wards in time up to t — 1.

To go beyond (7.10) one has to use a specific form factor ¢. Two choices, popu-
lar at the time, are pg(x) = (47 R2) ™' 8(|x| — R,) and gp(x) = e (47 R} /3) ! for
|x| < Ry, ¢p(x) = 0for |x| > R,. For the uniformly charged sphere one finds

_ [ GrRy)TIA —|wl/2) for |w| <2,
h(Ryw) = { 0 for |w| > 2. (7.12)
and for the uniformly charged ball
| SR Thxh(w) for |w| <2,
h(Ryw) = { 0 for |w| = 2. (7.13)

with Z(w) =1 - wz) for jw| < 1 and E(w) = 0 otherwise.

For the charged sphere W;(x) is piecewise linear and, by first taking the gradi-
ent of W, the time integrations simplify. In the approximation of small velocities
the motion of the charged particle is then governed by the differential-difference
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equation
2

m0le) = e(Eex(@(0) +00) X Be@(®) + 15

('v(t —2Ry) — v(t)) ,
(7.14)

where we have reintroduced the external fields.

The memory equation (7.14) is of suggestive simplicity. To have a well-defined
dynamics one has to prescribe ¢(0) and v(r) for —2R, <t < 0 as initial data.
Of course, the coupled system determines these data completely. However, the
supporters of differential-difference equations regard (7.14) as the starting point
with no instruction for the choice of initial data. Their claim is that solutions to
(7.14) are not very sensitive to this choice. While there is some evidence on the
linearized level, the dependence on the initial data for the full nonlinear problem
remains to be studied.

7.2 Taylor expansion

We return to Eq. (7.5). As will be explained in section 7.3, one knows that there
exists a constant C, independent of ¢ for ¢ < &g, such that

@EO1<CL G 01 < C(1+ee+1iD72).
[l < C(1+ e+ 1) 2 +ee+1)7?) (7.15)

for all 7, provided the total charge e is sufficiently small. This smallness condition
merely reflects the fact that at present we do not know how to do better mathemat-
ically. Physically we expect (7.15) to hold no matter how large e.

Note that in higher time derivatives the mismatch of the initial conditions be-
comes visible. Only if the charge is allowed to move for a time span of order &!/3,
which is short on the macroscopic scale but long as ©(¢~2/3) on the microscopic
scale, do the derivatives become uniformly bounded.

Because of (7.15) we are allowed to Taylor-expand in (7.6). To simplify notation
we set v¥(f) = vandt —s = 7. Then

1
’UE(S)='UE(t—7:)=v—'i)f+§'i}T2+O(t3), (7.16)
e k(@ (1)=4"(s)) _ o—ik-(g"(1)—q"(1—7)) _ e—i(k~v)r(1 + %rzi(k D) — é ik - v)

1

1, 1 5 \2 2,3
=3 (37D — =Pl ») +OWKIDD) . (717)
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Inserting in (7.6) and substituting s’ = ¢~ s, k' = ek yields

et

Fi(t) = & f dre™! f d3k|a<k>|2e—i<"'”>’{<|k|—‘ sin [k|7)ik
0

— (cos |k|t)('v — et + %821'2'[)) — (k| sin [k|7) (v x (ik x v)
—vx (ik X eTv) + %v x (ik x 82T2;l})) + %STZi(k <)

x (k| ™" sin |k|7)ik— (cos [k|t)(v—etv)— (k| ™" sin [k|7)(vx (ik x v)
—v x (ik x eTv))) + ( = %82‘[3i(k D) — %82‘[4(k . i})z)

x ((lke| " sin |k|7)ik — (cos |k|t)v — (k| ™" sin |k|7) (v x (ik x v)))}

+ 0. (7.18)

The terms proportional to e ~! cancel by symmetry. We sort all other terms,

et
FE () = e2/d3k Ia(k)lz{( — (- D)Vy+ D(w- Vv))f dre 1 ®O7 (k1= sin |k|7)
0
| et
+ (v + 3 V(- Vy)) / dr e 1 *VT (cos |k|T) + 8(% [- (W —1)
0
X (0 Vo) Vo + 0(v - Vi) (0 V) + (v- ) Vy — 0(v- V)]
+ é [— (=)@ Vo)V — 00 Vo) (- Vo) + 30 9) (b Vo) Vo

3w Vo) (o V)] + % [0 — 1)(b- Vo)V

et

— (V- Vi) (b - v,,)z]) f dt re 1 * VT 1k~ sin k|7)
0
et
+8(—'v——[U(U-Vv)+3'v('v-Vv)]) dr t7e cos |k|‘L’}
6
0
+0(e?). (7.19)
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To take the limit ¢ — O we go back to position space and use the fundamental
solution of the wave equation. Then

e—0

g1t
lim fdrfd3k|a(k)|2e—i<"’”>f(|k|—1sin lk|t) t?
0

:/dt fd3x fd3y<p(x)go(y)i(s(|x+m—y| —1)1P
4t
0

J Bk Pk — (k- v)*]7! for p=0, 20
| S B e [ Pye) (2 /4m) for p=1. (720

By the same method

e—>0

e~y
. d
lim /drfd3k |a(k)|2e—l<k'v>fr1+f’d—(|k|—1sin k|7)
T
0

o0
=—(1+p+ @ V) fdt /d3k [p() > e 1 * V" (1|~ L sin |k|r)e?
0

— [Pk @WK + (k- 0))[k* = (k-v)*]"* for p=0,
- {—fd3x o(x) [ Fyp(y) 2y*/4m) for p=1. 72h
Collecting all terms the final result reads
Fi(t) = —mp()d + e(e? /6m) [y* (v - D)v + 3y °(v - 9)*v
+3y* (- )b + ¥ + O(e?) (7.22)
for r > 0 with
mi(v) = me[(|v|_2y2(3 — %) — |v| (3 + v)arctanh|v])D @ D
+ (=2 + v+ 0P arctanhlvl)]l] ) (7.23)

Note that m¢(v) = d(Pg — mpyv)/dv as a3 x 3 matrix.

Up to order &, F¢:(t) consists of two parts of a rather different character. The
term —my¢(v) is the contribution from the electromagnetic field to the change in
total momentum. We computed this term already in section 4.1 via a completely
different route. As emphasized there, since the Abraham model is semirelativistic,
the velocity dependence of my has no reason to be of relativistic form and indeed
it is not. The term proportional to ¢ in (7.22) is the radiation reaction. Again there
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is no a priori reason to expect it to be relativistic, but in fact it is. Using the four-
vector notation of section 2.5, the radiation reaction can be rewritten as

e(e?/6m) (i — (0 - Wu) = &(e?/6m)(g+u@u) - . (7.24)

The space part is the term proportional to e? of (7.22), i.e. the radiation reaction
force, and the time part is the work done by this force per unit time.

7.3 How can the acceleration be bounded?

We return to the microscopic time scale. From the conservation of energy together
with condition (P), we have

Es(°) + ep(eq°) = E(E®, B, ¢°, ") = E(E(t), B(1), (1), v(1))

> mpy (v(1) + e (7.25)
and therefore
sup l[v(@®)| <v < 1. (7.26)
teR

In (6.4) the external forces are of order ¢. Superficially the self-force is of order
one. However for a Coulombic charge soliton field the self-force vanishes. Thus
if we could show that the deviations from the appropriate local soliton field are of
order ¢, then the acceleration would satisfy

sup [v(t)| < Ce (7.27)
teR
with C a suitable constant. This is what we want to prove. We will not keep track
of the constants, and the value of C changes from equation to equation. We make
sure, however, that the e-dependence is explicit and that C depends only on v,
and thus is determined by the initial conditions. Of course, to justify the Taylor
expansion of section 7.2, we also need analogous estimates of higher derivatives,
which can be obtained with considerably more effort through the same scheme.
Here we want to explain how to get (7.27) and why we need e to be sufficiently
small, at least for the moment.
From the equations of motion one has

b =mo(v)"' [ee(Eex(eq) + v x Bex (6q)) + e(Ey(q) + v x By(q))]. (7.28)

where mal (v) = (mpy)~'(1 — D @) is the matrix inverse of mq(v). Clearly by
(7.26) we have ||mq(v) || < C and, by condition (P), the first term is bounded as

¢ le(Ecx(eq) + v X Bex(£q))| < Clele . (7.29)
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On the other hand, the self-force looks to be of order one. To reduce it in order
we have to exploit the fact that E, B deviate only slightly from E,, B, close to the
charge distribution, i.e. we subtract zero and rewrite the self-force as

e(E(p(q) — Ew(q) +vx (By(g) — B'mp(Q))) . (7.30)

Our goal is to show that this difference is of order ¢.
Let us define then

zu¢)=<E@J>—Eme—qm§'

31
B(x, 1) — Bo (¥ — (1)) (7.31)

Using Maxwell’s equations and the relations (v-V) E, = —V X By, + egv,
(v-V)B, =V x E, one obtains

%Z(t) =AZt)—g(@), (7.32)

where A is defined in (2.18) and

(7.33)

9o 1) = (('v(t) - Vo) Ey(x —q(t))> '

(0(1) - Vo) By(x — g (1))

Therefore (7.32) has again the structure of the inhomogeneous Maxwell equations.
Since Z(0) = 0 by our assumption on the initial data, one has

t

Z(t) = —fds Ui —-sg9(@). (7.34)
0

In terms of Z(¢), using (7.28), (7.30), the acceleration is bounded through

lo(D)| < C(e + Iel)fd3x¢(x)|21(x +q@0), 1) +v@) X Zr(x +q(1),1)].
(7.35)

Letus set W(z,s) = U(r — s)g(s). Below we will prove that
[Wi(t,s,q(t) +x)| + [Wat,s,q(0) + )| < |e|]Clos)|(1+ (1 —)P) ™" (7.36)

for |x| < R,. Therefore inserting (7.36) in (7.35) one obtains

1
|MmswwG+Mfma+u—m%ﬂmm) (7.37)
0
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Let « = sup |v(¢)|. Then (7.37) reads

t>0

S1-ec’

o
2-1 lel €
Kk <lelCle+lelk [ ds (1 4+ s) , K< ———¢. (7.38)
0

From the computation below we will see that C depends on v (and on model
parameters like the form factor @), but not on e. Thus taking |e| sufficiently small
one can ensure ¢2 C < 1 and therefore ¥ < Ce as claimed.

We still have to establish (7.36). U(¢) is given in Egs. (2.12), (2.13). Since
V-g1(s) =0=V_-gy(s), the term proportional to k ® k drops out. In real space
|k|~! sin |k|f becomes G, from (2.15) and cos |k|t becomes 9, G,. Therefore

Wilt,s.) = s /d3y6<|x Y= (=)

%[0 =9V X 82055 +810.9) — (5 =) Vg1 0.9)].
1
Walt.s.0) = s [ Eyax =yl ==

X[— =9V xg(y.5)+8 . 5)—(x—y) Veg(y.9].
(7.39)

We insert g from (7.33). E, and B, are first-order derivatives of the function ¢y,
which according to (4.7) is given by

—1/2

Pup(x) = e f FPypex — @) (= vhy* + @-p?)] 7. (7.40)

Using (4.5) one has componentwise

IVoEy(X)| + [VoBy(X)| = C ([Veu(x)| + [V Viu(X)]) ,
IVVyEy(x)| + [VVuBy(x)| = C (|VVuhp(X)| + [VV Vidp(x)])  (7.41)

and taking successive derivatives in (7.40) one obtains the bounds

|Vu(x)| + |V Vphy(x)| < e C (1 + |x]) 72,
IVV(x)| + [VVVyhy(x)| < e C (1 +|x]) 7, (7.42)

which imply

g1 (e, $)| + g2 (x, )| < e Clos)|(1+ x —g()H 7,
Vg, (x, $)| + Vg (x,s)| < eClos)|(1+ |x —g))™.  (7.43)
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We insert the bound (7.43) in (7.39) which results in an upper bound on
WA, s, q(t) + x). Using the condition that x| < R, and |g(t) — g (s)| < v|t — s|
finally yields (7.36).

We summarize our findings as

Theorem 7.1 (Bounds on the velocity and its derivatives). For the Abraham
model satisfying conditions (C), (P), and (1) there exist constants C, depending
through v only on the initial conditions, and e such that

o] <5 <1, o) <Ce, |9@)]<C(e*+e(+t)72),
5] < C(e® + 20+ 1) 2+ e+t 7) (7.44)

for all t on the microscopic time scale, provided the charge is sufficiently small,
ie. le|] <e.

By keeping track of the constant C, one could get a bound on the charge ad-
missible in Theorem 7.1. Since we believe this restriction to be an artifact of the
method anyhow, there is no point in the effort.

Notes and references
Section 7.1

Sommerfeld (1904a, 1905) systematically uses memory equations. In fact he con-
siders the Abraham model with the kinetic energy mpv?/2 for the particle and
wants to understand what happens when v(0) > c. He argues that the particle
rapidly loses its energy to become slower than ¢ by emitting what we now call
Cerenkov radiation. The differential—difference equation (7.14) is derived by Page
(1918) and its relativistic generalization by Caldirola (1956). For reviews we refer
to Erber (1961) and Pearle (1982). Moniz and Sharp (1974, 1977) supply a linear
stability analysis and show that the solutions to (7.14) are stable provided R,, is not
too small. For that reason Rohrlich (1997) regards (7.14) and its relativistic sister
as the fundamental starting point for the classical dynamics of extended charges.
We take the Abraham model as the basic dynamical theory. Memory equations are
a useful tool in analyzing its properties.

Section 7.2

The Taylor expansion is taken from Kunze and Spohn (2000a). Such an expansion
was already used in Sommerfeld (1904a, 1905), to be repeated in various disguises.
The traditional expansion parameter is the size of the charge distribution, which in
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our context is replaced by the scaling parameter ¢ controlling the variation of the
potentials.

Section 7.3

The contraction argument appears in Komech, Kunze and Spohn (1999). The
bound on () is taken from Kunze and Spohn (2000a), where also higher deriva-
tives are discussed. It is claimed that |9(r)| < Ce? and |4 ()| < Cée3. In the ar-
gument some initial terms are overlooked and the correct bounds are as given in
(7.44).
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Comparison dynamics

The expansion of the self-force suggests that if we are willing to accept an error
of order &2, the trajectory of the charged particle is governed by an autonomous
equation — a substantial simplification of the hitherto coupled problem. An error of
order &2 in the equation does not imply an error of the same order in the solution.
This point must be discussed, but let us proceed for a while in good faith and
simply ignore the error in Eq. (7.22). Then we obtain the following approximate
equation for the motion of the charge,

q=v,
m(v)b = e(Eex(q) + v x Bex(q)) + &(¢*/67) [y* (v D)v
+3y° - 0)?v+ 3y (w- D)o+ o] (8.1)

Here m(v) is the effective velocity-dependent mass. It is the sum of the bare mass
and the mass (7.23) induced by the field,

m@) = my(y 14 y>v ® v) + me(v) . (8.2)

As anticipated in section 4.1, via a distinct route, the leading contribution to
(8.1) is derived from the effective Lagrangian

Lefr(q,9) = T(q) — e(¢ex(q) — 4§ - Aex(q)) , (8.3)
or equivalently from the Hamiltonian
Hei(q. p) = Eett(p — eAex(q)) + eex(q) . (8.4)
For later purposes it is more convenient to work with the energy function

H(g,v) = Es(v) + edex(q) 8.5)

which is conserved by the solutions to (8.1) with ¢ = 0; compare with (4.14).

91
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The term of order ¢ in (8.1) describes the radiation reaction. If included, the
energy of the particle fails to be conserved and the energy balance becomes

d d
SH@ v - e (@ /6m) yt(w - ) = —e (€% /6m) [y** + yP(v-)?]. (8.6)

The term —e(e2/6m)y*(v - ¥) = Egchor (v, ) is the Schott energy. It has no def-
inite sign. The Schott energy is stored in the near field and can be reversibly ex-
changed with the mechanical energy of the charge. The right-hand side of (8.6) is
the irreversible loss of energy through radiation; compare with section 8.4. Equa-
tion (8.6) is analogous to the balance equations in hydrodynamics and a familiar
way to rewrite it is

ev- Eex(q) = %(Esw) + Echou(v, 1)) + ¢ (2/6m) [y** + 0 (v - v)?].
(8.7)

In other words, the work done by the external electric field acting on the charge is
divided up into the change in its kinetic energy, the change of the Schott energy,
and radiation.

If we set G = Eg 4+ Egchow, then G is decreasing in time, and integrating both
sides of (8.6) yields

=G (g(1), v(1), V(1)) + G, (¢(0), v(0), v(0))

t
=& (2/6m) f ds [y* 9(5)? + v° (w(s) - 9(s))?] . (8.8)
0

The mechanical energy is bounded from below, but the Schott energy does not
have a definite sign. If (!) the Schott energy remains bounded in the course of time,

then
f dr [y* v(0)* + y° (@) - 9(1))*] < o0, (8.9)
0
which implies
Jlim (1) =0. (8.10)

The same conclusion was already reached for the Abraham model in Theorem
5.1, with no adiabatic limit there. Instead of (8.9) we used the bounded energy
dissipation (5.9). Since both the approximate and the true solutions have the same
long-time asymptotics, we expect no further time scale, i.e. higher corrections to
(8.1) should not change the qualitative behavior of solutions and merely increase
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in precision. One important difference must be stressed, however: Theorem 5.1
holds for every solution, whereas (8.10) holds only for those with bounded Schott
energy.

Unfortunately, the energy balance (8.7) by itself does not tell the full story. As
noticed apparently first by Dirac (1938), Eq. (8.1) has solutions which run away
exponentially fast. This does not contradict (8.8). G.(¢) diverges to —oco and the
time integral diverges to 400 as t — oo. The occurrence of runaway solutions can
be seen most easily in the approximation of small velocities, setting Bex = 0, and
linearizing ¢ex around a stable minimum, say at ¢ = 0. Then (8.1) becomes

q="v, mbz—mwgq—i-skm'b (8.11)

with km = ¢*/6m. The three components of the linear equation (8.11) decou-
ple and for each component there are three modes of the form e. The char-
acteristic equation is z> = —a)g + ekz® and to leading order the eigenvalues
are 74+ = *iwy — 8(kw(2)/2), z3 = (1/ek) + O(1). Thus in the nine-dimensional
phase space for (8.11) there is a stable six-dimensional hyperplane, C.. On
C. the motion is weakly damped, with friction coefficient & (kw% /2), and re-
laxes as t+ — oo to rest at ¢ = 0. Transversal to C. the solution runs away as
ol1/6k)

Clearly such runaway solutions violate the stability estimate (7.15). Thus the
full Maxwell-Newton equations do not have runaways. They somehow appear as
an artifact of the Taylor expansion of F¢_.(¢) from (7.6). Dirac simply postulated

self
that physical solutions must satisfy the asymptotic condition

lim ¥(t) =0. (8.12)
11— 00

In the linearized version (8.11) this means that the initial conditions have to lie
in Cg. In Theorem 5.1 we proved the asymptotic condition to hold for the Abra-
ham model. Thus only those solutions to (8.1) satisfying the asymptotic condition
can serve as a comparison dynamics to the true solution. We then have to under-
stand how the asymptotic condition arises, even more so the global structure of the
solution flow to (8.1).

We note that in (8.1) the highest derivative is multiplied by a small prefactor.
Such equations have been studied in great detail under the header of (geometric)
singular perturbation theory. The main conclusion is that the structure found for
the linear equation (8.11) persists for the nonlinear equation (8.1). Of course the
hyperplane C; is now deformed into some manifold, called the critical (or center)
manifold. We explain a standard example in the following section and then apply
the theory to (8.1).
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8.1 An example for singular perturbation theory

As a purely mathematical example we consider the coupled system

x=fxy), ey=y—hx). (8.13)

h and f are bounded, smooth functions. The phase space is R%. The question we
address is to understand how the solutions to (8.13) behave for small e. If we set
e =0, then y = h(x) and we obtain the autonomous equation

¥ = flx,h(x)). (8.14)

Geometrically this means that the two-dimensional phase space has been squeezed
to the line y = h(x) and the base point, x (¢), is governed by (8.14). {(x, h(x))| x €
R} is the critical manifold to zeroth order in €.

To see some motion appear in the phase space ambient to Cyp we change from
t to the fast time scale t = ¢~ 'r. Denoting differentiation with respect to 7 by /,
(8.13) goes over to

x/:8f(xvy)v y/:y_h(x) (815)

In the limit ¢ — 0 we now have x’ =0, i.e. x(t) = x9 and y' = y — h(xg) with
solution y(t) = (yo — h(xp))e’ + h(xp). Thus on this time scale, Cy consists ex-
clusively of repelling fixed points. This is why Cy is called critical. The lineariza-
tion at Cgp has the eigenvalue 1 transverse and the eigenvalue O tangential to Cp.
In the theory of dynamical systems zero eigenvalues in the linearization turn out
to be linked to center manifolds, and thus Cy is also called the center manifold
(at ¢ = 0). The basic result of singular perturbation theory is that for small ¢ the
critical manifold deforms smoothly into C; compare with figure 8.1. Thus C; is
invariant under the solution flow to (8.13). Its linearization at (x, y) € C; has an
eigenvalue of O(1) with eigenvector tangential to C, and an eigenvalue 1/¢ with
eigenvector transverse to C. Thus for an initial condition slightly away from C;
the solution very rapidly diverges to infinity. Since Cp is deformed by order ¢, also
Cg is of the form {(x, h.(x))| x € R}. According to (8.13) the base point evolves as

X = f(x,he(x)). (8.16)

Since A, is smooth in ¢, it can be Taylor-expanded as

he(x) =) &l hj(x) + O™ ). (8.17)
j=0
By (8.13) and (8.16) we have the identity
€ 0xhe(x) f(x, he(x)) = he(x) — h(x). (8.18)
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Y

/_\\\/\

Figure 8.1: Repulsive center manifold C.. The motion on C; is slow and the
motion away from C; is fast.

Substituting into (8.17) and comparing powers of ¢ one can thus determine /4 ; (x)
recursively. To lowest order we obtain

ho(x) = h(x), hi(x) =h'(x) f(x, h(x)) (8.19)
and to order ¢ the base point is governed by
X = fx, h(x)) +edy fx, h(x) R (x) fx, h(x)). (8.20)

Given the geometric picture of the center manifold, the stable (i.e. not runaway)
solutions to (8.13) can be determined to any required precision.

8.2 The critical manifold

Our task is to cast (8.1) into the canonical form used in singular perturbation the-
ory. We set (x1,x2) =x =(q,v) € R3 x V, y=ve€e R3,

f,y) = (x2.y) e Vx R? (8.21)
and
gx.y.e) =y 2k(x2) ' ((6m/®) [m(x2)y — Fex (x)]
—e 372 - ) x2 +3y* (22 - y)y])., (8.22)

where y = (1 —x%)_l/2 as before, Fex(x) = e(Eex(x1) + X2 X Bex(x1)), and
k(v) is the 3 x 3 matrix «(v) = 1+ y?2v® v with inverse matrix «(v)~' =
1 — v ® v. With this notation Eq. (8.1) reads

x=fx.y), ey=g(x.y.¢e). (8.23)
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We set h(x) = m(x2) ! Fox(x). Then for ¢ = 0 the critical manifold, Cp, is
given by

Co = {(x, h(x))| x € R* x V} = {(g, v, ®)| m(v)d = Fex(q, v)}, (8.24)

which means that, for ¢ =0, it is spanned by the solutions of the leading
Hamiltonian part of Eq. (8.1). Linearizing at Cyp the repelling eigenvalue is domi-
nated by )/_2K (x2) "' m(x2) which tends to zero as |x2| — 1. Therefore Cg is not
uniformly hyperbolic, which is one of the standard assumptions of singular pertur-
bation theory.

To overcome this difficulty we modify g to g5, & small, which agrees with g
on R3 x {v]|v] < 1 — 8} x R} and which is constantly extended to values |v| >
1 — 4. Thus for |x2(¢)| < 1 —§ the solution to x = f, ey = g; agrees with the
solution to x = f, ey = g. For sufficiently small ¢ the modified equation then
has a critical manifold C, with the properties discussed in the example of section
8.1. We only have to make sure that the modification is never seen by the solution.
Thus, for the initial condition |v(0)| < v, we have to find a § = §(v) such that
|lv(®)] <1 — 4§ for all times. To do so, one needs the energy balance (8.7).

We consider the modified evolution with vector field (f, g5) and choose the
initial velocity such that |v(0)| < v < 1. For ¢ small enough this dynamics has a
critical manifold of the form v = h.(q, v) and |h.(q, v)| < c; = c1(5). We start
the dynamics on C. According to (8.8), for all ¢t > 0,

Ge (g(1), v(1), he(1)) < Ge(0) = H(g(0), v(0)) — &(e?/6m)(v(0) - he (0))
< E(v) + egex (9(0)) +ecy . (8.25)

We now choose § such that v < 1 — 2§. Since the initial conditions are on Cg,
the solution will stay for a while on C; until the first time, t, when |v(7)| =1 —§
occurs. After that time the modification becomes visible. At time T we have, using
the lower bound on the energy and (8.25),

Es(v(v)) + ed < H(g(1), v(1)) = G(t) + e(e*/6m) y* (v() - he (1))
< Es(D) + egex (q(0)) + 2¢c) (8.26)

and therefore
Es(1 —8) < Eg(1 —28) + e (¢ex (q(0)) — ) + 2ec; . (8.27)

Es(1 — 8) = 1/+/6 for small 8, which implies

1
— < cy+4ec (8.28)
V8
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with ¢; = 2e (¢ex (g (0)) — q_S). We now choose § so small that 1/ NEES ¢y + 1 and
then € so small that 4ec; < 1. Then (8.28) is a contradiction to the assumption that
|v(t)| = 1 — 5. We thus conclude that T = oo and the solution trajectory stays on
C, for all times.

Equipped with this information we have for small ¢ the critical manifold

v =he(q,v). (8.29)

On the critical manifold the Schott energy is bounded and from the argument lead-
ing to (8.10) we conclude that Dirac’s asymptotic condition holds on C;. On the
other hand, slightly off C, the solution diverges with a rate of order 1/¢. Therefore
the asymptotic condition singles out, for given g (0), v(0), the unique v(0) on Cs.
The motion on the critical manifold is governed by an effective equation which
can be determined approximately following the scheme of section 8.1. We define

h(g.v) = m@®) ' e(Ecx(q) + v x Bex(q)) - (8.30)
Then, up to errors of order &,
m)o = e (Eex(q) + v X Bex(q)) (8.31)
+e (e2/6m) [y () (- Vh + (h - Vo)h + 3y*(v - h)h)] .

The physical solutions of (8.1), in the sense of satisfying the asymptotic condition,
are governed by Eq. (8.31). Thus it, and not Eq. (8.1), must be regarded as the
correct comparison dynamics to the true microscopic evolution equations (6.11).
Note that the error accumulated in going from (8.1) to (8.31) is of the same order
as the error made in the derivation of Eq. (8.1).

Because of the special structure of (8.1), on a formal level the final result (8.31)
can be deduced without the help of geometric perturbation theory. We regard
m(v)v = e (Eex(q) + v X Bex(q)) as the “unperturbed” equation and substitute
for the terms inside the square bracket, which means replacing v by h and ¥ by
h= (v- Vg)h + (h - Vy)h. While yielding the correct answer, one misses the geo-
metrical picture of the critical manifold and the associated motion in phase space.

8.3 Tracking of the true solution

From (6.11) we have the true solution g°(¢), v° (¢) with initial conditions qO, " and
correspondingly adapted field data. We face the problem of how well this solution
is tracked by the comparison dynamics (8.1) on its critical manifold. Let us first
disregard the radiation reaction. From our a priori estimates we know that

¢° =", m@) =e(Eex(@®) +v" x Bex(@?) +O(e)  (8.32)
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which should be compared to
F=u, m@i=e(Exr)+ux Bx@)). (8.33)

We switched to the variables r, u instead of ¢, v so as to distinguish more clearly
between the true and comparison dynamics.

Theorem 8.1 (Adiabatic limit, conservative tracking dynamics). For the Abra-
ham model satisfying the conditions (C), (P), and (I) let |e] < e and ¢ < &g be
sufficiently small. Let r (t), u(t) be the solution to the comparison dynamics (8.33)
with initial conditions r (0) = qo, u(0) = 0. Then for every T > O there exist con-
stants c(t) such that

lg®(t) —r(®)| < c(v)e, V(1) —u(@®)| <c(r)e (8.34)
for0 <t <r.

Proof: Let 5(¢t) = |q®(t) —r(t)| + |v° () — u(t)|. Converting the differential equa-
tions (8.32), (8.33) into their integral form, one obtains

t t

8(t) <6(0) +C/ds8(s) +8fdsC(1 +e(e +s)_2)

0 0
1

<50)+eC+1)+ Cfdsé(s) . (8.35)
0

Since 6(0) =0 by assumption, Gronwall’s lemma yields the bound §(¢) <
eCeC!. O

Theorem 8.1 states that, up to an error of order &, the true solution is well approx-
imated by the Hamiltonian dynamics (8.33).
In the next order the comparison dynamics reads
F=u,
m@) = e (Eex(r) +u X Bex(r))
+e/6m)[y* @ -iu+ 3y°@ - i)’ u+ 3yt - wyi + y2ii)
(8.36)

restricted to its critical manifold C,. Since the radiation reaction is proportional to
&, the solution r (¢), u(¢) depends now on ¢, a dependence which is suppressed in
our notation. Naively one would expect that improving the equation by a term of
order ¢ increases the precision to order &2, i.e.

lg° (@) —r ()] + 107 (1) —u@)| = O?) . (8.37)
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An alternative option to keeping track of the e-correction is to consider longer
times, of the order e ~'t on the macroscopic time scale. Then the radiative effects
add up to deviations of order one from the Hamiltonian trajectory. Thus

lgf(t) —r ()| = O() for 0<r<e 7. (8.38)

One should be somewhat careful here. In a scattering situation the charged par-
ticle reaches the force-free region after a finite macroscopic time. According to
(8.37) the error in the velocity is then 0(82), which builds up an error in the po-
sition of order & over a time span ¢! 7. Thus we cannot hope to do better than
(8.38). On the other hand, when the motion remains bounded, as e.g. in a uniform
external magnetic field, the charge comes to rest at some point ¢* in the long-time
limit and the rest point ¢* is the same for the true and the comparison dynamics. At
least, for an external electrostatic potential with a discrete set of critical points we
have already established such behavior and presumably it holds in general. Thus
for small € we have g°(¢ ') = g* and alsor? (¢ ~!1) = ¢*. Therefore, in the case
of bounded motion, we conjecture that (8.38) holds for a/l times.

Conjecture 8.2 (Adiabatic limit including friction). For the Abraham model sat-
isfving (C), (P), and (I) let q(t) be bounded, i.e. |q(t)| < C forall t > 0, and
& < &g. Then there exists (r(0) , u(0), u(0)) € C, such that

sup |g° () —r(@®)| = O(e), (8.39)

>0

where r(t) is the solution to (8.36) with the initial conditions given before.

In a more descriptive mode, the true solution g*(¢) is e-shadowed for all times
by one solution (and thus by many solutions) of the comparison dynamics.

At present we are far from such strong results. The problem is that an error of
order &2 in (8.36) is generically amplified as e%¢//¢. Although such an increase
violates the a priori bounds, it renders a proof of (8.39) difficult. We seem to be
back to (8.34) which carries no information on the radiation reaction. Luckily the
radiation correction in (8.36) can be seen in the energy balance.

Theorem 8.3 (Adiabatic limit including friction). Under the assumptions of The-
orem 8.1 one has

[Es(F (1)) + € ex(@° (1))] — [Es@(t)) + epex (r(1)]| < Ce(r)e? (8.40)

fort, <t <7t.Here (r(t),u(t)) is the solution to (8.36) with initial data r (t;) =
q° (1), u(te) = v (1), 0 (te) = he(q® (), V¥ (t)) and 1, = &'/°.

To achieve a precision of order 2, the initial slip in (7.15) does not allow one to
match the true and comparison dynamics at # = 0. One needs |'¢ ()| uniformly
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bounded, which is ensured only for ¢ > Cel3ie t > t. with the arbitrary choice
C=1.

Proof. Let us use the estimate (7.22) on the self-force and denote the error term
by f2(r). Then | f¢(r)| < Ce? fort, <t. Asin (8.7),

% Ge(q". v ) = 1) -of — e (/6m)[y* (@) +y°@ - #)’]  (8.41)

and therefore

|H(q*, ") — H@r,w)| < & (2/6m)|y (@) - o) —y@)*@-u)|  (8.42)
1
+ f ds(1f° | + (@ /67|y () (&2

le

+y @)@ ) -y @@ —y @)@ - w)?).

Since |v®|, |u| remain bounded away from 1, the y-factors are uniformly
bounded, and it suffices to estimate the difference on the Hamiltonian level
of precision. From Theorem 8.1 one has the bound |v°(f) —u(t)| < c(7)e.
Inserting (8.34) into (8.32) and (8.33), we obtain the same bound for the first
derivative, |vf(t) —u(t)| < c(r)e. Moreover f,i ds | f(s)| < Cre®. Working out
the differences in (8.42), one concludes

|H(q" (). v (1)) — H@r (1), ()| < C(t + c(1))e”, (8.43)

as claimed. O

8.4 Electromagnetic fields in the adiabatic limit

So far we have concentrated on the Lorentz force with retarded fields and have
obtained approximate evolution equations for the charged particle. Such an ap-
proximate solution can be reinserted into the inhomogeneous Maxwell-Lorentz
equations in order to obtain the electromagnetic fields in the adiabatic limit.

As before, let (g (¢), v°(¢)), t > 0, be the true solution. We extend it to g*(¢) =
g% + 1, ¥ (t) = forr < 0. According to (4.31), (4.32) and using the scaled
fields as in (6.8), one has

t

—E@) =—- / ds(VG s % pe(s) + 3G * j o (5)) (8.44)

—00
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with pg(x,1) = e (x — q° (1)), j.(x,1) = epe(x — q°(1))v°(¢). Inserting from
(2.15) and by partial integration,

t
1 _ 3 1 o
ﬁE(x, N = /dS/d YinG =) _S)3(|x Y= =5)Vpe(y.s)

1
1
— dy— — —yl—(t —
[ o5 [yt —yi— a5

X [(y _x) : VJF(y’S) +j8(yvs)]
1
== [ Ey(m Ve g @~k =y = -y
Tlx =yl

+m’v’(1— lx —yDA+(y—x)-V)

0oy —g" = x = yD)). (8.45)

In the same fashion

1 1
T = —e/d3ymv8(r Clr—yD) X Vel — g — Ix —yD).
(8.46)

In the limit ¢ — O one has ¢.(x) — &§(x) and, by Theorem 8.1, ¢®(t) — r (),
8 () — u(t), wherer(t) = qo + %1, u(r) = ° fort < 0. We substitute y=y-—
q°(t — |x — y|) with volume element det(dy/dy’) =[1 —v°(t — |x — y|) - (x —
y)/Ix — y[1~'. Then 8(y’) leads to the constraint 0 =y —r (¢t — |x — y|) which
has the unique solution y = r(#.(); compare with (2.22). In particular the volume
element det(dy /dy’) becomes [1 — 7 - u(t,)]~" in the limit, with 7 = n(x, ) =
(x —r(te)/1x —r(fret)|-
We conclude that

.1 -
Fll_r)% TE(x t)=E(x,1), Fh_r)r(l) ﬁB(x,t) = B(x,1), (8.47)

where E, B are the Liénard—Wiechert fields (2.24), (2.25) generated by a point
charge moving along the trajectory ¢ + r(¢). The convergence in (8.47) is point-
wise, except for the Coulomb singularity at x = r(z).

8.5 Larmor’s formula

We want to determine the energy per unit time radiated to infinity and consider, for
this purpose, a ball of radius R centered at g° (7). At time 7 + R the energy in this
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ball is

1
ER gy (t + R) = £(0) — 3 / d&*x (E(x,t + R)? + B(x,t + R)?)

{lx—¢g®()I=R}
(8.48)

using conservation of total energy. The radiation emitted from the charge at time ¢
reaches the surface of the ball at time # + R, and the energy loss per unit time is
given by

d
IR (1) = EgR,qf(r)
3 3 1 £ 2
- /d x58(1x —g" (O] = R) (5() - v (1)) (EGx.1 + B)

+ B, 1+ R?) + E@, 1+ R) - (n(x) x B, 1 + B)))

= % R? f d*o ((a -F (1)) (E(@@°(t) + R®, t + R)*

+B(@°(t) + R®, 1+ R)*) + 2E(@°(t) + RG, 1 + R)

(@ % B@" (1) + R®,1+ R)). (8.49)

where n(x) is the outer normal of the ball and || = 1, with d’w the integra-
tion over the unit sphere. Equation (8.49) holds for sufficiently large R, since we
used {x| |[x —q®(®)| = R} N {x| |x —g®(t + R)| < Ry} = ¥, which is the case
for (1 —v)R > ¢R,.

Equation (8.49) still contains the reversible energy transport between the con-
sidered ball and its complement. To isolate that part of the energy which is irre-
versibly lost one has to take the limit R — oo. For this purpose we first partially
integrate in (8.45), (8.46) by using the identity

y-—x (1+(y—x)~'tf'
ly — x| ly — x|

~1
Vo =Vyp — ) (v° - Vy)o (8.50)

at the argument y — q®(t — |y — x|). For large R the fields in (8.49) then become

RE(q°(1) + RW, 1t + R) = \/Efd*y%%(y —gH[ -1 =& )

—(1-3-) @ O =D 45400

(8.51)
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RB(@°(t) + R@,t + R) = «/E/dSy%sos(y —gH[ -1 =@ ) '@ x )

—(1 =3 ) 2@ )@ x UE)]‘HGU—qE(r))

=@ x RE@ () + R®,t+R), (8.52)

where we wused the property that t+ R —|¢°(t)+ Rw —y|=t+@-
(y —qf(@)) + O(1/R) for large R. Inserting in (8.49) yields

dm I e () = L)
=~ lim_ / Po( -5 - (1) (RE@" (1) + R, 1 + R)) (8.53)
— fdzw(l — - @1)
([ [@vev-ara-8-v)2@ )]
- [%/Cﬁyws(y —¢H1 -@- o) '

F1-3-2G- z‘;ﬁ)vﬁ]z)

R . (8.54)
1+w-(y—q®(1))

I (¢) is the energy radiated per unit time at ¢ fixed. As argued before, it is indeed
of order ¢. From the expression (8.53) it can be seen that I (¢) < 0.

Equation (8.54) is not yet Larmor’s formula. To obtain it we have to go to
the adiabatic limit ¢ — 0. Then ¢°(¢t) — r(¢). Since ¢.(x) — S(x), we have
y = qf@) Er() in (8.54). From the d3 y volume element we get an additional
factor of (1 — @ - v*) 1. Thus

lirr%)g_llg(t) =1(t) =— /dza)(l —@u@)(4r (1 —@ - u(r)” )
x (@ -w))* = [0 — @ -u@)i@) + @ - a@)u@)]?)
=—(e /67T)[)/ () + yO() -(r)) ]
= —(2/6m)ya(1)* — (u(t) x u(1))*], (8.55)

which is the standard textbook formula of Larmor. Note that the same energy loss
per unit time was obtained already in (8.6) using only the energy balance for the
comparison dynamics.
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Starting from (8.49) one could alternatively first take the limit e R.e(t) —
IR o(2), which is the change of energy in a ball of radius R centered at the particle’s
position r (¢) in the adiabatic limit. As before the irreversible energy loss is isolated
through

R]im IRo@) =1(1). (8.56)

The energy loss does not depend on the order of limits, as it should be.

We recall that in Larmor’s treatment the trajectory of the charge, taken as a
point charge, is prescribed. In our case the charged particle is guided by external
fields and interacts with its own Maxwell field, which is physically somewhat more
realistic. Since the charge distribution is extended, by necessity, Larmor’s formula
holds only in the adiabatic approximation.

Notes and references
Section 8

The radiation damped harmonic oscillator is discussed in Jackson (1999) with a
variety of physical applications. The asymptotic condition was first stated in Dirac
(1938). It has been reemphasized by Haag (1955) in analogy to a similar condition
in quantum field theory.

Section 8.1

Singular, or geometric, perturbation theory is a standard tool in the theory of dy-
namical systems. Sakamoto (1990) presents the theory at the level of generality
needed here. We refer to Jones (1995) for a review with many applications. In the
context of synergetics (Haken 1983) one talks of slow and fast variables and the
slaving principle, which means that fast variables are enslaved by the slow ones.
Within our context this would correspond to an attractive critical manifold. The
renormalization group flows in critical phenomena have a structure similar to that
discovered here: the critical surface corresponds to critical couplings which then
flow to some fixed point governing the universal critical behavior. The critical sur-
face is repelling, and slightly away from that surface the trajectory moves towards
either the high- or low-temperature fixed points.

Section 8.2

Particular cases have been studied before, most extensively the one-dimensional
potential step of finite width and with linear interpolation (Haag 1955; Baylis and
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Huschilt 1976; Carati and Galgani 1993; Carati ef al. 1995; Blanco 1995; Ruf and
Srikanth 2000), head-on collision in the two-body problem (Huschilt and Baylis
1976), the motion in a uniform magnetic field (Endres 1993), and motion in an
attractive Coulomb potential (Marino 2003). These authors emphasize that there
can be several solutions to the asymptotic condition. From the point of view of
singular perturbation theory such behavior is generic. If ¢ is increased, then the
critical manifold is strongly deformed and is no longer given as a graph of a func-
tion. For specified ¢ (0), v(0) there are then several ©(0) on Cg, which means that
the solution to the asymptotic condition is not unique. However, these authors fail
to emphasize that the nonuniqueness in the examples occurs only at such high
field strengths that a classical theory has long lost its empirical validity. At mod-
erate field strengths the worked-out examples confirm our findings. The general
applicability of singular perturbation theory was first recognized in Spohn (1998).

