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Abstract

We consider the extremes of the logarithm of the characteristic polynomial of matrices from the CSE ensemble.
We prove convergence in distribution of the centered maxima (of the real and imaginary parts) toward the sum
of a Gumbel variable and another independent variable, which we characterize as the total mass of a ‘derivative
martingale’. We also provide a description of the landscape near extrema points.
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1. Introduction

The Circular-8 ensemble (CSE) is a distribution on n points (e'“!, e/“2, ..., ¢'“r) on the unit circle
with a joint density given by

1
Zn

l_[ le?“i — !k Pdw, - - - dw,. (1.1)

B 1<j<k<n

In the special case of 8 = 2, this is the joint distribution of eigenvalues of a Haar-distributed unitary
random matrix. The characteristic polynomial X,,(z) = ]—[;‘:1(1 — ¢!®iz) of the CSE has attracted a
considerable interest, for its connections to the theories of logarithmically-correlated fields and (when
B = 2) analytic number theory.

A particular quantity of interest is M,, := max,;=; log |X,(z)]. Let

my, =logn — %loglogn. (1.2)

The random matrix part of the Fyodorov—Hiary—Keating conjecture [FHK 12b] states that in the special
case that 8 = 2, M,, — m,, converges in distribution toward a limiting random variables R,, with

P(R; € dx) = 4¢* Ko(2¢¥)dx. (1.3)

It was later observed in [SZ15] that the probability density in (1.3) is the law of the sum of two
independent Gumbel random variables.
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For general 8 > 0, an important step forward was obtained by [CMN18], who proved that M,, —
\2/Bm,, is tight. One of our main results strengthens this to convergence in distribution and gives a
description of the limiting law.

Theorem 1.1. The sequence of random variables M,, — |2/ Bm,, converges in distribution to a random
variables Rg. Further,

1
Rg=Cp+Gp+ ﬁ log(%B(B)), (1.4)

where Cg is an (implicit) constant, G g is Gumbel distributed with parameter 1/+/2f8, and B« (B) is a
random variable that is independent of Gg.

Remark 1.2. We identify below (see Theorem 1.6) B (8) as the total mass of a certain derivative
martingale. For a specific log-correlated field on the circle, [Rem20] computes the law of the total mass
of the associated GMC and confirms the Fyodorov-Bouchaud prediction [FBOS] for it. It is possible
(and even anticipated, especially in light of [CN19]) but not proved that the distribution of A, is also
Gumbel. If true (even if only for 8 = 2), Theorem 1.1 would then yield a proof of the random matrix
side of the Fyodorov-Hiary-Keating conjecture [FHK12b].

Theorem 1.1 is a consequence of a more general result, which gives the convergence of the distance
between certain marked point processes built from a sequence of orthogonal polynomials and a sequence
of (n-independent) decorated Poisson point process. This general result also applies to the imaginary
part of log X;,(z) (and thus allows for control on maximal fluctuation of eigenvalue count on intervals).
We postpone a discussion of Theorem 1.1 and a historical context of our results to after the introduction
of the necessary preliminaries and the statement of our more general results.

1.1. OPUC preliminaries and formulation of main results

A major advance in the study of M,, was achieved in [CMN18], who used the Orthogonal Polynomials
on the Unit Circle (OPUC) representation of the CSE measure due to [KNO4]; we refer to [Sim04] for
an encyclopedic account of the OPUC theory. Let {y; } be independent, complex, rotationally invariant
random variables for which |y |? = Beta(1, 8(k + 1)/2) — that is, with density on [0, 1] proportional to
(1 — x)PUk+D/2=1 The Szegd recurrence is, for all k > 0,

(CI)k+1(z)) - ( Z —7_k) (q)k(z)) {QO(Z) =1, } (L5)
Q@) \=vez T \@L)) @k (2) = XD (1/7).
where @ and @ are polynomials of degree at most k. Define in terms of these coefficients the Priifer
phases

Wia1(6) = Wi (6) +6 — 28(1og(1 - ykei“"k“’))), Wy (6) = 6, (1.6)

where here and below, we take the principal branch of the logarithm with discontinuity along the
negative real line. Then, W, (-) may be identified as a continuous version of the logarithm of 6 —
i Py (')
! (D;:’ (i)
representation for the characteristic polynomial X,, by setting o to be a uniformly distributed element
of the unit circle, independent of {yx : k > 0}, and setting for any 6 € R,

