On the Equivalence of Two Singular Matrix Pencils
By J. WiLriamson, The Johns Hopkins University.
(Received 18th October, 1935. Read lst November, 1935.)

In a recent paper! Turnbull, discussing a rational method for the
reduction of a singular matrix pencil to canonical form, has shown
how the lowest row, or column, minimal index may be determined
directly without reducing the pencil to canonical form. It is the
purpose of this note to show how all such indices may be determined,
and at the same time to give conditions, somewhat simpler than the
usual ones, for the equivalence of two matrix pencils.

For simplicity we adopt, as far as possible, Turnbull’s notation
and, for convenience of the reader, in §1 give an abstract of the
first part of his paper.

1. Let
1) A=rd 4 sB=(ra;+ sby), =1,2,..,n;j=12,..,7n

be a matrix pencil, where the elements a;;, b; all belong to the field K,
while » and s are independent variables. We exclude the case in
which 4 is a scalar multiple of B. If P and @ are two non-singular
matrices, with elements in K, of orders n and %’ respectively,
such that

(2) PAQ=A=rC+ sD,

the pencils A and A, are said to be equivalent in K or briefly ‘ to be
equivalent.”

Let p be the rank of A in r and s; 4.e. every determinant of
order p + 1 of A vanishes identically in » and s while at least one
determinant of order p does not. If px=n—p and p’ = %" — p, then
=0 and p' = 0. If one of the integers p or u’, say u >0, the
pencil (1) is singular. By an application of Smith’s Theorem?,

1H. W. Turnbull, ‘“On the reduction of singular matrix pencils,” Proc. Edin.
Mth. Soc., 4 (1935), 67.

2 Turnbull & Aitken, Canonical Matrices, p. 23.
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Turnbull shows that the rows of A satisfy exactly p independent
relations of the type

(3) Z ¢;row; = 0,
i=1

where ¢, is a polynomial in 7 and s with coefficients in X.
The relation (3) may be written in the form of a vector equation,

(4) OA = [¢1, dor - .-, $ul (rA + sB) =0,

identically in » and s. The u vectors 6 are independent in the sense
that they satisfy no homogeneous linear equation with coefficients,
which are polynomials in r and s. We may further suppose that the
components ¢, of # are homogeneous polynomials in » and s of the
same degree and that they have no common factor. We thus have p

vectors 6, 1 =1, 2, ...., u, which annihilate A, that is satisfy the
equation

(5) 0, A =0, i=1,2 ...., %

We arrange the vectors 6; in ascending degree so that, if 6, is of
degree m,,

(6) o=m=E=m=, ..., =m,.

This set of integers (6) is the set of Kronecker minimal indices of row
dependence characterising the singular pencil A. A like set {m'}, p’
in number, refers to column dependence and is obtained by con-
sidering the column vectors i, which satisfy the equation A =0.
These sets {m,} and {m';} are invariant under transformations of type
(2) and, together with the invariant factors, completely characterise
the pencil A. Let

A B 0 0
M, =[4 B] M2=[64 f g], M;=}10 A4 B 0{,....

) 0 0 4 B
(7) 4 o 4 0 0
A] B A 0

-— y .N = = bl
N] [_B 2 .|>-OB é:l, .N3 0 B A
- 0 0 B

so that M, is a matrix of in rows and (z + 1) »’ columns and N; a
matrix of (4 + 1)n rows and in’ columns. Let p; and p’; denote the
ranks of M; and N, respectively. Then the integers

(8) B = — p;, pi=1n' — p’;
are all greater than or equal to zero.
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2. Let V be a vector with elements in K which annihilates MM,, i.e.
which satisfies the equation

VMI‘ = 0.
The vector V is of dimension nk and may be written in the form
V= {(v1, Yg5 +..., ¥)

where each component vector v; is of dimension n. It now follows
that

(9) 'U]_A =0, ’l)kB=O, 'UiB+Ui+1A=O, 1= 1, 2, ..,k—l.
As a consequence of (9) the vector
(10) Y=okl fop k=254 . 4 v k)

satisfies ¢ (r4 4+ sB) = 0 identically in r and s. We say that i is of
order k — 1 and corresponds to the vector V. If ¢ can be written as
a linear combination of vectors of order <% — 1, we say that i is
reducible. If  cannot be so expressed, we say that ¢ is ¢rreducible.
We now prove the lemma:

LemMa I. The vector ¢ tn (10) corresponding to V is reducible, if and
only if the first component vector vy of V is the first component of a vector
U which annihilates M, _,.