Sections 8.3, 8.4, and 8.5
The discussion is adapted from Kunze and Spohn (2000a, 2000b).
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9

The Lorentz—Dirac equation

We return to the Lorentz model and add slowly varying external potentials. On a
formal level one can carry out the expansion in ¢ just as for the Abraham model.
The net result is that the rotational degrees of freedom decouple from the transla-
tional degrees of freedom, and the latter are governed by

mot = (e/O)F - u+ (¢ /67c™) (i — ¢ (0 - W), ©.1)

which includes radiation reaction. Equation (9.1) is the Lorentz—Dirac equation,
written in microscopic units. m is the experimental rest mass of the particle. We
reintroduced the speed of light, c. F is the electromagnetic field tensor of the ex-
ternal fields, where for better readability we omit the subscript “ex” in this sec-
tion. The scaling parameter ¢ has been reabsorbed into the definition of F, which
amounts to setting ¢ = 1. It should be kept in mind that the radiation reaction is a
small correction to the Hamiltonian part.

If one fixes an inertial frame of reference and goes over to three-vectors, then
the time component of the Lorentz—Dirac equation reads

d (moc? y (v) + e (q) — (€% /6y yH(v- b)) = —(€? /6 y* (0 - 1 (0)D),

dr
9.2)
and the space part becomes
moy k (V)b = e(E(q) + ¢ 'v x B(q))
+(€?/6mc) y2r () [+ 3y 2 (v - b) ], 9.3)

where as before « (v) = 1+ ¢ 2 y? v ® v. Equation (9.3) differs from its semirel-
ativistic sister (8.1) only through the proper relativistic kinetic energy. Equation
(9.2) is identical to the energy balance (8.6), again with proper adjustment of the
kinetic energy. Thus we can follow the blueprint of section 8.2 to establish the

106
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existence of the critical manifold and to derive an effective second-order equation
for the motion on the critical manifold.

The Lorentz—Dirac equation makes definite predictions about the orbit of a
charged particle, including the effects of radiation losses, and one would expect
that these predictions can be verified experimentally. Of course, if radiation damp-
ing is neglected, there is a multitude of laboratory set-ups. The real challenge is to
observe quantitatively the minute changes in the Hamiltonian orbit due to radiation
losses. We will discuss two proposals in section 9.3. The first one is the motion of
an electron in a Penning trap. In the quadratic approximation for the quadrupole
field, this problem can still be handled analytically, which is done in section 9.2
along with a few other examples of independent interest. The second proposal is
the motion of an electron when hit by an ultrastrong laser pulse. In this case the ex-
ternal potentials are time dependent and one has to rely on a numerical integration
of the effective second-order equation.

9.1 Critical manifold, the Landau-Lifshitz equation

We write (9.3) in the standard form of singular perturbation theory; compare with
section 8.2. Then

x=flx,y), ey =gy, ¢ 9.4)
with
[, y) = (x2,y), (9.5)
gx.y. &) = (6rc’/e*) (moy 'y — ey Pi(x2) T (E(x1) + ¢ 'x2 x B(x1)))
—3ey?c 2 (x2 - y)y. (9.6)

To conform with (8.1) we reintroduced the small parameter e¢. At ze-
roth order the critical manifold is {(x, h(x))|x € R3 x V} with h(q,v) =
(e/mo)y k()1 (E(g) + ¢ 'v x B(g)). Linearizing (9.5), (9.6) at y = h(x)
the repelling eigenvalue is (6nc3/e2) m())/_1 + O(¢e), which vanishes as |v|/c —
1. Thus we have to rely on the construction of section 8.2, which ensures that
for given maximal velocity v one can choose ¢ small enough such that the orbit
remains on the critical manifold for all times.

To order ¢ the effective second-order equation is given by (8.31), except that
now m(v) = mo yk(v). We work out the various terms and switch back to mi-
croscopic units. Then the motion on the critical manifold of the Lorentz—Dirac
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equation is governed by

qg=vu,
2

moy k(V)v = e(E + clox B)+ £ [i y (v- V)(E + ¢ v x B)
6mwed Lmg

+(—) ' (ExB +c'@0-BE+c ' (v-B)B
0

+(—E*~B*+c?(w-E)*+c*(v- B)?
427 (E x B))yzc_lfv>]. 9.7)
While singular perturbation theory provides a systematic method, Eq. (9.7)
can also be derived formally. In (9.3) we regard moy «k(v)v = e (E + c v x B)
as the unperturbed equation, differentiate it once, and substitute ¥ inside the
square brackets of (9.3). Resubstituting v from the unperturbed equation results
in Eq. (9.7). This argument is carried out more easily and in greater general-

ity, because it allows for time-dependent potentials, in the covariant form of the
Lorentz—Dirac equation. The unperturbed equation is

mou = (e/c)F(q) - u. 9.8)
One differentiates with respect to the eigentime,
(moc/e)u = (u-Vy)F(q) -u+F(q) -u. 9.9)

Substituting (9.9) in (9.1) and resubstituting (9.8) yields

2

e
. F.
mou = (¢/c)F -u + P

—(e/moc?)*(F -u) - (F - wyu]. (9.10)

[(e/moc)(u- V)F -u+ (e/moc)*F -F - u

In three-vector notation the space part of Eq. (9.10) coincides with (9.7), except
for the additional term (e/mg)y (0, E + ¢ 1v x 9, B) because of the time depen-
dence of the fields. As usual, the time component of (9.10) provides the energy
balance.

Equation (9.10) and its formal derivation appeared for the first time in the sec-
ond volume of the Course in Theoretical Physics by Landau and Lifshitz. Hence
it seems to be appropriate to call Eq. (9.10) the Landau—Lifshitz equation. The er-
ror in going from (9.1) to (9.10) is of the same order as that in the derivation of
the Lorentz—Dirac equation itself. Thus we regard the Landau—Lifshitz equation as
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the effective equation governing the motion of a charged particle in the adiabatic
limit.

9.2 Some applications

(i) Zero magnetic field, one-dimensional motion. We assume B = 0 and ¢ex
to vary only along the 1-axis. Setting v= (v,0,0), ¢ = (x,0,0), and E =
(—¢’, 0, 0), the Landau-Lifshitz equation becomes

2

moy*i = —eg/ () — gy ¢ . ©.11)

6rc3
The radiation reaction is proportional to —¢”(x)v, which can be regarded as
a spatially varying friction coefficient. For a convex potential, ¢” > 0, such as
an oscillator potential, this friction coefficient is strictly positive and the result-
ing motion is damped until the minimum of ¢ is reached. In general, how-
ever, ¢’ will not have a definite sign, like in the case of the double well
potential ¢ (x) ~ (x2 — 1)? or the washboard potential ¢ (x) >~ —cosx. At lo-
cations where ¢”(x) < 0 one has antifriction and the mechanical energy in-
creases. This gain is always dominated by losses as can be seen from the energy

balance

d [ ted+ e e & ]

— |m e _— v

dr oY 6wce3 my Y

2 2 1 2 2
e e /2 e € ! g
= — — - — — . 9.12

63 (m()) ¢ mo (67103 mo) vog ©.12)

The last term in (9.12) does not have a definite sign. But its prefactor is down by
the factor ¢ /mqc> and therefore it is outweighed by —¢’2.

Equation (9.11) has one peculiar feature. If ¢(x) = —Ex, E > 0, over some
interval [a_, a], then ¢” = 0 over that interval and the friction term vanishes.
The particle entering at a_ is uniformly accelerated to the right until it reaches
a4. From Larmor’s formula we know that the energy radiated per unit time equals
(&2 /6nc3)(e / mo)2E2. Since the mechanical energy is conserved, the radiated en-
ergy must come entirely from the Schott energy stored in the near field. The
same behavior is found for the Lorentz—Dirac equation. If, locally, E = const. and
B = 0, then the Hamiltonian part is solved by hyperbolic motion, i.e. a constantly
accelerated relativistic particle. For this solution the radiation reaction vanishes
which means that locally the critical manifold happens to be independent of €. The
radiated energy originates exclusively from the Schott energy.
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(ii) Zero magnetic field, central potential. For zero magnetic field the Landau—
Lifshitz equation simplifies to

2

673

moy k(vv=eE+ [iy(v-V)E
mo

+ (L)z(('v -E)E — y2 Ev+ yzc_z('v~ E)2v)]. (9.13)
moc

We take E = —V¢ex and assume that ¢ex is central. Let us set g =r, |r| =
r, F =r/|r|, ex(q) = ¢ (r) which implies E = —¢'F. Then (9.13) becomes
2

67 c3

[mio y ( — (v-F)¢'F — %(v —(v- r“>f)¢’)

moy k()= —edF +
+ (mioc)2¢’2((v~f)f — 204 yzc_2(17~f)zv>]. (9.14)

The angular momentum L = r X mqy v satisfies
2

i ¢ [_ilqy_(i)zjﬂ(] _c_2(1;~f)2)¢’2]L. (9.15)

"~ 6mc3 mo r moc

Thus the orientation of L is conserved and the motion lies in the plane perpendic-
ular to L. No further reduction seems to be possible and one would have to rely
on numerical integration. Only for the harmonic oscillator, ¢ (r) = % moa)grz, can
a closed form solution be achieved.

(iii) Zero electrostatic field and constant magnetic field. We set B = (0, 0, B)

with constant B. Then (9.7) simplifies to

2 2
. e e _
moy k(@Yo =" (v x B)+ — (—) [w-B)B—y2B*v+y ¢ 2(v- B)v).
c 6re’ \mgce

(9.16)

We multiply by x(v) ™! to obtain

2 2
e e )
myyo=-Wx B+ —— (—) [@ BB-B%].  (©17)
c 6mre’ \mgc

The motion parallel to B decouples with 13 =0. We set v3 =0 and v =
(u,0), ut = (—us, u;). Then the motion in the plane orthogonal to B is governed
by

yi = ot — o), (9.18)

with the cyclotron frequency w. = ¢ B/mqc and B = € /61 c>mg. Equation (9.18)
holds over the entire velocity range. For an electron Sw, = 8.8 x 10~ '8 B [gauss].
Thus even for very strong fields the friction is small compared to the inertial terms.

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

9.2 Some applications 111

Equation (9.18) can be integrated as

d
Y= —Bo? (yr = 1) (9.19)

with solution
y (@) = [yo+ 1+ (o — De P [ +1— (o — De ]!, (9.20)

which tells us how u(z)? shrinks to zero. To determine the angular dependence we
introduce polar coordinates as u = u(cos ¢, sin ¢). Then

du do _
@ = —Bw.u, a =y lo. (9.21)
Thus u(¢) shrinks exponentially,
u(p) = u(0)e Foee, (9.22)

Since Bw, = 8.8 x 10-18B [gauss] for an electron, even for strong fields the
change of u over one revolution is tiny.
To obtain the evolution of the position ¢ = (r, 0), |[r| = r, we use the fact that
for zero radiation reaction, 8 = 0,
u
r=—y. (9.23)
Wc
By (9.22) this relation remains approximately valid for non-zero 8. Inserting u(¢)
from (9.20) one obtains

r(6) = roe P14 (o — 1)/2)(1 — e 2Peeh] ™! (9.24)

with rq the initial radius and u(0)/c = (yo — 1)!/2/yp the initial speed which are
related through (9.23). In the ultrarelativistic regime, yo > 1, and for times such
that Bw?t < 1, (9.24) simplifies to

r(t) = ro (9.25)

1+ ypwlt
and the initial decay is according to the power law ¢! rather than exponential.
For an electron ,Ba)g =1.6x107%B [gauss])2 s~!. Therefore if one chooses
a field strength B = 10% gauss and an initial radius of ro = 10 cm, which corre-
sponds to the ultrarelativistic case of y = 6 x 10%, then the radius shrinks within
0.9 sto r(t) = 1 um by which time the electron has made 2 x 10! revolutions.
(iv) The Penning trap. An electron can be trapped for a very long time in the
combination of a homogeneous magnetic field and an electrostatic quadrupole po-
tential, which has come to be known as a Penning trap. Its design has been opti-
mized towards high-precision measurements of the gyromagnetic g-factor of the
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electron. Our interest here is that the motion in the plane orthogonal to the mag-
netic field consists of two coupled modes, which means that the damping cannot be
guessed by pure energy considerations using Larmor’s formula. One really needs
the full power of the Landau—Lifshitz equation.
An ideal Penning trap has the electrostatic quadrupole potential
L)

1 1
ep(x) = 5ma)g( — Ex% —3 x5 + x%) (9.26)

which satisfies A¢ = 0, superimposed with the uniform magnetic field
B = (0,0, B). (9.27)

The quadrupole field provides an axial restoring force whereas the magnetic field
is responsible for the radial restoring force, which however could be outweighed
by the inverted part of the harmonic electrostatic potential.

We insert E = —V¢ and B in the Landau—Lifshitz equation. The terms propor-
tionalto (v- V)E, E x B, (v- B)B, and BZv are linear in v, respectively g. The
remaining terms are either cubic or quintic and will be neglected. This is justified
provided

vl

— K1 (9.28)
c

and
(mow?/€) rmax < B, i.e. rmax < c(we/w?), (9.29)

if rmax denotes the maximal distance from the trap center. With these assumptions
the Landau-Lifshitz equation decouples into an in-plane motion and an axial mo-
tion governed by

1 1 1
it = S wjr + o’ - ﬁ[(a)E = wg)u +3 wcwgri], (9.30)
= —a)gz — ,Bwfz'. (9.31)

Hereq = (r,2), v= (. 2), (x1,x2)F = (—x2, x).
The axial motion is just a damped harmonic oscillation with frequency w, and
friction coefficient

Ve = o’ (9.32)

The in-plane motion can be written in matrix form as

d
U= (A4 BV 9.33)
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-

Figure 9.1:  Orbit of an electron in a Penning trap seen from above.

with 1/[ = (r,u) and A]] =0, A|2 = ]], A2| = a)%]l, A22 = ia)zdy, V]] = 0,
Vip=0, W = iwcwgoy, Vi = (w% — a)g) 1, where oy is the Pauli spin matrix
with eigenvectors x+, oy x+ = £ x+. The unperturbed motion is governed by the
4 x 4 matrix A. It has the eigenvectors ¥ + = (Fi(1/wy) X+, x=) with eigenval-
ues iwy and Y_ + = (Fi(1/w_) x+, x5) with eigenvalues Liw_, where

1
ws=3 (a)c + . /w? — 202 ) (9.34)

The mode with frequency w is called the cyclotron mode and that with w_ is
called the magnetron mode. Experimentally w. > w, and therefore w; < w_.
The orbit is then an epicycle with rapid cyclotron and slow magnetron motion,
as shown in figure 9.1. The adjoint matrix A* has eigenvectors orthogonal to the
Y’s. They are given by ¢4 4+ = (q:i(a)g/aur)x;, x=) with eigenvalues *iw and
Y_+ = (—(a)%/w_)x;, x=) with eigenvalues Fiw_.

Since B is small, the eigenfrequencies of A 4+ 8V can be computed in first-order
perturbation. The cyclotron mode attains a negative real part corresponding to the
friction coefficient

2 3
e .

Vi (9.35)

6w c3my wy — w—

and the magnetron mode attains a positive real part corresponding to the antifric-
tion coefficient

2 w3

_ = —. 9.36
v 6medmy w_ — wy ( )

As the electron radiates, it lowers its potential energy by increasing the magnetron
radius.
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Experimentally B = 6 x 10* gauss and the voltage drop across the trap is 10 V.
This corresponds to w, = 4 x 108 Hz, w4 = 1.1 x 10" Hz, w_ = 7.4 x 10* Hz.
The conditions (9.28), (9.29) are easily satisfied. For the lifetimes (1/y,) = 5 x
108 s, (1/y4) =8 x 1072 s, and (1/y_) = —2 x 10?3 s are obtained. Thus the
magnetron motion is stable, as observed through keeping a single electron trapped
over weeks. The cyclotron motion decays within fractions of a second. The axial
motion is in fact damped by coupling to the external circuit and decays also within
a second.

The variation with the magnetic field can be more clearly discussed in terms of
the dimensionless ratio (w./w;) = A. Then

3
wy = a)Z% (A:t A2 —2), vi = iﬂwg(xi\/ﬂ —2) /832 -2,
(9.37)

For large X, wi =X, w_ = 21, while Yy = 22, y_ = A4 As A — /2, we
have w, = w_ = w,/~/2. However, the friction coefficients diverge as (A —
V2)71/2, Let us call B, the critical field at which the mechanical motion becomes
unstable. For B > B, one still has periodic motion with frequency w,/ x/z, but
the onsetting instability is revealed through the vanishing lifetime. In the men-
tioned experiment A = 2.7 x 10> and for fixed w, the critical field strength is
B. = 30 gauss.

9.3 Experimental status of the Lorentz—Dirac equation

Energy loss through radiation is a well-established phenomenon. Indeed, in syn-
chrotron sources electrons slow down because of radiation losses, and energy has
to be supplied to maintain a steady electron current. The supplied power is com-
puted on the basis of Larmor’s formula, and synchrotron sources are one promi-
nent example to confirm its validity. On the other hand, the Lorentz—Dirac equation
goes way beyond mere energy balancing and claims to predict the orbit of an elec-
tron. Here synchrotron sources provide no test, since the modification of the orbit
due to radiation damping is lost in the noise of experimental uncertainties. As a
fair summary, thus we can say that while qualitative aspects of radiation damping
are well tested, there is no single experiment which probes quantitatively the pre-
dictions of the electron motion by the Lorentz—Dirac equation. We propose and
discuss here two experiments which are within the reach of present-day techni-
ques.

To cope with the smallness of the radiation reaction, in essence, only two
approaches seem feasible. The first one is to wait long enough until the effects
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accumulate to something which may be detected, a route followed in the Penning-
trap experiment. The other option is to use ultrastrong fields. In either case, there
is no way to monitor directly the electron orbit and one has to rely on indirect
evidence, like lifetimes or emission spectra.

(1) Penning trap. In the previous section we discussed the electron orbits for the
Penning trap with the quadrupole potential in the quadratic approximation. The
Lorentz—Dirac equation predicts, in particular, the lifetime of the cyclotron mode.
For the field strengths used in the high-precision measurement of the g-factor, this
lifetime is measured to 0.8 s in good agreement with the theoretical result. To
have a more stringent test what would be needed is a systematic determination
of how the lifetime depends on the magnetic field strength. Another option of
interest is to turn the B-field out off the symmetry axis. For this case we have not
computed the cyclotron lifetime, but could have done so by the scheme explained,
with the welcome complication that all three modes couple. The dependence of
the cyclotron lifetime on the orientation of the B-field would be a valuable test of
the validity of the Lorentz—Dirac equation.

(ii) Ultrastrong laser pulse. A strong laser pulse hits a bound electron. Since the
atom ionizes instantaneously, the electron is subject only to the time-dependent
laser field. Thus we set qO =0, v° = 0, and for the external fields

E(x,t) = h(wt —k -x)Egcos(wt —k - x),
B(x,t) = h(wt —k - x)Bgcos(wt —k - x),
|Eo| = [Bol, Eo-k=0=Bo-k, Eo-Byo=0. (9.38)

h is a shape function. The motion of the electron is governed by the Landau—
Lifshitz equation (9.7) augmented by the term

62 e

0
— vy —(E+c'vx B 9.39
6nc3moy8t( tc vxB) ( )

because of the time dependence of the external fields. Our dynamical problem is
in fact two dimensional with the motion of the electron lying in the plane spanned
by Eg and k. Nevertheless one has to rely on numerical integration, and we discuss
the example from Keitel et al. (1998).

The ultra-intense laser field has an intensity of 102 W cm™2. The frequency is
chosen to be @ = 3.54 x 10" s~!, which is in the near-infrared regime. We fol-
low the motion of the electron up to 3000 laser cycles, i.e. up to the final time
t =3000(27/3.54 x 1019) s =0.53 x 107! s. Over that time span the shape
function is assumed to interpolate linearly between zero and the full field strength.
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k

Figure 9.2: Orbit of an electron when hit by an ultrastrong laser pulse.

The electron motion is highly relativistic, as can be seen from the strong redshift
corresponding to only the seven electron cycles displayed in figure 9.2. The elec-
tron is displaced by 0.1586 cm in the propagation direction and has a maximal
amplitude of 0.795 x 1073 cm in the electric field direction.

The effects of radiation damping are minute. In the propagation direction the
distance is increased by the fraction 7 x 10~ and in the electric field direction it
is decreased by the fraction 102, Thus a direct verification of the radiation re-
action is out of reach. However, in the emission spectrum the radiation damping
results in a roughly 1% change as compared to the frictionless solution with the
Lorentz force from the external fields of (9.38). In an experiment the radiation
spectrum has to be measured with such precision that, after the theoretical spec-
trum, computed without radiation reaction, has been subtracted, there is still a sig-
nificant background which allows for a quantitative comparison with the emission
spectrum predicted by the Lorentz—Dirac equation.

Notes and references
Section 9

The name Lorentz—Dirac is standard but historically inaccurate. Some authors,
e.g. Rohrlich (1997), therefore propose Abraham-Lorentz—Dirac instead. The
radiation reaction term was originally derived in Abraham (1905); compare with
chapters 7 and 8. Von Laue (1909) realized its covariant form. In the Pauli
(1921) encyclopaedia article on relativity the equation is stated as in (9.1). Dirac’s
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contribution is explained in section 3.3. Plass (1961) is a summary of exact solu-
tions of the Lorentz—Dirac equation.

Section 9.1

Detailed case studies of the Lorentz—Dirac equation, including its center manifold,
are listed in the Notes to section 8.2. Baylis and Huschilt (2002) critically explore
the relation to the Landau-Lifshitz equation. The substitution trick seems to have
been common knowledge. For example, without further comment it is used by
Pauli (1929) and Heitler (1936) in the particular case of a harmonic oscillator. In
its full generality the Landau—Lifshitz equation (9.10) appears already in the first
edition of Volume II: The Classical Theory of Fields of the Landau—Lifshitz Course
in Theoretical Physics. At no point is the reader given a hint on the geometrical pic-
ture of the solution flow and on the errors involved in the approximation. To me it
is rather surprising that the contribution of Landau and Lifshitz is ignored in essen-
tially all discussions of radiation reaction, one notable exception being Teitelbom
et al. (1980). Spohn (1998, 2000a) uses singular perturbation theory to rederive the
Landau-Lifshitz equation. The appearance of singular perturbation theory is diffi-
cult to track. For a particular application it is clearly stated by Burke (1970). There
have been attempts to replace the Lorentz—Dirac equation by a second-order equa-
tion (Mo and Papas 1971; Shen 1972b; Bonnor 1974; Parrot 1987; Valentini 1988;
Ford and O’Connell 1991, 1993). Based on Ford and O’Connell (1991), Jackson
(1999) uses the substitution trick for a radiation damped harmonic oscillator and
discusses several applications. In the case of arbitrary time-dependent potentials,
only Landau and Lifshitz provide the correct center manifold equation. The struc-
ture discussed here reappears whenever a low-dimensional system is coupled to a
wave equation; for an application in acoustics see Templin (1999).

Section 9.2

Uniform acceleration is discussed in Fulton and Rohrlich (1960) and Rohrlich
(1990). A constant magnetic field is of importance for synchrotron sources. Since
the electron is maintained on a circular orbit, Larmor’s formula is precise enough.
Landau and Lifshitz (1959) give a brief discussion. The power law for the ultra-
relativistic case is noted in Spohn (1998). Shen (1972a, 1978) discusses at which
field strengths quantum corrections will become important. His results are only
partially reliable, since his starting point is not the Landau-Lifshitz equation. The
Penning trap is reviewed by Brown and Gabrielse (1986), which includes a discus-
sion of the classical orbits and their lifetimes. They state the results (9.35), (9.36)
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as based on a quantum resonance computation. Since the final answer does not
contain A, it must follow from the Landau—Lifshitz equation (Spohn 2000a). In
the classical framework, general trap potentials can be handled through numerical
integration routines for ordinary differential equations. The self-force in the case
of synchroton radiation is studied by Burko (2000).

Section 9.3

The Penning-trap experiment is proposed in Spohn (2000a). The numerical results
on ultrastrong laser pulses are taken from Keitel et al. (1998). Another proposal,
which apparently never received the proper funding, is to measure the mega-gauss
magnetic bremsstrahlung for ultrarelativistic electrons (Erber 1971; Shen 1970).
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Spinning charges

The Lorentz model includes by necessity the inner rotation of charges and, beyond
the translational degrees of freedom, one has to determine its effective dynamics.
This will lead to a derivation of the Bargmann—Michel-Telegdi (BMT) equation
from a microscopic basis including an expression for the gyromagnetic ratio. We
will also discuss the Abraham model with spin, a little-explored territory, since it
is more easily controlled mathematically and it teaches us how the BMT equation
is modified when Lorentz invariance is no longer available.

10.1 Effective spin dynamics of the Lorentz model

Let us recall the equations of motion for an extended charge, where for the moment
the interaction with the self-field is ignored,

p=f S+ Qpy-s=t. (10.1)

Here the external force f, respectively the external torque ¢, are defined through
(2.92), respectively (2.95). Equation (10.1) must be supplemented by

p=mgu, s=Iyw, (10.2)

which define the bare gyrational mass mg and the bare moment of inertia I,. Both
depend on |w|.

We assume now that the external field tensor is slowly varying, by replacing
F(q) by the scaled field tensor ¢F(¢q) in (2.92), (2.95). Note that this prescription
automatically includes slow variation in time. f and t simplify in the limit of small
¢ and, on the macroscopic scale, (10.1) becomes

p=cF-u, $+Qpw-s=puF- -w (10.3)
119
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with the magnetic moment
1 3 2
w= ge d’xp(x)x (10.4)

and a- = (g+ u®u) - a. Since |w| is conserved, the translational motion is au-
tonomous, whereas the spin follows the local fields as they are encountered.

As a next step we have to include the coupling to the self-field. In principle the
scheme of chapter 7 has to be repeated, but we prefer to take the static short-cut.
The energy—momentum relation for the Lorentz model was computed in chapter 4.
Thus we stipulate that the bare gyrational mass my is renormalized to mg + my¢ and
the bare moment of inertia to Iy, + Ir; see (4.43), (4.45), respectively (4.49), (4.51).
This means that instead of (10.2) we have

p=(mg+mpu, s=y+ Ipw. (10.5)

Equation (10.3) together with (10.5) is the effective dynamics in the adiabatic limit
on the Hamiltonian level neglecting radiation damping.
We want to compare our spin dynamics with the BMT equation which reads

W4 Qpw-w=25F - wt, (10.6)
2m

where m is the experimental mass and g the gyromagnetic ratio, which like the
charge is an intrinsic property of the particle. Using the fact that Qg is determined
by Newton’s translational equations of motion one arrives at the perhaps more
familiar three-vector form for the angular velocity,

. e g 1 g Yy 2
=< £ _4 —)B —(——1)— ‘B
W= ——wx [(2 + o) Bex =5 T yc (v Bex)v

S e
(2 1+y)c vx Eo | (10.7)

Here v, E¢x, Bex are to be evaluated along the given orbit. To compare (10.6) with
(10.3) one uses (10.6) and notes that, since |w | is a constant of motion,

n
Iy + I

Therefore the gyromagnetic ratio of the Lorentz model is given by

W+ Qe - W= (F-w)'t. (10.8)

2 mg + mg

T e I+

The magnetic moment u depends on the charge distribution, all other terms in
(10.9) on the mass distribution. Through their variation any value of g can be real-
ized, unless the charge and mass form factors are equal to each other, as assumed
already. In the case of a uniformly charged sphere [ball] of radius R the integrals

(10.9)
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in (10.9) can be evaluated with the result (the first term refers to a sphere and
[...]toaball)

_Lr2 [— ! R2] (10.10)
n= 3e s = Se , .
1
my = my—arctanhoR . | = My (@R = (1= (@RarctanhoR) |,
(10.11)
1 é? 2, 1 e 6 4 5
_ - 1+ Z(wR ,[=_ 2+ (R ] 10.12
i 247tR( tg@ ?) 2471R(5+35(w ?) (10.12)
1 1 R)?
Iy = mb—( -1+ marctanhwR) ,
2w? w
[= my s — (3wR — (wR)* + (=3 + 2(wR)2—|-(a)R)4)arctanhwR)],
2w? 4(wR)3
10.13
2 ¢? 4 & ( )
r=-2_ [=— ] (10.14)
947 R 3547 R

In the limit e — 0, gsphere decreases from 1 to 2/3 and gpay from 1 to 2/5 as wR
increases from O to 1. In the opposite limit m}, — 0, one obtains

21

1 2
—(wR)”. 10.1
10+5(60) (10.15)

301,
&sphere = 5 + g(a)R) »  &ball =

10.2 The Abraham model with spin

Abraham models the charge as a nonrelativistic rigid body with mass distribution
mpe and charge distribution e@, which for notational simplicity we take to be
proportional to each other. A complete mechanical description must specify both
the center of mass, g (), and the angular velocity, w(t) € R3, relative to the center.
The spinning charge generates the current

J, 1) = (v() + w) x (x —q(0))epx —q (1)), (10.16)

which satisfies charge conservation, since ¢ is radial. Therefore the Maxwell equa-
tions have a modified source term and read

oB(x,t) = -V X E(x,1),
HEx,1) =V x B(x,1) — (v(t) + w(®) x (x —q(1)))epx —q(1)),
V-E(x,t)=ep(x—¢q(t)), V- -Bx,t)=0. (10.17)

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

122 Spinning charges

The momentum of the center of mass is mpv(t) and the angular momentum
relative to ¢(¢) is

2
s =hw with I = 3o / dEro@x)x?. (10.18)

Therefore Newton’s equations of motion for the translational degrees of freedom
become

d
3mu() = / drepx —g@)[E@x, 1)+ (v(1) + w(t) x (x —q(1))) x B(x,1)]
(10.19)

and for the rotational degrees of freedom

d
S hw® = / Pxep(x —q(1)(x —q(1))
x[E@x, 1) + (v(t) + w@) x (x —q(1))) x B(x,1)]. (10.20)

If in addition there are external forces acting on the charge, then E and B in
(10.19), (10.20) would have to be replaced by E + E¢x and B + By, respectively.
The Abraham model of section 2.4 is obtained by formally setting w(t) = 0.
Note that this is not consistent with Newton’s torque equation (10.20), since
w(t) # 0, in general, even for w(t) = 0.
The Abraham model with spin conserves the energy

1 1 1
E = Emb'vz +3 Ihw? + Efd3x(E2 + B?), (10.21)

the linear momentum
P = mbv+/d3xE x B, (10.22)
and in addition the total angular momentum
J =q x myv+ lbw+fd3xx>< (E X B). (10.23)

Of course, also the spinless Abraham model is invariant under rotations and there
must exist a correspondingly conserved quantity, only it does not have the standard
form of a total angular momentum, which from a somewhat different perspective
indicates that inner rotations must be included.

In the by now established tradition, we assume that the external forces are
slowly varying and want to derive in this adiabatic limit an effective equation of
motion for the particle including its spin. As a first step of this program we have
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to determine the charge solitons. We set
gty =7, wl)=w, Ex,t)=Ex—vt), B(x,t)=B(x —wvt) (10.24)
and have to determine the solutions of

—v-VB=-VXE, —v-VE=VXB—-W+wXXx)ep,

V-E=ep, V-B=0, (10.25)
0= /d3xe<p(x)[E(x) + (W+w xx)x B(x)], (10.26)
0= / Prep)x x [E(x) + (v+w x x) x B(x)], (10.27)

for which we turn to Fourier space. The inhomogeneous Maxwell equations
(10.25) are then solved by

E=E +E, B=B +5B (10.28)

with
Ei(k) = —i[k® — (k- 0]k — (k- v)v)ed(k) , (10.29)
Eyk) = —[k* — (k- 0] (W x B)(v- Vi)eg(k) , (10.30)

and
Bi(k) = i[k* — (k- v)?] " (k x v)e@k) , (10.31)
Ba(k) = —[k> — (k- )] (k x (W x Vi))e@(k) . (10.32)

Note that E|, §1 are odd, and Ez, §2 are even in k.
Since the integral over an odd term vanishes, a zero Lorentz force results in the
condition

- / 3k [ - w-0*] (@ x W) (w- V)P

—[d3ka*[k2 — -0 v x (k x (@ x V)P

+ [ Sk = - 0%] 7 (@ x VF") x (k x v
_ _fd3ka*[k2—(v~k)2]‘1|k|“@

X ((Wxk)(W-k)+vx (kx(wxk)—(wxk)- v)k)=0
(10.33)

for every v and w, using the fact that ¢ is radial.
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The Lorentz torque requires more work. Using again the fact that the integral
over an odd term vanishes, we have

i/d3kea*(vk X Ei + Vi x (v x B1) 4 Vi X (w X iVi) X B)) (10.34)
= —eZ/d3k|k|—‘a:’[k2 — (k- v)*] Pk x (k — (k- v)v)
—kx (v x (kx )+ e/d3k|k|—1$;”k x ((w X Vi) x Ba)
= e/d3k|k|—‘¢7*’k x (Vi(w - B2) — wVi - By)
= —e/d3k|k|—‘$;” x (k X w)Vg - By.

For the divergence of Ez we obtain
B 2 21-2;2 ~
Vi By =2[k" — (k- v)°] k*(w- Vi — (v -w)(W-Vi)ep (10.35)

and therefore zero Lorentz torque results in the condition
/d3k|Vk{5|22[k2 — (k-] 7k x w)(w -k — (v-w)(®-k) =0. (10.36)

Taking into account that ¢ is radial, the torque vanishes only if either w || v or
wlw. If v=0, the torque always vanishes. For w oblique to v Egs. (10.17)—
(10.20) have no soliton-like solution.

Physically the charge distribution is rigid, but the electromagnetic fields are
Lorentz contracted along v. This mismatch yields a nonvanishing torque unless
w || v, respectively w_Lv. Clearly, the mismatch is an artifact of the semirelativis-
tic Abraham model. As discussed in the previous section, for a relativistic ex-
tended charge distribution there is a charged soliton for every v and w. Because in
the Abraham model some charge solitons are “missing”, an analysis of the adia-
batic limit is hampered at an early stage and we do not really know what happens.
Through radiation damping the spin could be forced to remain parallel to v(¢).
There could be an effective dynamics separately for the parallel and perpendicular
components of w(z). Only one particular case lends itself to a more detailed analy-
sis. We simply make sure that ¢ () = O for all ¢, e.g. by taking Ecx = 0, Bex = ¢B
with B a spatially constant, possibly time-dependent vector, and suitable initial
conditions for the Maxwell field. Then the Abraham model without external forces
has a stationary solution for every w and the adiabatic limit is meaningful and of
interest. We take up this problem in the following section.

In the quantized version of the Abraham model, the Pauli-Fierz Hamiltonian to
be discussed in chapter 13, the spin couples differently and the Lorentz torque is
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not the quantization of the right-hand side of (10.20). The Pauli-Fierz model has
a two-fold degenerate ground state for every fixed total momentum (smaller than
some critical value p.). Associated to this subspace there is an adiabatic evolution
which admits an arbitrary spin orientation. Thus through quantization one regains
some features of the relativistic model.

10.3 Adiabatic limit and the gyromagnetic ratio

We consider a spinning charge sitting forever at the origin and hence choose
E.x = 0, Bex = ¢B( with a constant By, the initial E field odd, and the initial
B field even in x. Then the equations of motion simplify. We recall them for com-
pleteness,

oB(x,t) = -V x E(x,t), 0Ex,t)=V X B(x,t) — (w(t) X x)ep(x),
(10.37)
V-E(x,t)=ep(x), V-B(x,t)=0, (10.38)

together with Newton’s rotational equations of motion
d
Ibaw = e/d3x¢(x)x x (E(x, 1) + (w(t) x x) X (¢By+ B(x,1))). (10.39)

To obtain the effective dynamics let us first argue statically. The angular mo-
mentum, §, of the charge soliton is the sum s = sy, + s¢ with s, = I,w and

sf = /d3xx x (E x B) (10.40)
for E, B the charge soliton field at v = 0 and w. Inserting from (10.28)—(10.32)
we obtain

sf=Iw with I = %ezfd3klvk$|2|k|_2. (10.41)
Therefore
s=Up+ Inw. (10.42)

The external torque is g X Bex with the magnetic moment

1
p=pw, p=ze / Ere@)x?, (10.43)
and thus the spin precession reads
d d
Es =pu X Bex, (Ip+ If)Ew = puw X Bex . (10.44)
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The conventional definition of the gyromagnetic ratio g is through
d

e
—w=9g— B, , 10.45
dtw mew X Dex ( )

where m is the mass of the particle; compare with the BMT equation (10.7) for
small velocities. Equating (10.44) and (10.45) we deduce the effective g-factor of
the Abraham model as

_ (wje2m 1+ 3(&*/my) [ k@I Ik| >
I+ It 14 (e2/my) [ Ek|Vig2k| 2/ [ k|2

(10.46)

For e — 0 we obtain g = 1, as it has to be. In the opposite limit, mp — 0, only
the second summands survive. We did not discover any simple bounds, but for a
uniformly charged sphere and ball the integrals have already been computed at the
end of section 10.1. One obtains with R = R,, the radius of the sphere, respectively
ball,

1 4 (€2 /47 Rmy)(2/3) 14 (¢2/4n Rmy)(4/5)
1+ (@247 Rmp)(1/3) " SN = 14 (2/4n Rmp)(2)7)

&sphere = (10.47)

Thus gsphere = 2, respectively gpann — 14/5, for Rmp — 0. For g = 2 the spin
and orbital precession are exactly in phase, whereas for g = 1 the spin turns once
during two cyclotron revolutions.

To provide dynamical support we follow the scheme of chapter 7. One integrates
(10.37), (10.38) and inserts in the Lorentz torque taking into account that the initial
fields decay quickly. Then

d
Ibaw(t) = epw(t) X Bo + Neir(1) (10.48)

where, after some rearrangement, the retarded torque simplifies to

t 2 N
Near(t) = fo 453 f Vel

x ( — (cos [k|(t — $))w(s) + lllc—l(sin k|(t — $))w(t) x w(s)) .
(10.49)
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Let us denote the solution to (10.48) by w*(t) = w(et). We insert this ansatz in
(10.49) and Taylor-expand. Then

g1t
Né(e7') = / ds%ez f d3k|vka|2(—(cos k|(e™ 't — s))w(es)
0

|llc_|(sm kl(e~ 't — s))w(er) x w(as))

et
>~ f ds§e2fd3k|vka|2(— (cos [k|s) (w(t) — esw(r)
0
+ %e%%(x)) + "](—l(sin lk|s)w (1) (w(7)
—esw(t) + %82s2&.}(z))> . (10.50)

o
I, _f dn!’fd‘ |Vid]? —sm iz, J, :f dn!’/d3k|vka|2cos k|t .
0

(10.51)
Then, using the fact that ¢ is radial,
Io=fd3k|vka|2|k|—2, I =0,
1 3 3 3 -
I = e d’x [ d’x'p)p(x)x - xlx—xl——— Ik Vi@ k|~
T
(10.52)
and
Jo=0, Jy=—pl,1, p=1,2,.... (10.53)
Therefore to order &2
2, 21,
Sellc(t) = —83e TIow(t) + &2 ge hw(t) x w(t), (10.54)

and inserted in (10.48)
1
Iew(t) = epw(t) x By — el (t) + 82§e212w(t) x @), (10.55)
where Iy = 2621 /3 in agreement with the static result (10.41).
Beyond the renormalization of I, we have also obtained the radiation reaction

w(t) x w(t). As for the translational degrees of freedom only the solution on the
center manifold is of physical relevance. To compute the effective dynamics we

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

128 Spinning charges

regard (10.44) as the unperturbed dynamics and reinsert in (10.55). To be some-
what more general let us take By to be time dependent and varying on the slow
time scale. One obtains

(I + D& = pw x By + ee*(1ul2/3(Iy + 1)) (W(w - Bo) + (w x (Bo x w))).
(10.56)

Since w? is conserved under (10.56), the radiation reaction only modifies the fre-

quency of gyration to order €. A second-order term like @ would lead to friction in
the effective equation. As can be seen from (10.53), its prefactor J, vanishes and
radiation damping appears only at order &* through I, .

Notes and references
Section 10.1

BMT is an acronym for Bargmann, Michel and Telegdi (1959). The BMT equa-
tion is explained in Jackson (1999). Bailey and Picasso (1970) is an informative
article on how the BMT equation is used in the analysis of the high-precision mea-
surements of the electron and muon g-factor. The BMT equation with g = 2 is
the semiclassical limit of the Dirac equation (Rubinow and Keller 1963; Bolte
and Keppeler 1999; Spohn 2000b; Panati et al. 2002a). Appel and Kiessling
(2001) compute the effective parameters for a charge distribution concentrated on
a sphere.

Just as for translational degrees of freedom, one way to guess the effective spin
dynamics is to impose Lorentz invariance. In addition, one could require that the
equations of motion come from a Lagrangian action. In full generality, including
an electric dipole moment, this program is carried out by Bhabha (1939), Bhabha
and Corben (1941) with earlier work by Frenkel (1926). Alternative approaches
are compared in Corben (1961) and Nyborg (1962). Concise summaries are Barut
(1964), who discusses also how the BMT equation fits into the general scheme,
Teitelbom et al. (1980), and Rohrlich (1990). A more microscopic approach would
be to carry out the adiabatic limit for the Lorentz model of section 2.5. In Nodvik’s
version of the model such an expansion is pushed to the order where translational
and rotational degrees of freedom couple (Nodvik 1964).

The Lorentz model simplifies if initial data are assumed such that the particle
moves at constant velocity. Then translational and rotational degrees of freedom
decouple. Appel and Kiessling (2002) study the existence of solutions and their
long-time limit. In the adiabatic limit, compare with section 10.3, the angular mo-
mentum responds to an external torque through the effective gyromagnetic ratio
of (10.9).
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Section 10.2

The nonrelativistic model of a rotating charge is introduced by Abraham (1903)
and studied by Herglotz (1903), Schwarzschild (1903), and Thomas (1927).
Schwarzschild (1903) notes that a stationary solution exists only if w is either
parallel or orthogonal to v. Kiessling (1999) remarks that the standard form of
the total angular momentum is conserved only if the inner rotation of the charged
particle is included.