% log(e ) (see [CMN18, Lemma 2.3]). These polynomials {®} } can be used to give an effective

X, (e'?) = @7 (') —ae'®,_1(e'?) = ®F_ (e'%)(1 — ae’1(D), 1.7
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See [CMN18, (2.2)] for details of the demonstration, based on [KN04, Proposition B.2], that this indeed
has the law of the characteristic polynomial of CSE.
The polynomials {®; } satisfy the recurrence

log @}, (e'?) = log @ (¢'?) +log(1 — yre Tk, 5 (') = 1. (1.8)

We also recall the relative Priifer phase [CMN18, Lemma 2.4] given by the recurrence

Uit (0) = yi(0) + 0= 23 (log(1 = e @) —log(1 = y0) ). wo(0)=6.  (19)

In law, {y(0) : k € N, 60 € [0,27]} is equal to {W, () — P (0) : k e N, € [0,27]}.
We will be interested in the extreme values of the fluctuations of real and imaginary parts of log ®*,
for which reason we will formulate our results in terms of the recurrence

#s1(6) = i(6) + 2R {er(log(1 = yie ™ ) )}, go(6) =0, (1.10)

where o is one of {1,+i}. Then, for o = 1, r(-) = 2R 1log®; (-), while for o = i, ¢r(-) =
—28 log @} (-). The entire analysis of ¢ occurs for a fixed o, and so we shall not display the dependence
on o.

Formulation of main results

We already stated our main result concerning the maximum of the real part of the logarithm of the
characteristic polynomial. In this section, we describe the rest of our results.
We recall the following, with m,, =logn — % loglogn as in (1.2).

Theorem 1.3 [CMNI8]. For any o € {1, xi}, the centered maximum maxgejo, 2719n(0) =8/ my is
tight. The same holds for the real and imaginary parts of the logarithm of the characteristic polynomial.

We shall expand upon this result and show that, indeed, this maximum converges in distribution.
Moreover, we shall show that the process of almost maxima converges. The following result, which
complements Theorem 1.1, yields the convergence in law of the centered maxima of ¢,,.

Theorem 1.4. For any o € {1, i}, the centered maximum maxgejo, 22]¢n(0) —8/8 my, converges in
law to a randomly shifted Gumbel of parameter \J2/B. In the notation of Theorem 1.1, the limit is
Cg + ZG/‘; ++/2/Blog B, where G,g has the same law as Gg and Cg is an (implicit) constant.

Remark 1.5. By the distributional identity,
(log % (6) : > 0) Z (log @;(~6) : 6 > 0),

which follows from the conjugation invariance of the law of y; and the symmetry =23 log(1 — z) =
23 log(1 — 7), the case of o= = —i in Theorem 1.4 follows similarly to the case of o~ = i.

To describe the random shift, we need to introduce some machinery.

1.2. The derivative martingale

We will need the so-called derivative martingale. Define the random measure and its total mass

é 1o 2r
Dy (0)dO = ﬁe\ﬁ“’k“’) lgk(\/ilogk—\/ggok(e)LdH and By = De(0)do.  (1.11)
0
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We equip the space of finite measures with the weak-* topology, and then we show that this measure
converges almost surely. We recall (see (1.10)) that ¢y (+) coincides with either twice the real or imaginary
parts of log @, (depending on o).

Theorem 1.6. For any o € {1, +i} and any 8 > 0, there is an almost surely finite random variable B,
and an almost surely finite, nonatomic random measure D, so that
a.s. a.s.
D,id0 — Dos  and  RByj —— B

Furthermore, for any € > 0, there is a compact K C (0, o) so that with

x(6) = 1{(v§10gk B0 logk ¢ K},

it holds that for any k € N,

2n B o
P(/ e\ﬁ“’k“’” e V2 log k - \/%ok(e)b((e)de > e) <e. (1.12)
0

This is shown in Section 9. We remark that (9,, : j € N) is not in fact a martingale, but it is easily
compared to a process (9%,; : j € N) which is a martingale (see Section 9 for details).

Remark 1.7. We do not claim that %, is positive almost surely in Theorem 1.6. However, by combining
Theorem 1.6 and 1.4 with tightness of the recentered maximum (Theorem 1.3), we conclude that %,
must in fact be positive almost surely.

