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1. In g r a p h - t h e o r e t i c t e r m s a homogeneous p - d e n d r i t e , 
p _> 2, i s defined as a f ini te s i n g l y - r o o t e d t r e e in which the 
roo t h a s va lency 1 whi le e v e r y o the r v e r t e x has va lency 1 or p . 
M o r e d e s c r i p t i v e l y , a homogeneous p - d e n d r i t e m a y be imag ined 
to s t a r t f rom i t s r oo t as the m a i n , o r Oth o r d e r , b r a n c h which 
p r o c e e d s to the f i r s t - o r d e r b r a n c h point w h e r e i t g ives r i s e to 
p f i r s t - o r d e r b r a n c h e s . Each of these e i the r t e r m i n a t e s at i t s 
o t h e r end (which i s a s e c o n d - o r d e r b r a n c h point) or it sp l i t s 
t h e r e aga in into p b r a n c h e s (which a r e of th i rd o r d e r ) , and so 
on. The o r d e r of the d e n d r i t e is the h ighes t o r d e r of a b r a n c h 
p r e s e n t in i t . F o r c o m p l e t e n e s s , a 0- th o r d e r d e n d r i t e i s a l so 
a l lowed, this c o n s i s t s of the 0 - th o r d e r b r a n c h a lone . 

A l t e r n a t i v e l y , if we c o n s i d e r a deve lopmen t in t ime 
r a t h e r than a s t r u c t u r e in space , a homogeneous p - d e n d r i t e 
r e p r e s e n t s a h i s t o r y in which a s ing le ind iv idua l f i s s ions into 
p i d e n t i c a l ind iv idua l s each of which e i the r d ies without 
d e s c e n d a n t s or e l se , f i s s ions into p new ind i s t i ngu i shab l e 
ind iv idua l s aga in . 

We sha l l be i n t e r e s t e d h e r e in the n u m b e r f (n) of 
P 

( topological ly) d i s t i n c t n - t h o r d e r p - d e n d r i t e s . Our i n t e r e s t 
i s mo t iva t ed p a r t l y by b io log ica l and p h y s i c a l c o n s i d e r a t i o n s 
r e l a t i v e to c e r t a i n s i m p l e b ranch ing p r o c e s s e s (number of 
v a r i o u s f a m i l y - h i s t o r i e s , n u m b e r of d i s t inc t d e n d r i t e s of a 
neu ron , p a r t i c l e - shower s, e t c . ) and p a r t l y by p u r e 
c o m b i n a t o r i c s . 
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2. H e r e we d e t e r m i n e the n u m b e r f (n) = f(n) of b i n a r y 

d e n d r i t e s . To begin with, we have 

( i ) f(0) = 1, f ( l ) = 1. 

Let n >; 0 and c o n s i d e r an ( n + l ) - s t o r d e r b i n a r y d e n d r i t e . 
T h e r e is h e r e one f i r s t - o r d e r b r a n c h point , a s shown in 
F i g u r e 1, and th is i s followed by two s t r u c t u r e s one of which i s 
an n - t h o r d e r d e n d r i t e (pos i t ion 1) and the o ther one an m - t h 
o r d e r d e n d r i t e (pos i t ion 2), with m <C n. 

r oo t 

pos i t i on 1 

pos i t i on 2 

F IGURE 1 

Suppose f i r s t that m < n. Then pos i t i on 1 can be filled by any 
one of the f(n) d i s t i n c t n - t h o r d e r d e n d r i t e s and, independent ly , 
pos i t i on 2 by any one of the f(m) m - t h o r d e r o n e s . Hence the 
to ta l n u m b e r of (n-f l ) -s t o r d e r d e n d r i t e s with m < n is 

(2) 
n - 1 

N = f(n) 2 
1 i = 0 

f ( i ) 

W h e n m = n, t h e n - t h o r d e r d e n d r i t e s i n p o s i t i o n s 1 and 2 c a n 
b e i d e n t i c a l , and t h i s c a n o c c u r i n f(n) w a y s , o r t h e y c a n b e 
d i s t i n c t , w h i c h c a n o c c u r i n 

f (n) [ f (n) - l ] / 2 

w a y s . T h e r e f o r e t h e t o t a l n u m b e r of (n- f - l ) - s t o r d e r d e n d r i t e s 
w i t h m = n i s 
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N 2 = f(n)[f(n) + l ] / 2 . 