Section 10.3

Grandy and Aghazadeh (1982) compute the gyromagnetic ratio to order 2. The
validity of the equations of motion (10.56) is proved in Imaikin ez al. (2004).
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11
Many charges

There is little effort in extending the Abraham model to several particles. We label
their positions and velocities as qj(t), vj(t), j=1,...,N.The j-th particle has
bare mass my; and charge ¢;, where for simplicity the form factor ¢ is assumed
to be the same for all particles. The motion of each particle is governed by the
Lorentz force as before, and the current in the Maxwell equations now becomes
the sum over the single-particle currents. Therefore the equations of motion read

¢ '"9B(x,t) = -V x E(x,1),
N
~1 _ . -1,
c'HE®, )=V X Bx, 1) =Y ejox —q;0)c i),
j=1

N

V~E(x,t):2ej<p(x—qj(t)), V-Bx,t) =0, (11.1)
j=1

d -1

a(mbi )/ivi(l)) = ei(Ego(qi(l), 1)+ c vi(t) X By(q, (1), f))» (11.2)

wherei = 1,..., N withy; = (1 — (v /c)?) V2.

There are no external forces. The force acting on a given particle is due to the
other particles, as mediated through the Maxwell field, and to the self-force, which
we have discussed already at length. If two particles are at a distance of only a few
times Ry, then they interact strongly with forces which depend on the details of
the phenomenological and unknown charge distribution. Thus physically we trust
our model only if particles are far apart on the scale set by R,,.

11.1 Retarded interaction

Let us take as a starting point the condition that initially particles are far
apart, thus Iq? — q(J)-I =0} Ry). The velocities are less than ¢, not necessarily

130
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small, and the initial fields are the linear superposition of N charge soliton
fields corresponding to the initial conditions q?, 'v?, i=1,...,N. To under-
stand the scales involved it is convenient to switch to macroscopic coordinates,
which simply amounts to replacing in (11.1), (11.2) e; by /ee; and ¢ by ¢,
with ¢ (x) = e_3<p(8_1x); compare with the second half of section 6.1. Then
g9 — 451 = O

We insert the solution of the inhomogeneous Maxwell-Lorentz equations (11.1)
into the Lorentz force of (11.2). The forces are additive and the force on particle
i naturally splits into a self-force (i = j) and a mutual force (i # j). For the self-
force one uses the Taylor expansion of chapter 7. Thereby the mass is renormalized
and the next order is the radiation reaction. For the mutual force we recall that
in section 7.2 it was shown already that, to leading order, the field generated by

charge j is the Liénard—Wiechert field. Thus, one obtains as retarded equations of

motion
N
m;(v;)v; = Z eei(Eretj(g;. 1) + Vi X Bretj(g;. 1))
o
+e(e? /67) [y (i - B)vi + 370 (v - 0) v + 3y (v - o)+ v,

(11.3)

t > 0, which accounts for the effective mass m; and the radiation reaction of the
i-th particle; compare with Eq. (8.1). Eej(x, ) equals (2.24) with e replaced
by e;, g replaced by ¢ ;, and fre replaced by frej which is implicitly defined
through

tretj =1— |x _qj(tretj)l . (11~4)

For x = ¢q; the retarded time is of order 1. Similarly By (x, t) equals (2.25) with
q replaced by ¢ ; and tre; replaced by frerj. The strength ¢ results from the charge,
J/¢€e;, and the scale factor /¢ in (8.47). Viewed differently, on the microscopic
scale the force is of order (distance) ™2 = &2 and thus of order & when accumulated
over a time span ¢~ !. To solve (11.3) one needs the trajectories for the whole past.
Our assumption of no initial slip is equivalent to

g )+ +r), i=1,....N, <0, (11.5)
which must be added to (11.3).

Using (11.3) one can estimate the size of the various contributions. The near
fields of Eretj and Bye; are of order 1. Therefore the acceleration is of order ¢,
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which implies that the far field of Ee; and By is O(e?). The radiation reaction
term involves ¥; and is therefore O(g3).

We see that the various contributions are well ordered in powers of . The
forces are weak, however, and therefore over longer times the particles will move
apart, which is of somewhat reduced interest. There are two limiting situations of
physical relevance, which will be discussed in the following sections. One pos-
sibility is to take the initial velocity |v;/c| < 1. Then to lowest order the
particles interact through the static Coulomb potential and post-Coulombic
corrections can be studied meaningfully. The other option is to let N — oo,
which yields a kinetic description for charge densities as commonly used in
plasma physics.

11.2 Limit of small velocities

We impose the condition that initially |v;/c| < 1. Then retardation effects should
be negligible and the particles interact through the static Coulomb potential. Ac-
cording to the standard textbook recipe, |v;/c| < 1 is to be interpreted as ¢ — oo.
Indeed, from (11.1) one concludes B = 0 and

N
VxE@x.0n=0, V-E@n=) ejp—q;{), (11.6)
j=1

which together with Newton’s equations of motion yields the desired result. Un-
fortunately, our argument fails on two counts. First, the interaction is obtained as
the smeared Coulomb potential. More severely, in Newton’s equations of motion
only the bare mass of charge i appears, whereas physically it should respond to
forces with its renormalized mass. Of course, the reason is that ¢ — oo does not
ensure charges to be far apart on the scale of Ry,.

To improve we require, as in the previous section, that the initial positions sat-
isfy

q) —g%1=0E""R,), i#]. (11.7)

Then the force is of order £2. Under rescaling the dynamical variables should be
of order 1 as ¢ — 0. If in addition we demand the relation § = v to be preserved,
the only choice remaining is

lvj| = O(Vec) and t=e3/?R,/c. (11.8)
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Indeed, the accumulated force is of order /¢, which means that the magnitude of
the velocity is preserved. We have arrived at the following scale transformation

—3/2./

t=e7, gy =679, vj=ev,

x=c %', E=&”E, B=¢"HR, (11.9)
where the primed quantities are considered to be of O(1). The field amplitudes are
scaled by £3/2 50 as to preserve the field energy. There is little risk in omitting the
primes below. We set

q°(0) =eq;(e71), V@) =& uje ). (11.10)

Then the rescaled Maxwell’s and Newton’s equations of motion are

Ve B(x,t) = -V x E(x,1),

N
VEQE@.1) =V x Bx.1) = ) feejpex — g5 O)Vev; ().
j=1
N
V.-E(x, 1) = Zﬁeng(x —-q50), V-Bx,1)=0, (11.11)
j=1

d
e (mui (1= evf () 2 (1) = Veei (Ey, (qf (1), 1)
+ Vev{ (1) x By, (¢5(1),1)). (11.12)

On the new scale the velocity of light tends to infinity as ¢/./¢ and the charge
distribution has total charge \/ce;, finite electrostatic energy mf, and shrinks to a
d-function as ¢,. Recall that the scale parameter ¢ is just a convenient way to order
the magnitudes of the various contributions.

Before entering into more specific computations, it is useful first to sort out
what should be expected. We follow our practice from before and denote positions
and velocities of the comparison dynamics by rj,u;, j =1,... , N, ie. qjt(t) =
r(t), vjt(t) = u;(t). Since the velocities are small, the kinetic energy takes its
nonrelativistic limit

I 4
To(uj)=§(mb,+§mfj)u§, (11.13)

up to a constant; compare with (4.24). Note that the mass of the particle is renor-
malized through the interaction with the field. For small velocities, magnetic fields
are small and retardation effects can be neglected. Thus the potential energy of the
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effective dynamics should be purely Coulombic and be given by

1 & ee;
Veoul@1,...orn) =5 Y ———. (11.14)
2,.;&].:1 471|r,' —I‘j|

To obtain post-Coulombic corrections, one has to expand properly the self- and
retarded forces, which we will carry to order ¢3/2 where the radiation reaction
appears first. Since, as can be seen from (11.1), (11.2), the forces are additive, it
suffices to consider two particles only. For initial conditions we choose the linear
superposition of the two charge solitons corresponding to the initial data q?, v?,
i =1, 2. One solves the Maxwell equations and inserts them in the Lorentz force.
As already explained, in the self-interaction the contribution from the initial fields
vanishes for ¢ > ¢f,,. In the mutual interaction the initial fields take a time of order
/€ to reach the other particle and their contribution vanishes for t > /¢ |q? — qgl.

Thus for larger times one is allowed to insert in (11.2) the retarded fields only,

which yields
d &
Sd—t( b1 Y10} (1)) = Freg 11(t) + Freg 12(1) (11.15)
d &
ga(me Y205 (1)) = Freg21(t) + Freg (1) (11.16)
where

t

Fre ij(1) = eie; / ds f k| G(ek) Pt @i O3
0

x ( — &' (k| ™" sin(|k|(t — 5)/+/2))ik — e(cos(k|(t — 5)//ENV (s)
+ & 2(k|~" sin(kl (¢ = )/ VOV (1) x G x vi(s) . (1L17)

i,j=12
For the self-interaction we set ¢k = k', ¢ 3/t = ¢'. Then

o0
Fren1(0) = e (e1)? / d’f k(G ek @i 0-ai (=20 e
0

X ( — 81/2(|k|—1 sin |k|7)ik — e(cos |k|r)'v‘f(t _ 83/21')

+ &2 (k| sin k|T)v] () x (ik x v} —e¥7D) ). (1118)
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One Taylor-expands as

1 1
8_1(q§’(t) —qi(t — 83/21')) =Py — Eazrzij + 887/2t3'i},
1
Vit — ¥ty =v— e ri+ 583‘[2’5. (11.19)

Then, up to errors of order &,
r 1

Fran (1) = (e1)? [dr f kG ([ — (kI sin kl7) 7k - D)k
0

+ (cos [k|t)Td] + e*[( — (Ik| ™' sin |k|t)%r2(k -0k
+ (cos |k|t)r'b)( - %rz(k . ,0)2) — (cos |k|t)%r3(k -0)(k - v)v
+ (k| ™" sin k) (v (k - v)v x (k x ) + %tz(k D) (v x (k x v)))]

1 1
+&72[ (k| sin |k|r)gr3(k - 9)k — (cos |k|r)§tz'i}]> ) (11.20)

For the mutual interaction we leave the k-integration and set e!/%r =/,
Then

o0
Fre12(1) = eeren f dr / Fk[Pek) ek @i O-a50-VFT)
0

x ( — &2k sin |k| )ik — e (cos [k|T)vS(r — ver)

+ &2 (el ™! sin ko), (1) x (ik x 5 = VET)) . (11.21)

One Taylor-expands as

1 1
q5(t) — g5t — Jer) =r + &' rvy — 3 ety + 883/%31}2’
1
Vi) =v, (1 —er) =v — T Eetzﬁz (11.22)
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withr = g (¢) — q5(¢). Then, up to errors of order &3,

o0
Fran=e1&y f dr f &Hl@(ek) Pe*” (= el ™" sin k|7) ik + ¢2[ (k| sin k|)

x (— % (k- )k + % T2 (k - v)?ik + vy x (ik x 1))
+ (cos |k|t) (tv) — it(k - v2)v2) ]
+&>2[(Jk| "' sin |k|r)( 3k - )k — —r 3k - ) (k - )ik
- %13(k -02)%k) — (cos |k|t)§t21’}])
1 1
= (er1e2/4m)( = eV Ir|™ +&2[(5 Ve (B2 V) = 5V (02 - V)

2
— (W — v - V)|~ 4+ (01 x (Ve x ) Ir| 7]

21
+ 34—85/2e1e21'52) . (11.23)

We discuss each order separately, where we recall that in (11.15), (11.16) the
acceleration is multiplied by €. As anticipated, to order 1 one obtains the Coulomb
dynamics with renormalized mass from Fj;(z). Let us define the Coulomb La-
grangian

N

1 4 1 eie;
Lcoulzzz(mbj+ mf,) Z 4n|rlir - 124
j=1 I¢J=l P

Then the comparison dynamics is

d

a(vu_,-Lcoul) - Vr_,-Lcoul =0, j=1,...,N, (11.25)

with the error bounds

lg5 ) —r i) = O(e), Vi) —u;j®)|=0C). (11.26)

The first-order correction is O(¢). More conventionally the error is counted in
powers of |v/c| relative to the zeroth-order Coulomb dynamics. To convert, one
only has to set ¢ = 1. The first correction is then of order |v/c|? (= O(e), compare
with (11.8)), and the next-order corrections |v/c|?. The order &* terms in (11.20),
(11.23) combine in a simple fashion and yield the Darwin correction. Let us define
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the Darwin Lagrangian

N 1

Ldarw = ;((mberEmff)z jte (8mbj+ 15'"”)0 ”f)

_eiej 1 ~ —~
— Z [1—EE(UI"uj+(ui'rij)(uj'rij)):|

’76]  Amiri —r
(11.27)

with 7; j = (@i —rj)/lri —r;j|. In the first sum one recognizes the correction to
the kinetic energy, while in the second-term corrections due to retardation and
the magnetic field combine into a velocity-dependent potential. The comparison
dynamics is governed by the improved Lagrangian,

d .
a(vudearw) - Vr_,'Ldarw =0, j=1,...,N, (11.28)

with the error bounds
1450 —rj()] = 0E>) . ;) —u;j0)] = 0. (11.29)

At order |v/c|? one picks up terms proportional to ¥ ;. Remarkably, the prefac-
tors in Fiej; and Fej; are identical, and one obtains the comparison dynamics

d

e
3 (Vu; Laarw) = Vi, Laarw = &% 5 Ze,u,, j=1,....N. (1130)

6mc3

The physical solutions have to be on the center manifold of (11.30). At the present
level of precision it suffices to substitute the Lagrangian dynamics to lowest order,
which yields

d ei 1L /e e ejep
—(V,. L —V,.L =g __ (—'——1)+
dt( i darw) rj e darw 6mc32 ”,Z=1 m; o) Amlr; —ri)3

ii!

x (@ —wui) — 3@ - (Wi —wup))rip) . (11.31)

If the charge-mass ratio ej/m; does not depend on j, the damping term
is suppressed. The collection of charges has vanishing dipole moment. This
can be seen also directly by considering the dipole moment d = ij:l ejq; =
Z;V:l(ej/mj)quj. If (ej/mj) = const., then d equals the center of mass and
d = 0. Thus there is no dipole radiation. Only quadrupole radiation is allowed and
radiation damping would appear at the scale |v/c|.

We briefly return to the limit ¢ — oo from the beginning of this subsection.
In fact, the expansion for computing the effective dynamics turns out to be not
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so drastically different as one might have anticipated. To lowest order the kinetic
energy is mbjui/Z and is modified to (mp; + (4mfj/3c2))u3/2 at the Darwin order
|v/c|?. The correction to the quadratic behavior is visible only at order |v/c|*. The
friction term is identical to that of (11.30). Only in (11.27) must the Coulomb
potential be smeared by the charge distribution ¢.

11.3 The Vlasov—-Maxwell equations

If N is large, it is impractical to follow the trajectory of individual particles and, as
widely used for example in plasma physics, a kinetic description is more appropri-
ate. The basic object describing matter is now the distribution function f, (x, v, t).
For each component « it is a function on the one-particle phase space and defined
through

folx, v, t)d3xd3v = % (number of particles with charge e, in the volume element
d3xd®v at time 1) .

The charge density of the «-th component is then

Pax. 1) = eq f & vfy (x, v, 1) (11.32)
and the total charge density

ple.1) =) palx.1). (11.33)
o
Similarly, the current density is
Jole.0) = eq / Fovfule,v,0, jn= j.@n. (1134
o

The Maxwell field is governed by (2.2), (2.3) with p from (11.33) and j from
(11.34) as source terms. As densities on the one-particle phase space the distribu-
tion functions evolve according to

O fax, v, 1) + Vi - (vfa®, 0, 1)) + (Vo (mgy) ™!
X (Fy — (v Fo)v) fu(x,v,1)) =0 (11.35)

with the Lorentz force
Fy =ey(E(x,1) +vx B(x,1)). (11.36)

The system of equations (2.2), (2.3), and (11.32)—(11.36) are called the Vlasov—
Maxwell system. They were written down first by Vlasov in 1938 in the more
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conventional form where the velocity v is replaced by the kinetic momentum
u = mgv/~1 — v%. Then in (11.35), (11.36) v is to be replaced by u/\/m2 + u?

and the Vlasov equation for the distribution function f, (x, u, t)d3xd3u reads

O fux u, 1) + (m2 +u®) "V 2u Vi fy(x,u, 1) + Fo - Vi fu(x,u,1) = 0.
(11.37)

The static limit of the Vlasov—Maxwell system, namely ¢ — oo yielding B = 0,
V x E =0,V -E = p,is the Vlasov equation.

To establish the link to the Abraham model with N charges it is convenient to
start on the macroscopic scale, for simplicity for a single component, where

0:B(x,t) = -V x E(x,1),
N
UEx.H) =V x B(x.1)—£ ) ep:(x —q;(0)v;(t),
j=I
N
V-E(x.1)=¢) ep:(x—q;(t). V-Bx.1)=0, (11.38)

J=1

= o) = e(Eg. @,0.0) + 0i0) x By (g,00.0) . (11.39)
We used here the freedom in the scale factor for the amplitude of the electromag-
netic fields which accounts for an extra /¢ as compared to (6.11). On a formal
level, the step to the Vlasov—Maxwell equation is immediate. We set N = ¢!,
The typical distance between particles is then ¢!/3 R, while the charge diameter is
eR, K gl/3 R,. Thus particles are still very far apart. If we assume that at time ¢
the particle configuration is well approximated by a distribution function, then the
source term of the Maxwell equations is of the form claimed in (11.33), (11.34).
For (11.39) we have again to split into the self- and mutual parts. The self-part
renormalizes the mass to m(v) from (8.2) and the mutual part yields the force
of (11.36) for the considered component. Put differently, in (11.39) the Maxwell
fields E, B, smeared by ¢ and evaluated at g; (¢), have a singular part which renor-
malizes the mass and a smooth part from all the other charges which is governed
by (11.38). To carry out this program and to thereby derive the Vlasov—Maxwell
equations along the lines indicated remains as a task for the future.

11.4 Statistical mechanics

For a system of many particles the first impetus is to investigate its equilibrium
statistical mechanics. Although this means venturing into the domain of nonzero
temperatures, let us see how much will be captured by our oversimplified model
of matter. Statistical mechanics starts with a Hamiltonian defined on phase space.
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Since this is also the starting point for canonical quantization, in Chapter 13, our
discussion of the Pauli-Fierz model necessarily deals with the Lagrangian and
Hamiltonian structure of the Abraham model. We preview the result (13.24) for a
system of N particles. The canonical coordinates for the particles are (¢ j, p;), j =
1,..., N. For the Maxwell field we adopt the Coulomb gauge, V - A = 0. The
canonical field variables are then (A(x), —E | (x)), x € R3. Both fields are purely
transverse, V- A =0 =V - E | . In terms of these variables the Hamiltonian for
the Abraham model reads

N 1 1
H= Z T (p; - ejAw(qrj))2 +3 / Ex(E L (x)* + (V x A(x))?)
j=1 J
1 N
+5 D eieiVoeou(@i —4;)- (11.40)

i,j=1

For simplicity we adopt the nonrelativistic kinetic energy, p>/2m. The potential
Vipcoul Originates from the longitudinal part of E and is defined through

Vicoul(@) = fd3k|g’5(k)|2|k|_2eik'q . (11.41)

Vicoul 18 the Coulomb potential smeared by the charge distribution ¢, which ap-
pears twice, since both the i-th and the j-th particles carry a charge distribu-
tion.

The particles are confined to the box A C R3. We should also restrict the fields
to the box A, but it will be somewhat simpler to regard them as filling all space.
Then, formally, the equilibrium distribution at inverse temperature 8 = 1/kgT is
given by

L
e BH l_[ Xa (qj)d3q,‘d3pj l_[ d?Ax)d’E| (x), (11.42)
j=1 xeR3

where Z is the normalizing partition function and x, is the indicator function for
the box A. Since the field energy is quadratic in £ and A, combined with the a
priori measure and the normalization, it follows that E | (x) and A(x) are Gaussian
fields. We will only need A(x). It has mean zero and covariance

1 ~ o~ /
(A(X)A(x))o = 3 f Shlk| 21—k @ k)ek =) (11.43)
From the experience with black-body radiation we have little trust in the statis-

tics of the Maxwell field at large wave numbers and therefore concentrate on the
particle degrees of freedom, only.
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According to (11.40), (11.42) for fixed positions qj j=1,...,N, the mo-
menta are Gaussian distributed with mean zero and covariance

(PiPj)gy....qn) = (P +€iAp(@))(pj+ejAy(q;)))
=(pip;) +eiej(Ay(q)Au(q )
= %(mbiaij]l + eie;j / Erl @) >k~ (1 —?@Beik'(‘ll‘_qi)> :
(11.44)

Here in the first equality we shifted p; by ejA,(q ;) which transforms (-) to a
Gaussian averaging factorized with respect to the p’s and A’s. For i = j we re-
cover the renormalized mass my; + my¢;. For i # j, there are momentum correla-
tions which decay as |g; — ¢ ; |~! in the distance of the two particles.

For the distribution of the positions, we integrate first over p and then over A
with the result

N

1 1 &
e P T xa@pda;. v = 3 > eiejVocou(q; —q;).  (11.45)
Jj=1 i,j=1

which is the standard Gibbs distribution for a Coulombic system of charges. The
equilibrium statistics decouples into a positional part and, when conditioned on the
positions, a Gaussian velocity part.

The equilibrium properties of Coulomb systems have been studied very exten-
sively. To be specific, let us consider a two-component charge-symmetric plasma,
which is neutral in the sense that both components have the same chemical poten-
tial. Since the system is very large, the natural quantities are the free energy and
the correlation functions in the limit where the volume tends to infinity, A 1 R3.
Indeed this limit has been established together with one major qualitative result,
namely the validity of the Debye—Hiickel theory at sufficiently low density. One
inserts an extra charge at the origin into the system at thermal equilibrium. Then
the charges of opposite sign screen in a statistical sense and the average charge
density decays on the scale of the Debye length Ip = (4me?Bp)~1/2.

While we cannot enter into details, it might be useful to understand how the
smearing of the charge distribution is needed even on the level of equilibrium
statistical mechanics. Let us assume that the two components have equal charge of
opposite sign, which means either e; = e or e; = —e. Since Vcou is of positive
type (the Fourier transform of a positive measure), one has

1 & 1,
5 i;;l €iej v(pcoul(qi - qj) = _5 ;ej V(pcoul(o)

= —(%ezfd3k|’¢?(k)|2|kl_2)N. (11.46)
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The energy is bounded from below by a constant proportional to N, which means
that Viycour defines a thermodynamically stable interaction. To control the behavior
for large A one uses again the positive definiteness of Vo and introduces the
auxiliary Gaussian field ¢ (x), x € RR3, with mean zero and covariance

(dx)P(¥))G = Vpcour(x —y), (11.47)

which is well defined since ‘choul (k) = 0. Then

e V@1 dn) _ exp[ Ze](p(q]] (11.48)

and the grand canonical partition function becomes

00 N
Zy = N' /dgcn /d361N
N=0""" oN +1 A

xexp ,Be = Z 0i0j Vycoul(q; — ‘Ij)]

1] 1
0 N
2}% f &4 ;ijlexp[i\/ﬁeaqb(q)]) g
_ 3
= (exp [22 /A d qcos(\/ﬁeqb(q))])c. (11.49)

Thus our system of charges has been converted into a field theory. The a priori
measure (-)g is known as the Gaussian massless free field. In (11.49) it is per-
turbed by the interaction | A d3q cos(v/Beg(q)), which is clearly proportional to
|A]. Thus we conclude that the pressure is extensive,

log Zx = |A]. (11.50)

Despite the long-range forces, a neutral Coulomb system has extensive (volume-
proportional) thermodynamics, provided the charges are somewhat smeared.

Notes and references
Section 11.1

On the quantized level the retarded interaction between neutral atoms shows as
an attractive R~/ decay of the interaction potential in contrast to the nonretarded,
attractive van der Waals R~ law.

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

Notes and references 143

Section 11.2

The Darwin Lagrangian is discussed in Jackson (1999). In Kunze and Spohn
(2000c) the errors in (11.29) are estimated. Kunze and Spohn (2001) extend their
analysis to include radiation reaction. The major novel difficulty is to properly
match the initial conditions of the comparison dynamics (11.31). The next post-
Coulombic correction, of order |v/c|*, is computed formally by Landau and Lif-
shitz (1959), Barker and O’Connell (1980a, 1980b), and Damour and Schiéfer
(1991). It contains quadrupole corrections to the Coulomb interaction and terms
proportional to . It would be of interest to compare these results with the system-
atic expansion presented here.

A qualitatively rather similar problem arises in general relativity. The object
of interest is a binary pulsar, like the famous Hulse—Taylor pulsar PSR 1913 +
16. It consists of two neutron stars, each with a mass of roughly 1.4 solar mass
and a diameter of 10 km. They rotate around their common center of mass with
a period of 7 h 45 min. The neutron stars move slowly with |v/c| = 1073, Since
one of the neutron stars is rotating, it emits radio waves through which the orbit
can be tracked with very high precision, in fact so precise that damping through
the emission of gravitational waves can be verified quantitatively. I refer to Hulse
(1994) and Taylor (1994). As in the case of charges, the theoretical challenge is to
obtain the orbits of the two neutron stars in an expansion in |v/c|. For gravitation
there is no dipole radiation and damping appears only at order |v/c|’, with |v/c|®
being the Newtonian orbit. Since experimental accuracy is expected to increase
further (Will 1999) various groups have taken up the challenge with the present
order at |v/c|” (Jaranowski and Schifer 1998).

Section 11.3

The relativistic Vlasov—Maxwell equations already appear in the original 1938
paper of Vlasov, see Vlasov (1961). The existence of solutions is studied at in-
creasing level of generality in Glassey and Schaeffer (1991, 1997, 2000). In the
nonretarded Vlasov—Poisson approximation the existence of solutions is now well
understood (Pfaffelmoser 1992; Schaeffer 1991) and the link to the N -particle sys-
tem has been established for a mollified potential (Neunzert 1975; Braun and Hepp
1977), a review being Spohn (1991). Physically the natural requirement is to have
the charge diameter much smaller than the interparticle distance. Since this case is
somewhat singular, a satisfactory derivation of the Vlasov—Poisson approximation
is open, with a partial step towards its solution in Batt (2001).

As in the case of N charges, the solution to the Vlasov—-Maxwell system can
be expanded in powers of 1/c. The leading order is then Vlasov—Poisson, as

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

144 Many charges

established by Schaeffer (1986), which is corrected a la Darwin at order c 2,
as proved by Bauer and Kunze (2003). A one-component system can dissipate
energy only through quadrupole radiation, which first appears at order ¢ ™. A
two-component system emits dipole radiation at order ¢ 3. Properties of the for-
mally derived Vlasov equation including radiative friction are studied by Kunze
and Rendall (2001).

Section 11.4

The statistical mechanics of charges plus Maxwell field is usually treated only
on the level of thermodynamics (Alastuey and Appel 2000). Lebowitz and Lieb
(1969) and Lieb and Lebowitz (1972) prove the existence of the, in fact shape-
dependent, thermodynamic limit for Coulomb systems. A very readable review
is Lieb and Lebowitz (1973). The existence of the infinite-volume limit of the
correlation functions in the case of charge-symmetric systems is proved by
Frohlich and Park (1978). For the Debye—Hiickel theory I recommend the excellent
survey by Brydges and Martin (1999).
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Summary and preamble to the quantum theory

Within the framework of specific models for the coupling between charges and the
electromagnetic field we have presented a fair amount of rather detailed arguments
and computations. Thus before embarking on the quantized theory, it might be
useful to summarize our main findings.

e Extended charge. To have a well-defined dynamics, a smeared charge distri-
bution has to be used. This can be done either on the semirelativistic level
of the Abraham model or in the form of a relativistically covariant theory,
i.e. the Lorentz model. In the latter case internal rotation must be included by
necessity.

e Adiabatic regime. Situations for which the classical electron theory can be exper-
imentally tested fall in the adiabatic regime with a remarkable level of accuracy.
Quantum mechanics must be used way before one leaves the domain of validity
of the adiabatic approximation. A good example is the hydrogen atom in a bound
state. Sufficiently far from the nucleus, which is certainly satisfied when at least
a Bohr radius away from it, the assumptions for the adiabatic approximation are
fulfilled and the dynamics of the electron is well governed by Eq. (9.14). On
the other hand, it is known that the fluorescent spectrum of the hydrogen atom
is accounted for only by quantum mechanics. To test the classical electron the-
ory on the basis of this system is simply not feasible. Thus, in the range where
the classical electron theory is applicable by necessity one is inside its adiabatic
regime. In this regime the particle becomes point-like and is characterized by a
charge, an effective mass, and, in the case of internal rotation, by an effective
magnetic moment; compare with sections 4.2 and 10.1. From the full charge and
mass distribution, which in principle constitute an infinite number of free param-
eters, only a few of their low-order moments are retained. They then enter in the
Landau—Lifshitz equation (9.10), which governs the motion of the charge with
great precision and properly accounts for friction through radiation. In addition,

145
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the electromagnetic fields are determined from the Liénard—Wiechert potentials
as generated by the motion of a point charge.

e Point-charge limit. As judged from the context of chapter 28 of the Feynman
Lectures, “consistency” in the 1963 opinion of R. Feynman, compare with the
citation at the end of section 3.3, refers to the point-charge limit R, — 0.1 agree,
but as argued at length there is no need ever to take this limit. Letting the size
R, of the extended charge distribution shrink to zero yields objects of infinite
mass. While the mere mathematical operation is admissible, it would result in
a theory with very little physical content. The attempt to compensate through a
proper adjustment of the bare mass fails, since the electromagnetic mass merely
adds to the bare mass. Thus, the bare mass necessarily becomes negative which
results in an unstable Hamiltonian.

The transition to the quantum theory of photons, electrons, and nuclei could
hardly be less spectacular. I find it truly amazing that the simple rules of canonical
quantization work so well for the Abraham model and thus open the gateway to
a theory describing a vast territory of physical experience. Of course, just as the
Abraham model, the theory is semirelativistic, and is thus also known as nonrela-
tivistic quantum electrodynamics. No quantization of the Lorentz model seems to
be available. In the relativistic domain one has to rely on conventional quantum
electrodynamics.

We continue to adhere to the principle of restricting our attention to dynamical
problems, for which the interaction between the charged particles and the photon
field must be included. In particular, the emission and absorption of light by atoms
and the scattering of photons from charges will play an important role. Adiabatic-
type limits will be studied again. They show up in the limit of slow motion, where
the photon field is approximated by the static Coulomb interaction, and in the
derivation of the effective mass and the effective magnetic moment. To keep the
topics within manageable size, many things had to be left out. In terms of applica-
tions the most serious omission is macroscopic electrodynamics, where the photon
field is treated in the classical limit and matter is taken into account in a continuum
description in terms of suitable electric and magnetic susceptibilities. Needless to
say, they must be based on an atomistic quantum model of matter.
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Quantizing the Abraham model

Classical theories must emerge from quantum mechanics and there is no reason to
expect a simple recipe which would yield the physically correct quantum theory
from the classical input. On the other hand, at least in the nonrelativistic domain,
the rules of canonical quantization have served well and it is natural to apply them
to the Abraham model. There is one immediate difficulty. Canonical quantization
starts from identifying the canonical variables of the classical theory. Thus we first
have to rewrite the equations of motion for the Abraham model in Hamiltonian
form. For this purpose we adopt the Coulomb gauge, as usual, so as to eliminate
the constraints. In the quantized version we thereby obtain the Pauli—Fierz Hamil-
tonian which has an obvious extension to include spin.

We have to ensure that the Pauli-Fierz Hamiltonian generates a unitary time
evolution on the appropriate Hilbert space of physical states. Mathematically this
means that we have to specify conditions under which the Pauli-Fierz Hamiltonian
is a self-adjoint operator, an issue which can be satisfactorily resolved. Still, the
true physical situation is more subtle and in fact not so well understood. It is related
to the abundance of very low-energy photons, i.e the infrared problem, and to the
arbitrariness of the cutoff at high energies, i.e. the ultraviolet problem. There are
many items of interest before these, and it will take us a while to start discussing
these subtleties.

Some words on our notation: In the beginning we keep c, h, and later set them
equal to one, mostly without notice. The vector notation, like x, tends to be a little
heavy, in particular since some of the objects become either operators or random
variables. Therefore we stick with x, whose vector character has to be inferred
from the context.

149
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13.1 Lagrangian and Hamiltonian rewriting of the Abraham model

We consider N charges coupled to the Maxwell field. Their motion is governed by
(11.1), (11.2), which we repeat with the only difference that the relativistic kinetic
energy is replaced by its Galilean cousin.

(Inhomogeneous Maxwell-Lorentz equations)

¢ '%B=-VXE, ¢c'"9E=VxB—cj, (13.1)
V-E=p, V-B=0, (13.2)

where the charge and current density are given by
N N
ple. 1) = ejplx —qj0). jx.0 =Y ejpx—qnO)v;j@) (133)
j=1 j=1

satisfying charge conservation by fiat.

(Newton’s equations of motion)

d
mj i (0) = ¢ (Eg(q; (0.0 + ¢ oj(0) x By(g;().0).  (13.4)

j=1,...,N.¢is the charge distribution. It satisfies Condition (C), Eq. (2.38).

The Lagrangian for a charge subject to external potentials is discussed in every
text on classical mechanics. The Lagrangian of the coupled system, charges plus
Maxwell field, can almost be guessed on that basis. We introduce the electromag-
netic potentials through

E=—-1'9A-V$p, B=VxA, (13.5)
hence guaranteeing V - B = 0 and the first half of (13.1), and regard as position-

like variables {g;, j =1,..., N, ¢(x), A(x), x € R3}. Let us define the Lagrange
density

Lo(x) = (E(x>2 B +c ) - A — p)p(x),  (13.6)

where, according to (13.3), p, j depend on the positions and velocities of the
charges. The Lagrangian of the Abraham model is then

N
Z ~mjq; + /d3x£0(x). (13.7)

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

13.1 Lagrangian and Hamiltonian rewriting of the Abraham model 151

We only have to verify that the Euler—Lagrange equations for the action obtained
from L yield (13.1), (13.2), and (13.4). Indeed

—— — —=0 (13.8)

are Newton’s equations of motion. Using ‘"’ for d; as concise notation, variation
with respect to ¢ yields

dsL 5L
—— - — =0, (13.9)
dt 5¢ 8¢
which is equivalent to
—V-(cT"A+Vp)=0p (13.10)

and which we recognize as the first half of (13.2). Finally

dsL 5L
—— - =0 13.11
dtsA  S8A ( )
amounts to
cMeTA+ V) = -V x (VxA) +c ', (13.12)

which is nothing but the second half of (13.1).

Since (13.9) represents only a constraint and is not an equation of motion,
clearly we are using a redundant set of dynamical variables. Let us do the counting.
We split the electromagnetic fields into longitudinal and transverse components,

E=E/+E,, B=Bj+B,. (13.13)

Since V - B = 0, we have B = 0. From V - E = p we conclude
Ej = —ipk/k>. (13.14)
E| and B, satisfy a first-order evolution equation. Thus, in the sense of
Lagrangian mechanics, there are two independent field degrees of freedom at every

space point, while in (13.6) we employed four degrees of freedom.
We first eliminate ¢ through (13.10), i.e.

~ 1, s
¢=k—2(1k~c 'A| +7). (13.15)
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Then, using Fourier transforms and Parseval’s identity, (13.7) transforms to
Alg| oo 1 3,127 1 —2 s e n
L=Z§quj+5 Bk[c2A AL+ K5 — (k x AY) - (k x AD)]
j=1

1 ~ -~ ~
+ 5chk[c—lj* A+ AT =2k
—ic k(3 k- Ay — pk - A7)]. (13.16)
The term p*p depends only on the ¢;’s and is recognized as the Coulomb potential,

1 . 1 Y _
Efd3kk =5 efej/d3yd3y/so(y)(4nlqi —qi—y+YD o0
ij=1

= Vpcoul(q1, -+, gN) . (13.17)

The Coulomb potential is smeared by ¢, which as before is indicated by the sub-
script. ¢ appears twice, since both the i-th and the j-th particle carry a charge
distribution. To simplify the last term of (13.16) we use the conservation law
p+ik-j = 0. Then

N
[ 1 o = ~ o~
L=Z§quf—vwcou]+§fd3k[c 2A AL —KPAY A
j=1
1 ~ o~ ~ o~
+5/d3k[c_lj*-AL+c_1j~A*L]

+c“i(1/d3k|k|—li[ﬁ/?ﬁ—ﬁ*/?,,]). (13.18)
dr\2

Since A| appears only inside a total time derivative, we have identified A| as the
second redundant field. To drop the redundant degrees of freedom, the simplest
choice is to set A = 0 by exploiting the gauge freedom, which means selecting
the Coulomb gauge defined by

V.-A=0. (13.19)

The vector potential is purely transverse and we henceforth drop the subscript L.
Transforming back to real space, the Lagrangian of the Abraham model reads

N
1
L= JX:; Equjz' — Vcoul + /d3x£(x) (13.20)

with the Lagrange density

£=%[(C_IA)2—(V><A)2]+c_'j~A. (13.21)
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The transverse vector field A(x), x € R3, should be regarded as position-like vari-
ables.
The step from Lagrange to Hamilton is standard. One introduces the momentum
p;j canonically conjugate to g; by
pi=miqi+c lejAy(q)). (13.22)
For the momentum field canonically conjugate to A we obtain
SL

-2 4 -1
— =c “A=—-c E.. 13.23
A L ( )
Then the Hamiltonian corresponding to L reads
N 5
H = 2_(pj - C_lejAw(Qj)) + V(pcoul
j=1 M
1 3 2 2
+5/d x[EL(x)" + (V x A(x))?] (13.24)

with the canonically conjugate pairs g, p; and A(x), —cYE| (%).

13.2 The Pauli-Fierz Hamiltonian

In the form (13.24) we are ready to apply the rules of canonical quantization. The
position and momentum of the j-th particle are elevated to algebraic objects (linear
operators) which satisfy the commutation relations

[Gias Pjpl = 1hdapdij (13.25)

a,B=1,2,3,i,j=1,...,N. In the Schrodinger representation, which will be
used throughout, the Hilbert space of wave functions is

Hp = L*(R*N), (13.26)

restricted to either the symmetric or antisymmetric subspace depending on whether
the particles are bosons or fermions. Positions and momenta become

qj =xj, pj=—ihVy; (13.27)
as linear operators on H,, i.e. if ¥ (x1,...,xn) € LZ(RW ) is the wave function
for the particles, then ;¥ (x1, ..., xn) = x;¥ (X1, ..., xN), pjY (X1, ..., XN) =

—ithjz/f(xl, C L XN).

For the fields A (x), —c'E 1 (x) one is tempted to postulate commutation rela-
tions analogous to (13.25). The difficulty is that the quantization has to satisfy the
transversality constraint (13.19) which is nonlocal. Fortunately it is linear and it
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becomes local in Fourier space as k - A = 0. We thus introduce at each k € R3 the
standard dreibein

7<\=k/|k|, e1(k), ex(k), (13.28)
which satisfies k - ei(k)=0,i=1,2, ej(k) - ep(k) = 0. There is some freedom
of how to choose e1, e, but the transverse projection QL(k) =1- 7c\®7<\= 1-—
|k|_2|k)(k| is unique. The two transverse components e (k) - X(k), er(k) - Z(k)
are regarded as independent variables, correspondingly for —¢ ™! E 1. Since A is
real, we have Al k)* = A (—k). Therefore one has to restrict k to a half-space and
take the real and imaginary parts of A (k) as independent variables which are sub-

ject to the rules of canonical quantization. To achieve this goal it is helpful to
introduce two standard Bose fields with creation and annihilation operators

a*k,2), ak,)), keR r=1,2, (13.29)
satisfying the canonical commutation relations

[Cl(k, )‘)9 a*(k/» )‘/)] = 3}\.}»/8(]( - k/) s
latk, L), a(k’, )1 =0, [a*(k,r),a*(k',1\)]=0. (13.30)

< For a linear operator A, the adjoint operator is denoted by A*. <&

In terms of these Bose fields we set

Ay =Y e/hj2o(en(k)atk, ) + ex(—k)a*(=k. 2)) . (13.31)

A=1,2
EL(k) = Z \/hw/Z(ie)‘(k)a(k, A) —ie; (—k)a*(—k, A)) (13.32)
A=1,2
with
w(k) = clk|. (13.33)

Then indeed ;\\, E\L are transverse, ;f(k)* = ;f(—k), E(k)* = f(—k), and
[ex(k) - A(k), —c ey (K - E L (K')*] = ihd508(k — k') (13.34)

which should be understood in analogy to (13.25).
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In physical space (13.31), (13.32) become

A(x) = / dPhey/h2w e (k) 2m) 2 (X alk, 1) + e KT a* (k, 1),
A=1, 2
(13.35)
E|(x)= fd3k,/ /2 e, (k)2m) (e alk, 1) — e *Fa*(k, 1))
A=12
(13.36)

Clearly A*(x) = A(x), E’] (x) = E | (x). The commutator (13.34) translates into
[Aq(x), —¢ " ELp(x")] = ihdy(x — x) (13.37)

with the transverse delta function

Sap(x)=(2m)~? f Bhe** (845 — kokp) = 20apd () = (Bep — 3Xup) ,

1
47 |x|?
(13.38)

where X, = xo/|x].

At this point we have left the classical world. A(x), E | (x) and their Fourier
transforms ;f(k), E 1 (k) will now always stand for operator-valued fields. In the
atomic and solid state physics literature by tradition one uses af as the boson
creation operator adjoint to the annihilation operator a. We try to avoid such a
profileration of symbols.