1.3. Sequential Poisson process approximation and extremal landscape

We introduce parameters {k, : p € N} which will be chosen large but independent of n. These
parameters will be taken large after n is sent to infinity. Moreover, they will be ordered in a decreasing
fashion so that k; > k;.;. We shall not attempt to find any quantitative dependence of how these
parameters are sent to infinity. All parameters will be assumed to be larger than 1.

We formulate several sequential extremal processes approximation for the processes of near maxima;
these extremal processes will be indexed by k. Divide the unit circle into consecutive arcs {/; ,,} by
the formula that for any j,n € N,

7 p Uk ik (1.13)

Iin: ).

To avoid cumbersome notation, we suppress the n dependence in /; ;,, writing IAJ instead, and we continue
to do soin the forthcoming D ,,, 0; ., W} . Let D, i, denote the collection of indices j = 1,2, .. ., [kl]} .

We let 6; = 6, , be the supremum of I/J\n Over each of these intervals, we define the process
Dj = Dj’n : [—27Tk1,0] b C,
(©;)(exp(i(0; + §))) - exp(=i(n + 1)94,-—\/%"1"), ifo=1, (1.14)

D;(0) = explen(t; + 0 3 o
plen( j+n) ﬁmn)’ ito =i.

This will serve as the decoration process, although we will not need to (and will not) prove their
convergence as k| — oo.

Remark 1.8. The choice of D ; in the case of o = 1 is motivated by the application to Theorem 1.1, which
concerns the characteristic polynomial. While the characteristic polynomial X, is coarsely approximated
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by the OPUC @7 _,, the coupling between them means the phase of @) | influences the modulus of
X So, to prove Theorem 1.1, it is insufficient to record only the modulus of @), whereas to prove
Theorem 1.4, one could take the definition used in the case o = i for both.

-1’

We next define for all j € Dy, random variables

—~

Wy =W, = max (g, (6)) - \/gm,,, (1.15)
&l

which is a local maximum, appropriately centered. We now define a random measure which we shall
show is well-approximated by a Poisson process with random intensity. Define a measure on Borel

subsets of
I = [0,27] x R x C([-27k1,0],C) (1.16)
by
_ okl .
Ex, = BExkl = Z 80,71, (1.17)
jEDn/kl

__ A central technical challenge will be to show that ¢, and Wy are essentially constant on the interval
I; for k = n/ky, and that hence, it suffices to track both ¢ and ¥y only at the point 6; € I;. In this
direction, it will be helpful to further decompose the local maximum V/V\, We define two new parameters
k;’ and %1 as functions of k; in such a way that ki’/l?l, gl/kl — oo, specifically:

kt = kyexp((logk1)®39) and &y = ky exp((log k) /2. (1.18)
We define n; = |n/ki], and we define 721 and n] analogously. Define

V; = Vo — B (6)). (1.19)

Define for Borel subsets of [0, 27] X (—o0,0] X C([-27ky,0],C),

etk
Ext, = Extj) = Z 8 01,0,V (1.20)
J eDn/kl
Note that the processes Ex;, and Ext,, are closely related; see the proof of Theorem 1.11. Our goal will

be to approximate the processes Ext, (and Ex,,) by Poisson processes with random intensity.

Toward this end, recall that an important strategy used throughout the analysis of extrema of branching
processes is effectively conditioning on the initial portion of the process, wherein the extrema gain a
nontrivial correlation. We will do the same and condition on the first Verblunsky coefficients. We use
the parameter k,, which we assume is a power of 2 (to apply Theorem 1.6), to refer to how many
Verblunsky coefficients on which we condition. We also use (F; : k € Ny) to refer to the natural
o-algebra generated by the sequence of Verblunsky coeflicients (yx : k € Np).

We will compare Ext, to the ,-conditional Poisson random measures [Tkik2 Hk"kz’/, [1k-k2”
with respective intensity measures

D, (0)dO X I(v)dv X pi, (v, df), D, (0)dO x I'(v)dv X pi, (v, df),
D, (8)d6 x I (v)dv X Pr, (v, df), (1.21)
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where
I(v) = \/gve"%{aog K10 <y < (log kT)9/1o},
I'(v) = \/gveml{(o.slog KO0 < v < (210g k]+)9/1o}
1"(v) = \/gve\rzvl{(ﬂog k10 < v < (0.510g k;r)9/10}.

Here and in many places below, we slightly abuse notation by using X to denote also products of
transition kernels (i.e., semidirect products). Thus, /” is defined over a slightly longer interval than 7,
and /" is defined over a slightly shorter interval than I. The law py, (v, ) is that of a random function
on 0 € (—2mky,0) which is related to the exponential of the solution of a family of coupled diffusions
II% () in an auxiliary time parameter (see (2.78) and (2.52)).