Adding N and N we get the to ta l n u m b e r f(n+l) of d i s t inc t 

( n + l ) - s t o r d e r d e n d r i t e s : 

(3) f(n+l) = f(n) 

which m a y be w r i t t e n as 

n -1 
2 f(i) + (1 + f (n ) ) /2 

I i = 0 

(4) 

n - 1 
f(n+l) _ 1 -f f(n) 2 f(i). 

f(n) " 2 + i = 0 

Copying this equat ion with n r ep l aced by n - 1 , sub t r ac t i ng 
f rom (4), and r e - a r r a n g i n g , we get a non l inea r s e c o n d - o r d e r 
r e c u r s i o n for f: 

(5) f(n+l) = f(n) 
f(n) f(n) + f ( n - l ) 

f (n - l ) 2 

F r o m this and (1) we compute s u c c e s s i v e l y 

f(2) = 2, f(3) = 7, f(4) = 56, f(5) = 2212, f(6) = 2595782 

and so on. It would be useful to have an expl ic i t f o rmu la for 
f(n) but this does not appea r to be easy to get . Some rough 
bounds on f(n) can be obtained as fo l lows. By (5) we have 

(6) 

t h e r e f o r e 

f2(n ) /2 < f (n +1) < 2f2(n ); 
O — O ~" O 

[ f 2 ( n )/zf/?.< f (n + 2 ) < 2 [ 2 f 2 ( n )f 
O ~~ O ~" O 

and g e n e r a l l y for a r b i t r a r y n and any fixed n 

2 " 2 n - l 2 n - i 2 n 

(7) [ r ( n o ) ] / 2 ^ < f ( n + n Q ) < 2 ^ ^ f (nQ ) ] . 
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3 . Throughou t th i s s e c t i o n we a s s u m e that p = 3 and we 
get a f o r m u l a ana logous to (5) for the c a s e of t e r n a r y sp l i t t i ng . 
Let f^(n) = f(n), put n >• 2 and c o n s i d e r an ( n + l ) - s t o r d e r 

t e r n a r y d e n d r i t e . In analogy to F i g u r e 1 we have now t h r e e 
pos i t i ons to be filled by t e r n a r y d e n d r i t e s of o r d e r s n, m , and k, 
with 0 <C k << m <_ n . Suppose f i r s t tha t k < m < n, then any 
k - t h o r d e r , m- th . o r d e r , and n - t h o r d e r d e n d r i t e s can fil l , 
independen t ly , the i r r e s p e c t i v e p o s i t i o n s and so the n u m b e r N 

of t e r n a r y d e n d r i t e s of (n+1)- st o r d e r , with k < m < n, i s 

1 

n -1 
= f(n) S 

m = l 

m- 1 
2 f(k)f(m) 

k=0 
(8) 

When k < m = n the c o r r e s p o n d i n g n u m b e r i s 

(9) N = f(n)[f-^V^l Vf(k). 
Z L L J k = 0 

When k = m = n, t h e r e a r e t h r e e c a s e s to c o n s i d e r b e c a u s e 
among the n - t h o r d e r d e n d r i t e s f i l l ing the t h r e e pos i t i ons t h e r e 
m a y be one, two or t h r e e d i s t i n c t o n e s . The to ta l n u m b e r N 

i s h e r e 

(10) N 3 = f(n) +f(n)[f(n) - l ] + f(n)[f(n) - l][f(n) - 2 ] /6 

= f(n)[f2(n) + 3f(n) + 2 ] / 6 . 

F i n a l l y , when k = m < n, the con t r i bu t i on to the to ta l i s 

n - 1 
(11) N . 

f(n) ? f(k)[f(k) + 1] . 
k=0 

Adding the n u m b e r s N . N , N o , N f rom the equa t ions (8), (9), 
1 Z 3 4 

(10), (11) we get 
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(12) 

n - 1 m - 1 f , .r . . -, n -1 
f(n+l) = f(n) r T f(m)f(k) +

I ^ n ^ l t W + i | z f ( k ) 

m = l k = 0 k=0 

n- 1 
+ ^ r f(k)[f(k) + 1 ] + ^ [ f 2 ( n ) +?f (n ) + 2] . 