Proof. Let the first component vector of U be v;. Then, if 0 denotes
the zero vector of dimension 7z, the vector V — (U, 0) = (0, W)
annihilates M,, so that W annihilates M,_,. If ¢, and ¢, are the
vectors corresponding to U and W respectively,

(11) Y = rfy + s, and ¢ is reducible.

Conversely, if 4 is reducible, ¢ has the form (11), where ¢, and
iy, are of order k — 2. If U is the vector corresponding to ¢;, which
annihilates M, _,, the first component of ¥ is the same as the first
component of U and our lemma is proved.

As in §1, by an application of Smith’s theorem, there exist
exactly p; linearly independent linear relations connecting the rows
of M,. That is, there exist exactly p, linearly independent vectors
V, with elements in K, which annihilate M,, ¢.e. which satisfy

(12) Va.Mk:O: a=1, 2,-...,[1.]‘.

Moreover, every vector, which annihilates M,, is a linear combination
of the vectors V, of (12), so that the vectors V, form a basis for the
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set of all vectors annihilating M,. Each vector V, in (12) is of
dimension kn and may be written as

Va = [vals Va2y <o ooy Ualc]’
where each component vector v,; is of dimension n. *

Let the vectors ¥V, be so arranged that their first component

vectors vy, vpy, Va1, -..., Ury, are linearly independent, but that
)\b .
vy = Zlc]-a'val, J=‘AL+1, seeey Mpe
o=

Now the vectors
U, =V, a=1,2, ...., A,

A

k
Ua.=Va_Eca§V5’ a=Ak+1,....,I.Lk,
=1

are linearly independent and hence also form a basis for the set of
vectors which annihilate M,.

We may therefore suppose that the vectors V, of (12) are such
that, as regards their first component vectors,

(13) V11, Va1, - -5 Upy BTE independent, v,; =0, a > A;.

If 0 denotes the zero vector of dimension n, each of the A,
vectors W, and the p; vectors X,, defined by

Wg= (V s 0)9 I3
(14) {Xf 0, V) e

1,2, ...., A
=1,2,.

) Ly ve ey F'k’

is of dimension (£ 4+ 1) » and annihilates M, .

Lemma 2. The p, + Ay vectors (14) are linearly independent with
respect to K.

Proof. Let

A ’p
ZegWe+ Zd, X, =0;
B=1 a=1

A
k
then, since the first component vector of X, is zero, X ¢z, = 0, and
B8=1

Hy
by (13) ¢,=0,8=1,2,....,A,. Hence £d, X,=0 and consequently
=]

a=

o3
¥Xd,V,=0. Asthe p; vectors V, are linearly independent this last

a=1
equation implies d, =0, a = 1,2, ...., u;. Consequently the lemma,
is proved.
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But there exist p;,; linearly independent vectors which
annihilate M;,,. Accordingly a non-negative integer o, must exist

such that
(15) . Brs1 = p + A + o, o= 0.

Hence there also exist o, vectors

(16) Y-y=(y'y]: Yy2s "":yy,k-{-l), 'y=la 2’ seeey Oy

which annihilate M, and such that the ., vectors W,, X,, Y, are
linearly independent. (If o, = 0, no vector Y, appears).

LevMma 3. The first component vectors vg, y,1 of Weand Y, respectively

are linearly independent with respect to K, where =1, 2, ...., A,
‘y=1, 2, e eey Op.
Proof. Let
e i
Z 65031 + Z d.yy-y]_ = 0.
=1 y=1
Then
A %%
(17) ZCB Wﬂ+ Zdy Y,y= (0, G),
B=1 y=1

where, since the vector on the left of (17) annihilates M,.,, the
vector G annihilates M,. By there mark that follows (12), such a

B Mg
vector must take the form G = X f, V,, so that (0,G)= 2 f, X,.
a=1 a=]1
Therefore, by (17),

Mg “ B
263WB+ Zdey—ZfaXa=0.
s=1 y=1 a=1

Since the vectors Wy, X,, ¥, are linearly independent, ¢, =d,= f,=0,
B=L2, ..., y=12, ..., 05 a= L2, ..., Accordingly
the lemma is proved.

The formula corresponding to (15) when k is replaced by £+ 1 is

(18) Mere =Mgp+1 + App1 +0ps1, O =0,

where by definition A;,; is the maximum number of vectors among
those which annihilate M, ,, whose first component vectors are
linearly independent. But a vector U, which annihilates M, ,,, is a
linear combination of the vectors W, X,, Y., and accordingly its
first component vector u, is a linear combination of the vectors
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vy and y,, where B=1,2,....,X, y=1,2,....,0;.. Since, by
lemma 3, these A, 4 o, vectors are linearly independent, it follows
that

Apt1 = A + 033

and accordingly (18) becomes

(19) Bevz = pes1+ A+ op + 0p4as

so from (15) we have

(20) Opa1 = Ppye + Mg — 2ppi1, Ek=1,2,....,.