Remark 1.9. This process 11%(6?) consists of the terminal values of a coupled family of diffusions
(t = U2 (6)). This coupled family of diffusions can be related to the complex stochastic sine equation

[VV17] (see also the closely related stochastic sine equation [VV09, KS*09]). The extreme values of
this diffusion in € are then needed to describe py,, at least for how it appears here.

Similarly, the measure Ex,, will be approximated by a Poisson random measure with a random
intensity on the same space. This intensity on [0,27] X R X C([-27k},0],C) will take the form
of a product measure P, X Pi,, Where (g, : k1 € N) is a deterministic Radon measure on R x
C([-2rkq,0],C), which is constructed as follows. Let

(v, f) = max 0](—Wv+1og|f(x)|),fe-WV) (1.22)

xe[-2mky,
be a map of R x C([-2nky, 0], C) to itself, and let
Pi, (dv, df) denote the push-forward of I(v)dv X pg, (v, df) by ¢. (1.23)

We let IT%! be a Poisson random measure on I' := [0, 27] xRxC([-27k1, 0], C) with intensity D, XD/k\l .
We may define similarly IT¥1>" and IT%1>".
To compare point processes on I', we endow the latter with the distance

30((01. 21, f1), (02,22, f2)) = (dr(61,62) + |21 — 22| + [ 5211};{ o If1() = fo(0)]) A 1.

In terms of this, we define (compare with d{ from [CX11]) a Wasserstein distance on point configurations
&1 = Zﬁ] 5y,: and & = Z?:l 52,—

0, ifm=n=0,
01(é1, &) = {ming max;=1,...n 0 (i, 2r(i)), ifm=n>0,
1, if m # n,
with the minimum being the distance over all permutations 7 of {1,2,...,n}. Finally, for two point

processes Q1 and Q», we define the pseudometric

0(01,02) = (filngz) E(01(¢1,£2)),

with the infimum over couplings (£, &>) in which & ~ Q; and & ~ Q;. Note that this pseudometric
only depends on the laws of the point processes. These distances are somewhat unorthodox; we develop
Poisson approximations using these distances in Appendix A, as well as some comparisons of these
distances to other more standard metrics used in Poisson approximation.
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To get a comparison between Ext,, and the point processes IT%-%2 it is necessary to restrict to the

case that the maximum of the modulus of the decoration |D ;e V4/BVj| is sufficiently large. So, we set

T = (6,0, /) € [0.27] x B X C(1-2nk1,01,€) - _max If (e VHBY| e [k 1Y),

I, = ((0.0.) € 0,20 xR X C([-2nk1, 0. ©) - _max IF (e VHBY| > k1) (124)

In what follows, for any measure (or point process) Q on I', we write (#Q for the push forward under
the transformation that preserves the first coordinate and applies ¢ of (1.22) to the last two. Note that
under (#Q, the second coordinate of the point process can always be recovered from the third. Our main
result, which will imply Theorems 1.1 and 1.4, is the following convergence of marked processes. Here
and in the sequel, for a point process Il and a set B C I', we write II N B for the restriction of II to B
(ie., 1IN B(-) =II(- N B)).

Theorem 1.10. The restrictions of Extﬁ‘ and TT*-k2 1o Ty satisfy

limsup & (#1122 N T,), #(Extd NIy,)) = 0. (1.25)

ky,ki,n—o0

The same holds with TI¥1-%2" or TT¥R2" replacing TI¥%2 in (1.25).

The meaning of the lim sup is that the parameters are taken to infinity in order, with n followed by
k1 followed by k».

Similarly, to make a comparison between IT¥! and Ex,’i‘, we will only make a comparison in which
their second coordinate is in a compact set. Hence, we shall further restrict the space I" from (1.16) to

Ty, = [0,27] X [—k7, k7] x C([-27ky, 0], C). (1.26)

Theorems 1.10 and 1.6 lead directly to the following:

Theorem 1.11. For any k7 > 0, the restrictions of the point processes to fk7 satisfy

lim sup &, (1151 N Ty, Ex ATy, ) = 0. (1.27)

ki,n—0co

The same holds with TI¥""" or TI*"" replacing TI¥ in (1.27)

Equipped with Theorem 1.11, we can now complete the proof of Theorems 1.1 and 1.4, assuming a
technical estimate contained in Corollary 10.3.