Next on the agenda should be the Fock representation of the Bose fields a(k, A)
and the definition of A(x), £ (x) as operator-valued fields acting on Fock space.
But let us keep this for the beginning of the next section and proceed immedi-
ately to our goal, namely the Hamiltonian of the quantized Abraham model. All
we have to do is to insert (13.35), (13.36) into the classical Hamiltonian. This re-
sults, after omitting the zero-point energy of photons, in the (spinless) Pauli-Fierz
Hamiltonian

N
_l - 2
= szj pj = 'ejAp(@))” + Voeou + Hi (13.39)
Jj=1

with the field Hamiltonian

Hf = ‘/d%khw(k)a (k, Ma(k, r) . (13.40)
A=1,2

There is no ambiguity in the operator ordering, since p; - Ay(q;) = Ayp(q;) - pj
by the transversality condition (13.19). We recall that the spherically symmetric
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form factor ¢ cuts couplings to the field, more explicitly

Ap(q) = f Pkey/h/20 e, (k) (@) Talk, 1) + §*(k)e *9a*k, 1)) .
A=1,2
(13.41)

To simplify notation, ¢ will be assumed to be real, which can always be achieved
through a suitable canonical transformation of the form a(k, 1) — ¢?®a(k, 1).
Two immediate generalizations are noted. First of all it is convenient to add
external potentials ¢ex, Aex, Where the abbreviation egex (x) = V (x) will be em-
ployed frequently. This should be thought of as a limiting case of (13.39): we
imagine that some charges are nailed down by letting their masses m — 00; then
their kinetic term in (13.39) disappears and V,cou1 splits into an external potential
plus an interaction potential for the movable charges. Similarly one can produce
an external current which then generates Aex. Thus the external potentials are not
quantized and are added into the Hamiltonian as in the classical theory which

yields
N 1 5
H=3 5 (pi = lejAyq)) —clejAn(q))
j=1
+ Vipeou + Ze;qﬁex(qj) + H;. (13.42)

j=1

Secondly, particles have spin. Of course, an electron has spin % In our approxima-
tion nuclei are modeled as structureless particles carrying a nuclear spin, ranging
from O to 9/2 according to experimental evidence. The classical theory is now of
little help. The natural guess is to include spin as in the nonrelativistic one-particle
Schrodinger theory. For a single electron in infinite space, no external potentials,
the Hamiltonian then becomes

1 -1 2
H =50 (p—c'ejAy(@)) + Hr. (13.43)

where o = (01, 07, 03) is the vector of Pauli spin-% matrices. If necessary, one
could include higher terms in (13.43) as they emerge from the Foldy—Wouthuysen
expansion of the Dirac equation.

Having introduced the Pauli-Fierz Hamiltonian as the major player of the quan-
tum part of the treatise, we pause for a while with a few general remarks.

Zero-point energy. In the Pauli-Fierz Hamiltonian we have omitted the zero-point
energy [ d3khw, which is infinite. The Heisenberg equations of motion remain un-
altered by this reset in the zero of energy. However, one has to be careful. If one
wants to compute the change in energy of the quantized Maxwell field through the
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insertion of a pair of perfectly conducting plates, then in this energy difference the
zero-point energy has to be properly handled; compare with section 13.6. A further
change in the zero of the energy scale comes from the Coulomb self-interaction,
namely the diagonal part

1 N
52e§ / Sk|PKk)|Pk 2 (13.44)
j=1

in the sum (13.17), which is finite only because the form factor cuts off the high-
frequency modes.

Range of validity, limiting cases. The claimed range of validity of the Pauli—Fierz
Hamiltonian is flabbergasting. To be sure, on the high-energy side, nuclear physics
and high-energy physics are omitted. On the long-distance side, we could phe-
nomenologically include gravity on the Newtonian level, but anything beyond that
is ignored. As the bold claim goes, any physical phenomenon in between, includ-
ing life on Earth, is accurately described through the Pauli-Fierz Hamiltonian
(13.39) (and a suitably chosen initial wave function). There have been specula-
tions that quantum mechanics is modified roughly at the 10~ m scale. But so far
there seems to be no evidence in this direction. On the contrary, whenever a de-
tailed comparison with the theory can be made, it reassuringly seems to work well.
Of course, our trust is not based on strict mathematical deductions from the Pauli—
Fierz Hamiltonian. This is too difficult a program. Our confidence comes from
well-studied limit cases. In the static limit we imagine turning off the interaction
to the quantized part of the Maxwell field. This clearly results in Schrédinger parti-
cles interacting through a purely Coulombic potential, for which many predictions
are accessible to experimental verification. But beware, even there apparently sim-
ple questions remain to be better understood. For example, the size of atoms as
we see them in nature remains mysterious if only the Coulomb interaction and the
Pauli exclusion principle are allowed. Another limiting case is a region completely
free of charges. At standard field strengths there are sufficiently many photons per
unit volume for the predictions from the quantized Maxwell field to match with
the ones of the classical Maxwell field. As will be discussed, radiation phenomena
are well grasped by the Pauli-Fierz Hamiltonian. These and many other limiting
cases are the reason for regarding (13.39) as an accurate description of low-energy
phenomena.

Model parameters, renormalization. If we focus our attention on (13.43), there are
four model parameters: the mass m, the charge e, the gyromagnetic ratio g = 2,
and the form factor ¢@. ¢ and A, which also appear, are constants of nature. As dis-
cussed at length for the classical theory, what is observed experimentally is always
the compound object consisting of the particle and its photon cloud. Thus m, e, g
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have to be regarded as bare parameters and their observed value must be computed
from the theory. The bare values are renormalized through the interaction with the
Maxwell field. As will be shown below, the charge e is not renormalized, since
there is no vacuum polarization. One way to argue is to imagine two charged par-
ticles with a very large mass separated by a distance R. According to (13.39) their
mutual force is then e1e; /4w R? with the bare charges ey, e;. Further support is the
response of a particle to slowly varying external potentials. In this adiabatic limit,
e enters in the effective equation with its bare value while m and g are renormal-
ized. The Pauli-Fierz model is not in a position to predict the experimental value
of the mass, since the bare mass is unaccessible, in principle. The renormalized
(effective) mass has to be given as an empirical input, to which the bare mass is
correspondingly adjusted. On the other hand, the dimensionless gyromagnetic ra-
tio g is a definite (though empirically slightly inaccurate) prediction of the theory;
compare with sections 16.6 and 19.3.5. Perhaps the most unwanted feature of the
Pauli-Fierz Hamiltonian is the form factor ¢. The pragmatic attitude is to choose
@ with some taste. On the classical level we concluded that the form factor cannot
be removed. In the limit ¢(x) — &(x) the particle-like objects become infinitely
heavy. The simple structure of the energy—momentum relation (4.11) does not al-
low for compensation, since in a stable theory the bare mass has to be positive.
The quantum theory has a richer structure and it seems that one can carry out the
limit ¢(x) — §(x) and at the same time take m — O such that the observed mass
remains fixed. We will come back to this point in due course.

The quest for a closed physical theory. We have commented on this point already.
But let us expand on it in the present context. The static limit of the Pauli—Fierz
Hamiltonian, i.e. Schrodinger particles interacting through the static Coulomb po-
tential, is a closed theory for electrons and nuclei. The Hamiltonian is a self-adjoint
linear operator and generates a unitary time evolution. This is also the case for the
quantized Maxwell field without charges. Of course, this does not mean that we
have solved any physical problem. It just assures us of a definite mathematical
framework within which consequences can be explored. One would hope to have
such a secure foundation also for the Pauli-Fierz model and it remains to be seen
how much of this program can be realized.

We still have to complete the story of the Pauli—Fierz model. One defines the
time-evolved linear operator A(?) through

A(r) = e!f1/h g —iHI/N (13.45)

in the Heisenberg picture. Then

| o | .
S AG) = ~[H, "/ mpe=H1M = L1H Ay . (13.46)
dr h h
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On this level, so to speak, as a control of the quantization prescription, we use
the commutation relations (13.25) and (13.37) to verify that the operator-valued
fields indeed satisfy the Maxwell equations and that the particles satisfy Newton’s
equations of motion. Computing the commutators as in (13.46) one obtains

c'YB=-VXxE, ¢ '"QE=VxB-cj,
V-E=p, V-B=0, (13.47)

where now

plx, 1) = Ze,qo(x —q;(®),

Jjx, 1) = ej(vipx — ;) +9x —g;(N)v;) (13.48)

IIMZ |

with the velocity operator

vi = (pj —c lejAyg))/m;. (13.49)

Similarly, one obtains the symmetrized Lorentz force as

mjvj(t) =ej(Ey(qj(1), D+ 52 (v](t) X By(qj(t), 1) — By(gqj(1), 1) X v;(1))).
(13.50)

If there are external fields, E,, By, is to be replaced by E, + Eex, By + Bex. In
(13.47)~(13.49), g (1), p; (1), respectively A(z), —c YE | (1), are operators satis-
fying the commutation relations (13.25), respectively (13.37), at all times.

Also of interest is to record the Heisenberg equations of motion for the Pauli—
Fierz Hamiltonian (13.43) including spin. The Maxwell equations are as before.
However, in the case of a single charged particle, the current density is now

eh
Jjx) = (vw(x —q) +9x —qv) + 2,0 X Vavlx —q) (135D

with the velocity operator v = (p — c‘leA(,,(q)) /m. The Schrodinger equation
reads

1 eh
mg = e(Ey(q.1) + (v X By(q.1) — By(g, 1) X v)) + 3mc’ - VyBy(q,1),
(13.52)
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consistent with the general rule that the magnetic force equals ¢! f d3xj(x) x
B(x), and the Pauli equation for the spin reads

6 =——Byg.t) x 0. (13.53)
mc

If one compares (13.52), (13.53) with the classical equations of motion of a
spinning charge, cf. section 10.2, then one observes that in quantum mechanics
the spin degrees of freedom couple somewhat differently to the Maxwell field than
the classical internal angular momentum. Since ¢ is radial, in fact Vip(|x|) =
@} (|x])x and the spin part of the current (13.51) has the effective charge distribution
@, (Ix])/|x|. However, the evolution equation for o has only superficial similarity
with Eq. (10.20) for w.

13.3 Fock space, self-adjointness

To define the Pauli—Fierz Hamiltonian as a linear operator, one has to introduce a
suitable Hilbert space of wave functions. Provisionally we assume that the number
of photons, either virtual or real in the usual parlance, is finite, though necessar-
ily arbitrary, since H does not conserve the number of photons. This means that
we will have to work in the Fock representation of the Bose fields a(k, A). We
introduce the one-particle Hilbert space

h=L*R ®C2. (13.54)

h consists of wave functions ¥ (k,X), with the photon wave number
k € R® and the helicity A =1,2. The inner product in b is (g, Yy =
Yoaeia) d3kg*(k, 1)y (k, 1). Out of h we construct the Fock space F in the usual
way

F= @) (5%") gy (13.55)

where h®" denotes the n-fold tensor product and where “sym” means that we re-
strict to the subspace of wave functions symmetric under interchange of labels, i.e.

Yk, Ay ooy kny Ag) = Yn(kn(ty, An()s -« s Knn)s An(n)) (13.56)
for an arbitrary permutation 7. By definition an element ¢ € F is of the form
(Yo, ¥1,...) and

o
(9 ¥)F =D _{Pns Yn)gon - (13.57)
n=0

The Fock vacuum, 19, will be denoted by €2.
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<& As the reader will have noticed, for the inner product in a Hilbert space we
use the notation (¢, ¥), which is linear in the second and antilinear in the first
argument. The standard physics notation would be the Dirac bracket (¢|v), which
is also linear in the second argument. (A further widespread convention is a scalar
product linear in the first argument.) The subscript in (¢, ¥)# is used to indicate
the Hilbert space under consideration: it will be omitted if it is obvious from the
context. The length of a vector is ||y || = (v, ¥) /2. &

For f € b one defines the smeared creation and annihilation operators

a(fy=y_ /d3kf*(k,x)a(k,/\), a(f)= ) /d3kf(k, a*k, r) .

A=1,2 A=1,2
(13.58)
As operators in F they act through
@) PInlkr Atk ) =V 1 Y /d3kf*(k,/\)
A=1,2
X'ﬂl’n—l-l(kl,)‘lw--,kn,)hmk, )"), (13.59)

@1 Ak 2) = = 3 Flh2)
a (OYInlkr, M, kn, An _\/’—’jzlf VAR

X'ﬂl’n—l(klv)\l»-~~»Zj»’)tj,~--,kna)‘n)» (13’60)

where = means that this variable is to be omitted. The field Hamiltonian

Hp = Z /d%hw(k)a*(k,)»)a(k, A) (13.61)

A=1,2

acts as multiplication by Z’}:l he (k) on the n-particle subspace h®". With all
these definitions we see that the Pauli—Fierz Hamiltonian operates on the Hilbert
space

H =My, ® Hs (13.62)

with Hp, = L?(R3N) and H; = F. Physically the particle Hilbert space H, is too
large, since in nature only symmetric, respectively antisymmetric, wave functions
are realized. Still mathematically it is convenient to work with all of L2(R3N),

In any dynamical theory, usually the first step is to establish the existence of
solutions of the evolution equations. In our case this means to prove that H is a
self-adjoint operator on a suitable domain of functions, where for concreteness we
consider the Pauli—Fierz operator of (13.43) for a single electron. If not even the
self-adjointness question can be resolved, there is little hope of rigorously handling
qualitative properties of interest.

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

162 Quantizing the Abraham model

We observe that (¥, Hyr)3; > 0, clearly. This means that H has equal defect
indices and therefore at least one self-adjoint extension. Amongst those there is a
distinguished extension, called the Friedrichs extension, which is obtained through
the closure of the quadratic form (Y, H )3 with smooth wave functions of a finite
number of photons. The Friedrichs extension gives no information on the domain
of self-adjointness and, in principle, there could be other extensions. A more con-
crete approach is to prove that, for the purpose of the existence of dynamics, the
interaction can be regarded as small. We decompose H as

H = Hy + H| (13.63)
1 2 e
= 5P+ Hi - %(p A (x) + Ag(x) - p)
e? > eh
+ 55 Ap(0) = 0 By(x),

By(x) =V x Ay(x), p1 = p for the momentum, and g; = x for the position of
the particle, and want to prove that H; is small compared to Hy, Hy = ( p2 /2m) +
Hs.

Abstractly one uses the Kato—Rellich theorem. We consider the densely defined
linear operators A, B on a Hilbert space H with inner product (-, -) and suppose
that
(i) for the domains D(B) D D(A),

(i1) for some constants a, b and all i € D(A)

IBY Il < allAy || + bl (13.64)

Then B is said to be A-bounded. The smallest a is called the relative bound. Usu-
ally a can be made smaller at the expense of b.

Theorem 13.1 (Kato—Rellich theorem). Suppose A is self-adjoint, B is symmet-
ric, and B is A-bounded with relative bound a < 1. Then A + B is self-adjoint on
D(A) and essentially self-adjoint on any core of A.

For multiparticle Schrodinger operators of the form —%A + V the Kato—Rellich
theorem is a standard technique and yields the existence of dynamics for a very
large class of potentials V including the Coulomb potential. For the Pauli-Fierz
operator the form version of Theorem 13.1 is more convenient.

Theorem 13.2 (KLMN theorem). Let A be a positive self-adjoint operator. Let
By, ) = (W, By) be a symmetric quadratic form defined for all r, ¢ € D(A'/?)
such that for some constants a < 1, b < 00

(Y, BY)| < alyr, AYr) + b(, ) (13.65)

for all € D(AY?). Then there exists a unique self-adjoint operator C with
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D(C) C D(A'?) such that

(U, CY) = (Y, AY) + (¥, BY).
Moreover, C is bounded from below by —b.

(13.66)

Let us see how the KLMN theorem works in the case of the Pauli-Fierz

Hamiltonian H, which means that one has to establish

(V. Hiy)wl < aly. Hoy)w + b(Y, ¥)n

(13.67)

witha < 1. We set h = ¢ = m = 1 and, following the convention (13.58), put

Ap(x) = a(fo) +a*(fx)
with
felk, ) = @(k)y/1/2w e5 (ke * .
The creation and annihilation operators are bounded through (Hy)!/? as

la*(HY I < I F/Vollgl(HD 29l + I fllp 1Yl 2
la(HWF < If/ollpll(H) 2yl 2

and by the Schwarz inequality

(W, (a(f) +a* ()W) rl < 200, a*(Ha(HV)F + I F IV I

+ 21y, a*(Ha* () #l

(13.68)

(13.69)

(13.70)

<5l f/Volls (. Hey) s + 31 F I 11 -

(13.71)

Therefore the Aé-term has a relative bound less than 1 only if e is sufficiently

small.
We do not attempt to optimize the constants and thus write

1 1
(¥, p - Ap()Y)n| < > PY)n + > Ap(X)*Y)n,

1 3
(¥, 0+ ByOW el < 5 By™ ¥ + SV Iy
Also, by using (13.69), (13.71),
(V. Ap (V)3 < 51@/oll5 (V. Hiy ) + 319/ Vollgllv Il .

(V. By(0)*Y)n < 5NIkI@/ ol (. Hevr)ae + 311KI/ Vol i 113, -
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Thus if

fd3k|a(k)|2(w—2 + w) < 00, (13.76)

one can find a constant eg such that for |e| < ey the operator H| is Hy form-
bounded with a bound less than 1. By a similar reasoning form-bounded can be
replaced by bounded. From Theorem 13.2 we conclude

Theorem 13.3 (Self-adjointness, Kato—Rellich). If |e| < ey with suitable ey and
if the form factor @ satisfies the condition (13.76), then the Pauli-Fierz operator
H of (13.63) is self-adjoint on the domain D(ﬁ p2 + Hy).

Since ¢(0) = (27)73/2, the condition (13.76) is satisfied if, as assumed, ¢ cuts off
ultraviolet wave numbers.

< We denote constants by ¢, ci, ..., €, etc., depending on the context. The nu-
merical value of these constants may change from equation to equation. Since
we always work with computable bounds, in principle these constants can be ex-
pressed through the parameters of the Pauli-Fierz Hamiltonian. To do so actually
would overburden the notation. <&

The restriction on e is intrinsic to the method, since only then is eZA(p()c)2 small
compared to Hy. To go beyond one needs a completely different technique which
is based on functional integration, as will be explained in chapter 14.

Theorem 13.4 (Self-adjointness, functional integration). If (13.76) holds, then
the N-particle Pauli—Fierz Hamiltonian H of (13.39) is self-adjoint on the domain
D(Zy: 1 ( p? /2m ;) + Hy). Furthermore H is bounded from below.

Proof: Hiroshima (2002).

Theorem 13.4 remains valid under the inclusion of spin and the addition of external
potentials with very mild conditions on their regularity.

In summary, the Pauli-Fierz Hamiltonian uniquely generates the unitary time
evolution e 1H1/" on H provided the condition (13.76) holds. Under a suitable
ultraviolet cutoff the quantum dynamics of charges and photons is well defined.

13.4 Energy and length scales

The characteristic energy and length scales will depend on the physical situation.
In our context two distinct cases are of particular importance. For the point-charge
(= ultraviolet) limit relativistic units are used, which means that lengths are mea-
sured in units of the Compton wavelength

Ae = h/mec (13.77)
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and energies in units of the rest energy mec> of the electron. For applications in
atomic physics and quantum optics, atomic units are more appropriate, where the
size of an atom is set by the Bohr radius

47t h? . h

= ——s =a (13.78)
mee MmeC

and the energy scale is set by the ionization energy

2 4

e € Me 2 2
= = 13.79
drrs @R ¥ mee) (13.79)
with

2

e
= , 13.80
“ 471 he ( )

the Sommerfeld fine-structure constant written in Heaviside—Lorentz units. The
ionization energy corresponds to the length o~ !'rg which approximately equals
the wavelength of the Lyman alpha line. The scales compare as

ionization rest
o? o 1 energy [mec2]
length [;i/mec] &—2 (Ix—l 1 ]
Lyman alpha  Bohr radius Compton

Since a >~ 1/137 in nature, the scales are well separated.

These scales necessarily reappear in the Pauli-Fierz Hamiltonian with the cru-
cial difference that the physical mass m. of the electron is replaced by its bare
mass m. To have a concrete example let us discuss the hydrogen atom as the sim-
plest two-particle case. We assume that the nucleus is infinitely heavy. Then the
Pauli-Fierz Hamiltonian reads

1 - 2
= %(G (e leAV’(x))) + Hy — eszcoul(x) , (13.81)

where —e is the charge of the electron and for the purpose of this subsection only
we set

Vpooul (¥) = / B PIk |26 (13.82)
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We transform to dimensionless form, such that the energy unit is az(mcz), the
length scale for the electron is rg = h/amc, and that for the photons is o !rg.
This is achieved through the canonical transformation U defined through

U*atk, VU = (@ 1) a(a 2 rck, 1),
UxU =a "rex, U*pU=ar;'p, (13.83)

where now the Compton wavelength
Ae = h/mc (13.84)

depends on the bare mass rather than the physical mass as in (13.77). Then
1
U*HU = o’mc(5(0 - (<iV — VamaaAz(@x)))’

+ ) / &>k lkla* (k, x)a(k,,\)—4nv¢acoul(x)) (13.85)
A=12
with
A=Y f d*k@(a’rg )

r=1,2

1

\/me;\(k)(eik'xa(k, A +e R Ta*(k, 1))

(13.86)

and @y (k) = @(ak/Ac). We infer from (13.85) that the Maxwell field is weakly
coupled to the electron. Thus, cum grano salis, perturbation theory around o = 0
should provide a qualitatively correct picture. In particular, spectral lines should
be rather sharp. In addition, since Aj varies only on the scale a rg, the dipole
approximation Ag(ax) = Ag(0) will suffice as long as the electron remains bound
to the nucleus.

The dimensionless form (13.85) teaches us also how to choose the wave number
cutoff . Thus, if § = (27)~3/2 for |k| < A, =0 for |k| > A, then A > 1/rp
to have a negligible smearing of the Coulomb potential. On the other hand, at the
scale of the rest energy of the electron, the Pauli—Fierz model cannot be expected
to describe the physics correctly. Thus the cutoff should satisfy

1< Arg <a~ . (13.87)

It is instructive to compare the atomic units with relativistic units. In the latter
case the scale transformation U reads

3

U*ak, VU = )Cc/za()»ck, A, UxU =xrx, U*pU = Ac_lp. (13.88)
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Then
1
U*HU = mcz<§(a (=Y, — VATaA,, ()

+ Z / d3k|kla*(k, Va(k, 1) — 4o Vmccoul(x)) (13.89)
A=1,2
with the form factor in units of the Compton wavelength, ¢, = @(k/Ac). Note that
the cutoff depends through the Compton wavelength on the bare electron mass.

13.5 Conservation laws

The Pauli-Fierz Hamiltonian (13.42) is invariant under translations and rotations.
Therefore the total momentum and the total angular momentum will be conserved.
One only has to identify the generators of these symmetries. The generator for the
translations of the j-th particle is its momentum p;, which means

el@Pilhgemiarilh — g 4 a. (13.90)
Similarly the field translations are generated by the momentum of the Maxwell
field
Pr= )" fd3khka*(k, Ma(k, i) (13.91)
r=1,2
with the property that
e Pt/ (i, Mye 1P/ = ek 2 (13.92)
Thus the total momentum
N
P:ij+1>f (13.93)
j=I
must be conserved and indeed
[H,P]1=0. (13.94)

Next we consider a rotation R by an angle 6 relative to the axis of rotation 7
through the origin. For position and momentum we have

eiﬁﬁ(qjXP.i)/ﬁqje—iHﬁ'(qjXP_/)/ﬁ = Rq;, ei«‘)ﬁ'(fl,fXP_/)/ﬁpje—iﬁi(q_/><17j)/h = Rp; .

(13.95)
For the Maxwell field we define the angular momentum relative to the origin
== / &ka* (k, ) (k x ihValk, 2) (13.96)
A=1,2
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and the helicity

Sp=c! /d3xE(x) x A(x) = ihf Pkk(a*(k, 2)a(k, 1) — a*(k, Da(k, 2))
(13.97)
with k = k /|k|. Their sum rotates the vector potential as
eiHﬁ.(Jf_l—Sf)/hA(X)e_ieﬁ.(1f+sf)/h — RA(R_IX) (]3.98)

and correspondingly for the transverse electric field £, (x). We conclude that the
total angular momentum

N
=Y (qj % pp)+Jr+S (13.99)
=

is conserved and indeed
[H,J]=0. (13.100)

If the j-th particle carries spin o, then

N N
1
J = (qupj)+Z§haj+Jf+sf (13.101)
j=1 j=1
is the conserved total angular momentum.
The helicity St is diagonalized through transforming to circularly polarized pho-
tons. We define the left-circularly and right-circularly polarized annihilation oper-

ators
ay(k) = %(a(k,l)—ia(k@)), a_(k)=\if2(a(k,1)+ia(k, 2)). (13.102)
Then

S = f &k (@ (K)ay (k) — a* (ka— (k) , (13.103)

which establishes that the photon has spin 1. However, only two helicity states
are admissible, +1 for left and —1 for right polarization. The corresponding one-
photon states are

ex (k) (2m) 3/ 2eikxFen ei(k)=%(el(k):l:ie2(k)). (13.104)

For the 4 index the photon state represents a plane wave whose polarization vector
rotates in a right-handed sense about k and thus appears to an observer facing the
incoming wave as left polarized.
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13.6 Boundary conditions and the Casimir effect

So far we took for granted that the Maxwell field lives in infinite space. In many
applications one has a macroscopically finite geometry, like a cavity or a wave
guide, and it is necessary to include it as a boundary condition into the Hamilto-
nian. For concreteness, let us assume then some bounded region A whose surface
dA is defined through a perfect, grounded conductor. Momentarily there are no
charges inside A. Then the Maxwell equations are

c'9YB=-VXxE, ¢c'"QE=VxB, V-E=0, V-B=0. (13.105)

If 7(x) denotes the outward normal at x € d A, the boundary conditions for a per-
fect conductor are

n-B(x)=0, nx E(x)=0 at x € dA. (13.106)

The rules of canonical quantization apply as before, only the final expressions
are less explicit, since (13.105) together with the boundary conditions (13.106)
cannot be solved through simple Fourier transformation. Let L2(A, R3) be the
space of (complex valued) vector fields on A. A € L? is divergence free if
V .- A =0 and we denote by Qk the projection onto all such fields. The quan-
tum mechanical Fock space is built up from QkL2 as one-particle Hilbert space.
Notationally it is slightly more convenient to start from L?(A, R?) and incorpo-
rate the projection into the definition of the quantized fields. We introduce then the
three-component Bose field a(x), a*(x) satisfying

[ag (), a2 (x')] = Suer8(x — x) (13.107)

with all other commutators vanishing. The quantized Maxwell field will depend
only on Qka and Qka*.
As before the vector potential A satisfies the Coulomb gauge, which implies

c22A=AA, V-A=0 (13.108)
with boundary conditions
n-(VxA) =0, nxA=0 at x €dA. (13.109)

Since E| = —c~'3;A, one can write the solution to (13.108), (13.109) on QO+ L?
as in (13.108)

A(t) cos Qt —cQ sinQr A
= 13.110
<EL(t)) (c_]Qsith cos Qt )(EJ’ ( )
where, as a linear operator, 2 = c(—A ® 1Y/ restricted to QkL2 and with
the mixed Dirichlet-Neumann boundary condition (13.109). Q is a positive
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self-adjoint operator. In analogy to (13.35), (13.36) the canonically quantized
fields are obtained as

Ax) = e/h/2Q72 05 (alx) + a*(x)), (13.111)
Ei(x) = y/h/2QY205i(ax) —a*(x)). (13.112)
Clearly their commutation relations are

[Ag(x), = E 14/ (xX)] = iM(Q7)ga (x, X) (13.113)

with the right-hand side denoting the integral kernel of Qk in L2(A, R3). The field
energy is a sum over the energy in each mode, which in position space becomes

Hi = h/ d*xa*(x) - QQxa(x). (13.114)
A

In case there are charges enclosed in the cavity, their mutual Coulomb interac-
tion has to respect the perfect conductor boundary condition (13.106). For exam-
ple, since E is not quantized, for a single charge at g the potential ¢ 5 satisfies the
Poisson equation

Apa(x) =ep(x —q), ¢a(x) =0 for x €9dA (13.115)

and the potential acting on the particle is given by

eprp(q) = e / Prp(g — x)pa(x). (13.116)

Close to the surface ¢ (x) is determined by the image charge and looks like an
attractive Coulomb potential. Thus we have to add phenomenologically to the
Hamiltonian a surface potential V, which keeps the particle confined to the cavity
A. Altogether the Pauli-Fierz Hamiltonian for a single charge enclosed in a cavity
is

1
H=5-(p—c'eAy(@)’ +eprp@) + Vo) + . (13.117)

To return to the charge-free situation, according to (13.114) we calibrated the
ground state energy of the cavity at zero, which is an acceptable choice for a closed
cavity. If, however, the cavity is open, as for example two plane parallel, grounded
metal plates, then the natural zero of energy refers to the energy of the field vacuum
in infinite space. In the presence of the plates this vacuum energy is lowered by
an amount which depends on the separation of the plates. Therefore there is an
effective attractive force between the plates — the famous Casimir effect. Together
with the spectrum of the black-body radiation it provides the most direct evidence
for the quantum nature of the Maxwell field.
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If one adopts the boundary conditions as in (13.109), the energy difference —
with and without plates — diverges because of high-frequency modes, which re-
flects the fact that the metal plates cannot be perfect conductors up to arbitrarily
high frequencies. We therefore choose a cutoff function g with g(w) = 1 for small
o and rapidly decreasing at infinity. The plates are parallel to each other, have a
distance d, and an area £ which is taken to be very large. Then the energy differ-
ence per unit area is given by

1 2he >
FAEW) = T ( G(0) + Z Gn) — /0 dKG(K)) . (13.118)
where
o
Gk) = 2/ duuzg(fru/d). (13.119)
K
For analytic g one can use in (13.118) the Euler—-MacLaurin summation formula,
1 > o0 1
SFO)+ Y Fn) - / dc F (k) = ——F 0) + — F""(0)
2 = 0 720

+ higher derivatives, (13.120)

and note that F'(0) = 0, F”/(0) = —4, since g(0) = 1, whereas every extra deriva-
tive carries a factor 1/d. Thus to leading order

n2he
720d3
independently of the choice of the cutoff function g, and the force per unit area
between the conducting plates is given by

n’he
240d4

SAEW@ = 2 40, (13.121)

+0Wd™). (13.122)

1
AP =~

13.7 Dipole and single-photon approximation

Even for a single charge the Pauli—Fierz Hamiltonian resists exact diagonalization
and one has to rely on approximations. As suggested by (13.85), since the coupling
to the photon field is weak, an obvious strategy is to expand in «. Such a perturba-
tive treatment is covered extensively in standard texts and there is no need to repeat
it here. Since one of our aims is to explain why perturbation theory works so well,
we will make contact with the conventional results later on. Another strategy is to
truncate the Hamiltonian to taste, so as not to throw out the physics. In essence
there are only two such schemes, the dipole approximation and the single-photon
approximation.
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(i) Dipole approximation

We consider a single charge confined by an external potential e¢ex, centered at the
origin. Since the potential inhibits large excursions, one loses little by evaluating
the vector potential at the origin instead of at g, the true position of the charged
particle. This leads to the dipole Hamiltonian

1 1 2
H = %(p — ¢ eAy(0)) + epex(q) + Hr . (13.123)

The interaction p - A, (0) couples p to the fluctuating vector potential at the origin.
We can transform it to a fluctuating electric field coupled to the position g through
the unitary operator

U = explic 'eq - A,(0)/h]. (13.124)
Then
U*pU = p+cleAy0), U*qU =¢q,
U*a(k, WU = a(k, A) + iq - ex(k)e@(k)/1/2hw , (13.125)
which imply

UPHU = 5 0% + ednta) + Hi = eq - E1,0) + 5 (5 [ @hawR)e?.
2m Y 2\3
(13.126)

The extra harmonic potential balances g - E |, so as to make the sum of the last
three terms positive.

Even in the form (13.123), respectively (13.126), H is not tractable and in a
second approximation one assumes the external potential to be harmonic. Then
the dipole Hamiltonian reads

_1 -1 2, 1 55
H = —(p—c eAy(0)" + smaq” + Hr. (13.127)
m

Clearly, the Hamiltonian is quadratic in the dynamical variables and consequently
the Heisenberg equations of motion are linear,

) 1 —1 ' 2
q@) = E(”(’) —ceAy0,1), p(t) = —mwyq (1),

¢TTPA(x, 1) = AA(x, 1) + (e/c)S, (x)g (1) (13.128)

with 81 the transverse §-function of (13.38). As before the index ¢ denotes con-
volution with the form factor ¢. At this point (13.128) can be solved as classical
equations of motion. One obtains the exact line shape, the Lamb shift, and the
Rayleigh scattering of light from a bound charge. It should be noted that, since the
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energy levels of the harmonic oscillator are equidistant, several emitted photons
will interfere, which makes the emission spectrum distinct from, say, the hydrogen
atom; compare with section 17.4.

Even though the equations of motion (13.128) are linear, their solution is not
a back of the envelope computation and one often resorts to yet another approx-
imation, the rotating wave approximation. One starts from (13.126) with the har-
monic potential %mwng, which already includes the last summand in (13.126),
and rewrites the harmonic oscillator in terms of its creation and annihilation oper-
ator b, b*. Then

H = haoob*b — iy/h/2mwo(b — b*) - ¢eE 1 ,(0) + Hr. (13.129)

In the coupling, one ignores the counter-rotating terms ba and b*a™*, which results
in

Hyw = (b,a) -h(b,a). (13.130)

Our notation emphasizes that the rotating wave Hamiltonian Hiy, is quadratic in
(b, a) and should be regarded as the second quantization of the one-particle Hamil-
tonian h. The one-particle space is I = C? @ (LA(R3) @ C?), the C3 subspace
corresponding to b, b*. A wave function in K is of the form (x, ¥ (k, 1)), x the
one-particle amplitude for the oscillator and v (k, 1) the one-particle photon am-
plitude. h acting on a pair (x, ¥) is defined by

h( X ) _ (ﬁwox — 5 Y1 [ ke hofo [mae, (k) (k, A))

Yk, L) —%eg’o\h«/w/mwoe;t(k) - x + hoyr (k, L)
(13.131)

¢ = p(k), ® = w(k). h will reappear as the Friedrichs—Lee Hamiltonian. For
e = 0, the eigenvalue hwy is embedded in the continuous spectrum [0, co). The
coupling turns this eigenvalue into a resonance; compare with section 17.3.

A further popular variant is to set wy = 0 in (13.127) and to regard the Hamil-
tonian as describing a freely propagating charge. One finds that the mass of the
particle is increased due to the coupling with the field. However, quantitatively
such a result cannot be trusted, since the dipole approximation is based on the as-
sumption that the electron remains close to the origin. There is no such mechanism
for a free particle.

(ii) Single-photon approximation

We restrict the Fock space to C @ h. Then the wave functions i are pairs
Wo(x), ¥r1(x, k, 1)). Yo(x) is the wave function for an electron and no photon
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present, while {1 (x, k, 1) is the wave function for the electron plus one photon
with momentum hk and helicity A. The correspondingly restricted Pauli—Fierz
Hamiltonian is denoted by Hj. From (13.39), setting N = 1, A = 1 = ¢, one infers

(Hiow) = 5o + Y d3ke<o e pYiCe kD),

A=1.2

1, 1 —ik-xl
(e, k2 = (57 + @ik ) + e e pio(a),

(13.132)

where the Aé contribution has been neglected. H; is a two-particle problem with a
translation-invariant interaction. The electron has kinetic energy ﬁ p?. The photon
can be either “dead” (o) or “alive” (v1). The kinetic energy is zero in the dead
state and fiw in the alive state. Through the interaction a photon is either created or
annihilated, which corresponds to a transition between dead and alive. Because of
the 1/ /w-factor, this interaction has a long range and decays only as » /2 in the
relative distance between the electron and the photon.

Notes and references
Section 13.1

The Hamiltonian form of the Abraham model in the Coulomb gauge is standard
and explained in Cohen-Tannoudji et al. (1989) and Sakurai (1986), for example.

Section 13.2

The name “Pauli-Fierz” is not accurate historically. The Hamiltonian (13.42) ap-
pears at the beginning of paragraph two of Pauli and Fierz (1938) as a matter of
fact, without citation. Pauli and Fierz study the generation of infrared photons in
Compton scattering. Cohen-Tannoudij et al. (1989) call (13.42) “of basic impor-
tance” and Milonni (1994) refers to (13.42) simply as “the Hamiltonian”. Thus
despite its fundamental nature the Hamiltonian (13.42) carries no specific name in
the literature. Lately, “nonrelativistic quantum electrodynamics” and ‘“Pauli—Fierz”
have become common usage in some quarters. We stick to the latter convention,
which is certainly better than to be speechless.

The quantization of the electromagnetic field as a system of harmonic oscilla-
tors was common knowledge right after the advent of quantum mechanics through
the work of Dirac (1927), Landau (1927), Jordan and Pauli (1928), Fermi (1930),
and Landau and Peierls (1930), and was immediately applied to atomic radiation
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by many quantum theorists. The systematic derivation of the Hamiltonian (13.42)
is not so well documented and was presumably regarded as more or less obvious,
although the advantage of the Coulomb gauge was only slowly realized. The re-
view articles by Breit (1932) and by Fermi (1932) and the research monograph by
Heitler (1936, 1958) explain the quantization in its modern form, in essence. Since
“one cannot comb the hair on a sphere”, the polarization vectors e) (k) are necessar-
ily discontinuous in k, which causes poor decay in their Fourier transform. We refer
to Lieb and Loss (2004) for a formulation using only the transverse projection.

The size of atoms as based exclusively on the Coulomb Hamiltonian is a long-
standing open problem. We refer to Lieb (1990, 2001).

Textbooks on nonrelativistic quantum electrodynamics are listed in Notes and
References to section 3.2.

Section 13.3

Criteria for self-adjointness are given in Reed and Simon (1980, 1975). In our con-
text the Kato—Rellich theorem has been applied by Nelson (1964b) and Frohlich
(1974), amongst others. Self-adjointness without restriction on the magnitude of
the charge is proved by Hiroshima (2000b, 2002). A review is Hiroshima (2001).

Section 13.5

A more detailed treatment of conservation laws is Huang (1998).

Section 13.6

Casimir (1948) discovered the attraction of two conducting plates through vacuum
fluctuations. Casimir and Polder (1948) compute the attractive force between two
atoms, the retarded van der Waals force, and the force between an atom and a wall.
The forces are minute and direct experimental evidence had to wait for a while. We
refer to Sparnaay (1958) and Lamoreaux (1997). On the theoretical side a complete
coverage is Milloni (1994), Huang (1998), with the finite-temperature corrections
discussed by Schwinger et al. (1978), Bordag et al. (2000), and Feinberg et al.
(2000).

Section 13.7

Apparently the first systematic study of the dipole approximation with a harmonic
external potential is Kramers (1948) and van Kampen (1951). Various aspects are
covered by Senitzky (1960), Schwabl and Thirring (1964), Ford, Kac and Mazur
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(1965), Ullersma (1966), Ford, Lewis and O’Connell (1988a, 1988b), Grabert,
Schramm and Ingold (1988), Unruh and Zurek (1989). A mathematical study is the
series by Arai (1981, 1983a, 1983b, 1990, 1991). Since the dipole approximation
provides a reasonable description of radiation processes, one might regard the har-
monic potential as the lowest-order approximation and expand in the anharmonic-
ity. This program has been carried through in Maassen (1984), Spohn (1997),
Maassen, Gutda and Botvich (1999), and Fidaleo and Liverani (1999). If the an-
harmonicity is small, in fact so small that the external potential remains convex
and grows as %mwng for large ¢, then the convergence of the time-dependent
Dyson series can be controlled uniformly in z. With such a strong estimate one can
show that qualitatively the properties of the damped harmonic oscillator persist
into the nonlinear regime.

The dipole approximation is not restricted to a single particle. For example one
may consider two harmonically bound charges with their center of charge at r| and
r2. Then the kinetic energies are approximated by (p; — cle jAp(r j))2 [2mj, j =
1, 2. Denoting R = |r; — rp|, one is interested in the ground state energy, E(R),
as a function of the separation. Because of retardation E(R) = —R~’ for large R
and E(R) = —R~° in an intermediate regime.

If ¢pex = 0, then the Hamiltonian (13.123) can be unitarily transformed to H' =
( p2 /2mefr) + Hy. megr agrees with the effective mass of the Abraham model to
lowest order in |v|/c; compare with section 4.1.

The single-photon approximation was already used in disguise by Dirac (1927)
and Weisskopf and Wigner (1930). It is instructive to extend this approximation
by cutting Fock space at N photons (Hiibner and Spohn, unpublished manuscript;
Skibsted 1998). If one artificially adds to the space of single-photon wave functions
a one-dimensional subspace for a “dead” photon, then the theory has a structure
very similar to an (N + 1)-particle Schrodinger equation. The photons interact
only indirectly through the atom. The cluster decomposition consists of n free
photons and N — n photons bound by the atom,n =0, 1,...,N.
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The statistical mechanics connection

Models from quantum mechanics can be converted into statistical mechanics
systems through the Wick rotation ¢ ~» —it. Within quantum field theory this
technique has been very powerful, both in proving qualitative properties and as a
computational tool. Besides these more practical aspects, the statistical mechanics
formulation is an additional source of intuition which cannot so easily be extracted
from the Schrodinger differential equation. The price to pay is that, in essence only
ground state properties can be handled. Truly time-dependent problems must be
treated in physical time. For charges interacting with the Maxwell field the Wick
rotation is equally attractive. There is one additional bonus: since the field Hamil-
tonian is quadratic and since the coupling to the field is linear, as first observed by
Feynman, the Gaussian integration over the Maxwell field can be done explicitly.
This results in a fairly concise statistical-mechanical description for the particles.

In Euclidean language the possible paths of the charge and the fields become
fluctuating quantities. To distinguish in notation we use ¢ — ¢g; for a random path
of the charge and r — A;(x) for a random history of the transverse vector field.
E(-) refers to expectation with respect to the measure of integration, either spec-
ified through the context or indicated by a subscript. Sometimes we also use the
statistical mechanics shorthand (-) for averages.