It is easily seen that formula (20) also holds for k= — 1, 0,if x_, and
o are defined to be zero.

The vectors 4,, y=1,2,....,0; which correspond to the
vectors Y, in (16), annihilate 4 + sB and are of order k. As a
consequence of lemma 3, no linear combination of the vectors y., is
equal to a linear combination of the vectors v;. Hence no linear
combination of the first components of the vectors Y, is equal to the
first component of a vector which annihilates M;. Consequently, by
lemms 1, all linear combinations, with constant coefficients, of the
o;, vectors i, are irreducible. Moreover, if ¢ is any vector of order %
which annihilates A, and U is the corresponding vector which
annihilates M, ;, then

A% ] %%
U=ZbWg+ Z¢, X, + 24,7,
B=1 a=1 =1

Y

It follows by an argument similar to the above that the vector

%
¢ — X d ¢, is reducible. Hence the o; vectors ¢, form a maximal set
v=1

of vectors of order %k, with the property that no linear combination
of them, with constant coefficients, is reducible. Consequently, the
o, vectors ¢, form a maximal set of independent vectors 8 satisfying
(5) of index k. Accordingly, we have proved

TaEOREM I. The number of minimal row indices (6) which have the
value k is exactly p, .y + py_1 — 2pq.

Cor. 1. If pp,q t8 the first of the sequence py, p2, pa, .-.. which us
different from O, then k is the value of the smallest minimal index of
row dependence and py., 18 the number of such indices which are equal.

This is Turnbull’s Theorem 2.
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Cor. 2. The number of minimal column indices (6) which have the
value k is exactly
K1+ 11 — 20k
By (20) and (8) we have

Opr1=(k+ 2)n —ppyo+kn—p, —2(k+ 1)n + 2p;4,
= 2pp41— Prvz — Pk
and similarly the analogous formula
k41 =20"k41— p'rre— p'xr
Conversely, the p, can now be expressed in terms of the o,.
Accordingly we have proved

Cor. 3. The minimal indices {m;} and {m'} are completely determined
by the ranks of the matrices M, and N ;. Conversely the ranks p;, p'y of
the matrices M; and Ny are completely determined by the minimal
indices {m;} and {m’}.

In order to determine the minimal indices it is sufficient to form
the sequence of the positive or zero integers

(21) H1, M2 T Ha. M3 Mo, Mg M35 ..

Since Br+1— My — (e — ) = 0 = 0,

each term in the sequence is greater than or equal to its predecessor.
The difference between the (k + 1)th term and the kth term of the
sequence (21) is the number of minimal row indices which have the
value k. Since

oo+ ortopg+....+ oy = ppi1— pgs
the (k + 1)th term of (21) gives the total number of independent

vectors of order < k, which annihilate A. But the maximum number
of such vectors is p, where p is the rank of A in r and s. Accordingly

Brt1 — M = pe
Hence in forming the sequence (21), if the (k¥ -+ 1)th term has the
value p all succeeding terms will have the value p and we need
calculate no further.

By a proof exactly similar to that of Turnbull’s Theorem 3, if
Y= (v, ¥y --.-, Yry1) is one of the vectors (16), the component
vectors ¢, ¥a, ...., Yry1 are linearly independent. Since each y; is
of dimension =, it follows that £ < n and consequently that

(22) o, =0, k>n—1.
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Hence in forming the sequence (21) we need never proceed beyond
the nth term; and in corollary 3, k& takes only the values 1, 2, ....,n

!

and %’ the values 1, 2, .. .., n'.

Let A, =rC +sD be a second pencil of the same order as A

and let

I, k=1,2 ....,n; J,k=12 ...., 0,
be the matrices for this pencil corresponding to M, and N, respec-
tively. Since a necessary and sufficient condition that the two
pencils A and A, be equivalent in the sense of (2), is that A and A,
have the same invariant factors and the same minimal indices!, as a
consequence of corollary 3 we have

THEOREM 2. A necessary and sufficient condition that two penctls
rA + sB and rC + sD, with elements in a field K be equivalent in K is:

{a) that the imwvariant factors of rA + sB be the same as the
invariant factors of rC + sD,

(b) that the rank of M, be the same as the rankof I, k=1,2,...,n,
(c) thattherank of N; bethesame astherankof Jy, k'=1,2,...,n".

1 Turnbull and Aitken, Op. cit., p. 129.
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