Proof of Theorems 1.1 and 1.4. We give first the details for Theorem 1.1 since its proof is more involved.
Using (1.7), we have the representation for all z € C

Xn1(2) = @, (2) — az®,(2),

where we recall « is uniformly distributed on the unit circle and independent of ®,,. We begin by proving
convergence. From Theorem 1.3, as m;+; — m, — 0 as n — oo, the random variables

Ruet = maxlog [Xoe1 (2)] = y[Fmn
lzl=1
are tight. Let R, be any subsequential weak limit.
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We recall that @}, (z) = znm, and hence on the unit circle, we have
D,(2) =7"®p(z1) = Xpi(2) = @, (2) — a0 (z), for |z =1.
Thus, for |z| = 1, we have the representation of the log-modulus of the characteristic polynomial
10g | X,+1(2)] = log|®}, (2) — az"'®;,(2)] < log|®;,(z)| +log 2. (1.28)

Then using (1.14), we can represent R, by

_ 1 — —i6(1+1/n

By (1.28), the log-modulus of the characteristic polynomial can only increase by a log?2 over the
reversed OPUC @;, and so for any k7 sufficiently large,

Wj <-k7 = max . {log (|Dj(6)| - ?{(Ee—m(ul/n)Dj(g)))} < —k7 +log2.

96[—27{](1,

Let ¢, (x) = min{max{x, —k7/2}, k7/2} for all x € R. Then, on the event max Wj > —k7,

pottnn)= sy 00 (3 e 1o 10,01 w00, 0) ).

Wj>—ks

We would like to apply Theorem 1.11 to establish the convergence of this statistic. For this, we need a
Lipschitz bound on the mapping

Ex; Nk, = ks (Rust) (1.30)
with respect to the J; metric on point configurations. We note that there is n-dependence in the mapping

(1.30) beyond the n dependence in the process Ex,,, which we would like to remove. It follows from the
definition of the d; metric that (1.30) is C(k7)-Lipschitz. Moreover, the difference

g8 19 (108(1D;(0)] — R (@7 D;(6))) = b (log(1D;(0)] = R (@e "1 D (6)))|

1 .
< = C(k7)(C(k7) + L . [D;(6)]).

Now the mapping D;(6) — ¢y, (log(|D;(6)| — R(@e D ;(6)))) has a Lipschitz constant with
respect to the sup-norm that is bounded solely in terms of k7. Thus, if we define for each k; a random
variable by

2R¥ —log?2 = max { . [n;a)]i o (log(lf(O)I - R(@e f£(9))|: @,v,f) el n fk7},

then from Theorem 1.11 and the monotonicity of ¢,

lim lim sup sup E|#($x, (Ru+1)) — by (R¥))| =0,
9

ki—o  p 00
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with the supremum over all 1-Lipschitz real-valued functions . It follows that
Jim supE|#(¢1s (R.)) — 91, (R))] = 0.
| —00
Recall that R, is any subsequential limit point of {R, }, and hence, for any other subsequential limit R,

SI;PEIﬁ(Q%(R*)) - 9 (d, (RY))| = 0.

As k7 is arbitrary, it follows that {R, } has a unique weak-* limit point (i.e., it converges in law). We
also observe that since Theorem 1.11 also applies to IT¥>" or IT¥1>”, in place of IT¥!, the same argument
above holds if in the definition of R*!, we replace Ik by either of these. Hence, if we define Rk and
R¥” by making that replacement, then for all k7,

Jim sup(BI (@i, (R') = #(d, (R))| + El# (915 (RY) = 91y (R*))]) = 0.

We next characterize the limit. For that, it is enough to evaluate for fixed x € R the limit of the
probability P(R*1 < x) as k| — oo. Recall (1.29). For any a = ¢'¥ with § € [0,2n], any x € R and
any (6,v) € [0,27] X (—o0, 0] introduce the Borel subset of C([-27k;,0],C)

Ak () = {f : max o log (e_‘/%v(lf(n)l - ‘R(e_i('/;Jr”)f(n))) > 2x — logZ}.

4.0,y nel-2xk,
From the definition of IT¥1,
P(RM < x) = E ;P [there are no points (6, v, f) in 1% such that eWVf € Aj ol
and by approximation of the step function, we have for all x,

lim [P(RF < x) —P(R¥ < x)| +|P(R¥ < x) —P(R¥” < x)| =0.
1|00

Using the fact that IT%' is Poisson of random intensity, the last probability can be written as

Elﬁ B e L xPoo , where

Zyo= [ 100000 Ay )
Let

Fog(v) =pa (v max = dog (170l = R(e W™ f)) 2 ).