14.1 Functional integral representation

For a single particle, subject to the potential V (x), the imaginary time Schrédinger
equation is, setting h = 1 = m,

1
Y = —Hyy, Hp=—§A+V (14.1)
and its solution for ¢ > 0 is constructed through the Trotter product formula as
(e "y (x) = lim (& 2/2e VMY (x). (14.2)
n—oo
177
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We recognize exp[%tA] as the transition probability for a Brownian motion, whose
paths will be denoted here by ¢ > ¢;. Brownian motion is a Gaussian process and
therefore defined through the mean and covariance. Explicitly,

E(g) =0, E(gsaqip) = 8ap min(s, ). (14.3)

If the Brownian motion starts at x, we indicate the start point as a subscript
in the expectation and have E\(g;) = x, Ex((gs — X)a(qr — X)) = 8qp min(s, 1),
o, B =1,2,3. In particular the transition probability is obtained as

Py ({q: € d®y)) = @rr) 32 expl—(y — x)/211d%y = "2/?)(x, y)d®y .
(14.4)

Writing out (14.2) in position space representation, one infers the Feynman—Kac
formula

@ o)) = B (exp - [ asvig)vi@n). (14.5)

The Brownian motion path has acquired a non-Gaussian weight, which is the ex-
ponential of the potential energy integrated along the path ¢;.

The statistical mechanics connection becomes more obvious upon discretizing
time in units of 7. We set ¢, = ¢nr. ¢ € R>. Then, in approximation, (14.5) reads

1 1 N—-1
7 [ donson—nexn[ -5 2 0= ]

N
xexp[ =T Y V@)]wgn. (14.6)
=1

Nt = t. The statistical mechanics model lives on a one-dimensional lattice and
has at each site a continuous “spin” with three components. The first exponen-
tial is a quadratic nearest-neighbor interaction and, except for the normalization,
represents a discrete-time Gaussian random walk in R3. The potential can be com-
bined with the Lebesgue measure as exp[—t V (¢ j)]d3q§ ;j and thus provides a non-
Gaussian single-site measure.

For (14.5) to make sense one needs some minimal conditions on V to en-
sure that the expectation is defined. An obvious sufficient condition is to have
V > ¢p > —oo. Equation (14.5) indicates that very roughly there are three families
of potentials: (i) Binding, V increases at infinity. Under the measure in (14.5) ¢,
has in essence bounded fluctuations. For ¢t — oo the path measure for ¢, becomes
a stationary diffusion process. (ii) No binding, e.g. a repulsive potential decay-
ing to zero at infinity or a bounded periodic potential. A typical path g; fluctuates
and diffuses to infinity as a Brownian motion with some effective diffusion coeffi-
cient. (iii) Local binding, like an attractive square-well potential. For the purpose
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of discussion let us set the potential as AV with V attractive near the origin and
decaying to zero at infinity. For large A the potential dominates and ¢; is con-
fined as a stationary diffusion process. As A decreases, g; makes longer and longer
excursions until it unbinds at some critical A.. For A < A, the Brownian motion
dominates. Since Brownian motion is recurrent in dimension d = 1, 2, one has
Ac = 0, whereas for d = 3 generically A, > 0.

It is of use to translate the path properties of the particle to spectral properties
of the particle Hamiltonian H}, = —%A + V. We denote by X the continuum edge
of Hp and, if it exists, by /¢ the unique ground state of Hp, i.e. Hyyyo = Eoyp. In
case (i) the spectrum of H, is purely discrete, formally ¥ = oo. In the second case
H,, has a purely continuous spectrum and no eigenvalues. For a locally binding
potential which decays to zero at infinity, case (iii), the continuum edge is ¥ = 0.
For sufficient attraction there are bound states with an energy below X, in particu-
lar Ey < 0. In dimension d = 1, 2 an arbitrarily weak attraction results in a bound
state, whereas for d > 3 a minimal strength is required. As is well understood,
there is more complicated spectral behavior around with various borderline cases.
For our purposes the schematic classification above will suffice.

Our goal is to extend the Feynman—Kac formula (14.5) to e '/ with H the
Pauli-Fierz Hamiltonian. This will be done in two steps. Firstly we study a one-
particle Hamiltonian including an external vector potential, and secondly we write
e "M in terms of a suitable Gaussian measure. Combining both elements yields
the desired generalization.

Let us assume then that the quantum particle is subject to a magnetic field and
denote the corresponding vector potential by a(x), to distinguish from the fluctu-
ating vector potential A; used later on. The imaginary time Schrodinger equation
becomes

Wy =—Hyy, H =%(—iV—a)2+V. (14.7)

Then, as before, we represent e~/ through the Trotter product formula. The vec-
tor potential yields a term proportional to ¢, as can be guessed from the corre-
sponding classical action. More precisely one obtains

. .o t
€ ) ) = Exfewp [~ i dacata) - 5 [ as-ata) - [ asviawian)
0 0 0
(14.8)

The stochastic integral appearing in (14.8) is defined as Ito integral, which means
that the discretization of a(x) is evaluated at the left end point,

nt

t
[0 dgs - a(gs) = nll)rgo Z a(@m—1y/n) * Gm/n — qm—1)/n) - (14.9)

m=1
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This limit exists almost surely with respect to Brownian motion. Through the
Ito convention one picks up in (14.8) the additional term containing V -a. It
disappears, if in (14.9) we were to use the, in our context perhaps more nat-
ural, Feynman-Stratonovich midpoint rule where a(g(u—1)/n) 1s replaced by
%(a(Qm/n) + a(gm—1)/n))- Note that in the Coulomb gauge the stochastic inte-
gral does not depend on the particular choice of the rule for the discretization,
since V-a = 0.

On a purely formal level, following Feynman, the quantum propagator is written
as a sum over all paths from x’ to x in the time span 7 “weighted” by the exponential
of the classical action,

‘ t
(e_lHPT)(x, x) = / l_[ d3qS8(qo — X/)CS(CII — X)exp [][) dsL(gs, CIG):I
0<s<t

(14.10)

with the classical Lagrangian L(g, ) = %qz — V(g) + g - a(q). Note that com-
pared to the right side of (14.8) the role of x and x’ has been interchanged. Upon
Wick rotation ¢ ~» —it and time reversal g5 ~ g;_s (14.10) becomes

(e ) (x, x") = / l_[ d3q58(q0 — x)8(qr — x)

0<s<t
4
1. ..
X exp [ — ./o ds(zqs2 + Vi(gs) + igs -a(qs))] . (14.11)

One recognizes the potential term and the stochastic integral —i fO’ dsqs - a(gs)
with the mid point rule. The exponential of the kinetic term combines with the
infinite-product Lebesgue measure to Brownian motion, denoted by E, in (14.8),
which starts at x according to the factor §(gg — x).

We turn to the functional integral for the Maxwell field, which we can think
of as an infinite collection of harmonic oscillators. Let us first recall the single
harmonic oscillator with Hamiltonian

1
H=§(—a§+w2x2—w) (14.12)

as a differential operator acting on L?(R, dx). It has the normalized eigenvectors
n),n=0,1,...,1ie.

Hln) = enln), en=on. (14.13)

|0) is the ground st%te of H. In the position representation Hyg = 0 with
Vo(x)? = Jo/me %", Thus, alternatively we can use the linear span of the
|n)’s as the Hilbert space of states. This corresponds to the Fock space F over

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

14.1 Functional integral representation 181

the one-particle space C, which means y € F is of the form ¥ = (Yo, ¥1,...),
V¥ =Y .2 ¥aln). A further, as it will turn out natural, choice is the Hilbert space
Ho = L*(R, y¥o(x)2dx) with weight given by the square of the ground state wave
function.

Of course, these Hilbert spaces are unitarily equivalent. Of interest is the uni-
tary map from F to Ho which is achieved through the Wick ordering of poly-
nomials. We regard x as a random variable on R equipped with the normalized
Gaussian measure o(x)>dx. Then, denoting expectation by (), the Wick order
of x is defined recursively through x% =1, 9 x" = n:x"" L, and (:x™) =0,
n =1,2,.... Note that the Wick order depends both on the random variable and
on the underlying measure. Thus :1: = 1, :x: = x — (x) = x, :x% = x> — 2(x)x —
(x%) 4+ 2(x)? = x> — (1/2w), etc., in our case. Let P, denote the n-th Hermite

polynomial,
[n/2] n! o
Pp(x) = —— ()" (14.14)
" ]Z:(:)(n—zj)!/! 2

with [n] the integer part. Then the Wick-ordered mononomial of order n is given

by
" = Qw) 2Py (V2wx) . (14.15)
One has
(xix™) = (xix™) g, = Qo) "y (14.16)

By linearity Wick order extends to all finite polynomials. Let us also introduce

*

1 1

a = ——(wx —0y), a=——(wx + 0y) (14.17)

V2w ! V2w )
as creation and annihilation operators of the harmonic oscillator. Their Wick or-
der means that all annihilation operators are moved to the right, e.g. :aa®: = a*a.
Then
1 n
: (" +a)) L 10) = Qo) "2nl|n) . (14.18)
(\/ 2w

Comparing with (14.16) the map U from F to Hj should be defined through

1 * n. (N
:(m(a +a)) S 10) > 1x": (14.19)
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and extended by linearity. By the very construction the closure of U as a linear
map F — Hy is then unitary. Note that e ="/ is implemented as

Ue tHy—1.yn — :(e—wrx)n: =e "V x": . (14.20)

Through the Feynman—Kac formula (14.5) we boost (14.12) to a Gaussian
stochastic process denoted by x;. It takes real values, is stationary in time, has
mean zero, and covariance

1
E(xxs) = Ze_“’l’_” . (14.21)

We recognize x; as the stationary Ornstein—Uhlenbeck process governed by the
stochastic differential equation

dx, = —wx,dt + db, , (14.22)

where b, is standard one-dimensional Brownian motion. Note that

ECf () =E(f(x0)) = (Yo, fo) = (1, fln, = fdeO(X)zf(X),

(14.23)
E(f (g () = (Yo, fe " Mgyg) = (fel ™It g)y, (14.24)
where we used the similarity transformation
vy leMyg=et, 1> 0, (14.25)
with L the generator of the Ornstein—Uhlenbeck process x;,
L = —wxdy; + 187 (14.26)

According to (14.23) the Ornstein—Uhlenbeck process x; has 1 (x)? as stationary
measure. With probability one ¢ > x; is continuous and we may choose C (R, R),
the space of all continuous functions over R, as path space. In fact, x; has in
essence bounded fluctuations and increases at most logarithmically for large 7.

The point of our exercise is that it carries over essentially verbatim to the
infinite-dimensional setting, except for the flat Hilbert space L?(R, dx). H; plays
the role of the harmonic oscillator. The boson Fock space over the transverse
vector fields Li(R3, RR3) plays the role of the Fock space over C. The Ornstein—
Uhlenbeck process x; is replaced by the infinite-dimensional Ornstein—Uhlenbeck
process A;(x). Let us start with the latter. A;(x) is a Gaussian process with mean
zero and covariance

. , 1 /
E(Aq(x) Ay (x))) = Q)7 / d3ke‘k’(x_")Qja/(k)ze_‘“"_", (14.27)
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a,a’ =1, 2, 3. Because of the transverse projection Qé_a’(k) = Sua’ —/I;a’k\a/ the
covariance (14.27) implies that

V-A, =0 (14.28)

almost surely. A;(x) becomes a proper Gaussian random variable once it is inte-
grated over the real test function f,

3
A=) f & xfo (0) Arg (x) . (14.29)
a=1
From (14.27) we conclude that
E(A(f)?) = fd3k(2w)—1f* LoLf. (14.30)

Thus A,(f) has a bounded variance provided || f//w|lp < o©.

In quantum field theory Lorentz invariance is of central importance; this be-
comes more evident by treating time and space on an equal footing. We thus
Fourier transform in (14.27) also with respect to ¢ and obtain

E(Aq ko, k)* Ay (k, k) = 8(k — k)8 (ko — k) O, (k) (K% + kD)™, (14.31)

which is more symmetric. However, fixing the Coulomb gauge spoils full rotation
invariance in R*.

In our context time is singled out and we prefer to think of # — A; as a stochas-
tic process with values in the transverse vector fields. Most conveniently, we regard
A; as the element of a Hilbert space X', which is chosen such that t — A, is con-
tinuous in ¢. A, (x) is somewhat singular in x, which has to be balanced by defining
the norm of the Hilbert space K’ through the inner product

(foee =Y. fd3kf(k, WO (=D + KD 0 PRk, ) (14.32)
A=1,2

with some « > 0. The predual Hilbert space is denoted by K. It has the inner
product

(frek= ) f Sk flk, Vo (= A+ KD 0 gk, 1) . (14.33)
r=1,2

Lemma 14.1 (Regularity properties for sample paths of the Ornstein—Uhlenbeck
process). We regard the Ornstein—-Uhlenbeck process A;(x) with covariance
(14.27) as taking values in the Hilbert space K' with « > % Thent+— A, € K’

is almost surely (norm) continuous. The path space of the Ornstein—Uhlenbeck

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

184 The statistical mechanics connection

process can be taken as C(R, K'), the space of continuous functions with values
in K.

Proof: The Ornstein—Uhlenbeck process A; is Markov and time reversible. A gen-
eral estimate for such processes gives

E( sup_ Ai(F)?) < 3E(A0()2) + T2TD(Ao(f). Ao(f)),  (14.34)

0<t<

where D is the Dirichlet form defined through

1
D(Ao(f), Ao(f)) = lim ;(]E(Az(f)Ao(f)) —E(Ao(f)?)). (1435

Therefore

E( sup A/(f)?) <eo ) f Sk VPA+o™.  (1436)

0=t=<T A=1,2

The eigenfunctions of (—Ay + k%) are the Hermite functions &,, n € N3, with
eigenvalue A, = 1 + 222:1 ny . Therefore

E( sup 1AR) =E( sup > () As(Vwh,)?)

0<t< 05r5Tn€N3
<o Z(An)_de3k|En(k)|2(l tw). (1437
neN3

Using operator monotonicity as (k?)!/2 < (= Ay 4+ k?)!/? yields the bound

co Y () *F3, (14.38)

neN3

which is finite provided « > %

The inequality (14.37) establishes that A, lies in K’ with probability one. Con-
tinuity is proved by a similar argument. The complete details can be found, e.g., in
Giacomin et al. (2001), Lemma 5.5. O

The path measure for A;(x), as a probability measure on C (R, K’), is denoted
by dP. The time-zero field is Ag(x). Ag(x) has the distribution dP? as a proba-
bility measure on K'. According to (14.30) dP? is Gaussian with mean zero and
covariance

Egpo(Ao(f)Ao(g)) = / PkQw) ' T - 013 (14.39)

As in the case of a single oscillator, there is a natural unitary map U from
Fock space F to L>(K’, dPY) which is achieved through Wick order. The Wick

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

14.1 Functional integral representation 185

order for operators on F is defined by moving all creation operators to the left.
The Wick-ordered polynomials on K’ are defined through a multilinear exten-
sion of the orthogonalization scheme for a single oscillator. Let X1, ..., X be
k random variables. Their Wick order, relative to (-), is defined recursively by
(XD X% =1, (X)L (X)) =0, and 3/X (X )" ... (Xg) k=
nj(Xp)™ ...(Xj)”i_l ... (Xp)™:. Clearly, for a single degree of freedom, i.e.
K' =R, dP0 = We_“’zxzdx, the Wick order agrees with the construction in
(14.15). The unitary map U : F — L?(K’, dP) is then given by

UQ=1, UA(f1)...-A(fn):Q2=:A0(f1) ... Ao(fn): . (14.40)

Here €2 denotes the Fock vacuum of F. A(f;) is the quantized vector potential
(13.35) smeared by f; as A(fj) = fd3xfj (x) - A(x), whereas to the right stands
the Wick order of polynomials as functions on K'. We note that the dynamics is
implemented as

Ue U140 (f1) ... Ao(f): =:Ao(e™ f1) ... Ao(e™ f):  (14.41)

fort > 0. UH;U ™!, a linear operator acting on Lz(lC/ , dPO), is referred to as the
Schrodinger representation of Hy.

Next we couple the charge and the Maxwell field. According to (14.39) the
natural Hilbert space is

He = L>(R?, d3x) @ L*(K', dP?), (14.42)

[}

the subscript ‘s’ standing for Schrodinger. The particle Hamiltonian reads
H, = —%A + V, with the shorthand V (g) = e¢ex(q), and the field Hamiltonian
UH;U ™! is defined through (14.41). Let us denote by Eqwxgp expectation with
respect to the path measure dW x dP, where dP is the path measure for the
Ornstein—Uhlenbeck process A;(x) and dW the Wiener measure for ¢;, i.e. the
path measure of Brownian motion with starting distribution d*x. Let F, G € Hs.
Then, combining (14.5) and the infinite-dimensional analog of (14.24), we con-
clude that for the uncoupled system

1
Eqwxap (F (g0, Ao)* exp [ - / dsV(qs)]G(qf, Ap)
0
= (1 QU F, e 'HRIHI®H | o 7=1G),, | (14.43)

t > 0. In the following, the somewhat pedantic 1® will be omitted, in particular U
acts on L2(R3, d3x) ® F as 1 on the first and as (14.40) on the second factor.

The missing step is to include the minimal coupling to the field through the
vector potential. For this purpose we note that in the Hilbert space L?(K’, dP?)
of the Schrodinger representation the transverse vector potential A(x) acts as a
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multiplication operator, compare with (14.40), and in the functional integral the
operator A(x) becomes a fluctuating vector potential A,(x), which is to be inserted
in the minimal coupling as %(p —eAqy (q))z. Thus one can use (14.7) and (14.8),
properly adapted to time-dependent vector potentials respecting the Coulomb
gauge V - A; = 0. For later convenience let us reintroduce the mass of the quantum
particle, which amounts to replacing (p — eA,(p(q))2 /2 by (p — eAw(q))z/Zm
and hence taking the Wiener process dW with diffusion coefficient 1/m instead
of 1, i.e. Eo(gsaqip) = m"éaﬂ min(s, ¢). As a result we obtain the functional in-
tegral representation for the semigroup e ¥ ¢ > 0, of the spinless Pauli—Fierz
Hamiltonian (13.39) for a single particle as

(F,Ue UGy,

4 4
= Eawxar(F (qo, Ao)*CXp[—fO dsV(qs)—iefO dCIs‘As<p(CIs):|G(CIt»At))~
(14.44)

Recall that A;y(q) = f d3xgo(q — x)A;(x). Equation (14.44) is the basic result of
this section. It says that the measure on paths is weighted by the exponential of the
classical action. The quadratic terms yield dW x dP and constitute the Gaussian
a priori measure of the uncoupled system. The external potential and the minimal
coupling to the quantized transverse vector potential are displayed explicitly.

We still have to check that the random variable in the exponential of (14.44)
remains finite almost surely. The function g, s — A, (q) is (almost surely) con-
tinuous in both variables, which makes the stochastic integral well defined. To
compute the variance, one notes

t 2 topt
Eap(( f dg; - Apar) ) = / f dd; - W(gs = g5 —5)dgy . (14.45)
0 0 Jo
W is the transverse photon propagator,
. Lo ik
Wep (x, 1) =fd3k|¢(k)|2Q§ﬁ(k)%e olflgik-x (14.46)

which is bounded by our assumption on ¢. The average of (14.45) with respect to
Brownian motion yields

t 2 2 N
Bawsae(56a0)( [ dac Asy(a0)) ) =15 [ @ipP 20, (1447
0
since one of the two stochastic differentials points in the future except at the diag-

onal where dg;odg;s = m™ ! dqpdt. Thus the action appearing in the exponential of
(14.44) has a bounded variance.
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14.2 Integrating out the Maxwell field

We return to the basic formula (14.44) and assume that F, G are of the special
form F (g, A) = G(gq, A) = ¥(g) with ¥ > 0 and of rapid decrease. The Gaussian
integration over dP can then be carried out with the result

Y oQ,e "y o)y
t ] t prt
= ]Edw(llf(CIO) exp [—/0 dsV(gs) — Eesz/Odqs -Wigs —qy,s — s')dqs]l/f(q,)) .
(14.48)

Since dg;qdgp = m_léaﬁdt almost surely, we may remove the diagonal cut in the
double stochastic integral at the expense of the factor 7(2/3m) [ d3k|Q1? 20, W is
the transverse photon propagator (14.46), written more traditionally

1 .
W =— f Phdkol@(k) [*(k* + k) ' ®¥ R0 oL (k) (14.49)

as a 3 x 3 matrix. If one removes the ultraviolet cutoff by replacing ¢ (k) by
(27)73/2, then (14.49) can be computed explicitly. For our purpose it suffices that
qualitatively

Wi, 1) = 24127} (14.50)

with some modifications due to the transverse projection. Reintroducing ¢ smooths
this function at (x, ) = 0, but keeps the slow 12 decay. For massive photons,
wk) = (k2 + mgh)'/ 2 this decay would switch to an exponential.

Equation (14.48) looks like the partition function of an equilibrium statistical
mechanics system. We regard dW as the a priori measure on continuous paths in
three-dimensional space. The time interval [0, ¢] corresponds to the volume. From
the point of view of statistical mechanics it is more natural to place it symmetric
relative to the origin, i.e. as [—¢, t]. Configurations are paths g5, |s| < t. The fac-
tors ¥ (g—;), ¥(q;) constrain their end points to be most likely close to the origin.
The paths have a Boltzmann weight consisting of two contributions, a single time
integral from the external potential and a double time integral induced through the
Maxwell field. Our observation suggests that the basic object must be the Gibbs
measure for paths g, |s| < ¢, as given through

22 "W (g-0v(ar)
t 1 1
X exp [ —/ dsVigs) — %eZ/ / dgs - W(gs — g5, s — s/)dqx/]dW
—t —tJ—t

(14.51)
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relative to the Wiener measure dW with Z(2¢) the normalizing constant (14.48).
The average with respect to the probability measure (14.51) is denoted below by
(-}, and by (-)9 for e = 0.

The relationship to usual spin systems becomes even more evident upon dis-
cretizing time in steps of t; compare with (14.6). Then, setting g, = ¢, ¢n € R3,
Nt =1t,(14.51) becomes

1 N 1 N—1 N
= 1 fov@-mv@nen| =37 3 @a-9p' =7 Y Vg
n=-N Ly — j=—N
1 N—1
=3¢ Y @i =9 W =i = D — 80|
i, j=—N
(14.52)

which is the Gibbs measure for a three-component continuous spin system with
external potential V, a quadratic nearest-neighbor interaction, and a long-range
interaction W. The spin configurations are over a one-dimensional lattice. Alter-
natively, we may interpret ¢; as the position of the j-th monomer of an elastic
string (polymer) curling in three-dimensional space. The term (¢ 1 — ¢ j)2 is the
usual nearest-neighbor elastic energy. Integrating over the Maxwell field results in
an additional long-range elastic interaction between the monomers.

In the picture of an elastic string, cf. figure 14.1, it is natural to distinguish
between the case V = 0 and a confining potential. Let us first discuss V = 0 and
for definiteness pin the polymer at both end points, i.e. g_; =0=¢;. If e =0,
then the mean square displacement at the midpoint, given by

((q0)»)? = 3t/2m, (14.53)

reflects the stiffness of the free string. We expect that the interaction renormalizes
the stiffness as

((q0)*): = 3t /20 (14.54)

for large ¢, which defines the (effective) stiffness o. The expectation in (14.54) is
with respect to the interacting measure (14.51). The long-range interaction should
make the polymer stiffer as compared to the free case ¢ = 0, which means that the
effective stiffness should be increasing with increasing coupling €.

To gain a crude idea whether such a picture is at least qualitatively correct we
replace W(q, t) by W(O, t) in (14.51). Going back to (14.44) this is equivalent
to replacing A, (gs) by Ay, (0) which is the dipole approximation. By rotation
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q2

Figure 14.1: Elastic string with end points pinned at the origin.

invariance
Wap (0, 1) = depw(t) (14.55)

and we recall that w(r) = 1/¢2 for large 7. In the dipole approximation the Gibbs
measure (14.51) is Gaussian and (14.54) can be computed explicitly. One obtains

1
- = [ @a-dan). (1456)

where (-) is the infinite-time limit in the dipole approximation, which is Gaussian
and has the covariance

1 .
(dg; - dgo) = dt2— / dko(m + *W(kg))~'elko’ (14.57)
JT
Therefore,
2~ 25 3,21
o=m+e w(0)=m+§e d ko] R (14.58)

which as anticipated is increasing, in fact linearly in . We remark that if w(r)
decays like 1/t or even slower, the interaction is so strong that the stiffness is
infinite, in the sense that the typical fluctuations of gy are no longer of the order
J/t but grow more slowly with 7.
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If one pins only the left end point, g_; = 0, one may think of ¢; as a random
walk with mean square displacement (q,z) = 3D(2¢) for large ¢. D is the diffusion
coefficient and D = o~ ! in our units. Thus (14.56), written as

D= / dt(ds - o) (14.59)

is the standard Green—Kubo formula, which expresses D as a time integral over
the velocity autocorrelation function. From (14.57) one concludes

(Gr - qo) = %S(t) - % / dkoe® D (ko) (m(m + B(ko))) e’ (14.60)

which is regular except for the §-function at = 0. The structure (14.60) turns out
to be general. For the full Pauli-Fierz Hamiltonian one obtains

o 1 1 _ B 1
(@r - go) = —8(1) — (Vo —(Pr + eA,) - e MNHEO) _(p. 4 oA yyro) £
m m m
(14.61)

with a notation which will be explained in section 15.2. Here we just state that
with the Definition 15.3 of the effective mass one has the identity

= /dt<q'r ~qo) =D = l. (14.62)
Mmeff o
Thus the stiffness of the polymer in the Euclidean framework equals the effective
mass of the charge coupled to the Maxwell field. Note that the regular part of
(14.61) is negative, which means that the stiffness is increased as compared to
the bare value m. With this background the result (14.58) looks familiar. It is the
effective mass of the Abraham model in the nonrelativistic limit; compare with
(4.24). The true effective mass of the Pauli—Fierz model has a more complicated
dependence on the bare parameters e and m, however.

The second case of interest is a confining potential. For large ¢ the partition
function is dominated by the ground state of H, provided it exists at all. In fact, as
we will see, ground state expectations can be computed through the limit r — oo.
Thus, as for thermodynamic systems, the infinite-volume limit is of direct physical
interest. If the ground state exists, it should be unique and independent of the
particular limit procedure. Translated to (14.51) uniqueness means that the limit
t — oo exists and is independent of the boundary conditions g—; and ¢g;, at least
if they are not allowed to increase too fast. Since ¢ is one-dimensional, such a
property will hold, if the energy across the origin is bounded uniformly in the
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volume, i.e. if

0 00
/ f dgs - W(gs — gy, s —s")dgy < co. (14.63)
—00 JO

Because of the stochastic integration, (14.63) cannot be true literally, but only in
the sense that there is a small probability for the interaction across the origin to
take large values. Stochastic integrals like (14.63) are not easily estimated, but if
we set g; — gy = 0, which is reasonable since V is supposed to be confining, then
the interaction energy is

0 00
f dsf ds’(gs - gs)*w"(s —s') . (14.64)
—00 0

Note that from the stochastic integration we obtain two extra derivatives, which
means that w”(r) = = for large 7. If the path g; does not make too wild ex-
cursions, the interaction energy in (14.63) is essentially bounded, which implies
uniqueness of the Gibbs measure in (14.51). To have a phase transition for a Gibbs
measure in one dimension the interaction has to decay as =2 or slower, which is
avoided by two powers in our context.

The statistical mechanics intuition applied to (14.51) suggests that if Hj, has a
ground state ¥o(x), i.e. if the ground state for the uncoupled system is o ® €2,
then, as the coupling is turned on, the ground state will persist and remain unique
at any coupling strength. For large ¢® fluctuations are suppressed and the ground
state must be essentially classical.

14.3 Some applications

(i) Positivity improvement

Let us consider a general measure space (M, ©) and the corresponding Hilbert
space L*>(M, ) of square integrable functions on M. In addition, we have
the semigroup e '#, r >0, acting on L*(M, n) with (e "#)* =e'H and
info(H) =0,i.e. |le”"f| = 1fort > 0. We say thate ' is positivity preserving,
if for f > 0 we have e ' f > 0. e is positivity improving if f > 0 implies
e "M f > 0 for t > 0. We remark that positivity is not a Hilbert space notion, it
depends on the choice of M. Positivity means that, up to normalization, e ="/ is
a Markov semigroup and some sort of stochastic model is lurking behind. Our
interest in the notion of positivity improvement comes from the fact that it im-
plies uniqueness of the ground state. In essence, positivity improvement is the
only general criterion available. The reason for uniqueness is simple. Let ¢ be an
eigenfunction of H with eigenvalue 0. Then by positivity |e "7 vy/| < e~ "#|y| and
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thus

(vl e gl = vl le " yl) > (yoe Hy) = (Y, ). (14.65)

As a consequence, since e ' is a contraction, one has e ~"# |y/| = || and, since

e~ 'H is positivity improving, e || = || > 0. But then alsoe " (|y| — ) =
|Yr| — . Either |¢| — ¢ = 0 in which case ¢ > 0 or else || — ¥ > 0 in which
case Y < 0. We conclude that a second eigenvector with eigenvalue zero could not
be orthogonal to .

In view of this technique, it is desirable to prove that Ue ™’ Hy=1 where H is the
spinless Pauli—Fierz Hamiltonian (13.39) with Aex = 0, is positivity improving on
R3 x K’ with measure d3x x dP?. A look at (14.44) makes positivity an unlikely
fact because of the fluctuating phase. The trick to achieve the desired property is
to interchange the role of A and E| through the unitary transformation e =7 Vi/2
with

Ni = Z f Bka*k, Mak, A (14.66)
r=1,2

the total number of photons.

Theorem 14.2 (Positivity improving). Let H = %( p—eAy (x)? + Hr + V(x)
be the spinless Pauli—Fierz Hamiltonian with external potential V. Then the semi-
group Ue"Ni/2e=tH o=t Ne/21 =1 s positivity improving on R3 x K with measure
d3x x dPO.

Proof. Hiroshima (2000a).

Corollary 14.3 (Uniqueness of the ground state). If the spinless Pauli-Fierz
Hamiltonian has a ground state, then the ground state is necessarily unique.

The actual proof of Theorem 14.2 is somewhat technical. But there is a simple
heuristic reason to see that it should be correct. We have

. . 1
M2 He TN = S(p = eE1(0)* + Hi + V() (14.67)

where the smoothing function ¢ is replaced by & with ¢ = ¢/w. We formally
discretize the Maxwell field in (14.67) as

1 - 2 1
5(17—6';(/)(]—)6)[71') +§;pf+§ Z (q;—qj)2+v(x) (14.68)

li~jl=1

up to a constant. Here (g, p;) are a canonical pair of position and momentum
operators and the sum is over a discrete lattice in position space. We employ the
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usual Feynman—Kac formula. The first two terms define a multidimensional Brow-
nian motion. It has a position-dependent diffusion matrix, which by inspection is
strictly positive. Thus the “free” measure is positivity improving, a property which
is preserved when adding the potential.

(ii) Diamagnetic inequality
In (14.44) the fluctuating magnetic field appears as a phase, which leads immedi-
ately to the diamagnetic inequality

(F.Ue U™ Gyp| < (IF|, Ue " UGy . (14.69)

As one application we derive a bound on the electronic charge density in the
ground state. We assume the existence of a ground state, Hy¢ = Egz¥,, with
ground state energy E,. Then the electronic charge density is

pe(x) = I¥e(x, )% = ZZ/cP"klwgn(x, ki, 2ok )P (14.70)
n=0 X

We choose F = f(x)Uvyg, f =0 and bounded, G = Ug. Since e_’ng =
e 'Fe ¢ and since e’ Hr is a contraction, one concludes from the diamagnetic
inequality that

_ 12 12
e (’”)ngd3Xf(x)pg(x) < (fpg!? e (FOHh pa%y
= (e_’HPf,ogl/2, e_THP,oglﬂ)Lz . (1471

From the Feynman—Kac formula (14.5) it follows that (e~ Hp ,ogl/ 2)(x) < c1. Using
this bound in (14.71) and letting f shrink to a §-function at x we obtain

pg(x) < [erePe e 1)) (14.72)

with 1 the constant function. Inequality (14.72) is the desired bound on the elec-
tronic charge density.
To make this bound explicit we rewrite

(e 1) (x) = E, (e” Jo dSV(qs)) (14.73)

according to (14.5) for the particular choice ¥ (x) = 1. If the potential has a lower
bound as V(x) > cg + c1|x|”,c1 > 0,y > 1, then for fixed ¢ the weight in (14.73)
is dominated by the potential and one has pg(x) < ce”V ™, On the other hand if
V(x) — 0as |x| — oo, then the expression in (14.73) tends to 1 as x — oo. Thus
we should optimize in ¢ for fixed x. Very crudely this means minimizing the action
for ds(%qs2 + V(gs)) for a fixed initial condition go = x and then to optimize in ¢.
In this variation one has to include the contribution from the exponentially growing
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factor efs’. To have a bound state at all, Vi, = min, V (x) < 0. For sufficiently
small e also Vinin — Eg < 0 and the variational bound decays exponentially in x,
ie. pg(x) < ce V| For larger e one can no longer balance Eg and the bound
(14.72) becomes vacuous.

The diamagnetic inequality suggests that the decay of the electronic charge den-
sity in the ground state does not worsen by the coupling to the Maxwell field. If one
imagines, rather crudely, the effective mass of the electron to be increased through
the interaction with the field, then the electron density should become even better
localized for larger e and point-like as e — oo.

(iii) Photon expectations

We discovered in section 14.2 that, through integrating over the Maxwell field,
one obtains a path integral (functional measure) for the electron paths which has
the structure of an equilibrium measure relative to an a priori weight given by the
Wiener measure. Here we expand on this observation by computing averages for
the photon field in the ground state. Let v be the ground state of H}, and let us
introduce the approximate ground state

yr=e THyg@Q/le Ty @ Q| (14.74)

of H, which is normalized to one and, if the limit does not vanish, converges as
T — oo to the unique ground state v, of H. For observables of the form f (x) the
same argument as for (14.48) leads to

(1, fFOOVT)H (14.75)
=Wo® Qe Ty Q) Woo Qe fe T yy @ Q)n
= ]E[G—T,T](f(élo)) .

The “volume” [—T, T] is arranged symmetrically relative to the origin. ]E[G_T T
refers to the normalized expectation

ES 1 1y(0) = Z@T) " Eaw(Volg—r)olgrie FréV@e=Srn o) (14.76)

with the normalizing partition function

T

Z(2T) = Eqw(Vo(g—-1)¥o(gr) exp [ - / . drV(q:) — S[—T,T]]) (14.77)

and with the effective action

1 T T
Si—1.11 = 562/ f dg; - W(g: — gs.t — s)dg; . (14.78)
—TJ-T
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Clearly, in the infinite-volume limit

Tli_>moo(1lfr, FOYT)IH = (Yg. fFOVe)n = /d3Xf(X)pg(X) = (f(q0)) -
(14.79)

Thus the electronic charge density is the distribution of gg, the position of the
path at time ¢ = 0, under the infinite-volume Gibbs measure (-), i.e. under the
probability measure obtained in the limit 7 — oo in (14.76) which we denote by
().

With (14.79) we have opened the first page in the dictionary for the translation
from Fock space expectations to Gibbs averages. We plan to expand the dictionary
by considering a bounded operator 1 ® B referring only to the photons and want
to compute the expectation

(Y. 1@ BYr)n, (14.80)

which for large T goes over to the ground state expectation (Vg, 1 ® By/g) .
Using the basic identity (14.44) one can write

Ue Ty @ Q)(q, A)

T

T
= E4EA (WO(%) exp [ - -/0 drV(g:) — ie/O dg; - Argo(Qr)]) , (14.81)

where E4 refers to the Ornstein—Uhlenbeck process A;(x) with fixed initial field
Ao = A. The Gaussian expectation E4 can be carried out with the result

T T
Ea (e—iefoT d‘]r'Anp((h)) — o ieA(fy) exp [ _ lezf f /d3k|$(k)|2
2 Jo Jo

; 1
X dqt . QJ_(k)dqselk-(qt_qx)Z(e—wlf—ﬂ _ e—a)fe—ws)] , (14.82)

where

T
S (k) =/ dgipe e, (14.83)
0

which depends on the path g, 0 <t < T.

We have to take the expectation of 1 ® B with respect to the wave function
(14.81), for which it is convenient to regard the adjoint wave function as coming
from an integration relative to a Brownian motion running from 0 to —7. For
this purpose one time-reverses the Brownian motion, which starts then at g_7 and
ends at g. Upon integrating over dgg one obtains the Wiener measure for Brownian
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paths t — ¢;, |t| < T. The expectation E4 for the adjoint wave function yields an
expression as in (14.82) where f is replaced by f_ and

O .
(k) = — / dg,;pe " kare=ll (14.84)
-T

with a minus sign, since dg; is odd under time-reversal. The expectation for B is
most easily written in Fock space. Then

Yo ® Q. e THA @ Be TMyy o Q)xy
T . .
= Eaw (Volg_1)¥o(gr)e™ [-r V@i ¢leAU-) pe-ieAUfH) gy

1 0 /0 T T 4
Xexp[“"z(/ / +f f )/ &k|pIdg; - Q*dgget e
2 —rJ-rt Jo Jo

L —wlt—s| _ . —olt| .—ols]| ]
X 2a)(e e~ e ) ). (14.85)

To make further progress we have to choose particular observables. One exam-
ple is the generating function for the photon number density in momentum space,
ie.

B= exp f Chukya* k, yalk, A)] (14.86)
r=1.2

with & > 0. Then
. . 1 ~ —~
(. D B AIIQ) = exp | — (07120 02 Ty

1 ~  _ 1y~ 1 ~  _ 1~
= e Pt By = (07 0T e |/2f+>h]-

(14.87)
Collecting all terms yields
(r, exp / &kpkya* k. Vak, x)]wm
r=1, 2
G ) 0 T X , s .
:]E[—T.T](exp[—e foO /d’k|(p| dg, - Q+dg,elF @49
U ol —ols| (41 ]
2w ‘ - 14.88
* 2a)e € (e ) ) ( )
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We differentiate with respect to (k) and obtain the ground state photon number
density in momentum space,

Y W a*tk, Matk, D)

A=1,2
1 0 o0 )
= - oI’ / f (dg - O dgse” e~ lleit@—ay - (14.89)
20 -0 J0

the average with respect to the infinite-volume Gibbs measure. In particular one
has the remarkable identity that (¢, Nfi/¢) equals the average interaction energy
between the right and left half-line in the statistical mechanics system. By the same
technique, the photon density in physical space is given by

Y W a*(x, Dalx, Mg)n

A=1,2

oo 0
=— ) fo f (dg - fr(x —qr, DAgs - frlx — gy, 5)), (14.90)
=12 -

where

flk, 1) = a\/lz_we_wl’|ex(k). (14.91)

Equations (14.89) and (14.90) are only partially useful, since there is too lit-
tle information on the dg; - Qldqs correlations, except for the soft photon bound
(15.9), (15.14) from which one concludes that

0 00 )
_c°(1+'k'3)5f fo (dg, - @ dgse~?Mlem Pl @00y <0 (14.92)
—00

with some positive constant c¢g. The interaction energy between right and left is
bounded and negative on the average. One would expect also its exponential mo-
ments to be bounded. If so, (Y, e_“vfzﬁg)y < oo for all A by (14.88), which im-
plies that in the ground state the number of photons has a super-exponential decay.

Our method may be applied to other observables of interest. For example the
ground state expectation and variance of the vector potential is given by

(Vg AX)Yg) =0, (14.93)
o0 2
e AP = (@ 40P = 3 ([ dar st =ain) ).

A=12 Vo0
(14.94)
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where
~ 1 _
far = exp—e @l (14.95)
2w
Similarly for the transverse electric field one has
(g, EL(X)Yg)n =0, (14.96)

00 2
W 2P = (@ B+ Y ([ dar finte = an))

r=1.2 —00
(14.97)

with ﬁ;x = 0 ﬁx. In fact, the vacuum variances are infinite but become finite
when the fields are slightly smeared out. Through the presence of a bound electron
the electric field fluctuations are increased whereas the vector field fluctuations are
suppressed. Their product remains constant, as required by the uncertainty rela-
tion.

We recall that (E) = (E)) 4+ (E 1), the second term being zero by (14.96). From
the equations of motion, V - (Yg, E(X)¥¢)1 = e{p(x — qo)) = e * pg(x), pg be-
ing the electron ground state density of (14.70). Thus, at large distances the average
electric field generated by a charge bound in the ground state is the Coulomb field
with a strength determined through the bare charge e, from which we conclude
that in the Pauli-Fierz model there is no charge renormalization.

Notes and references
Section 14.1

Gentle introductions to path integrals are Schulman (1981) and Kleinert (1995)
emphasizing statistical mechanics aspects. Roepstorff (1994) treats in detail the
quantized Maxwell field. Path integrals with a focus on relativistic quantum field
theory are explained in the advanced textbook of Huang (1998). Simon (1979) is
a beautiful discussion on the connection between functional integration and the
Schrédinger equation. In particular, he explains the Feynman—Kac—Ito formula
used in (14.8). Gaussian processes, Wick ordering, and the Schrédinger represen-
tation are exhaustively covered in Simon (1974) and Glimm and Jaffe (1987). The
functional measure for the Pauli-Fierz Hamiltonian is discussed by Hiroshima
(1997b). A standard reference on infinite-dimensional Ornstein—Uhlenbeck pro-
cesses is Holley and Stroock (1978). In Giacomin et al. (2001) martingale-type
estimates are explained.