2 k=0 6 

T h e r e f o r e 

(13) 

flSili . f V ) + 3f(n) + 2 = ^ " - 1
 m +f(nL±_l ^ 

f ( n ) 6 m = l k = 0 2 k = 0 

1 n " 4 

+ - Z f(k)[f(k) + 1]. 
k=0 

Denote the lef t -hand s ide of (13) by F(n); taking f i r s t d i f f e r ences , 
we get 

F ( n ) - F ( n - 1 ) = f ( n - l ) V f (k) + ^ L ± l f(n- 1 ) + îMjL^lAl ^ f ( k ) 

k=0 k=0 

+ | f ( n - l ) [ f ( n - l ) + 1] 
so that 

(14) 

Tl - ? 

TPf \ TPf A\ f ( n " 1 ) [rf x r r / , M r / „ X f(n) + f ( n - l ) 

F(n) - F ( n - l ) - [f(n) + f ( n - l ) ] - f ( n - l ) = T f(k). 
k = 0 

Denote the lef t -hand s ide of (14) by G(n) and put 

2G(n) 
H ( n ) = f(n) + f ( n - l ) 

so that (14) i s now s imply 
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n-2 
H(n) = Z f(k); 

k=0 

taking f i r s t d i f f e r ences again , we e l i m i n a t e a l l the s u m s and 
get 

H(n) - H ( n - l ) = f (n -2 ) . 

Subst i tu t ing s u c c e s s i v e l y for H, G, F, we get af ter s o m e 
ted ious a l g e b r a 

(15) 

f(n+l) = f(n)[£(n) + f(n- l ) ] [ f (n) + f ( n - l ) + f (n -2 ) ] /6 

+ f(n) 
f(n) + f ( n - l ) 

f ( n - l ) + f(n-2) 
f(n) f (n - l ) 

f ( n - l ) f(n-2) 
+ f ( n ) / f ( n - l ) . 

D i r e c t i n s p e c t i o n shows that f(0) = 1, f( l) = 1, f(2) = 3, 
the r e c u r s i o n f o r m u l a (15) y i e ld s 

now 

f(3) = 31, f(4) = 8401, f(5) = 100 130 704 103 etc . 

4 . It i s p o s s i b l e to ob ta in in the s a m e way s u c c e s s i v e 
f o r m u l a s , ana logous to (5) and (15), for f (n), f (n), e t c . 

4 5 
However the i r complex i ty g r o w s v e r y r ap id ly , and a r e c u r s i o n 
f o r m u l a valid f o r a g e n e r a l f (n) a p p e a r s to be difficult to get . 

We shal l obta in ins t ead the g e n e r a l ana logue of (3) and (12). 

Cons ide r an (n + 1 ) - s t o r d e r p - d e n d r i t e . R e f e r r i n g to 
F i g u r e 1. we have h e r e p pos i t i ons to fill i n s t ead of two, 
and we suppose that the j - t h pos i t i on con ta ins a p - d e n d r i t e of 
o r d e r k . . To m e e t the e n u m e r a t i v e cond i t ions we m u s t have 

J 

(16) 0 < k < k < . . . < k = n. 
- 1 - 2 - - p 

It i s i m p o r t a n t to know w h e r e the s t r i c t inequa l i ty o c c u r s b e t w e e n 

= 1 , . . . , p - 1 . k and k 
i i+1 

P- 1 T h e r e a r e 2 s e q u e n c e s of 

p - 1 s igns each of which is " < " or " = "; any such s e q u e n c e 
wil l be denoted by r and ca l led an o r d e r i n g , and the se t of a l l 

>P"! o r d e r i n g s wil l be denoted by R. Once an o r d e r i n g r ç R 
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i s given, the mono ton ic i ty p r o p e r t i e s of (16) a r e known; fu r the r , 
i r r e s p e c t i v e of the v a l u e s of the ind ices k. two different 

o r d e r i n g s wil l lead to d i f ferent (n-f l ) -s t o r d e r d e n d r i t e s . 
Let r ç R, if in r we find a sequence such as 

k = k = . . . = k < < k = k =. . . = k < . . . 
1 2 m i i+1 i + m - 1 

or . . . < k j = k = . . . = k 
p-m-f l p - m + 2 p 

we ca l l it a s tep of length m . In p a r t i c u l a r , 

k j < . . . , . . . < k. < . . . . . . . < k 
l i p 

a r e s teps of length 1. Let g = g(r) be the to ta l n u m b e r of 
s t eps in r and let m . = m . ( r ) be the length of the j - t h 

c o n s e c u t i v e one (j = 1 , 2 , . . . , g(r)) so that 

g(r) 
1 < g(r) < p, Z. m . ( r ) = p . 