From Corollary 10.3, we have that uniformly on compact sets of @ and y and uniformly in |v| <
(IOg k1)17/18,

. —J4q) = - i (1) — .4
Fpptvvay=Fo)=py(vea.  max 1oz (£l =R ) 2y - [fa)

= e‘/§0+0k1 Pk, (V, max log (|f(77)| - ‘R(e_i(%—n)f(n))) = y)
7]6[—27!/(],0]
= o V2aroy Fﬁ,l&("’”'
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Note that due to the random phase in the definition of py,, the function Fﬁ’l&(v, y) is actually
independent of i/, and we can write Fg(v,y) = Fg ;(v,y). Then, using the change of variables

v=w-— gx and setting J = [(log k?)l/lo, (log k;r)g/lo],
T, = [ veVFE (v,2x —1lo 2+\/zv)dv
v,x 7 BV g B

B
= (w-— Ex)e 2W_\/;XF (w— By, x —log2 + {[2v)dw.
N 4 B 4 B
Blax+J
= /ﬁ/4 J(W — \/éx)e\/iw—@xmkl Fg(w,—log2 + \/%v)dw,
V X+

In particular, Z; , does not depend on J, and we can omit it from the notation. Since x is fixed, we

obtain for w in the stated interval that (w — \/éx) /w =140 (1). Hence, if we let Z and Z/ to denote
T, with I, I'" replacing I, respectively, we obtain

T (1+ 0k, (1) < VBT, < T/(1+ 04, (1)). (1.31)

Using that all of the distributions functions of R¥1, R*', R¥1-" converge together in the limit, we
conclude

1 2 . . B
lim P(R" < x) =E§/O o B VBAg 4 =B VP g,

k1—>oo

where
— V2w _ 4
Ag= [ we'™" Fg(w,—log2+ ﬁv)dw (1.32)
J

is a constant that does depend on ¢, and which takes values in (0, co) due to tightness.

The proof of Theorem 1.4 is identical, except that instead of working with R,, as in (1.29), we can
work directly with ¢,,, and in the right-hand side of (1.29), one replaces the expression by log D ;(6),
resulting in a simplification of the proof. O

Theorem 1.11 is a direct corollary of Theorem 1.10 and some estimates from Section 2 below.

Proof of Theorem 1.11. Note first that from the data (6;, V;, l)je4/ﬁ".f), we can express the triple (6,
W, D)) by a continuous transformation of the second two coordinates using ¢, viz. (W;,D;) =

t(Vi,Dje V4/B Vf). Moreover, this maps Iy, to fk7. Furthermore, the transformation ¢ is Lipschitz with

some constant L(k7) when restricted to this set. Let P = IT1¥1-%2 0 I't, and Q = Extf,‘ NI'x,. Hence, for
any k,

8, (T5 N Ty, ExKI AT, ) < L(k7)82(Q, P) + 82(2(P), TTM N Ty,), (1.33)

where 1(P) is a Poisson point process on fk7 with intensity Dy, (6)d6 x pi, and where we recall that
Pk, is the pushforward of 1(t)dt X py, (¢, df) under ¢, which is a Radon measure. The first term in (1.33)
goes to 0 from Theorem 1.10.
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‘We now turn to the second term. Define for any two finite Borel measures on I,

/ng(7r - /1)',

with the supremum over all g with both |g(x) — g(y)| < do(x,y) forall x,y € I" and |g(x)| < 1 for all
x € I'. We need the following bound:

dgp (7, A) = sup
g

sup Px, ([—k7, k7] X C([-27k1,0],C)) =t maxp < oo a.s., (1.34)
ki

which is shown in Lemma 2.24 (in the notation of that lemma, it is ). If f : fk7 — R s a 1-bounded,
1-Lipschitz function with respect to dy, we therefore have

'/f F (0, 9) (Do (dx) = Do (dx) ) i, (dy)

< sup / 8(x) (D, (dx) — Do (dx))| max p,
g [0,27]

where g ranges over all the fibers f(-,y) over all y € [—k7, k7] X C([-27ky,0],C). These are all
1-bounded and 1-Lipschitz with respect to the metric d(x, y) = (|x — y| A 1). It follows from Arzela-
Ascoli and Theorem 1.6 (which gives almost sure weak-* convergence of 9y, to &, and the almost
sure finiteness of P, ) that

J (6, 3) (D, (dx) = Do (dx)) P, (dy)| =0 a.s.