Functional integration has two historical roots which developed apparently
completely independently. Feynman (1948), cf. also the textbook by Feynman and
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Hibbs (1965), uses space-time histories to visualize quantum processes. This led
to quantum propagators as a “sum over histories”. On the other hand, Wiener,
Levy, and many other probabilists developed the theory of probability measures
on function space (= the space of trajectories) to have a mathematical framework
for Brownian motion and diffusion processes. Kac (1950) realized that the two
approaches are related through the Wick rotation. The extension to models of
quantum fields is achieved by Nelson (1966, 1973). With his insights functional
integration became the “secret weapon” and is at the heart of the technical devel-
opment in constructive quantum field theory through the hands of Glimm, Jaffe,
Spencer, Simon, and many, many others. I refer to Glimm and Jaffe (1987).

Section 14.2

The integration over field degrees of freedom is discussed in Feynman and Hibbs
(1965) and in Feynman (1948). He tackled a variety of physical problems with
this technique. The most widely known is the ground state energy of the polaron
(Feynman 1955) for which the analog of (14.48) is estimated through a variational
method with a result which covered both the intermediate and strong coupling
regime for the first time. To view the effective mass as the stiffness of a polymer
is proposed in Spohn (1987). If the Maxwell field is replaced by a scalar field, cf.
section 19.2, the double stochastic integral becomes a double Riemann integral,
which is much easier to handle. In particular, one obtains reasonable bounds on the
effective stiffness with a technique borrowed from Brascamp, Lieb and Lebowitz
(1976). To view the path measure (14.51) as a Gibbs measure relative to Brownian
motion is stressed in Lorinczi and Minlos (2001), Betz et al. (2002), and Lorinczi
et al. (2002a, 2002b).

Section 14.3

Positivity-improving semigroups are treated in Reed and Simon (1978), Chapter
XIII.12. For the existence of the ground state we refer to section 15.1. Whenever
magnetic fields are involved, the diamagnetic inequality is very helpful; compare
for example with Cycon, Froese, Kirsch and Simon (1987). Carmona (1978) uses
Brownian motion to estimate ground state properties of —A + V. His techniques
extend to a charge coupled to a scalar field as discussed in Betz et al. (2002). There
is also a functional analytic proof of exponential localization, which is patterned
after Agmon (1982) in the case of the Schrodinger equation, see Theorem 20.1.
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States of lowest energy: statics

Quantizing the Abraham model results in the Pauli-Fierz Hamiltonian which is a
self-adjoint operator under rather general conditions. Thus the dynamics is well
defined and we can start to investigate some of its properties. The most basic item
is the states of lowest energy. They really come in two varieties: (i) If the electron
is bound by a strong external electrostatic potential, like the Coulomb potential of
a nailed-down nucleus, then the lowest energy state is the ground state, where the
electron is at rest modulo quantum fluctuations. (ii) If there are no external poten-
tials, then the total momentum is conserved and the state of lowest energy must be
determined for every fixed total momentum, which then describes the electron to-
gether with its surrounding photon cloud traveling at constant velocity. Physically
the most important information is the energy—momentum relation which gives the
lowest energy E at given total momentum P. Both item (i) and item (ii) are dis-
cussed in this chapter. In case (i) one expects to have always a ground state pro-
vided the external potential is binding. In case (ii) the infrared divergence of the
Pauli-Fierz model becomes visible. As will be explained in more detail in section
19.1, for total momentum P # O the state of lowest energy is not in Fock space.
An electron traveling at nonzero velocity binds an infinite number of photons. To
avoid such a subtlety, for item (ii) we proceed as if the photon had a tiny mass.

The external fields manufactured with macroscopic devices under laboratory
conditions are weak and have a slow variation when measured in units of the effec-
tive size of the charge, roughly given through the inverse size of the form factor ¢.
Such external fields thus constitute a small perturbation in item (ii) and, as for the
Abraham model, an important dynamical issue is to understand the motion of the
charge in terms of an effective one-particle Hamiltonian. The energy—momentum
relation must play an important role, but there will be additional pieces accounting
for the spin precession. Our discussion of this topic is postponed to section 16, to
keep the lengths of the chapters in reasonable proportion.

200
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15.1 Bound charge

The hydrogen atom has a stable ground state and thus makes the size of atoms of
the order of a few angstroms. The problem under discussion is whether this ground
state persists as the quantized transverse modes of the Maxwell field are taken
into consideration. Since the electron now has the opportunity to bind photons,
one would expect it to have effectively a larger mass. This intuition is confirmed
through the path integral of chapter 14, which suggests that the fluctuations in the
stochastic trajectories are reduced due to the additional interaction energy W from
the integration over the Maxwell field. Thus the coupling to the photons should
enhance binding.

To put such reasoning on more solid grounds, we recall that for a Schrodinger
operator Hs = —(1/2m)A 4 V with a Coulomb-like potential, i.e. a potential V
such that lim ||, oo V(x) = 0, it is rather straightforward to ensure a stable ground
state. Let us assume that V is infinitesimally bounded with respect to —A. Then
the bottom of the continuous spectrum, denoted by E¢, satisfies E; = 0 and one
only has to make sure that the energy is lowered when the electron is moved from
infinity to the potential region. This means that one has to find a trial wave function
such that (v , Hsyr) < 0. By the Kato—Rellich theorem Hg is bounded from below.
Thus Hs must have an eigenvalue at the bottom of its spectrum. The ground state
wave function v/ is nodeless, since eI is positivity improving; compare with
section 14.3(i). Hence the ground state is unique. To adapt such reasoning to the
Pauli-Fierz Hamiltonian

1
H = %(p—eA(p(x))z-i-Hf-l- Vi) =H+V, (15.1)

one faces the difficulty that there are photon excitations of arbitrarily small ener-
gies. Thus H has no spectral gap and a variational bound will not do. The
convential approach is to first assume an infrared cutoff in the form factor ¢ by
setting @ (k) = O for |k| < o and to adopt the construction explained in property
(vi) of section 15.2.1. This yields the existence of a ground state v/  for the cutoff
Hamiltonian H,. One is then left to show that as o — 0 the sequence of ground
states ¥  has a limit ¥, which is the desired ground state for H. The difficulty is
that as 0 — 0 the number of bound photons could increase without limit resulting
in the physical ground state lying outside of Fock space. This is one aspect of the
infrared problem to be discussed in more detail in section 19.1. Thus one has to es-
tablish a bound on the number of low-energy (soft) photons in the ground state. We
explain some parts of the argument which allow us to illustrate the pull-through
formula that will also be handy later on.
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Theorem 15.1 (Soft photon bound). Let g be a ground state of the Pauli—Fierz
Hamiltonian H of (15.1), HYy¢ = Evrs. Then the average number of photons is

bounded as
(V. Nitrg) < co(Wg, x* V). (15.2)
Proof: Clearly
(Vg Nivp) = ) / dkllatk, Mgl (15.3)
r=1.2

Through a virial-type argument we plan to make use of the fact that /¢ is an
eigenfunction, and start with the pull-through formula

[H,ak,\)] = —wk)ak, A) + ea\/lz_we—ik’X%eA(k) (p—eAy(x). (15.4)
Note that
1
Z(p —eAy(x)) =1[H, x]. (15.5)
Therefore

(H + w)ak, ») —ak, VH = e¢- ! (ilH, e % ey (k) - x)

V2w
—i[H, e ¥ Jex (k) - x). (15.6)
The commutator with e ¥** g
. 1 : 1 .
[H e ¥ = ——k - (p — eA,(x))e F¥ — —pZe ik (15.7)
m 2m
and applied to Vg,
k, MYy = iep ! (H-—E+w)!
a(k, . = le — w
° v V2w
1 1 ‘
((H =By + ok 4 —k - (p — eAp() Je " es (k) - xvg
2m m ©
1
=ie@ (P1 + P2 + P3). (15.8)
@ NS ¢
Thus, choosing ¢ > 0 for notational convenience,
1
latk, Mgl < el(ﬂlﬁ(ll(ﬁlll + llé2ll + ll#slD (15.9)
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and

1 1
ol < llxgll, M2l = 2—k2—||ng||,
m w

1 ~ .
lps || < [kII(H — E +w)_1Ek (p —eAp(x))e e (k) - xPgll.
(15.10)

To estimate the norm of ¢3 we use

I(H —E+) k- (p—eAy) = Ik (p—eAy(0))(H — E + )"l

(15.11)
and
(Y, (H—E+o) 'k (p—eAp())2(H — E + )" 'y)
< (W (H—E+0) '(p—eAy()*(H— E + o) 'y)
< (W (H=E+o) Yc1H+o)(H - E+w) 'y)
< (W,W[sup (cit(A + E) +cz)(/\+w)‘2], (15.12)
A>0
provided V_ is H bounded. Inserting in (15.10)
1
631l < 1kl (€1 + e2v/@ ) Ix vl (15.13)
w

is obtained. With these estimates we return to (15.3) to get
~ 1 _ _
(Yg, Nivrg) < co / FUPR (1 + ok + 0 2% + ok x|’ (15.14)

which proves (15.2). O

Bounds on ||xy]| are available from the diamagnetic inequality combined with
functional integration, see section 14.3(i), and from yet another pull-through-type
argument, see section 20.1.

Note that in (15.14) we can still afford the two extra powers w2 closetok = 0.
This is consistent with a decay as |f|™* in the effective action given at the end of
section 14.2.

The modern variant for the existence of a ground state relies on having an energy
gain when the electron is moved from infinity to the potential region. Thereby, as
discussed at length in section 20.1, the existence of a ground state for atoms and
molecules is also ensured. To be complete we now state

Theorem 15.2 (Unique ground state). Let V = V. — V_ be the decomposition
of the external potential V into positive and negative parts. It is assumed that V_ is
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infinitesimally bounded relative to p?, i.e. |(W, V_y)| < e(yr, p*y¥) + b(e) (¥, ¥)
for every ¢ > 0, and that ﬁ p? + V has a ground state with isolated ground state
energy. Then the Hamiltonian H of (15.1) has a unique ground state Y € H, i.e.
Hyg = Evrg and E is the lowest energy.

Proof: The existence is proved by Griesemer, Lieb and Loss (2001). The unique-
ness relies on the fact that the semigroup e ' is positivity improving in a suitable
basis, see Hiroshima (2000a) and section 14.3. O

Note that in Theorem 15.2 there is no restriction on the magnitude of the charge.

15.2 Energy—-momentum relation, effective mass

For the Abraham model the motion of the charge subject to slowly varying ex-
ternal potentials is determined by the energy—momentum relation E(P). There is
good reason to expect the same scenario quantum mechanically, which poses two
problems. First of all one has to study E(P), which makes a two-line computation
classically but turns out to be much harder in quantum theory. Secondly, given
E(P), we have to explain how it governs the effective one-particle theory. This
topic is deferred to chapter 16.

Since there are no external forces acting on the electron, the Pauli—Fierz Hamil-
tonian reads

1
H=—(p—eA,(x))*+ Hr. (15.15)
2m
As shown already, the total momentum
P=p+ ) /d3kka*(k, Mak,)) = p+ P (15.16)
r=1.2

is conserved, [H, P] = 0. Therefore H can be decomposed according to the sub-
spaces of constant P. This is achieved through the unitary transformation

U =" (15.17)

which more explicitly is given by

n
UPIn ke ki, 2t s ks d) = Yk = Y kjo ki Ao kns Aa), - (15.18)
j=1

using the momentum representation p = k, x = iVi. Then

1
UHU™! =%(p—Pf—eA¢)2+Hf (15.19)
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with the shorthand
Ay = Ay(0). (15.20)

Not to overload notation we return to p instead of P, remembering that p is still
canonically conjugate to x but now stands for the total momentum. The Hamilto-
nian under study is then

1
H, = %(p—Pf—eA(p)z-l-Hf. (15.21)

For each fixed p, H), acts on Fock space F. Thus we may think of the uni-
tary U as a map from L>(R3) ® F to the direct integral f @ pFp such that
UHU ! = / ® g3 pHp. For the remainder of this section we will regard p sim-
ply as a parameter. The scalar product (-, -) is in Fock space throughout.

Definition 15.3 The energy—momentum relation, E(p), of the Pauli-Fierz
Hamiltonian is given by

E(p) = V/,Illxlljﬁ:lwf’ Hpyyr). (15.22)

The effective mass mest is the inverse curvature of E(p) at p = 0. Since E(p) is
rotation-invariant,

(Mefr) ™ Sap = 3pydps E(P)|p=0. (15.23)

There is no simple scheme to compute E(p) and meg, but we will establish
some qualitative properties of E(p) which point in the right direction. In order not
to lose sight of the goal we state

Claim 15.4 (Energy—momentum relation). Let w(k) = ,/mf)h + k2 with Mph >

0. There exists a threshold value, p., of the total momentum such that for all | p| <
Pe, Hp has a unique ground state V), € F,

Hpr = E(P)‘ﬁp- (15.24)

E(p) is separated by a gap from the continuous spectrum, i.e. if E.(p) denotes the
bottom of the continuous spectrum, then

E.(p) — E(p) = A(p) > 0. (15.25)

In Claim 15.4 we assumed a small photon mass mpy. Thus at p = 0 excitations
require at least an energy mph. For physical photons mpp = 0, however. Arbitrarily
small-energy excitations are possible and the spectral gap closes, which is one
part of the infrared behavior of the Pauli-Fierz model. The assumption mp, > 0
introduces a spectral gap, so to speak, by hand. An alternative scheme to separate
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the ground state band from the continuum is to decouple all modes with |k| < o
by replacing the true ¢ by ¢, where ¢, = ¢ for |k| > o and ¢, = O for |k| < 0.

We made the proviso that the ground state band ceases to exist beyond the
threshold p., where we allow for p. = oco. If p. < oo, then the electron cannot
be accelerated beyond the maximal momentum p.. For [p| > pc, H, has no
ground state. States with | p| > p. decay into lower-momentum states through the
emission of Cerenkov radiation. In fact the same phenomenon occurs classically
if in the given medium the speed of light propagation is less than the maximal
speed of the charge.

To investigate E(p), let us first have a look at the uncoupled system,
e = 0. Then the eigenstate in (15.24) is the Fock vacuum 2 with eigenvalue
p?/2m. The energies in the one-photon subspace are w(k)+ (p — k)*/2m,
which is already part of the continuous spectrum. The energy in the n-photon
subspace is (2m) ' (p — Y- k)P + X wky) = @m) N (p = X5 kj)* +
w(27:| k ;) and for low energies it suffices to take the one-photon part of the con-
tinuous spectrum into account. If p is small, |p| < m (= mc), the lowest energy
is p?/2m separated by a gap of order w(0) = mpp from the continuum. On the
other hand, for |p| > m, the eigenvalue p?/2m is embedded in the continuum and
expected to turn into a resonance, once e is different from zero. In some model
systems it is found that p. < oo for e = 0, but p. = co at any e # 0. Whether
pc = oo depends also on the form of the kinetic energy of the electron. If instead
of ﬁpz as kinetic energy one repeats the argument just given for the relativis-
tic cousin / p2 + m?2, then p. = oo at e = 0 and it remains so for e > 0. For the
Pauli—Fierz model (in three dimensions) the accepted opinion is that the electron
cannot be accelerated beyond p. = O(mc).

Perturbation theory assures us that the isolated ground state energy band for
|pl < pc at e = 0 will persist for small nonzero e. The range of validity of per-
turbation theory is set by w(0) = mpy and is therefore very narrow. To improve
and to be able to let mpp — 0 we have to employ nonperturbative techniques, for
which we follow Frohlich (1974). Only the core of each argument is explained; the
shorter ones are given immediately in the text and the longer ones are shifted to an
appendix. Here is our list.

Property (i): E(p) is rotation invariant.

According to section 13.5 there is a unitary operator Ug such that Uy H,Ug =
Hp, with R an arbitrary rotation. Therefore E(p) = E(Rp).

Property (ii): The bound
E) < E(p) (15.26)
holds.
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From the functional integral representation, compare with chapter 14 and the fur-
ther explanations in the appendix, it will become clear that

(F, Uem™ N/ 2e=tHp o=t Ne 2y =1 py| < (|F|, Ue " oUu—1 | F)y  (15.27)

for r > 0. We choose e "M/2y~1F = Y p, or else an approximate ground state
if ¥, does not exist. Let p(dA) be the spectral measure for U ~1|F| under Hy and
Amin be the left edge of its support. Taking the limit # — oo in (15.27), we obtain

E(p) = Amin = E(0). (15.28)

One would expect E(p) to be increasing in | p|, but no conclusive argument seems
to be available.

Property (iii): As a bound we have

1
E(p) — E(0) < =—p”. (15.29)
2m
The inequality (15.29) follows from a variational argument. One has
1 1
E(p) = (Wo. Hyyo) = (Wo. (5.-p” + Ho = —p - (P + eAy) )v)

1 1
= E0) + 2—p2 — —p - (Yo, (Pr+ eAy) o)
m m

1
= E(0) + —p~, (15.30)
2m
since Hoyg = E(0)yo and %(WO, (Pr+eAy)Yp) = VE(0) = 0 by rotation in-

variance.
Property (iv): As a bound we have
E(p) < E(p—k)+ w(k). (15.31)

In particular, E(p) — E(0) < w(p).

The proof is given in the appendix. There is also a corresponding lower bound.

Property (v): There are constants ¢ > 0, ¢ such that E(p) > c1|p| + c.
The proof is given in the appendix.

The next property expresses the stability against one-photon excitations. Define
A(p) =inf{E(p — k) — E(p) + 0 (K)}. (15.32)

Then by property (iv) A(p) > 0.
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Property (vi): For the bottom of the continuous spectrum we have

Ec(p) = E(p) + A(p). (15.33)
If A(p) > O, then Hy, has a ground state at E(p).

The proof is given in the appendix. We want to infer from the bounds on E(p)
that A(p) > 0, at least for small |p|. As a substitute for the missing proof of the
monotonicity of E(p), note that from second-order perturbation in p

1
0pDpg E(P) = —bap = 2(¥rp, (m~' (p = Py = eAy) = VE(p)),(Hp — E(p))”"

x (m~'(p = Pt — eAy) = VE(p)) 4¥p)- (15.34)

This leads to

Property (vii): E(p) = ﬁ p? 4+ 1(p). t is convex down.

From property (ii) we conclude that #(p) —¢(0) > —ﬁpz, which means that

t(p) — t(0) cannot bend down too fast. This allows us to establish

Property (viii): If |p| < (v/3 — 1)m, then A(p) > 0 and H), has a ground state
separated by the gap A(p) from the continuum.

Finally, the uniqueness follows from the overlap with the Fock vacuum.
Property (ix): If | p| < pc and if

2
2 Cr|gPo E(p)E(p —k) — E(p) + 0) % < % (15.35)

then H), has a unique ground state.

Again the proof is given in the appendix. If |p| < (v/3 — 1)m < p. and (15.35)
holds, then E(p, e) is analytic jointly in p and e as a standard consequence of
perturbation theory.

In summary, properties (i)—(ix) lend support to the qualitative behavior of the
energy—momentum relation as schematically presented in figure 15.1. The bold
line indicates the ground state. E(0) increases with the coupling. The gap of size
mpp is not shown. As mpy — 0 the gap closes. To understand what really happens
in this limit, one has to study the infrared scaling of the Pauli—Fierz Hamiltonian
with care. Explicit expressions for E(p) do not seem to be available. Computa-
tionally only perturbation in e is accessible. To second order one obtains

2
=53 [ EHares !
m3
I 5 e’ 1 3,152 PPN 4
+—0p (1 — ——/d kI3 (2w(a)+ & )) >+(’)(e ), (15.36)
2m m3 2m

which can be trusted only for sufficiently small p. E(0) increases in e and in the
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E

Eself

Pe P

Figure 15.1: The energy—momentum relation for the Pauli—Fierz Hamiltonian.

ultraviolet cutoff, as does meg. Equation (15.36) confirms the physical intuition
that the coupling to the Maxwell field effectively increases the mass of the electron.
Note that already to order e” the effective mass differs from that obtained in the
dipole approximation, compare with (14.58), and thus from the effective mass of
the classical cousin, the Abraham model.

The nature of the excited states, even close to the ground state band, is left un-
touched by the present considerations. Physically one expects, as we have indeed
established for the Abraham model, a dynamically transient stage when by radi-
ating photons the electron adjusts to the long-time freely propagating state of the
form e VEW) £( P)Y¥e(p). Here the amplitudes f(p) vanish for |p| > p. and are
determined through the initial conditions. In spectral terms, this implies that H),
has a purely absolutely continuous spectrum except for the possible eigenvalue at
E(p). The only powerful technique available for establishing such a property is
the method of positive commutators and, as its sisters, Mourre estimates and com-
plex dilations, cf. chapter 17. Let us see how this method applies to the Pauli—Fierz
Hamiltonian H),.

In the abstract setting one starts from a self-adjoint operator H on some Hilbert
space H and searches for another self-adjoint operator, the conjugate operator D,
such that

[H,iD] > ¢o > O. (15.37)

Then H has a purely absolutely continuous spectrum. The example to keep in
mind here is H = x and iD = —0,. In our context, clearly, (15.37) is too strong.
The appropriate modification reads

[H,iD] > co — R (15.38)
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with R a positive trace class operator. This form allows one to count eigenvalues.
If HYyp = Enn, |¥nll = 1, then (Y, [H,1D]Yn) 1 =0 = co — (¥n, RYn) and,
by summing over n, trPyp < ¢, "trR, where Ppp is the projection onto the linear
span of all eigenfunctions. The Mourre estimate (15.38) ensures that H restricted
to (I — Ppp)H has a purely absolutely continuous spectrum. Inequality (15.38)
could be still too strong and is weakened by projecting onto an appropriate energy
interval A as

EA[H,iD]EA > coEA — EAREA, (15.39)

where E A is the spectral projection of H for the interval A C R.
For the Pauli—Fierz operator the natural candidate for the conjugate operator is
the generator D; of dilations in photon space, i.e. (e 7PV f) (k) = 13/ f (tk). Then

1 ~ ~
iD; =—§(k-8k+8k-k) (15.40)
as operator on L2(R3, d3k). We denote the second quantization of D by

D= Z fd3ka*(k,A)D1a(k,A). (15.41)

A=1,2

With these preparations

. 1 ~ 1
[Hp» iD] = Nf — Zdr(k) (p— Pr— eA(p) + ;eAga] “(p— Pr— eA(p),
(15.42)

where dI'(k) = Y, , [ d*kka*(k, Ma(k, 1) and G = wiD; N2
Let us abbreviate B = p — Py — eA,. By the Kato—Rellich theorem

A By < (A 4 B
(A, - B) = 5~((Ap)* + BY)

e
< 5-(eHy+e) +eHy Se(ciHy+e)  (1543)

with coefficients c1, ¢p independent of p and e and whose value may change from
line to line. Similarly, using the fact that [N¢, B] is H),-bounded and O(e),

1~ 1 _ .
—dr) - B =—BN/*- N, 2dr &)
m m
11 122 1
—— (BN ~N,
- m2m( f ) + 2 f
11 12 1
< —N{PHp N 4 S NeeciHy +e). (15.44)
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Let Ex be the spectral projection of H), onto the interval (—oo, X]. Combining
(15.42), (15.43), and (15.44) and using the property that Ny > 1 — Pq, the final
result reads

11
Es[H,.iD]Ey > Ex(1 — Po)Ex (5 - —2) —e(c1S + ) Ey.  (15.45)
m

Inequality (15.45) has the structure anticipated in (15.39) with A = (—o0, X]
and R the one-dimensional projection Pg. Thus we count the number of eigenval-
ues in (—oo, X] as

tr[PypEx] < (1 —e(e1S + cz)(% — %2)_1)_1 (15.46)

which can be made strictly less than 2 by adjusting e. We have not tried to optimize
the constants. But the net result is that, upon fixing ep, p. sufficiently small and
Y= pg /4m, say, in the interval (—oo, X] the operator H, has a purely absolutely
continuous spectrum and a single, nondegenerate eigenvalue located at E(p),
provided |e| < ep and |p| < pc. To study the high-energy/high-momentum part
of the spectrum other methods will have to be developed.

15.2.1 Appendix: Properties of E(p)
We prove properties (iv), (v), (vi), (viii), and (ix).

Property (vi): Fix p and choose the momentum lattice (8Z)3 with lattice spacing
8 > 0. The 3-axis of the lattice is parallel to p. Correspondingly, R? is partitioned
into cubes Cs(n) = {k|(ny — %)3 <ky < (nyg + %)8, o = 1,2, 3} with integer ng.
The one-particle space LZ(R?) ® C? = b is decomposed into a discrete and a fluc-
tuating part,

b = ba @ b (15.47)

€ b4 is constant over each cube and ¥ € by satisfies d3ky (k, ) = 0 for
Cs(n)

all n € Z3. Such an orthogonal decomposition of the one-particle space factorizes
the Fock space as

F=FiQ Fr. (15.48)

If Qf is the Fock vacuum of F¢, we set Fs = Fq ® Q¢ and F = Fs @ .7-"(&.

We want H), to respect the factorization (15.48). This is achieved by replacing
k,$/v2w, and w by their lattice approximation ks, (¢/+/2w)s, and ws, where
we set fs(k) =877 [, d*kf(k) for k € Cs(n). Then H, is approximated
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by H,(8) = ﬁ(p — Pr(8) — .eA(p(c‘S))2 + H;(5), which factorizes according to
(15.48) as

1
Hy®) = 5—(p— Pa® 1 —1® Pry— A ® 1)’ + Hiqg® 1 + 1 ® Hiy.
(15.49)

The fluctuating part of A,(8) vanishes, since f d%(g’ﬁ/@)gt[r = 0 for each
Y € b. Note that [H,(8), 1 ® Pg,] = 0, with Pg, the projection onto 2, and
therefore H () is reduced by the subspaces Fs, F, BL The bottom of the spectrum
of Hy(8) is denoted by E(p, 3).

We want to establish a lower bound on H,(3) | F, (Sl We choose ¢ € Fqand 6 €
Fr with fixed n, i.e. O(k, L) = 0(ky, A1, ..., kn, Ay), n > 1. Then, with p =9 R0,

0, Hy(8)p) 5 = (¥ ® 60, Hy()¥ ® 0) 5
_ 3n 2 1 . ) 2
- [ o vPw 5 (p - Pra- > kn=ehoa) Vs
+ (0, Ha¥) 7, (6. 0) 7 + (W V) 5,60, Hes6) 7
-y / KO K P Hyosn g a7,
A .
+ (0, )5, (6. i) 5,
2 inf(E(p — j;kjs, 5) + ;ws(kj)}(lﬂ, V)7 (0, 0) 5
= inf{E(p — k. 8) + 0500} (9. )5 (15.50)

By finite linear combinations this bound extends to a dense set: if ¢ = Y| ® 6 +
Yo ® 6> with both 61 and 6, in the n-photon subspace, one only has to repeat the
computation in (15.50). If they belong to different photon numbers, we use 61 16>.
If E L( p. 8) denotes the bottom of the spectrum of H,(3) [ F, BL, we conclude that

E*(p,8) = illgf{E(P—k, 8) + ws(k)}. (15.51)

H,(8) | Fs consists of a large, but finite number of oscillators with strictly pos-
itive frequencies. Therefore H,(8) [ Fs has a discrete spectrum. Let

A(p.d) = inf{E(p — k. 8) — E(p.8) + ws(k)}. (15.52)
If A(p,8) = Ag > 0 independently of 8, then E-(p,8) — E(p,8) = A(p,8) >

Ag by (15.51) and the ground state of H,(8) is in Fs. The spectral projection
XIE(p.8).E(p.5)+00] (Hp(3)) 1s a nonzero compact operator.
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The next step is to show that H, () converges to H), as § — 0. Technically one
proves that for the difference of resolvents the limit

lim |(H,(8) =)~ = (H, =)' =0 (15.53)

holds provided z is sufficiently negative. The argument uses the first-order ex-
pansion for the resolvent and Kato—Rellich bounds of the type used in the
proof of Theorem 13.3. The norm resolvent convergence (15.53) ensures that
XIE(p.8).E(p.8)+ao] (Hp(8)) converges in norm to x(£(p), E(p)+a0](H ) and that this
operator is compact as a norm limit of compact operators. Since the limit operator
is nonzero by construction, H), has a ground state at E(p).

To confirm that E.(p) = E(p) + A(p) with A(p) = inf {E(p — k) — E(p) +
w(k)} the first part of (15.50) is repeated with a one-photon wave function
O (k1, A1) well concentrated at kg with kg such that A(p) = E(p — ko) — E(p) +
w (ko). There is an infinite number of orthogonal states, which by construction have
an energy arbitrarily close to E(p) + A(p). This proves (vi).

Property (iv): From the pull-through formula for a* we obtain

Hpa*(k, 1) = a*(k, M(Hp—k + (k) — pk)es - (p— Pr—eAy).

(15.54)

e
m~/2w (k)

Let v,k 5 be an approximate ground state for H,, 4 with energies in the inter-
val [E(p — k), E(p — k) + 8] (or let ¥, be equal to the ground state if it exists),
and let us consider the one-photon excitation @5 = a*(fs)¥p—x.s with f5 sharply
centered at k. From (15.54) one infers

E(p){ps, ps) < (@5, Hpps)
= (gs, Hpa*(fﬁ)wla—k,ﬁ)
= w(k){gs, vs) + (@5, a*(er)Hp—kwp—k,S)

_ 3/ / AR
Z/ NP iK' 1)

X (s, ex (k') - (p — Pt — eAp)¥p_i.s)
< (@5, ps) (@ (k) + E(p — k) + O(9))

1 1
+ TE(& ﬁ@h(%’ o) 2 (Wp—k.s, Hyrp—is)'/?.  (15.55)

We can now choose f; such that the last term multiplied by (@s, ¢s) ' vanishes in
the limit § — 0. Thereby the bound of property (iv) results.
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Property (v): We have forO < a; < 1,a >0,(1 —ap)(1+a) =1,

2m (Y, Hypr) = ar (¥, (p — PO*¥) — ax(yr, € AQyr) + 2m (. Hyyr)

> ai (Y, (p — PO)*Y) + 2m — axa) (Y, Hyyr) — asab(¥r, ¥),
(15.56)

where the relative bound (v, e2A2v) < a(y, Hyyr) 4 b(y, ¥) is used. We choose
ay such that 2m — apa > 0. Since fora > 0

1 |
7P = P)? + Hy > |p| — Ea‘l, (15.57)

the constants in (15.57) and (15.56) can be adjusted so as to give the desired
bound.

Property (viii): By rotational invariance it suffices to consider (15.32) along a line
passing through the origin. We will denote these functions by the same symbol as
before. Using properties (ii) and (iv) we obtain

E(p—k) — E(p) + w(k) = E(p —k) — E0) — E(p) + E(0) + w(k)
=z —o(p) + k) (15.58)

and it suffices to take the minimum over the interval |k| < |p|. By reflection sym-
metry, one may pick p > 0. We use the decomposition of E from property (vii)
and will show that

A(p) = min {i(p - L=k —1(p) +o®] >0 (1559
lkl<p \2m 2m

provided p < m/2. This will come about by

Lemma: Let f : R — R be convex, even, with f(0) = 0and f(x) < ﬁxz. Then
the bounds

1 1
14+ —x<flx) <1+ —x (15.60)
m m

hold for |x| < m.

Proof: If (15.60) holds for x > 0, by reflection symmetry it also holds for x < 0.
So let us take x > 0. f/(0) = 0 and f’ is increasing. Therefore we only have to
check the upper bound. Let xg be the smallest x such that f'(xg) = 1 + L xo. Then,

m
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since f’ is increasing,

1 5
0<—f(x)+ —x
2m

1, X 1
=5 = o0 = [ (£ o - )

2 0
1, [* , 1
=540~ dy(f (x0) — —y)
m o m
1, 1
— 24 (1 + —xo)(xg —x) (15.61)
2m m
for all x > xq, which can be satisfied only if xg > m. O

The lemma is used in (15.59) with f(k) = —t(k) + t(0), which by properties
(ii) and (vii) satisfies the assumptions, and we set

p—k

t(p—k)—t(p):f dxt’ (x). (15.62)

)4

If k > 0, the lower bound in (15.60) is applicable provided p < m, 0 < k < 2p.
If k < 0, the upper bound in (15.60) is applicable provided p — k < m and thus
p < m/2. The bounds put together yield

L (p—k)? — L prPH1(p—k) —1(p) + wk) = —|k| + w(k) >0 (15.63)
2m 2m

for p < m/2 and |k| < p. Refining the last step of the argument the bound can be
improved to p < (+/3 — 1)m, which implies p. > (/3 = Dm.

Property (ix): As in the second part of the proof of Theorem 15.5 below, one
estimates the overlap of the ground state vector with € by using the analog of
the pull-through formula (15.76). (15.69) is replaced then by (15.35).

Finally we have to show (15.27), for which purpose we Trotterize H), as
the sum of ﬁ(p — Pr— eA(/,)2 and Hy in the function space representation.
We have

|UeiﬂNf/2e—foe—i7'[Nf/2U—lFl S UeiﬂNf/ze—foe—iﬂNf/ZU—l|F| , (1564)

since [Hy, Nf] = 0 and e 'Ff has a positive kernel in function space. Recall the
transformation (14.67). Linearizing the square with the Gaussian measure ug of

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

216 States of lowest energy: statics
mean zero and variance f/m, one obtains
(UeinNf/ZC—T(p—Pf—eAw)z/Zme—ian/ZU—1 F)(A())
_ (Ue—t(p—Pf—eEl¢)2/2m U~'F)(A()
_ / (et PUePHeER) =1 F(A())

= f wG@Ne*PF(AG + 1) + re@ (), (15.65)

since P shifts and E | ; translates the field. In fact the components of (p — Py —
eE | 3) do not commute and in (15.65) there are errors of order #2 which vanish as
the Trotter spacing tends to zero. Taking absolute values on both sides of (15.65)
yields

HE / G @D F(AGx + 1) + hed(0))] (15.66)

and similarly for functionals of a finite number of fields. Therefore
|UeiNNf/Ze—l(p—Pf—eA¢)2/2me—i7er/2U—| F

S Ueian/Ze—t(Pf—i-eA(,,)z/Zme—ian/ZU—l |F|. (15.67)

Iterating the bounds (15.64) and (15.67) results in (15.27).

15.3 Two-fold degeneracy in the case of spin

For the effective spin dynamics a crucial input is the two-fold degeneracy of the

ground state of the Pauli—Fierz operator with spin, which will be established here

for sufficiently small e. The restriction on e is presumably an artifact of the method.
The Hamiltonian under consideration is

1 e
Hy=—(p— Pr—eAy)* — —0 - B, + Hy 15.68
)4 2m (P f e (p) 2m0 ] + f ( )
acting on C?2 ® F, where A, = A,(0), B, = B,(0); compare with Eq. (15.21).
We require mpp > 0. Let Py be the projection onto the ground state subspace and
Py be the projection onto the subspace spanned by x ® @, x € C2, trPy = 2. We

assume |p| < pc. Then trPy > 1 by the arguments for the proof of property (vi).

Theorem 15.5 (Two-fold degeneracy of the ground state band). If A(p) > 0and
whenever

2¢? o 1 o1
= | Ekplo (Ep) + 5—k) (E(p -k — E(p) +0) " < 2. (15.69)
m 2m 3

then trPg = 2.
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For the Pauli-Fierz model with spin a proof of property (ii) is missing. If, very
reasonably, it is assumed, then A(p) > O for |p| < (3 = Dm.

Proof: We assume ¢ to be real which can always be achieved through a suitable
canonical transformation.
Let z be real and sufficiently negative. We claim that

Po(z—Hy) 'Py=ax) Py (15.70)

with real coefficient a(z).

In (15.68) we set Hy = ﬁ(p — Pf)2 + Hf and H, = Ho + H,. Hp does not
depend on spin and when restricted to the n-photon subspace it is multiplication
by a real function. By the Kato—Rellich theorem the resolvent expansion

o0
(X®Q (2—Hy) 'x@Q) =) (x®K, (z— Ho) ' (Hiz — Hp) )" x ® Q)
n=0
(15.71)
is convergent. Expanding the product yields as generic term
m
[]@ +ib; - o) (15.72)
j=1
with real coefficients a;, b, depending on k1, A, ..., ky, Ap. Using the equality

(a1 +1iby - o)(ap +iby - 0) = ajar — by - by +i0 - (a1by + axby — by X by)
(15.73)

it follows that

(Xx®Q, z—Hy) 'x®Q) =a@(x, x) +ib@) - (x,0x) (15.74)

with real coefficients a(z), b(z). Since the left-hand side is real, b(z) = 0 which
proves (15.70).

Equation (15.70) holds on the negative real axis and therefore extends by ana-
lyticity to the full resolvent set. In particular, one can integrate (15.70) over a small
contour encircling E(p), the ground state energy of H),. Then

PoPgPy = c1 Po. (15.75)
By the pull-through argument

latk, M), Hy] = (Hp—x — Hp + w(k))a(k, 1)
9
m /2w

1
(e (p— Pr—eAy) — 5 (& X k) - o). (15.76)
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Let now ¥ € Po/H. Then

(Y, Ny = ) / Ekllatk, My

A=1.2
262 1
=22 [ Suigto ! (B + 5-8)
m 2m
< (E(p—k) — E(p) + ») > = co. (15.77)
Since tr[ Pg(1 — Py)] < tr[ PgN¢f] < cotr Py, one concludes
(I = co)trPg < tr[ Ps Pp] < 2. (15.78)

If co < 1, then ¢; > 0, with c; the constant in (15.75). Suppose trP; = 1. Then
Pg projects along ¢ and PyPg Py along Pyyr which contradicts (15.75). Thus
trPg > 2. On the other hand if ¢ < %, then tr P; < 3. In conjunction, trPy = 2 as
was to be shown. O

An alternative approach would be to use the positive commutator technique as
explained at the end of section 15.2. It says that, provided |e| < e, |p| < pc, the
ground state of H), is exactly two-fold degenerate and that in a band above the
ground state energy there is only an absolutely continuous spectrum.

Notes and references
Section 15.1

Our discussion of the soft photon bound is taken from Bach (private lecture notes)
and Bach, Frohlich and Sigal (1998a). If the potential V' is attractive, but so weak
that Hy has no ground state, then a sufficiently strong coupling to the radiation
field will generate a ground state, since the mass of the particle is effectively in-
creased (Hiroshima and Spohn 2001; Hainzl 2002; Hainzl et al. 2003; Chen et al.
2003). The property of e '/ to be positivity improving is not known to hold un-
der additional terms, for instance including an external vector potential or spin. As
explained to us by V. Bach, a soft photon bound as in Theorem 15.1 automatically
estimates the overlap with the Fock vacuum. If |e| is sufficiently small, this overlap
is larger than 1/2 and uniqueness is guaranteed.

With the Maxwell field replaced by a scalar field, compare with section 19.2,
ground state properties are investigated in Gérard (2000) and Betz et al. (2002),
where references to earlier work are given.
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Section 15.2

The key properties of the energy—momentum relation are established in Frohlich
(1974), where also the missing points of rigor are supplied. In fact Frohlich dis-
cusses Nelson’s model of a particle coupled to a scalar field, compare with sec-
tion 19.2. In that case, as for example explained in Spohn (1988), e tH() ¢~ 0,
is positivity improving in Fock space, within an exponentially small error e~".
From this property uniqueness of the ground state ¥, is deduced by the argu-
ment explained in section 14.3. The overlap argument of property (ix) is a sub-
stitute which works only for small e. In his recent PhD thesis Chen (2001) es-
tablishes that E(p) has a limit as mpy, — 0. The limit function E(p) is twice
continuously differentiable for |p| sufficiently small. Thus the effective mass of
the electron remains well defined even in the physical case mp = 0, under the
restriction of small e and, of course, an ultraviolet cutoff. An example where
pc = 1fore =0and p. = oo for e > 0 is the Frohlich polaron in two dimensions
(Spohn 1988). Positive commutator methods at fixed total momentum are devel-
oped in the highly recommended paper by Frohlich, Griesemer and Schlein (2003),
where the complete proof for the Nelson model, see section 19.2 for its definition,
can be found. Positive-commutator methods and the related Mourre estimates are
most useful also in cases where the electron is confined by an external potential.
We refer to Skibsted (1998), Bach, Frohlich and Sigal (1998b), Derezifiski and
Gérard (1999), Bach, Frohlich, Sigal and Soffer (1999), and Georgescu, Gérard
and Mgller (2004). A precusor is Hiibner and Spohn (1995b).

Section 15.3
The material is taken from Hiroshima and Spohn (2002).
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States of lowest energy: dynamics

As for classical dynamics, in many applications the external potentials have a slow
variation in space-time. The standard procedure is then to ignore the quantized
Maxwell field and to proceed with an effective one-particle Hamiltonian. This is
justified since the photons very rapidly adjust to the motion of the electron. To put
it differently, if a classical trajectory of the electron is prescribed, then the photons
are governed by a Hamiltonian of slow time-dependence and essentially remain
in their momentarily lowest state of energy. We propose first to study slow time
variation, which abstractly falls under the auspices of the time-adiabatic theorem.
However, the real issue is how, from the slow variation in space, to extract, rather
than assume, the slow variation in time. It seems appropriate to call such a situation
space-adiabatic.

We will work for a start with time-dependent perturbation theory using the in-
sights gained from the time-adiabatic theorem. It turns out that these methods lead
us astray in the case of slowly varying external vector potentials. Thus we are
forced to develop more powerful techniques. They come from the area of pseudo-
differential operators. In fact this theory provides a much sharper picture of adia-
batic decoupling and a systematic scheme for computing effective Hamiltonians.
To avoid technical complications we restrict ourselves to matrix-valued symbols.
Transcribing these results formally to the Pauli-Fierz Hamiltonian we will com-
pute the effective Hamiltonian governing the motion of the electron in the band of
lowest energy, including spin precession. The effective Hamiltonian can be anal-
ysed through semiclassical methods which eventually leads to the nonperturbative
definition of the gyromagnetic ratio.