j = 4 J 

Cons ide r now the j - t h s tep , of length m . ( r ) ; this c o r r e s p o n d s 

to f i l l ing m . ( r ) pos i t i ons with p - d e n d r i t e s of the s a m e o r d e r , 

say s . . By the e n u m e r a t i o n condi t ions of the p r o b l e m we dea l 

h e r e with combina t ions in which r e p e t i t i o n s a r e al lowed, and 
t h e r e a r e f (s ) p o s s i b i l i t i e s of filling each pos i t ion . T h e r e f o r e 

P j 
the m . ( r ) pos i t i ons can be filled in 

f (s.) + m . ( r ) - 1 
P J J 

m . ( r ) 
J 

w a y s . Hence the n u m b e r of ways in which a l l the pos i t ions can 
be filled, once the o r d e r i n g r as wel l as the va lue s of the 
i nd i ce s s . a r e fixed, i s 

J 

g ^ r ) / f (s.) + m . ( r ) - 1 

j = l \ m . ( r ) 
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Allowing for suitable variation of indices s. corresponding to 

the same ordering r, we find that the total number of ways of 

filling all the positions for a fixed ordering r is 

n-1 
2 

s , t t = g ( r ) - 2 
g ( r ) - l ^ 

s - 1 s - I s - 1 
4 3 2 g ( r ) 

s =2 s = l s =0 j = l \ 
? 2 1 

f ( s . ) + m . ( r ) - 1 
P J J 

m . ( r ) I 
J 

p-1 
Summing over all the 2 orderings to get the grand total 
number of ways of filling all the positions we get finally 

(17) 

f (n+1) = S 
P r € R 

n - 1 V 1 V 1 S 2 _ 1 g ( r ) / f ( s . ) + m . ( r ) - l l 

s . . . s s s n P J
/ x

J 

*(r)-l ? 2 1 

which generalizes (3) and (12) to arbitrary p. 

p- 1 
Of the 2 terms in the square brackets there is exactly 

one, namely 

( f p ( n ) + p - l \ 

containing no summation; this corresponds to having all p 
positions filled with maximal (n-th order) dendrites. Therefore 

(18) 

f (n+1) 
P 

-f (n) +p- lx 

P 1 
n - 1 s -1 ŝ  1 s - 1 . . 

4 3 2 g(r) 
. . . S 2 2 2 s n f (s.) + Q 

S p _ i = P - 2 s 3 = 2 s 2 = l 8 1 = 0 j = l P J P -

where the first term on the right corresponds to all p positions 
having dendrites of different orders (assuming that n is large 
enough) and has p-1 summations, while Q is the sum of all 

p-2 
the other terms, each of which has < p-2 summations. Denote 
the-left-hand side.of (18) by F(n); taking first differences one 
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finds that F(n) - F ( n - l ) is of the f o r m 

(19) f ( n - l ) S + T + T + . . . + T + T 
p 1 p - 3 p - 4 1 0 

w h e r e S i s a s ingle t e r m with p-2 s u m m a t i o n s , and T. i s a 
1 l 

sum of t e r m s with i s u m m a t i o n s . One r e p e a t s now the s a m e 
n u m b e r - o f - s u m m a t i o n s r educ t ion p r o c e d u r e by taking the f i r s t 
d i f f e rence of 

G(n) = [F(n) - F ( n - l ) - TQ ] / f (n-1) 

to get an e x p r e s s i o n s i m i l a r to (19): 

G(n) - G ( n - l ) = <p[i (n), f (n - l ) ]S^ + T ' _ 4 + . . . + T^ 

w h e r e <p is a r a t i o n a l funct ion. The whole p r o c e s s i s c a r r i e d 
out p - 1 t i m e s and one ends up with a non l inea r p - s t e p r e c u r r e n c e 
r e l a t i o n 

f (n+1) = R[f (n),f (n-1), . . . , f (n-p + 1)] 
P P P P 

w h e r e R is a r a t i o n a l function with in t ege r coef f ic ien t s . 

B e l l Te lephone L a b o r a t o r i e s , Inc . 
M u r r a y Hil l , New J e r s e y 
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