T,

lim sup
kz,k1—>00

Hence, again by Arzela-Ascoli, taking supremum over all such f, we conclude

lim sup dp (D, X Piy>» Do X Piy) =0 a.s.

kz,k1—>oo

Hence, from Theorem A.2, 6, (t(P), nknt k) — 0as k; — oo followed by k» — oo, which completes
the proof for IT%1.
The proof for IT¥>" and IT¥-" is identical. O

1.4. Imaginary part of the log-determinant

The following corollary, which handles the imaginary part of the logarithm of the characteristic polyno-
mial, follows from Theorems 1.10 and 1.11 in the same way that Theorem 1.1 followed from them; some
adjustments are necessary because J log X, () takes values on a (shifted) lattice; see (1.35) below.

Corollary 1.12. There are deterministic constants a, € [0,2n] and almost surely finite random vari-
ables 1, so that

d
max {25 log X,,(0) — n6} — 1/%mn an L) I, and
0¢€l0, n—oo

(d)

Hr[r(l)ln {23 log X, (9)—n9}+\/7mn+an-——>1_
€

The adaptation of the proof needed to handle here the discreteness is somewhat simpler than that

needed in the case of lattice valued branching random walks, as described in [BDZ16a, Section 5]; this
is because the effects of discreteness here are only felt in the ‘decoration’ process.
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The imaginary part of the logarithm of the characteristic polynomial is related to the eigenvalue
counting process of the CBE. Specifically, we take an increasing version of the map

0 — no — 29 (log X, (e'?) —log X,,(1)), (1.35)

(cf. Lemma 2.1 below) which in fact counts 2z[{j : 1 < j < n,-w; € [0, 6]}, at all those & except
{-w1,-wy,...,—w,}. This has the same law (as a process in 6) as

N,(0) =2rl{j:1<j<nw;€l0,0]}.

As {log X,,(1)/+/logn} becomes a centered Gaussian (this follows from Proposition 2.2 with some
minor adjustments) and

29 log X, (6) — né —\/E
(-Jen[l()z,l?n]{ 0g X, (6) — n6} BMn

is tight, it follows that

{ max {N,(0) —n0} — \/gmn ‘ne N}

0€[0,2x]

is not tight, and in fact when scaled down by +/logn converges in law to a centered nondegenerate
Gaussian.
However, the maximum over all arcs of the centered counting function admits the representation

<
N, (83) — N, (6)) —n(6, —6;)} = 29 log X,,(6) — nf
ngfgéﬂ{ (62) (01) —n(6, 1)} géﬂf,‘?n]{ 0g X, (0) — nb}

- i 23 log X,,(0) — nb}.
pomin {2910g X, (6) —nb}
This motivates understanding the joint convergence of the maximum and the minimum of the imaginary
part of the logarithm of the characteristic polynomial, which we do not pursue here.

Conjecture 1.13. The convergence in Corollary 1.12 holds jointly.

Note that in the model of Branching Brownian Motion, the analogue of Conjecture 1.13 was recently
proved in [SBM21]; see also [BKL* 24].

1.5. Related literature

The analysis in this paper falls within the topic of logarithmically correlated fields. Indeed, in the
case of 8 = 2, it was shown in [HKOO1] that the process ¥;,(z) = {log|X,,(z)|}|z|=1 is logarithmically
correlated in the sense that for any smooth test function ¢ on S' with / ¢(0)dO = 0, the random variable

Yy = (2m)! OZR Y,,('%)¢(0)d6 converges in distribution to a centered Gaussian random variable with

variance Zfz_m ‘gﬁlf, where <§k is the k-th Fourier coefficient of ¢. See also [BF97, KS00, Wie02] for
related results. Note that the above variance expression corresponds to a generalized Gaussian field with
correlation having singularity of the form —log |6 — 6’|.