There are other properties of the Pauli-Fierz Hamiltonian which can be han-
dled semiclassically. Most notably we may consider a physical situation, where
classical currents are prescribed. Then the Pauli—Fierz operator reduces to a time-
dependent operator on Fock space quadratic in the bosonic annihilation/creation
operators. Such quasi-free theories can be studied in great detail. In particular,

220
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coherent states of the photon field evolve in time according to the classical inhomo-
geneous Maxwell equations. Under standard macroscopic conditions field fluctua-
tions are small and the classical Maxwell theory can be used safely. For example,
a city radio station with a power of 100 kW at a wavelength of 100 m emits 10°
photons per second, and at a distance of 100 km a flux of 10! photons s~! cm™2
is still observed. On the other hand, experimentally even the smallest field intensi-
ties can be controlled and quantum features are of importance, as for example in
photon counting statistics. For the Maxwell field an amazingly wide span of scales
can be probed, from the classical deterministic behavior down to single-photon
randomness.

16.1 The time-adiabatic theorem

In the case where no external forces are present, the total momentum is conserved;
compare with sections 13.5 and 15.2. Thus under slowly varying external poten-
tials the total momentum can be expected to change slowly, and the appropriate
starting point is the Pauli—Fierz Hamiltonian in the representation diagonal with
respect to the total momentum, i.e.

H= ﬁ(a “(p—Pr—eAy, — eAex(ex)))2 + egex (ex) + Hi. (16.1)
Here p refers to the total momentum and ¢ is a dimensionless parameter regulating
the variation of the external potentials ¢ex, Aex. Let us assume for the moment
that a classical trajectory of the electron is given. Because of the slow variation
of ¢ex, Aex it has to be of the form (ggy, per), 0 <t < ¢~ !t with (eqet, per) of
order 1. Inserting in (16.1), the time-dependent Hamiltonian can be written as

1 2 e
H(et) = %(pm — Pr—eAy — eAex(ECIEr)) - %U “(By + €Bex(€qer))
+ edex(£qer), (16.2)
which governs the motion of photons and acts on . ¢ is measured in atomic units.
By = By(0) is the quantized magnetic field. We have already studied the spectrum

of H (¢) for fixed ¢. The term proportional to Bex is of order ¢ and can be neglected.
Provided | p;| < p¢, H(¢) has a two-fold degenerate ground state with energy

E(1) = E(pr — eAex(€91)) + egex(eqy). (16.3)

Physically it is expected that through radiation the photons approach very rapidly a
state of lowest energy. Subsequently only very few photons escape, since the time
variation is slow and E(¢) is separated by a gap from the continuous spectrum.
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The time-adiabatic theorem of quantum mechanics makes an abstraction of the
particular situation and simply postulates the time-dependent Hamiltonian H (¢) as
given and acting on the Hilbert space H. The role of the ground state subspace is
played by a physically distinguished, “relevant” subspace with corresponding in-
stantaneous spectral projection P (¢) and energy E(t), i.e. H(t)P(t) = E(t) P(¢).
It is assumed that for every ¢ the energy E (¢) is isolated by a finite gap from the rest
of the spectrum of H(¢). The slow variation in time is introduced through H (¢t)
with ¢ <« 1 as a dimensionless adiabaticity parameter and one is interested in the
solution of the Schrodinger equation

10, (t) = H(et)y (1), (16.4)

where the initial wave function ¥ (0) is assumed to lie already in the relevant sub-
space, P(0)y(0) = ¥ (0). ¢ is chosen to be so long that P (¢) rotates by some finite
amount, implying that

0<t<e'r, T=0(). (16.5)
Sometimes it is convenient to switch to the slow time scale
t' = et. (16.6)
Then our problem becomes
iedy(ty = H )y (@), POYO) =y (0), 0<t <t (16.7)

To stress the similarity with the space-adiabatic situation, however, we stick to the
fast time scale of (16.4).

As one of the basic results it is established that the subspace P (¢t) is adiabati-
cally protected in the sense that

(1 — Pe)Y ()| < coe for 0<t<e 't (16.8)

with some suitable constant cg. Up to an error of order ¢ the solution to the
Schrodinger equation (16.4) clings to the relevant subspace P (st)H.

It is of interest briefly to recall the proof of (16.8), since some central elements
will reappear later. We denote the unitary propagator for (16.4) by U®(¢, s). The
idea is to define a “diagonal” propagator U g’g(t, s) such that it preserves P () ex-
actly, i.e.

P(8t)U§g(t,s) = U§g(t,s)P(ss). (16.9)

The unitary propagator Ugg(t, s) is generated by the Hamiltonian Hgg(et). From
(16.9) it follows that

[Hag(et), P(et)] = ie P(et). (16.10)
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We look for a solution which is e-close to H(et). Using the identities
P®OYP)P(t) =0,(1 — P(t))P(t)(1 — P(t)) = 0, we obtain

Hgg(et) = H(et) + ie[P(et), P(en)]. (16.11)

To prove (16.8) one thus has to estimate the difference

t

Ué(t,0) — Ug’g(t, 0) = —8'/" dsU*®(z, )[ P (es), P(Es)]Ug’g(s, 0). (16.12)
0

While H (et) — Hgg(et) is of order ¢, this is not good enough, since errors might
add up over the long times ¢~ 'z. To make progress we note that P[P, P]P =
0= (1— P)[P, P](1 — P), whereas P[P, P](1 — P) # 0. Thus to improve on
(16.12) one has to exploit the time averaging, which is most easily achieved by
writing [P, P] as a time derivative. Let us assume for a moment that the commu-
tator equation

[H(). X()] = [P(1), P(1)] (16.13)
has a bounded solution X (¢). Then, using again (16.11),

U(e'7,0) = Uf,(e 7', 0) (16.14)
-1

_ /P tdsU8(8_lT, S)(H(ES)X(ES) - X(Es)Hdg(ES))Ugg(s, 0) + O(e)
0

T od d
= igfo ds(aUg(e_lr, )X (e5)Ujy(s,0) — U (e ', $)X (29) T Uy s, 0))

) £ T d _ _ .
= lgfo ds(a(Ug(s "7, 5) X (e5)U§y (s, 0)) — U (e~ "7, 0)e X (5) Uy (s, 0))
+O(e),
which implies
(U (e 'z, 0) — Ugg(e—‘r, 0)|| < co(1 + 7)e. (16.15)

The adiabatic theorem (16.8) follows from

I(1 = P@)U (e~ "1, ) POy || = (1 = P(x))Uf (s~ "7, 0) P(O)¥/ | + O(e)

= (1 = P@) P(DU§, (e~ "7, 00| + Oe)
= 0O(e), (16.16)

where (16.9) has been used.
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It remains to see whether the commutator equation (16.13) has a solution. Be-
cause of the spectral gap we may set

X=PPUl—-PYH—-E)'+H-E)'1-P)PP (16.17)

and verify (16.13) directly. In particular, || X (7)] < g~! P @), with g the width
of the gap and [|X(1)]| < 3g 2| HOI[I PO)].

While undoubtedly correct the estimate (16.8) does not specify the origin of the
error. As we will explain below the order ¢ is not due to dispersion into all of H.
Rather the true solution v (¢) is slightly tilted out of the subspace P (er)H. If this
effect is properly taken into account, the error in (16.8) can be made smaller than
any given power &” at the expense of adjusting the projection P () to the slightly
tilted projection P?(¢). The second missing aspect is more of a computational na-
ture. Since (1 — P#(¢))H is in essence decoupled from the relevant subspace, one
would like to have an, in our case time-dependent, effective Hamiltonian govern-
ing the solution in the subspace P?(¢)H, at least approximately. We will return to
this point below.

16.2 The space-adiabatic limit

With these preparations done we return to the Pauli-Fierz model with the slowly
varying electrostatic potential V (¢x) = e¢gex(€X),

1
H=oe(p= P~ eAy)? 4+ Hy + V(ex) = Hy+ V(ex).  (16.18)
m

The case of a slowly varying vector potential will be discussed in section 16.6. Spin
is omitted only for notational simplicity. H acts on L?(R>, d*x) ® F. For the wave
functions it is convenient to use the momentum representation ¥ (k, k), also for
the electron, with the shorthand k = (ky, A1, ... , kn, An), n arbitrary, ¥ (k, ¥) =
¥ (k) ® Q. Hp then has the direct integral decomposition

D
H0=/ Ak Hy(k). (16.19)

We assume a small photon mass and the validity of claim 15.4. Then, for every
k, |k| < pc, Ho(k) has a unique ground state Vo, Ho(k)Yg(k, k) = E(k)¥g(k, k).
Since in the momentum representation Hp(k) is a real operator, the phase of
Yg(k) can be chosen such that the wave function is real. In particular, using
(Yg(k), Yg(k))F = 1, this implies (Yg(k), Virg(k)) 7 = 0. E(k) is separated by
a finite gap from the continuum edge E.(k). Since our aim is to demonstrate the
basic principle, we deliberately ignore the fact that the ground state band exists
only up to p. and continue as if p, = co. At the cost of a suitable restriction on
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the initial state, the assumption p. = oo can be avoided. We refer to the Notes at
the end of the chapter for further explanations.
The ground state band is the subspace of wave functions of the form

f(k)Yg(k, k), and the corresponding projection is denoted by Py. Pg’H is invariant
under e H07 [ Hy, Py] =0, and

€ P k) = (7 F O W) ek, K. (16:20)

Thus wave functions in the ground state band propagate according to a free quan-
tum evolution with the effective energy—momentum relation E (k).

If the slowly varying potential is turned on, the subspace Py’H is no longer
invariant. The in-band dynamics is modified and there are transitions to excited
states. For times which are not too long their effect remains negligible and one
expects that

(e_imﬁpg)(k’ k) = (e—iHeffff(k))wg(k, K +0@), 0<t<e'r, (16.21)

where, as for the time-adiabatic theorem, the time scale is determined by the con-
dition that the electron should feel the presence of the potential V. The effective
one-particle Hamiltonian, H., is defined through the Peierls substitution

Heee = E(p) + V(ex). (16.22)

Coupling to the Maxwell field renormalizes the kinetic energy of the quantum
particle. In particular, for small velocities we have

P+ V(ex). (16.23)

Hefy =
Meff
The mass is renormalized, but the coupling to the electrostatic potential is still
given by the bare charge e.

Let us now argue with some care that the Peierls substitution gives the correct
time evolution in the ground state band. The Hamiltonian is the one specified in
(16.18) and the relevant subspace is the ground state band Pg’H. In particular, ini-
tially Py (0) = v(0). By construction, [H, Pg] = 0 and one has to understand
the transitions between PyH and (1 — Py)H = Q,H induced by V (¢x). For this
purpose we decompose into a diagonal and an off-diagonal piece as

V= Vdg + Vod,
Vag = PoV Py + 0gV0s, Voa=PsVQy+ QuVP. — (16.24)

It should be recalled that the time evolution must be controlled over the time span

e~ 7, 7 = O(1). Thus only terms of order £ can be ignored safely.
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We consider first P,V Py, which in the ground state band acts as
(PgV Peyp)(k, k) = /d3k"7(k/)f(k — k) (Yo (k), Yg(k — ek")) Fpg (k. k)
(16.25)

with f(k) = (Yg(k), ¥ (k)) 7. The Peierls substitution amounts to V(& Pgx Pg),
since

Pox Py (k, k) = iVi P (k, k) + i F (k) (Yo (K), Vg (k) £ Yo (k, k) (16.26)

with the second term vanishing by the argument given above. The difference is
estimated as

(PyV (ex) Py — V(e Pox Py)) ¥ (k. k)
- fd3k’V(k/)f(k — ek")(Yrg(k), Yotk — k) F — 1)Ya(k, k). (16.27)

In the Taylor expansion, the first order vanishes, since (Yg(k), Vihg(k)) 7 = 0 as
before, and the error is O(¢2). Thus we are left with showing that V4 acts as a
small perturbation only.

Since Ho(k) = 5-(k — Py — eA,)? + Hy, one has ViHo(k) = L(k — Py —
eAy) and, with P (k) denoting the projection onto ¥4 (k), then Py = f ® d3kP(k),
Q(k) =1— P(k), and Qg = 1 — Py. If clear from the context, the variable “k”
will be dropped. With these conventions

V(ex) Py (k) = /d3k/V(k/)P(k —ek"YY(k — k)
= / SV EYP k)Y (k — k')
—¢ / SRV - Vi P (k — ek’) + O(2).  (16.28)
By first-order perturbation theory
ViP(k) = —Q(k)(Ho(k) — E(k))™'ViHo(k) P(k) +h.c..  (16.29)
h.c. denoting the Hermitian conjugate. Therefore
QoV(ex)Py = —ieQgV Py - F(ex) + O(?) (16.30)

with the shorthand V Py = f @ d3kV; P (k) and the force F(x) = —VV (x).
The approximate time evolution is generated by

Hag = Ho + Vag, Ugg(t) = &7, (16.31)
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and our goal is to compare it with the full time evolution e 7 = U (¢) over times
of order ¢ 1, i.e. to estimate the difference
t/e
U(e™'t) — Uge(e™'t) = —if dsU (&'t — 5) VoaUqg (s) (16.32)
0

with r = O(1).

At this point we have arrived at a structure very similar to the time-adiabatic dif-
ference (16.14). Vog = O(e) and time averaging must be used. As before, the trick
is to write V,q as a time derivate, i.e. as a commutator with Hp, up to unavoidable
errors of order £2. We set

B(k) = —Q(k)(Ho(k) — E(k)) 2V Ho(k) P (k). (16.33)
Then
Q(k)Vi P(k) = —[Ho(k), B(K)]. (16.34)
With the shorthand B = [® d*k B(k) one has

Q.VP,-F=[Hy, Bl- F =[Hy, B-F]— B-[Hy, F] = [Hy, B - F1+ O(e),
(16.35)

since [Hy, F] = %(p — Pr—eAy) - [p, F1+ hc.and [p, F] = —ieV, F(ex). It
remains to substitute Hge for Ho. One has [Vgye, B] = Qg[V, B]P,. Since B =
f ® kB (k) and V = V (ie V), the commutator is of order ¢, hence

QoV Py - F =[Hgg, B F]+ O(e). (16.36)

On inserting in (16.32), we get

t/e
U(e™'t) — Ugee™'t) = —ef dsU(e ™'t — 5)[Hag, B - F + F - B¥*]Uqg(s)
0
+O(e)

t/e
= —gf dsU(e 7"t — $)Udg(s)Ugg(—$)[Hag, B - F + F - B*]Ugq(s) + O(e)
0
t/e
= is/ dsU(e 't — s)Udg(s)di(B -F 4+ F-B*(s) + O(e)
0 S
=ie(B-F+ F - B*)Ugg(e't) —ieU(e"'t)(B- F + F - BY)

t/e d
- ie/ ds( U (™"t = )Use(®)) (B F + F - B)(5) + O()
0 ds
= 0), (16.37)
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since d%U(—s)Udg(s) = iU (=5)VoaUgg(s) = O(e) by (16.30). As in the time-
adiabatic setting the leakage out of the ground state subspace PyH is O(e) for
times of order ¢ ~!. In addition we have identified the effective Hamiltonian (16.22)
which approximately governs the time evolution inside Py/H.

16.3 Matrix-valued symbols

If in (16.18) a slowly varying vector potential is added through minimal coupling,
then even on a formal level the argument of the previous section breaks down.
The reason is that the ground state subspace PyH is no longer even approximately
invariant under the time evolution. There is another subspace to take its role, but it
has to be computed rather than guessed. We immediately consider the general case
(16.1) and switch to the macroscopic space scale through the substitution x for ex.
Then the Hamiltonian under study is

1 . 2 e
H= %( —ieVy — Pr—eAy — eAex(x))” — 5,70+ (By + Bex(x))
+ edex (x) + Hr. (16.38)

As before, —iV, refers to the total momentum, A, = A, (0), B, = B,(0).

The first step is to mold (16.38) into the canonical space-adiabatic form. For this
purpose we have to distinguish between the classical phase space variable (g, p)
and the corresponding operators, which exclusively for the purpose of sections
16.3-16.5 are denoted by ¢ = x, p = —ieV,. To the Hamiltonian (16.38) in the
obvious way we associate the operator-valued function (= symbol)

H(q, p) = Ho(q, p) + €Hi(q, p),
1 ) e
Ho(q. p) = %(p — Pr—eAy — eAex(q))” — 370+ Bo+ edex(@) + Hr,

Hi(q, p) = —%o - Bex (). (16.39)

For fixed (¢, p), H(g, p) acts as an operator on Crg F,C? standing for the spin
degrees of freedom. Hj is called the leading symbol and H; the subleading symbol
for H because of the extra prefactor of ¢ in the first line of (16.39). To a symbol
one associates an operator through the Weyl quantization, which can be thought of
as a specific prescription for ordering x and —ieV,. To be general, let A(g, p) be
an operator-valued function with Fourier transform A n, &),

A(g, p) = @n)~3 f EndPeA, £)elratE D), (16.40)
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The Weyl quantization of A is then simply
W.(A) = 2r) 3 / EndeA®, £)elTITED), (16.41)

A(q, p) is an operator-valued function and W;(A) is an operator on the large
Hilbert space H = L*(R?) ® C? @ F. We will also use the notation

We(A) =A@, P)=A (16.42)

as a shorthand. Using the inverse Fourier transform in (16.40), W, (A) can be writ-
ten in the form of an integral operator as

We (AP (x) = 21) 3 / FPEPYAG(x +y), e6)eEE VY (y). (16.43)

Here A acts on ¥ (x) which is a C? @ F-valued wave function, Ve L*(R3, C? @
F)=L R} @ (C?® F)=H, and W,(A) is an operator acting on H. Note
that f(q) = f(x), f(p) = f(—ieV,) as operators. Also W, (A) being Hermitian
is equivalent to A(g, p) = A(q, p)* for all (g, p). For the Weyl quantization of
H(q, p) from (16.39) one obtains simply

H(g,p) = H, (16.44)

as it should be. Thus the adiabatic evolution problem associated with (16.38) can
be written as

ie%W(x, 1) = H(x, —ieV)y(x, 1) (16.45)

with the Weyl rule for the ordering of operators. Consistent with the macroscopic
space scale we switched also to macroscopic times through the substitution of ¢
for et. Equation (16.45) looks like a standard Schrodinger equation, apart from
the fact that v (x, r) takes values in C> ® F and H(q, p) acts as an operator on
C*® F.

Ho(g, p) has a subspace of lowest energy with the corresponding projection
denoted by P(q, p). Deliberately ignoring p. < oo, from section 15.3 we know
already that tr[ P(q, p)] = 2 and

Ho(q, p)P(q, p) = E(q, p)P(q. p) (16.46)

with the eigenvalue

E(q. p) = E(p — eAex(q)) + edex(q). (16.47)

One would expect that the Peierls substitution E (g, p) somehow plays the role of
the effective one-particle Hamiltonian. Note that this would leave spin precession
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still hidden and, in fact, it will appear as the g-order correction to the Peierls sub-
stitution E(q, p).

At this stage, as for the time-adiabatic theorem, it is convenient to abstract
from the specific origin of the space-adiabatic evolution (16.45). Thereby the
general structure of space-adiabatic problems becomes visible with the bonus
of wide applicability. For simplicity C?> ® F is replaced by C" with n arbitrary.
In fact, a finite-dimensional internal Hilbert space is not essential and only al-
lows us to remain in familiar territory. We record that the Hamiltonian H (g, p) =
Ho(gq, p) + ¢H1(q, p) is a matrix-valued function, assumed to be smooth in ¢, p.
There is a relevant subspace of physical interest with energy band E (g, p) of con-
stant multiplicity €. This means that Hy(g, p) has the eigenprojection P(q, p),
[Ho(g, p), P(q, p)] =0, with tr[ P(q, p)] = ¢, 1 < £ < n, such that

Ho(q. p)P(q. p) = E(q, p)P(q. p). (16.48)
Most importantly, Hy is assumed to have a spectral gap in the sense that
|E(g.p) —Ej(qg.p)I =g >0 (16.49)

for all (¢, p) and all other eigenvalues E (g, p) of Hy(q, p). As before, the space-
adiabatic evolution is governed by

d N
ie=-y(r.1) = H@. Py (x.1) (16.50)

with v (x, t) an n-spinor, i.e. the Hilbert space for the Schrédinger equation (16.50)
is L2(R%) ® C" = H. Note that, if in (16.50) H (g, p) is replaced by H (r), then
(16.50) turns into its time-adiabatic cousin (16.7) where the role of the relevant
projection P(q, p) is taken over by P(z).

The analysis of (16.50) will be carried out in such a way as to make use only of
(16.48) and (16.49) with no further assumptions at all on the spectrum of Hy(q, p)
in the subspace orthogonal to P (g, p)C". For this reason we are confident that the
final result will apply also to the Pauli—Fierz Hamiltonian.

With the more general perspective gained, one can understand why the case
Aex = 0 can be handled by more elementary means. In that case Hy(g, p) =
ﬁ(p — Py — eA(p)2 + edex(q). Thus P(q, p) depends only on p and P(q, p) =
P, the projection onto the ground state subspace. This suggests that also in the
general case P(q, p)H is the adiabatically decoupled subspace. Unfortunately
P(q, p)* # P(q., p),in general, although P (g, p)> = P(q, p). On the other hand,
as will be shown, P (g, p)(1 — P(q, p)) = O(e). Since P(q, p) is Hermitian, its
spectrum is of order ¢ concentrated near O and 1. Thus, at the expense of an error
of order ¢, we can associate to P(g, ) a true projection operator P(g, p), and
P (¢, p)H is the adiabatically protected subspace in lowest-order approximation.
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From the example of P (g, p) just discussed, it is clear that for a study of the
Schrodinger equation (16.50) in the limit of small € one has to understand the re-
lationship between the multiplication of symbols and the multiplication of their
Weyl quantization, which is taken up next. Let A, B be two matrix-valued func-
tions. One defines their Moyal product A#B implicitly through the condition

We (AW, (B) = W (A#B). (16.51)

The Moyal product is best grasped in the case where the symbols are given as
formal power series,

Alg.p) =) &/Aj(q.p). Blg.p)=) 'Bj(q.p), (1652
j=0 j=0

where the expansion coefﬁcients Aj, B; do not depend on ¢. The equality is un-
derstood as |A — Z >0 el A; jl < cne" with constants ¢, possibly growing so fast
in n that the partial sums in ( 16 52) do not converge. Then A#B also has a formal
power series, which is written as

A#B =) el (A#B);. (16.53)
j=0

Equating power by power in (16.51) one finds

N

(A#B)j(q, p) = > (2i)‘('°"+'f")( ') 990 Ar(q. p)a%aL Bu(q. p).
la| -+l H+m=j la|!B!

(16.54)

where it is understood that j, [, m € N and «, B are multi-indices, «, B € N3. To
lowest order

i
(A#B)o = AgBo, (A#B)| = AoB1 + A1By — E{AO’ Bo}.  (16.55)

We introduced here the Poisson bracket {-, -} for matrix-valued functions. It is
defined by

{A,B}=V,A-V,B—V,A-V,B, (16.56)

the dot referring to the scalar product of the two gradients. Thus even if the formal
power series for A, B consists only of the leading term, A = Ao, B = By, as is the
case for P(q, p), their Moyal product is a formal power series starting with

A#B = AB — 8%{,4, B} + O(e?) (16.57)
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and, by definition, the lowest-order product becomes
We(AYW.(B) = Wi (AB — e%{A, B)) + O(Y). (16.58)

Note that in (16.56) the order of matrices must be respected. In general, it is not
true that {A, A} =0, or {A, B} = —{B, A}, as one is used to from the standard
calculus of Poisson brackets.

In the sequel, very roughly the idea is to use (16.51) as a link between functions
of operators, like the time-evolved position operator () = e'"/¢ge=1H!/¢ and
matrix-valued symbols. In particular, one can regard the matrix-valued function
P(q, p) as the lowest-order symbol for the true Hilbert space projection onto the
adiabatically decoupled relevant subspace.

16.4 Adiabatic decoupling, effective Hamiltonians

As noticed already, in general P (g, p) is not a projection, due to errors of order ¢.
This suggests to successively correct P(q, p) with the goal in Weyl quantization
to get a projection up to precision €”, n arbitrary, a situation denoted by the symbol
O(e*). We make the ansatz

n(g.p) =Y _elmj(q.p). molq.p)=P(q.p) (16.59)
j=0
and recall that in general
H(g.p) =) & Hj(q. p). (16.60)
j=0

where in our specific application H; = 0 for j > 2. The Weyl quantization for 7
should be a projection and commute with H (g, p) up to errors O(£°°). 7 has then
to satisfy the conditions

n*=mn, wH#nr =n, n#H = H#m. (16.61)

Through an iterative procedure it can be shown that the symbol 7 is in fact
uniquely determined by (16.61). By construction W, ()2 = Wi () + O(e>) and
there is a projection operator IT on H naturally associated to W; (;r). If we assume
the initial wave function ¥ to lie in ITH, ITyy = v, then for the true solution
W (t) = e /24 one has

(1 =TDy (1) = OE™). (16.62)

For this reason ITH is called an almost invariant subspace, associated to the
relevant projection P(q, g). On the adiabatic scale transitions out of ITH are
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exponentially suppressed as e~(1/#) and the dynamics on I17 is governed by the
diagonal Hamiltonian Hgg = MHTIL

Equation (16.62) solves the adiabatic problem only in principle. To have a work-
able scheme it is required to have a basis in I[TH which is in some sense naturally
adapted to the slow degrees of freedom and in which Hgg can be computed per-
turbatively. Of course, the hope is that low-order perturbation will suffice. For this
purpose we pick a fixed (g, p)-independent basis |xy), « =1, ... ,n,in C" and
define the £-dimensional reference projection

l
=Y |Xa) (Xal- (16.63)
a=1

Since |xq) does not depend on (g, p), 1 ® 7y = 7y = W.(r;) is a projection
and its range defines the reference Hilbert space L>(R?) ® mC" = H; as a sub-
space of H. Of course, at this stage the reference subspace is fairly arbitrary
and a convenient choice must be made in concrete applications. The projection
P(q, p) is spanned by the eigenvectors ¥4 (q, p), « =1, ... ,¢, of Ho(q, p),
(Ya(q, p), ¥p(q. p))cr = Sup. The unitary map from P (g, p)C" to the reference
subspace is then

¢
(g, p) = Y _ Ixa) (Walg. p)I. (16.64)
a=1
If u( were completed to a unitary operator iy on C", then for every ¢, p the n x n
matrix o Houj is block diagonal, with block sizes £ and n — £, and has in the £ x ¢
left upper block only the diagonal entries E (g, p).
As in the case of the projection P (g, p), We(up) is in general not unitary with
an error of order €. Thus we iteratively correct so as to obtain a proper unitary
operator from ITH to the reference subspace H;. The ansatz is

u(g. p) =Y _&luj(g, p), (16.65)
j=0

with ug as in (16.64). Unitarity and transformation of 7 to 7, translates into
WHu =1, u#u™ =1, u#tn#u™ = n,. (16.66)

One can show that such a symbol u exists. Since u¢ is already not unique, neither
is u. As with (g, p), one associates with u a unitary operator U : [TH — H;. On
‘H; the motion is governed by U MHTIU* and it agrees with the true solution up
to O(e*®). U TTHTIU* has a symbol determined through

h = u#tH#u™. (16.67)
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We call & the effective Hamiltonian, associated to the almost invariant subspace
ITH. The crux of the construction is that 4 can be represented by a formal power
series,

h=Y elh; (16.68)
j=0

and the effective Hamiltonian is successively approximated through the Weyl
quantization

Wg(h) == Wg(ﬂrhoﬂr) + 8Wg(ﬂrhlﬂr) + ttt . (16.69)
Let us work out the two lowest orders. Clearly
mrhomy = meug Houorry = E(q, p)my. (16.70)

Its Weyl quantization is E (g, p)m; which is the anticipated Peierls substitution. In
spinor space E(q, p)m; is diagonal, see (16.63), and there is no internal motion
at this order yet. For A it is easier to rewrite (16.67) as H#u = u#h and there-
fore (Hy+ ¢H)#(uo + euy) = (ug + cuy)#(hg + ehy). Using (16.57) one thus
obtains

i i
m = (w1 Ho+uoHy = hour = 5{uo. Ho} + 3 (ho. wo} Ju5. ~ (16.71)
Projecting onto i, the terms Hou and u1hq cancel and h; simplifies to
wh e = nr<u0H1u(’§ — %{uo, Ho}ug + %{E, uo}ué)nr. (16.72)

ug is inserted from Eq. (16.64). In the basis of the reference Hilbert space one then
obtains to first order

(Xa» (ho + eh1) xpg)cn = Edap + (Yo, H1Yg)cn — 8%(1001, {Ho + E, ¥g})cn

+0(@), (16.73)
where o, B =1, ..., £, and where the Poisson bracket is understood as
{Ho, Yo} = VpHo - Vgo — VgHo - Vg (16.74)

with Hy acting on v, as a matrix. The Weyl quantization of /¢ + ¢h; is the effec-
tive Hamiltonian in LZ(R?) ® C! to that order.

In principle, our scheme can be pushed up to arbitrary order. Formulas for /4,
are available, but they are already so involved that 43 is out of reach. Physically
the dominant effects are in A, /1, and to some extent in /,. Further terms will add
only a minute correction. Of course, the adiabatic decoupling relies on the gap
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assumption (16.49). In the case where the energy bands of Hy(g, p) cross, or
almost cross, transition between bands become possible and the qualitative picture
developed so far breaks down. Away from crossings the description through the
effective Hamiltonian is still accurate, but close to nearly avoided crossings new
techniques come into play.

The formula (16.73) looks unfamiliar. To get acquainted, a simple but instruc-
tive way is to return to the time-adiabatic setting of section 16.1, where H (¢) is a
time-dependent n X n matrix and the relevant subspace has a constant multiplicity
£. It is spanned by the instantaneous eigenvectors @, (¢), H (1)@, (1) = E()py (1),
o =1,...,4, and the projection onto the relevant subspace is given by P(t) =
Zf;: 1 190 (1)) (@ (t)]. As before, one needs a reference subspace of dimension ¢
with time-independent basis |xy), « =1, ..., £. We do not spell out the details
of the computation, but state the final result. Including order ¢, the unitary U? (¢)*
from the reference space C¢ into C" = H; is given by

¢
Uf)* = Z(I(pa(t)) + lie(H @) — E@) ™' (1 = P(0)ga (D)) (Xa| + O?).

a=1

(16.75)

U?(t)* should be thought of as a kinematical component. It says, for each ¢, how
the adiabatically protected subspace lies in C". To order 1 the subspace is just
P(¢)C" and (16.75) provides the first-order correction. The dynamical piece pro-
vides the information of how the solution vector rotates inside the almost invariant
subspace. It is governed by the effective Hamiltonian acting in C*, which to order
&2 has the form

hap(t) = Sap E(1) — ie(pa (1), pp(1))cn

+ %s%%(z), (H@) = E@)~'(1 = PO)gp0))cr + O, (16.76)
o, =1,...,L The second term of A (¢) is the Berry phase. The approximate so-
lution to (16.7) is obtained by first solving the time-dependent Schrodinger equa-
tion with () in the reference subspace C* and then mapping into  through
the unitary (16.75). Thereby the error in (16.8) is improved to order ¢2. In addition
we know how the vector 1 (¢) rotates inside the relevant subspace. With some
effort the precision could be improved to o). Abstractly, an error O(e®) is
guaranteed.

Matrix-valued symbols are a very powerful tool in the analysis of the space-
adiabatic limit. But, in the end, one would like to have a result on the Schrodinger
equation (16.45). This is always possible because the two frames of description
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are linked through Weyl quantization. To order ¢ the result is

e @Dy = ug(g, pyre M O@PEIMEINI oG By + (1 + 1) OC)
(16.77)

provided the initial wave function lies in the relevant subspace, i.e. 7o(g, p)¥ =
. On the right, one has the effective dynamics in the reference subspace L?(R3) ®
C* as generated by W, (ho + ¢h1). Then W (ug) which, up to error ¢, is uni-
tary turns the effective evolution into the physical Hilbert space L?(R%) @ C”.
The error (1 + |t])O(e) comes from the correction of mg to 7o + ey, of ug
to ug + euy, and from the correction of hg + eh; to ho + ehy + €2hy. Equation
(16.77) agrees with our findings for the particular case studied in section 16.2.
There ho(g, p) = E(p) + V(g) and h1(p) = —i(Yg(p), Vp¥e(p))r = 0 by our
choice of the phase for ¥¢(p). Once the spin is included, 4| no longer vanishes,
see section 16.6.

At the risk of repeating the obvious: expectations of physical observables have
the form (y;, Ay). Thus if i, is unitarily transformed so must be the observable
A. When using the effective Hamiltonian of (16.67) one has to properly transform
the observables of physical interest. To lowest order x and —iV, transform into
themselves. But, in general, to first order there will be corrections. Also, the basis
Yolg, p),a =1,..., ¢, of the relevant subspace must be selected judiciously such
that in the | x,)-basis observables of interest have a simple representation. We will
come back to this point in the context of the Pauli—Fierz operator; see section 16.6
below. The Weyl quantization of the effective Hamiltonian (16.67) still carries the
small parameter ¢ which suggests using semiclassical methods, a subject to be
taken up in the following section. For general E (g, p), the semiclassical regime is
limited by the Ehrenfest time which in our units is of order log e ~!. We stress that
the adiabatic limit has no such restrictions, as can be seen from (16.77): if one had
included the term /5, the approximation with the given precision would be valid

for macroscopic times of order ¢ .

16.5 Semiclassical limit

According to Eq. (16.73) the effective Hamiltonian has the form

H=H(q,p)=E(q, p)1+eHsyp(q, p) (16.78)
acting on L2(R%) ® C¢, where for clarity 1 denotes the £ x £ unit matrix. The last

two terms in (16.73) have been renamed as Hy,, anticipating that they are respon-
sible for the precession of the £-spinor.
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The semiclassical limit can be guessed most directly by considering the Heisen-
berg evolution of the semiclassical observable @ = a(q, p) as

ar) = efli/ege1Hi/e, (16.79)

a(t) has a semiclassical representation through a(g, p,1) = > =0 ela ilg, p,1).
From the equations of motion

d
eaﬁ(t) =i[H,a()], (16.80)
using [E'1, a;(t)] = 0, one finds to lowest order
d .
aao(t) = {E, ao(t)} + i[Hsp, ao(t)] + O(e) (16.81)

with initial conditions ay(0) = a.
Ignoring the error O(e), the solution to (16.81) is easily constructed. First one
defines the classical flow @; on phase space through

qr = VyE(q:, pt), pr = —V4eE(qr, pr)- (16.82)

Secondly, given the initial condition (g, p) with corresponding trajectory (g;, p;)
one obtains the time-dependent spin Hamiltonian Hg, () = Hsp(q;, py). It deter-
mines the spinor evolution as

d
igx(t) = Hyp()x (1), x(1) € C". (16.83)

The unitary propagator for (16.83) from s to ¢ is denoted by U (¢, s|q, p), recalling
that it depends on the trajectory through its initial conditions. Then

ao(q, p.t) = U(t,0lq, p)*a(P;(q, p)U(t,0lq. p), (16.84)

as can be verified by inserting in (16.81).

In the semiclassical limit there is no back-reaction of the spin on the orbit. Such
an effect could be seen in corrections to the semiclassical limit and in the next-
order correction, /2, to the effective Hamiltonian.

The predictions of the semiclassical limit move more sharply into focus through
considering the dual Schrodinger picture. One picks a possibly ¢-dependent initial
wave function such that for expectations of semiclassical observables the limit

m(y°, a(q, p)¥°) = / tr[pei (d*qd’ pla(q, p)] (16.85)

li

e—0
holds, examples being listed below. Here tr is over C’. p.(d3gd3p) is a matrix-
valued classical probability measure on phase space, pci(d3¢gd> p) > 0 as a matrix
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and [ tr[pc1(d3gd? p)] = 1. Then at later times, from (16.82) and (16.84),

lim (e 7111/ ", G 1Py ) = lim (v, @(0)Y")
E— E—>

_ / ttl per(@qd® PU (1, 0lq. p)*a(®y(q, pHU (1, 0lg, p)]
_ f U (2. 0lq. p)pet o D (dqd® PU . Olg. p)*alq. p)]. (16.86)

The classical part of the measure is transported through the classical flow, while
the spinor part evolves through the spin Hamiltonian Hg,(g;, p;). In this sense the
quantum expectation on the left of (16.86) is approximated by the classical aver-
age on the right, keeping in mind that the internal spinor motion remains of full
quantum nature.

We list a few conventional choices, where the position variable refers to the
macroscopic scale. In wave packet dynamics one assumes a sharp concentration
as pe(d3qd® p) = 1) (x18(q — q0)8(p — po)d>qd? p. Then at later times the wave
packet is concentrated at (gq;, p;) and the spin x; precesses according to (16.83). A
particular choice would be an initially Gaussian wave packet, which depends on ¢
such that (x); = qo. (~ieVx) = po. ((x = g0)*)e — 0, and ((~ieVy — po)*)e —
0 as ¢ — 0. Note that to achieve the concentration in momentum the position is
necessarily broadly distributed on the atomic scale. A WKB wave function is of
the form ¢ (x) = x (x)e'*®)/%_ In the limit ¢ — 0 it defines the initial distribu-
tion pe(d*qd® p) = |x (@) (x (@)]8(p — VS(q))d>gd® p. As a measure on the six-
dimensional phase space it is concentrated on a three-dimensional hypersurface,
a property which is retained by the flow ®;. Since this surface may in general
fold up in the course of time, it cannot be represented as the graph of a func-
tion. For fixed ¢ there could be several values of p. The wave function U°? (¢)y®
has the standard WKB form only locally in phase space. A further choice is
a microscopic wave packet which in our units reads as ¥¢(x) = xe 32y (x /)
with some given wave function ¥ on the microscopic scale. Then p¢i(d3gd> p) =
| )()()(I(S(q)lz/ﬂ\(p)lzd“%qd3 p. The wave packet is spatially localized, necessarily
with a spread in momentum. p) is concentrated on the three-dimensional surface
{(g, p)lg = 0} in phase space. Thus at a later time it will be of WKB form locally.

If we look back at our starting point, an electron subject to slowly varying exter-
nal potentials governed by the Hamiltonian (16.1), it may appear that we have lost
sight of our goal. To improve, we summarize our main findings on a qualitative
level. First, slow variation is satisfied for all laboratory fields including those em-
ployed in the big accelerator machines. The translational degrees of freedom of the
electron are thus governed in an excellent approximation by an effective Hamil-
tonian obtained from the Peierls substitution, Heff = E(p — eAex(q)) + ePex (q)-
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In particular for small velocities, relying on the results from chapter 15,

1
2megg

Hegr = (P — eAex(@)* + e¢ex (@) (16.87)

To understand the spin precession, one has to compute the first-order correction 4
to the effective Hamiltonian, which is the topic of the section to follow.

16.6 Spin precession and the gyromagnetic ratio

The time of pleasant harvest has come. The Hamiltonian is (16.38) with principal
symbol

Ho(q, p) = H(p — eAex(q)) + edex(q); (16.88)

compare with (16.39). H(p) acts on C? @ F and is defined in (15.68), where for
notational convenience we use H (p) instead of H,. From section 15.3 we know
that H(p) has a two-fold degenerate ground state with energy E(p) and projec-
tor P(p), trl P(p)] = 2 provided |p| < p. (= m). Therefore P(q, p) = P(p —
eAex(q)) as a projection operator on C> ® F defines the relevant subspace for
Ho(g, p) with corresponding eigenvalue E(q, p) = E(p — eAex(q)) + edex(q)-
To lowest order the symbol of the effective Hamiltonian is then

ho(q, p) = E(q, p)Il = (E(p — eAex(q)) + edex(q)) 1, (16.89)

with 1 the 2 x 2 unit matrix, and the orbital motion is approximately governed by
ho(q, P) = (E(—ieVy — eAex(x)) + egex (x)) 1. (16.90)

The spin precession requires more attention. First of all one has to specify
a basis in P(p)C? ® F. The singled-out choice is the eigenvectors of the to-
tal angular momentum component parallel to p, which we denote by V1 (p, k),
(Yo (P), Yot (P)) 27 = 0. To define them properly, we follow section 13.5 and
introduce the total angular momentum

1
J = 50 + Jr + St (16.91)

see (13.96), (13.97). If R is a rotation by angle 6 relative to the axis of rotation 7
through the origin, then

"™ e (kyatk, e " = Re; (R~ k)a(R™"k. 1) (16.92)
and therefore

el(-)nJAwe—lHnJ — RA(p, el(-)nJBwe—lHnJ — RB(p, el(-)ndae—n‘)n'J — Ro.
(16.93)
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If 7 is parallel to p, n = p/|p|, these relations imply that the component of J
along p is conserved,

[H(p),p-J]=0. (16.94)

|p|~'p - J has the eigenvalues :I:%, :i:%, ....Fore =0, |p|~!p- J has eigenval-
ues :I:% in the ground state subspace of H (p). By continuity, for e # 0, the eigen-
value equations H(p)¥g+(p) = E(p)Yres(p), |pI™'p - JYes(p) = £59+(p)
uniquely determine the basis vectors ¥+ (p), up to phase factors e 0P We
interpret these states as having spin pointing parallel, eigenvalue %, and anti-
parallel, eigenvalue —%, to p. On the other hand, except for p = 0, one has
[H(p). p'+J1# Ounless |p|~'p = %|p'|~'p’.

The effective spin Hamiltonian in the p - J-basis is derived with the help
of (16.73), recalling the subprincipal symbol Hj(g, p) from (16.39). Setting
Vot (g, p) = Yot (p — eAex(q)) one obtains

(a|Hyp(q, p)IB) = — i (@) - (Ve (@5 D), o Vep(@s P2
- %wga(q, ), {Ho(q, p) + E(g, ), ep(@ P2

(16.95)
o, B = =£. Working out the Poisson bracket yields
e ~ ~
(@l Hsp(q. P)IB) = = Bex(@) - (5= Vea(B). Ve () o

— 3V Va(P). X (H(B) = E(B)Vphgs (P2 )

+ e( - qu’ex(CI) +v X Bex(Q)) : <¢ga(ﬁ), ivagﬁ(ﬁ»(ﬂ@}‘
(16.96)

with the velocity v = V,E(p) and p = p — eAcx(q). The spin Hamiltonian has
a simple interpretation: through the coupling to the field the electron acquires the
effective magnetic moment

(a| M (p)IB) = %“ﬁga(ﬁ)’ oVes(P))c2gF
- %ff(Vp%ﬁga(ﬁ), X(H(p) — E(D)Vp¥ep(D))c2gr  (16.97)
and the effective electric moment

(| Mc(P)IB) = —e(Yga(P). 1VpYep(P)) 2 - (16.98)
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They are operators on spin space depending on the kinetic momentum p. The spin
Hamiltonian then reads

Hgp = —Bex - Min — Fi. - M, (16.99)

with the Lorentz force F1. = —V;¢ex(q) + v X Bex(q). Note that on top of the ob-
vious magnetic splitting, the effective moments are determined through geometric
phases.

The semiclassical analysis of (16.90) together with (16.96) was discussed in the
previous section. Of particular interest is the case of a small uniform magnetic field
B, i.e. ¢ex = 0, Aex(q) = 3B X g. For small velocities the orbital motion is then
governed by

d
Meff—V; = eV X B; (16.100)
dr
see (15.23) for the definition of the effective mass, which yields the cyclotron
frequency

wc = e|B|/megf. (16.101)

Since p =0, we may pick arbitrarily the J3-basis with eigenvectors g1 =
Yo+ (0) determined through H(0)Yg+ = E(0)Ygt, J3gr = :l:%wgi. Using first-
order perturbation theory for V1,4 (0), the spin Hamiltonian simplifies to

(@lHypl) = = 5B (Vo 0Vep)coor
1

H©O) — EO)m (Pt + eAp)Vep) 2 r-

(16.102)

1 1
+ 533 : (‘ﬁgm Z(Pf'i‘eA(p) X

H (0) is rotation invariant; see the discussion leading to (16.94). Therefore Hgp is
necessarily of the form

~

e 3
Hyp = _%EB -0, (16.103)
which yields g as
1.
5 = (‘ﬁg+» UBWg+)C2®}'
2 1
- ;Im<wg+, (P + €A¢)2m(f’f +eAp 1 Vet )20 F-

(16.104)
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Note that Hg, does not depend on the choice of the phase e~ 1%+(P) for Yor(p). In
our approximation, the spin motion is governed by

EU(Z) — _i

°B t 16.1
” ng X o(1), (16.105)

from which the frequency of spin precession
ws = e|B|g/2m (16.106)

follows.
The conventional definition of the gyromagnetic factor is

g = 2ws/wc. (16.107)

Comparing (16.100) and (16.105) yields

Meft 5. (16.108)

g =

m

We stress that Eq. (16.108) is nonperturbative in the sense that it is valid for any

coupling strength e. In the derivation it is assumed that the external magnetic field

is weak, an assumption which certainly holds, since experimentally the radius of

gyration is of the order of meters. Equation (16.108) is the g-factor at p = 0. At

p # 0, since the Pauli-Fierz model is nonrelativistic, there is a p-dependent g-
factor with components parallel and transverse to p.

Under our standard assumptions, g depends analytically on the coupling
strength e and it is of interest to obtain the order e” correction to g = 2 at e = 0.
For this purpose it is convenient to switch to the dimensionless units of section
19.3. The effective mass is defined through (15.23). Compared to (15.36) there is
an extra contribution from the fluctuating magnetic field and one obtains

1

1 2 3.1 2 1 31 4
+ce /d KIGk /2] [(1 +§|k|) ] +OE".  (16.109)

Next we have to determine g, which is the sum g| + g>. H (0) is written as H (0) =
Ho+eHy + 3e*Hy. Ate = 0, Yoy = X+ ® Q, 03x+ = x4+, and g1 =2, = 0.
Expanding ¥, to first order in e as Yo = x4 ® Q2+ (¢/2)Hy 'o - Byx+ ® Q@+
O(e?), we insert in (16.104). For 2 there is a contribution from the normaliza-
tion of v, and one contribution involving @ /N {x+ ®Q, 0 - B, H0_103H0_ lo .
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By x+ ® Q)25 The net result is

=1 Lo / kipk/roP [ (14 5) ]

1 2 37 2 1 27-1 4
— e /d kool k(14 34) ] +0eh. asno

For g only one of the two ground states is expanded to order e. Hence
one has a contribution proportional to (x+ ® €2, (A(szO_1 PriHy o By, —o -
ByHy ' PoHy 'Ap) x+ ® Q)2 5. The net result is

[P U NN 2 Lo
38 = -3¢ [ @ipror[(1+5w) ] aean

Adding up (16.109), (16.110), and (16.111), the g-factor to order e is given by

g = 2(1 n §e2 f d3k|g’5(k/xc)|2[k2(l n %|k|)3]_1) +O@Eh.  (16.112)

In Heaviside—Lorentz units e? = 4. We also set the sharp cutoff p(k) =
(2m)73/% for |k| < A, @(k) = O for |k| > A. Then

i 8 o ) 2
g=2(1+ 3 (E) (1= 1+ (A2 +0ED).  (16.113)

Clearly g > 2, as observed experimentally. It is remarkable that g stays bounded
in the limit A — oo and

200 = 2(1 n 2 (%) ) +OW?), (16.114)

which is to be compared with 2(1 + (a/ 271)) + (9(052) from fully relativistic QED.
Evidently the nonrelativistic Pauli—Fierz model overestimates the contribution
from large wave numbers by a factor 8/3. The result (16.114) is satisfactory, since
it nourishes the hope that the Pauli—Fierz model makes reasonable predictions even
when the ultraviolet cutoff A is removed.

Notes and references
Section 16.1

In the old quantum theory classical adiabatic invariants were associated with
good quantum numbers (Ehrenfest 1916). Thus the time-adiabatic theorem was an
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important consistency check of the Heisenberg—Schrodinger quantum mechanics
(Born 1926; Born and Fock 1928). Kato (1958) proves the adiabatic theorem under
the condition that the relevant subspace has finite dimension and is separated by a
spectral gap. In fact, the theorem holds in much greater generality than explained
in the text. Only a corridor separating the relevant energy band from the rest is
needed. The spectrum inside the band can be arbitrary. The error in (16.8) may be
improved to any order at the expense of a slight tilt of the subspace P (¢t)H, as first
recognized by Lenard (1959) and further refined by Garrido (1965), Berry (1990),
Joye et al. (1991), Nenciu (1993), and Joye and Pfister (1994). We refer also to the
interesting collection of articles by Shapere and Wilczek (1989). Sjostrand (1993)
discusses the higher-order corrections from the point of view of pseudodifferential
operators; compare with section 16.4 and Panati et al. (2003a). If H () depends
analytically on ¢, the error becomes e~ !/, which complements the Landau—Zener
formula for almost crossing of eigenvalues (Joye and Pfister 1993). If there is no
gap, but a smooth 7-dependence as before, the adiabatic theorem still holds (Avron
and Elgart 1999; Bornemann 1998; Teufel 2001). The error depends on the con-
text. It can be as small as in (16.8), but in general it will be larger.

Section 16.2

Our discussion of the space-adiabatic limit ignores technical details on purpose.
They are supplied in Teufel and Spohn (2002), Spohn and Teufel (2001), and
Teufel (2003). Most importantly, since p. < 0o, one needs a local version of
the result explained in the text in the following sense. In the limit ¢ — O the
initial state defines a classical probability measure pc(d3gd®p) on phase space
R®; compare with section 16.5. p; is transported by the classical flow @, with
Hamiltonian (16.22) as p¢) o @_;. If p is supported in R3 x {pllp| < pc}, then
there is a first time #,;; at which the support of pc o @_; hits the boundary
R3 x {p||p| = pc}. The approximation through an effective Hamiltonian is valid
for times 0 < ¢ < &~ iy

Section 16.3

Weyl quantization, the Moyal product, and matrix-valued symbols are discussed in
Robert (1987, 1998), Dimassi and Sjostrand (1999), Martinez (2002), and Panati
et al. (2003a). The Moyal product is introduced in Moyal (1949).

Section 16.4

The methods explained in this section have a rich history with motivations ranging
from singular partial differential equations and Fourier integral operators to the
motion of electrons in solids subject to a small magnetic field. Blount (1962a, b, c)
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develops a similar scheme for computing effective Hamiltonians and applies it to
Bloch electrons and to the Dirac equation. In particular, he computes the second-
order symbol /5. In the solid state physics literature his work is a standard ref-
erence, but his method is hardly applied to concrete problems. We refer to the
discussion in Panati ef al. (2003b) for an example in the case of magnetic Bloch
bands. Starting from coupled wave equations Littlejohn and Flynn (1991) and Lit-
tlejohn and Weigert (1993) develop the technique of unitary operators close to the
identity on the level of symbols in the case where the principal symbol is a nonde-
generate matrix. They apply their scheme to Born—Oppenheimer-type problems,
where Hy(q, p) = pzll + V(g) with V(g) an n x n matrix. On an abstract level
the Born—Oppenheimer approximation is similar to the Pauli—Fierz model with a
slowly varying external electrostatic potential only. The role of the invariant sub-
space is emphasized by Nenciu (1993). The formal power series for the projector
(g, p) is constructed by Brummelhuis and Nourrigat (1999) for the Dirac equa-
tion, by Martinez and Sordoni (2002) for Born—Oppenheimer-type Hamiltonians
and in the general matrix-valued case by Nenciu and Sordoni (2001). Our discus-
sion is based on Panati et al. (2003a). The lecture notes by Teufel (2003) give de-
tailed coverage with many examples, including the case of Bloch electrons (Panati
et al. 2003b). There also a more complete listing of the literature can be found.

Section 16.5

There is a vast literature on semiclassical methods, both on the theoretical physics
and on the mathematical side; to mention only a few representatives: Maslov
and Fedoriuk (1981), Gutzwiller (1990), and Robert (1987, 1998). These works
are mostly concerned with the scalar case. An alternative technique is to employ
matrix-valued Wigner functions (Gérard et al. 1997; Spohn 2000b). In this
approach the adiabatic and semiclassical limits are fused, which is conceptually
misleading. Also higher-order corrections are not accessible. An important
example is the Dirac equation which has matrix dimension n = 4 and degeneracy
¢ =2 of, for example, the electron subspace. The adiabatic limit yields the BMT
equation of chapter 10, as discussed in Panati et al. (2003a). Blount (1962c)
computes the next-order correction. It seems to be of interest in accelerator
physics (Heinemann and Barber 1999), despite its fairly complicated structure.
Yajima (1992) studies the derivation of the BMT equation using WKB methods,
which are rather difficult to handle because of the necessity to switch coordinate
systems on the Lagrangian manifold.

The classical limit of the free Maxwell field with classical sources is regarded as
sort of obvious. An instructive discussion is Thirring (1958) and Sakurai (1986).
Photon counting statistics is covered by Carmichael (1999).
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Section 16.6

The gyromagnetic ratio of the electron is the most famous and precise predic-
tion of QED with the current value giheor/2 = 1.001 159 652459 (135) as based
on an eight-loop computation, see Kinoshita and Sapirstein (1984) for a review.
This result compares extraordinarily well with the experimental value gexp/2 =
1.001 159652193 (4) of van Dyck, Schwinberg and Dehmelt (1986) based on
measurements on a single electron in a Penning trap, see also Brown and Gabrielse
(1986), and Dehmelt (1990). The nonrelativistic theory yields gnon/2 = 1.0031,
with no cutoffs. The nonperturbative formula (16.108) seems to be novel and is
described in Panati et al. (2002b). A rough approximation is provided by Welton
(1948). Grotch and Kazes (1977) discuss the g-factor for the Pauli-Fierz model
and obtain the second-order result (16.113) through computing energy shifts; com-
pare with section 19.3.5. Surprisingly, they do not stress the obvious point: the
g-factor is not too far off the truth even in the limit A — oo. After all, the mis-
trust in QED up to the early 1940s was based mainly on the results being cutoff-
dependent and diverging as A — oo; see Schweber (1994).
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Radiation

The theoretical understanding of the emission of light from atoms is inseparably
linked with the development of quantum mechanics — the first glimpse of the full
answer unraveled by P. A. M. Dirac in February 1927. A minimal model for radi-
ation has to consist of at least one atom and the photons. Thus we fix an infinitely
heavy nucleus at the origin, say, and describe the motion of a single electron by
the spinless Pauli—Fierz Hamiltonian

1
H=——(p- eAy(X))* + Vpeoul (x) + Hg (17.1)

with Vpeou1(x) = —? [ d>x1d*x20(x1)@(x2) (47 |x + x1 — x2])~!, the smeared
Coulomb potential. Besides radiation, (17.1) describes a multitude of physical pro-
cesses of interest. If the electron is free, i.e. far away from the nucleus, photons
scatter off the electron (Compton effect). As the electron approaches the nucleus it
will be scattered under the emission of bremsstrahlung (Rutherford scattering). In
contrast, in this chapter we are interested in processes where the electron remains
tightly bound to the nucleus. Of course, these two worlds are not strictly separated.
The electron might be captured by the nucleus at the expense of radiated energy.
Conversely, the atom may become ionized by hitting it with sufficiently energetic
radiation (photoelectric effect). Even in the realm of a bound electron, several
processes should be distinguished. The most basic one is spontaneous emission,
through which the atom in an excited state loses energy and ends up in the radi-
ationless ground state. A photon may be scattered by the atom leaving the atom
behind in either its ground state (elastic Rayleigh scattering) or in an excited state
(inelastic Rayleigh scattering) which is then followed by spontaneous emission.
Both processes will be discussed in separate sections.

Under usual circumstances the wavelength of emitted light is much larger than
the size of an atom. In this case one can ignore the variation of the vector poten-
tial in (17.1) and replace A, (x) by A,(0), the so-called dipole approximation. In
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addition we want to restrict the electron Hilbert space to bound states only. Tak-
ing into account the first N of them results in an N-level system coupled to the
radiation field. We point out that an enormous effort has been invested precisely
to avoid such a mutilation of the Pauli—Fierz Hamiltonian (17.1). Still, in the first
round a simplified version will suffice.

Radiation as discussed here has no classical counterpart. Of course, as ex-
plained, in the context of the Abraham model a charge loses energy through radia-
tion. Its analog would be an extension of the results given in the previous chapter.
There one has to give up mpn > 0. Then the spectral gap closes and the strict adia-
batic protection is lost. For example, (16.105) would have a dissipative correction
at the next order associated with a gradual emission of photons. In contrast, for
the radiation processes studied here the emission of photons occurs on the atomic
scale.

17.1 N-level system in the dipole approximation

The dipole approximation reads
1
H=——(p- eAy(0))? + V(x) + Hy. (17.2)

If in addition we were to choose V to be harmonic, V(x) = %ma%xz, then
(17.2) is a quadratic Hamiltonian, as can be seen, if on top of the Bose fields
a(k, A), a*(k, ) one introduces the annihilation and creation operators b, b* for
the particle; compare with section 13.7(i). The analysis of this model can be
reduced to a Hamiltonian on the one-particle space C* @ (L?(R?) ® C?), where
C? corresponds to the b, b* degrees of freedom. While such an analysis is very
instructive, we stick here to the more realistic Coulomb-type potential. We rewrite
(17.2) as

2

1 e e
H=—p>+ V() + H — —p-Ay0) + =—A,(0), (17.3)
2m m 2m

drop the A, (0)% term, and expand in the eigenbasis of ﬁpz + V(x) up to the
N-th eigenvalue, including multiplicity. This results in

Hy, = Hy® 1 +1® Hi + 10 - A,(0). (17.4)

Here H, and Q = (Ql, Qz, Qg) are symmetric N x N matrices. In our repre-
sentation Hy is diagonal with nondegenerate smallest eigenvalue ¢; and Q is
proportional to the dipole moments

Qij = (i, pyrj) = im(ei — &) (i, x¥;), (17.5)

i,j=1,...,N, where we used the facts that i[zimp2 + Vx),x]= %p and
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(ﬁ P>+ V(x))¥j = €j¥; counting eigenvalues and eigenfunctions including
their multiplicity. We also introduced explicitly the dimensionless small coupling
parameter A. If one follows the conventions of section 13.4, then A = 32,

Note that in the functional integral representation of e M. H, of (17.4), the
effective action is quadratic with the interaction potential

1
Wan() =32 [ SHIpP e, (176

which decays as t~—2 for large ¢. Thus (17.4) is marginally infrared divergent.
Generically H, will lose its ground state at strong enough coupling, in contrast
to the full Pauli—Fierz model, and (17.4) can be trusted only at small coupling.

An alternative route to the N-level approximation is first to transform to the
x - E,(0) coupling through the unitary transformation

U = eler 400 (17.7)
Then
U*pU = p+eA,(0), U*xU =x,
U*alk, VU = a(k, ) +i(ex (k) - x)e@(k)/+/ 2w (k) (17.8)

and therefore

i 2 _
UTHU = >—p? + V() + (geZ/d3k|<p|2)x2 + Hi—ex - E,(0). (17.9)

As before, we expand in the eigenbasis of ﬁ p? 4 V(x) up to the N-th eigenvalue.
This results in the Hamiltonian

Hy, = Hy + Hi + 10 - E, (17.10)

with the matrix of dipole moments Q;; = (¥, x¥), Ey = E,(0), and A = —e.
Since now the coupling is to £, (0), the effective action (17.6) gains an extra factor
of w? and therefore has a decay as r~* in accordance with the full model.

For the remainder of the chapter, we take (17.10) as the starting point. The par-
ticular origin of Hy and Q is of no importance. We only record that they satisfy
Hj = Hy, Q* = Q. Hy has the spectrum o (Hy) C R. It consists of the eigen-
values labeled without multiplicity as ] < & < --- < &g, N < N. The corre-
sponding spectral projections are denoted by Py, ..., Py. Their degeneracies are
tr[P;] = m; with m; =1 and Z;V:l mj = N. In particular one has the spectral
representation

N
Hy=Y ¢;Pj. (17.11)
j=1
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17.2 The weak coupling theory

We plan to study the emission of light from atoms. The atom is assumed to have
already been prepared in an excited state and thus the initial state of the coupled
system is of the form ¥ ® € with the atomic wave function ¥ € CV. To deter-
mine the radiated field one has to understand the long-time asymptotics of the
solution e Ay @ Q of the time-dependent Schrédinger equation. For small cou-
pling, which is well satisfied physically, the dynamics approximately decouples:
the atom is governed by an autonomous reduced dynamics and the field evolves
with the decaying atom as a source term. In this section we will first study the
reduced dynamics of the atom in the weak coupling regime with our results to be
supported through a nonperturbative resonance theory in section 17.3. In a follow-
up we discuss the spectral characteristics of the emitted light.

By definition, the reduced dynamics refers to the reduced state of the atom,
which allows one to determine atomic observables such as the probability of being
in the n-th level at time ¢. Although by assumption the initial state of the atom is
pure, it will not remain so because of the interaction with the radiation field. Thus
it will be more natural to work directly in the set of all density matrices. The initial
state is then of the form p ® Pq with p the atomic density matrix, and Pg the
projection onto Fock vacuum. The time evolution is given through

e i ) & poelil — o7l 5 & Po,. (17.12)

Here L, W = [H,, W] is the Liouvillean as acting on 77 (CV ® F), the trace class
over CV @ F. To distinguish typographically, L, is written as a slanted symbol,
like other operators, sometimes called superoperators, which act either on 77 or on
B(CN ® F), the space of bounded operators on CV¥ @ F. Clearly, states evolve
into states, i.e. if W € 77 is positive and normalized, so is e iLI W, Sometimes, it
is convenient to think of (17.12) as a Schrédinger evolution in a Hilbert space. This
can be done by adopting the space 7>(C" ® F) of Hilbert—Schmidt operators with
inner product (A|B) = tr[A* B]. In this space the Liouvillean L, is a self-adjoint
operator, which explains our sign convention in front of the commutator. A fur-
ther choice comes from regarding B(CN @ F) as the space dual to 7; (CN @ F)
through the duality relation W — tr[AW], W € T1(CN @ F), A € B(CN @ F).
Then the dual of L, is —[H,, -], which generates the Heisenberg evolution of op-
erators.
The reduced dynamics is defined through

T}p = p(t) = trr[e ' p ® P, (17.13)

where trr[-] denotes the partial trace over Fock space. T,)‘ acts on B(CN). 1t is
linear, preserves positivity and normalization. In fact, since it originates from a
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Hamiltonian dynamics, the even stronger property of complete positivity is satis-
fied. In such generality, T?‘ is intractable. But scales become separated for small
A into atomic oscillations of the uncoupled dynamics e~ and the weak radia-
tive damping of order A% (= &> = 1/137%). When viewed on the dissipative scale
the atomic oscillations are very rapid and effectively time-averaged. For small A
memory effects are negligible and T?‘ becomes a dissipative semigroup, which is
the autonomous dynamics we are looking for.

To write a formal evolution equation for p*(¢) one employs the Nakajima—
Zwanzig projection operator method. We define the Liouvilleans Ly = [Hy, -]
as acting on B(CV) = T;(CN), Ly = [Hy, -] as acting on 7 (F), and Lin = [Q -
E,, -] as acting on 7T; (CN ® F). For an arbitrary density matrix W on CNeF
the Nakajima—Zwanzig projection is

PW = (trzW) ® Pq. (17.14)
Clearly P? = Pand
Pe bl p @ Po = p(t) ® Pg . (17.15)
Let W(t) = e 'l p @ Pg. Then
i%PW(r) = PL,W(t) = PL, PW(z) + PL,.(1 — P)W(t), (17.16)
i%(l —PYW@) =1 —-P)LW@)=(1—P)L,PW()
+ (1 —P)L,(1 —PYW(). (17.17)

Substituting (17.17) back in (17.16) and using PL;, P = 0, we obtain

d .
apw) = —iLyp (1)

I .
—22 fo ds tre[Lin(1 — P)e 'I=PLU=PU=9q _ Py Polp*(s),
(17.18)

which is an exact memory-type equation.

As argued traditionally, the memory decays rapidly on the time scale of the
variation of p”(¢). For small A one may ignore the interaction and replace L, by
Ly + Ly in the exponential. In this approximation for small A

C%/O(t) = (—iLa + A*Ko)p (1) (17.19)
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is obtained as reduced dynamics with
m .
Kop = — / dr trp[Line ™ T Lin o] p. (17.20)
0

This argument misses the point that both p*(t) and the memory kernel have
oscillatory contributions from e~ In general, their products cannot be approx-
imated as in (17.19), (17.20). To subtract the oscillations from the memory kernel
we rewrite (17.18) as an integral equation,

t
p}»(t) — e—iLa[Zp _ )\,2/ dse—iLat(T—S)
0

X f it trp[Ling(1 — PYe 1 =PILAI=PXs=0) (| _ Py [ Po1o*(u).
0
(17.21)

After the change of variables v = s — u, one has

t
p)\.(t) — e—iLa[Ip _ )\‘2/ dl/l e—iLa((f—M)
0

I—u . .
x { / dv et aVtr [ Ling(1— P)e 11=PL(=P g _ P)LimPQ]}p*(w.
0
(17.22)

Now in the memory kernel the fast oscillations are properly counterbalanced and
to a good approximation p*(¢) is governed by

d
3P0 = (iLu+ K)o (1), (17.23)
where
(XD . .
Kp = — f dt e tr [ Linge "t L Polp. (17.24)
0

We state our result as

Theorem 17.1 (Weak coupling quantum master equation). Let

(R, Egue M E5Q) 7 = hap(t) = 8aph (1), (17.25)
62 :
W) = < f Sk w (ke 0! (17.26)
a,p=1,23.If
o
f dr|h(H)|(1 +1)° < o0 (17.27)
0

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

17.2 The weak coupling theory 253

for some § > 0, then

lim sup [[Thp—eit?® R, — (17.28)
A=>00<r<n-27
T is on the dissipative time scale. Thus in (17.28) a, possibly long, time interval
on the dissipative time scale is fixed. Over that time span the true reduced dy-
namics is well approximated by a Markovian dynamics consisting of fast atomic
oscillations, —ilL,, and slow dissipation, K.
The integrability condition (17.27) is seen to hold by transforming back to po-
sition space. Then

/d3k|$|2we_i“” = /d3k|$|2w(coswt —isinwt)
1
=9 / dxd ' yp () — 2| 24w —8(1x — ¥ = D ()
2 [ 33 1
+i0; f Exdlypn)—s(x =yl =De(),  (1729)

which decays as fast as t‘4, since ¢ is localized.

We still have to carry through properly the time-averaging, accounting for the
fast oscillations of e ik’ We claim that, without further error, K can be replaced
by its time average

1 T . .
K'p = lim — dr 't Keikatt | (17.30)

T—00 2 -T

as can be seen from going to the slow time scale and considering the interaction
representation

T
INT2 LT A (—iA 2Ly +K)T N2 Lyt g —iA "2 Lyqu
e at e( at+K) o=p-+ A du{e atlt ) la at }

X eiA._zLatue(—iA._zLa[+K)Llp. (17.31)
The term inside { } is rapidly oscillating and we are allowed to replace it by K",
Theorem 17.1 remains valid when Kis replaced by K.

In conclusion, we have arrived at the approximate reduced dynamics of the
atom:

d
3P0 = —ilHa, pO] + Kp(1). (17.32)

To understand the properties of this dynamics, the dissipative generator K must
be worked out more concretely. It is time-averaged with respect to the Liouvil-
lean Ly = [Hy, -] and thus depends on the spectrum of Ly, which is given by

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

254 Radiation

lei —gjli,j=1,..., N} = 0 (Ly). Accordingly we define
N
O(w) = > P;QP;. (17.33)

i,j=1,8—¢j=weo (Ly)

The degeneracy of Hy enters through the projections P; whereas the degeneracy
of the Liouvillean is reflected by the sum in (17.33). For instance, a harmonic os-
cillator has a nondegenerate Hamiltonian but a highly degenerate Liouvillean. The
strength of the various transitions is determined by the one-sided Fourier transform
of the field correlation (17.25). We decompose it into real and imaginary parts

as
/O ” dt e (1) = %F(a)) —iA(w), (17.34)

which gives
@ = 63—2 / FrIPE) oo (k)78 (@ (k) + ). (17.35)

2

Aw) = % PV / Ehok) 2w (k) (17.36)

wk)+o’
PV denoting the principal value of the integral. Using this notation, after working
out the oscillatory integrals in (17.30), one obtains

3

K'p = Z Z { = 1A (@)[Qu(@) 05 (@), p]

a=1 weo (Ly)
1
+§F(w)([QZ(w)p, Ou(@)] + [0 (®), pQu(@)])},  (17.37)

where the w-sum runs over all eigenvalues of the Liouvillean Ly;.

The first term in (17.37) merely adds an extra term of order A? to the atomic
Hamiltonian Hy. Thereby the eigenvalues ¢; are shifted and their degeneracy is
possibly lifted. The second term represents the radiation damping. It is of Lind-
blad form which ensures that T, = exp[(—i[Ha, -] + A2K")t] is completely pos-
itive and in particular preserves positivity. For the nonaveraged variant K such a
property is in general not valid.

The details of the damping mechanism depend on Hy, Q, and 7. Since Nw) =
0 for w > 0, only transitions to energetically lower levels are possible. Thus gener-
ically we expect that in the long-time limit the atom reaches its ground state,

lim T,p = Py (17.38)
11— 00
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independently of the initial state. Basically, there are two obstructions to (17.38).
The analog of the classical Wiener condition (5.4) could be violated in the sense
that I'(¢; — £;) = 0 for some ¢; < ¢;. Even if we assume I'(w) > 0 for @ <O,
Hjy and Q could be too commutative. For instance, in the extreme case [ Hy, Q] =
0, the damping vanishes and K%p = —iA(0)[Q?, p]. Under the Wiener condition
a sufficient criterion for (17.38) to hold is {Hy, Qu, a = 1, 2,3} = Cl, i.e. the
commutant of {Hy, Oy, @ = 1, 2, 3} (all operators which commute with Hy; and
Q) consists only of multiples of the unit matrix.

If the spectrum of Hy is nondegenerate, then the set of density matrices com-
muting with Hy is left invariant by T;. We set T;p = erzvzl on () Py, tr[P,] = 1.
The probabilities p, (¢) are governed by the Pauli master equation

N
_pn( ) = Z Winn Pm (1) — wnmpn(t))a (17.39)
where
3
Wmn = Z [(en — em)tt[ Py Qo P Qo] (17.40)
a=1

is the transition rate from level m to level n. Thus the coupling to the radiation field
induces a Markov jump process on diagonal density matrices with transition rates
given through Fermi’s golden rule. The ground state is an absorbing state of the
Markov chain. If every other state can be linked to the ground state by a sequence
of jumps with nonzero rates, then lim;_, p1(¢) = 1 and lim;_, , p,(¢) = O for
n > 2 exponentially fast.

A much-studied variation is to immerse the atom in a black-body cavity at some
temperature 7'. Based on rather general principles of statistical mechanics, Einstein
came up with a phenomenological description of the atomic transitions in terms
of his A, B-coefficients. Thereby he completely circumvented the yet nonexistent
quantum statistical mechanics. Given such historical importance, we violate for a
moment our principle of “zero temperature only”, to provide a more fully fledged
theory in chapter 18. Since we have already used density matrices, in the defi-
nition of the reduced dynamics we only have to replace Pq by the thermal state
Z e Hi/ksT The physically correct procedure is to first enclose the radiation
field in the cavity [—¢, £]°, i.e. the k-integration is to be replaced by a k-sum over
the momentum lattice ((r/£)Z)3, followed by the infinite-volume limit £ — oco.
In the weak coupling approximation, as the only difference to the zero-temperature
case, the time-correlation hqg(2) for the field is to be computed from the thermal
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average. Explicitly, with (-)x;7 denoting thermal average,

hap (1) = €€ Eyge ™ E )

2 2
=) f Ehkpyw/2erak) Y f S w2 (k)
r=1

=1
i2((e7 @ ak, 1) — e Oa*(k, 1)) (alk', 1) — a* (K, X)) g1
= Saph(t), (17.41)
2 .
h(t) — % /d3k|$|2w(k)(e_lw(k)’
+ (ea)(k)/kBT _ 1)—l(e—iw(k)t + eia)(k)l‘))' (17.42)

The friction coefficient, 'y, 7, and the level shifts are still defined through (17.34).
Ik 7 satisfies the condition of detailed balance as

Tip7 (@) = Ty (—w)e @/ FB T, (17.43)

At nonzero temperatures 'y, 7(w) > 0 for all w, except for accidental zeros, and
the energy can flow either way between atom and thermal bath. If the atom
is well coupled to the black-body radiation, in the sense that I';,7(w) > 0 and
{Hy, Qu, a = 1,2, 3} = Cl, then the N-level system relaxes to the thermal state
Z le=Ha/k8T in the long-time limit. This is most easily seen in case all & are
nondegenerate. Then the off-diagonal elements of T;p decay exponentially while
the diagonal elements are still governed by the Pauli master equation (17.39), in
which the transition rates now satisfy

Wmpn = Wpm e~ (en—em)/knT (17.44)

as a result of the detailed balance (17.43). Under “good coupling” (17.44) ensures
that the thermal state is the only invariant state for (17.39) and therefore

lim T,p = Zz e Ha/ksT (17.45)

11— 00

As will be explained in chapter 18 the relaxation to thermal equilibrium can be
established also for small, but fixed coupling strength and in fact should hold at
arbitrary A.

We note that in (17.41) there are two terms inside the big round bracket with the
first one being temperature independent. This is the Einstein A-coefficient which
regulates the spontaneous emission of a photon. The second term in (17.41) is
the B-coefficient of stimulated emission and adsorption of a photon. It dominates
for hle; —ej| < kgT. From the point of view of the atom, there is no way to
distinguish the two emission processes.
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17.3 Resonances

The virtue of the weak coupling theory consists in yielding a concise dynami-
cal scenario with level shifts and lifetimes computed in terms of the microscopic
Hamiltonian. High-precision experiments, e.g. of the Lamb shift in the hydrogen
atom, show small deviations from the prediction of the theory, which however
should not be regarded as a failure of the weak coupling theory. Rather, it is a fail-
ure of the Pauli-Fierz model at relativistic energies. Barring such fine details the
weak coupling theory is the standard tool in atomic physics and there seems to be
little incentive to go beyond. Still, we have not yet developed a firm link with the
Hamiltonian. Are there corrections to the predicted exponential decay? Can one,
at least in principle, obtain systematic corrections of higher order in A? What is
the long-time limit for small, but fixed A? To answer such questions one has to
go beyond perturbation theory and simple resummations. At present there is only
one sufficiently powerful technique available, which is complex dilation. We ex-
plain this method first for the standard example of the Friedrichs—Lee model. The
extension to the Pauli-Fierz model requires rather complex technical machinery,
certainly beyond the present scope. We will, however, use complex dilations to
study the return to equilibrium at nonzero temperatures in chapter 18, which turns
out to be much simpler since the spectrum is the full real line and is translated
rather than rotated.

We imagine a single energy level ¢ > 0, coupled to the continuum, which is
labeled by x > 0, and should be thought of as energy. The Hilbert space of wave
functions is then C @ L?(R,, dx) and the Hamiltonian reads

e 0 0
Hy, = Ho + A Hiy = (0 x) +A (Iw) %') (17.46)

in Dirac notation. H, is known as the Friedrichs—Lee model. For some time we
choose to denote by H) the Hamiltonian of (17.46) and will give a warning to the
reader when we return to the Hamiltonian (17.10). One needs ¢ € L? to have H,,
well defined and (¢, x‘lgo) < 0o for A Hiy to be form-bounded with respect to Hy.
With no loss one can choose ¢ to be real. For A = 0 the eigenvalue ¢ is embedded
in the continuum and we want to understand its fate for small X.

From scattering theory and the stability of the essential spectrum under rank-
one perturbations it can be seen that the absolutely continuous spectrum of H
is [0, oo) for all A. In addition, there exists a critical A, such that for |A| < A,
there is no further spectrum, whereas for |A| > A the eigenvalue () < O gets
expelled from the continuum. We are interested here in small A only, i.e. |A| < A,
but, beyond mere spectral information, we want to know the decay of the survival

https://doi.org/10.1017/9781009402286 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402286

258 Radiation

amplitude
G (1) = (Yo, e Hilyr) (17.47)

of the unperturbed eigenstate v/ = ((1))
G (¢) has the spectral decomposition

G(1) = / dwg(w)e (17.48)

g(w) =0 for >0, g(w) =0 for v <0, and fda)g(a)) = 1. Thus, |G(t)|2 =
1 —¢? for small  and G(r) — 0 as t — oo by the Riemann—Lebesgue lemma.
On the other hand, G (#) cannot decay exponentially, for this would imply g(w)
to be analytic in a strip around the real axis and thus g = 0, by the reasoning of
Paley and Wiener. Since Hjp is a one-dimensional projection, g(w) is in fact easily
computed. First, the resolvent is determined as

= -1 2 !
G = (o e = H)'yo) = [: —e =220, —@)] . (1749

z € C\ R;. Then

g(w) = 2mi)™! "m[é(a) +in) — G(w — in)]. (17.50)
Since
Jim (. (o £in - )7 'p) = Aw) Fil'(@)/2 (17.51)
with
F)/2=rlp@]. Alw)= P\fomdxko(xnz(x —w)”, (17.52)
one has
g(w) = L MT (@) (17.53)

27 (0 — & — A2A(w))2 + (AT (w)/2)?

for v > 0, and g(w) = 0 for @ < 0. For small X, g(w) has a huge bump located
near w = ¢. In the weak coupling theory, one ignores the variation of I and A and
approximates g(w) for all by

1 22T (e)

gwlw) = o (@ —& = 22A(e))? + (AT (e)/2)* 9

which corresponds to the survival amplitude

Gy (1) = e~ W TE/Dlilg=iE+3> A1 (17.55)
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For the true survival amplitude one still obtains the bound
|G (1) — Gy(1)] < cA? (17.56)

uniformly in ¢, provided ¢ has some smoothness. The errors in (17.56) come from
very short times, A%¢ < 1, and very long ones, A% >> 1. In the intermediate regime
Gy (1) does very well.

For models like the Pauli—Fierz model one cannot hope for such explicit
formulas. Instead, for the purpose of computing g(w), the strategy is to con-
tinue the resolvent G (z) from the upper half of the complex plane across R into
the second Riemann sheet. Ideally, one should discover a simple pole, the reso-
nance, located at z;(A) = € + A2A — iA? /2 with I > 0. For small A one expects
A = A(e), I' Z T (¢), but as A is increased the pole z;(A) will move further away
from the real axis. The resonance pole is responsible for the exponential decay as in
(17.55) with A(e), I'(¢) replaced by the true A, I'. The error, as in (17.56), comes
from the background spectrum of G (z) on the second Riemann sheet, unavoidable
due to the branch cut at z = 0.

One would hope that z;(A) is an intrinsic property of H, and not merely of
the particular matrix element under study. Of course, we can always pick a bad
coupling function ¢ such that (¢, (z — x) ') cannot be analytically continued
across R4 or for a nice coupling ¢, we could pick a bad wave function ¥ such that
(W, (z — Hy) "'y cannot be analytically continued across R.. Thus the best we
can expect is that for a given sufficiently smooth ¢ the location of the resonance
pole is independent of the choice of y within a reasonably large set. To accomplish
the desired analytic continuation we will implement a complex dilation of H.

For real 6 a dilation is defined by

U@y (x) =e "y x). (17.57)
U (9) is unitary and H, transforms under U (6) as

U@O)HU6)™" = Hy(0) = Ho(0) + AHin(6)

_(¢ O 0 (ool
_(o e_ﬁx)+,\(l%> ) ) (17.58)

where @p(x) = e 2@ "x).

We want to extend (17.57), (17.58) to complex 6 with € inside the strip Sg =
{0]|Imf| < B} with some B > 0. e~ is clearly analytic. For ¢ we require that ¢
extends as an analytic function to Sg such that fooo dx|e ™2 ?x)|? < oo. Then
H, (0) is an analytic family of operators of type A in the sense of Kato, separately
for 0 € Sg and |A| sufficiently small. Note that H, (6)* = H, (6*) for real A, since
¢ is real. The point of our construction is that for purely imaginary 6, 6 = iv},

—0/2
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® z.())

Figure 17.1: Spectrum of the rotated Hamiltonian H, (i®%) for small coupling A.

0 < ¥ < B, the continuous spectrum of Hy(il}) rotates clockwise by the angle ¥,
see figure 17.1. Thereby the previously embedded eigenvalue ¢ becomes isolated
and we can use ordinary perturbation theory to show that it shifts downwards to
become the resonance pole z;(A) on the second Riemann sheet. z,(1) is analytic in
6 as long as it remains isolated. If one sets 6 = « + i}, k, ¥ € R, then H, (x + iv})
is unitarily equivalent to H, (" + i#). Therefore z;()) is constant along lines of
fixed i and by analyticity independent of 6. As the continuous spectrum rotates
clockwise, the resonance pole is uncovered and stays put. We summarize as

Theorem 17.2 (Analytic continuation of the resolvent). For A sufficiently small,
there exists a dense set D C H = C & L>(R.., dx) such that for ¥1, ¥» € D the
resolvent (Y1, (z — Hy)~"Yr) has an analytic continuation from C, across R
into the second Riemann sheet. ({1, (z — H)\)_'wz) has a simple pole at z,(1),
Imz:(A) < O, with the property that lim _, o z:(X) = ¢. z:(A) does not depend on
the choice of Y1, V3.

Proof: Let D C 'H be the set of all vectors such that 6 — U (6)y is an analytic
vector-valued function on Sg. D is dense in H. For ¥y, Y2 € D we have

(V1. (2 = H) ') = (U(=0)*Y1. (2 = Hi(0) "' U@)¥n).  (17.59)

For given 6 with Im@ > 0, we can choose §y sufficiently small such that inside the
open disc |z — &| < §p the location z;(X) of the pole is an analytic curve starting at
7+(0) = &. O

Let us follow the first step of the perturbation expansion. We fix 6 = iv, 0 <
U < B. For A =0, Hyp(f) has the eigenvalue ¢ with corresponding projector
[¥0) (Yol The eigenvalue persists for small A and we expand in A. The first-order
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term vanishes and to second order we have

20 = & + A2 (Yo, Hin(0) (e — Ho(0)) ™" Hing(8)¥0)
= e+ lim A*(Yo, Hin(e + in — Ho) ™" Hinetho)

=04

=e+ A2A(e) —ir’T(e)/2. (17.60)

No surprise, we recover the result from the weak coupling theory. We will see
that this is a rather general fact and argue that the master equation (17.32) can be
understood as arising from the resonances of the Liouvillean to lowest order. If the
expansion in (17.60) is continued, the next order is A* and the eigenprojection of
the resonance will be slightly tilted.

With the Friedrichs—Lee model as a blueprint in hand we plan to implement
complex dilation for the Pauli-Fierz model in the N-level approximation (17.10).
As in the example above the complex dilation acts only on the photon degrees of
freedom. For an n-photon vector we define

U@ Yn(kiy A oo kny hn) = € 20 ke, ity oo se Ok, hy)  (17.61)
for 6 € R. In particular
Ur@)a*(NHUsO) ' =a*(fo) . folk. ) =e 2 fe ™"k, 1). (17.62)
Then for the field energy
Ur(0) HiUs(9) ™' = Hy(0) = e H; (17.63)
and for the electric field

Ur(0)E,Us(0) ™" = Ey(6)
- Z f She 325 ke w(k) /2
A=1,2

x e (k)i(ak, 1) — a*(k, 1)). (17.64)

We want to extend (17.63), (17.64) to complex 6 € Sg. Clearly Hy(6) is analytic in
6. For the charge distribution we require that ¢y (k) extends as an analytic function
to Sg and

/d3k|@|2(w(k) +wk)™) < oco. (17.65)

Then E,(0) is bounded relative to Hy(0) and
Hy(0) = Ha + Hi(0) + 10 - Ey(0) (17.66)
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