For Gaussian logarithmically correlated fields, the study of the maximum has a long history, going
back to the seminal work [Bra78, Bra83] concerning Branching Brownian motion (BBM). Bramson
introduced the truncated second moment and barrier methods that are the core tools in all subsequential
analysis (see [Rob13] for a modern perspective). Extremal processes for the BBM were constructed in
[ABBS13] and [ABK3]. Following some earlier work on tightness and rough structure of the extrema,

the extension of the convergence of the maximum to the discrete Gaussian free field in the critical
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dimension 2 was obtained in [BDZ16b] and (for the extremal process) in [BL18]. See [Bis20] for
an updated account, and [Zeil 6] for an introduction. A convergence result for general log-correlated
Gaussian field is presented in [DRZ17]; see also [Mad15].

In the physics literature, the notion of freezing in the context of extremal processes of logarithmically
correlated fields arose in the seminal work [FBO8]. The link between the freezing phenomenon and
extremal processes of the decorated, randomly shifted Poisson type was rigorously elucidated in [SZ15].
The highly influential work [FHK12b] (see also [FHK 12a]) applied the freezing paradigm to making
predictions for the maximum of the logarithm of the modulus of the characteristic polynomial of
CUE matrices (see (1.3)) and, using a conjectured dictionary going back to [KS00], made predictions
concerning the maximum of the Riemann ¢ function over short intervals of the critical axis. This has
stimulated much work, both on the random matrix side (which we will review shortly) and on the
Riemann side, for which we refer to [ABB*19] and [ABR23] for the latest progress on verifying the
FHK conjectures for the Riemann £ function.

On the circular ensembles side, the first verification of the leading order in the FHK prediction was
obtained in [ABB17], followed in short order by the verification of the second-order term [PZ18]; both
works used explicit computations facilitated by dealing with 8 = 2 and a decomposition of the log-
determinant according to Fourier modes for the former or to spatial approximations for the latter. It
was [CMN18] who introduced the use of Verblunsky coefficients and the Szegd recursions in (1.5) to
not only handle arbitrary 8 > 0 but also obtain the tightness of M,, — m,,. Along the way, [CMN 18]
derived various Gaussian approximations and barrier estimates that are fundamental for the current
paper.

The analysis for CSE has natural analogues for Hermitian ensembles of the GSE type. We mention,
in particular, [FD16] for an early application of the freezing scenario in that context. More recent work
includes [LP19, ABZ23, CFLW21, BMP22, BLZ23]. At this time, the results in the Hermitian setup
are much less sharp than for circular ensembles.

An important role in our analysis and results is played by the derivative martingale measure P, (d6)
and its total mass %, both related to the theory of Gaussian Multiplicative Chaos (GMC); see [RV 14]
for a review. This is not surprising — the appearance of such martingales in the expression for the
law of the maximum of the BBM was discovered already in [L.S87]. Subsequentially, it appeared in
the analogous studies for Branching Random Walks [A1d13], in the context of the Gaussian free field
[DRSV 14, BL18] and for more general log-correlated fields [Mad15]. As noted above, for a specific
log-correlated field on the circle, [Rem20] computes the law of the total mass of the associated GMC
and confirms the Fyodorov-Bouchaud prediction [FBOS8] for it.

We also mention that for a related model, [CN19] provide a direct link with the relevant GMC.
Their work implies convergence of the random measure |®7|” (¢!?)d6 when y = =2 and B > 2. After
appropriate rescaling, this measure converges to the GMC of [FB08, Rem20, CN19] rescaled to be a
probability measure. Note that the exponent y = —2 never quite appears in the problem we consider,
and for any S, the relevant vy is the positive critical point. When g = 2, the full Fyodorov-Hiary-Keating
conjecture would follow from convergence of &, (6)d6 (which up to rescaling) to the same GMC; this
is expected to have the same limit as v/log 1|® | (¢'?)d6 (up to constants).

Very recently, [LN24] gave a proof of convergence of the random measure |®:|” (e'?)df to the
(subcritical) GMC whose total mass was evaluated in [Rem20], for all y < @ Their techniques
might be relevant to the evaluation of the law of 9., which corresponds to the case of critical
GMC.

1.6. A high-level description of the proof

We now provide a high-level description of the proof that glosses over many important details. A detailed
description of the proof that includes precise statements is provided in Section 2.

As in [CMN18], the key observation is that the recursion (1.10) contains all information needed in
order to evaluate the determinant, due to (1.7). For fixed 6, the variable ¢ (6),k = 1,...,n can be
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well-approximated by a random walk, and further, for all k large, the increments of the random walk are
essentially Gaussian.

We explain the strategy toward the proof of Theorem 1.4. We fix large constants k1, ko (with k| > k»).
Instead of directly studying the field ¢,,(0), 6 € [0, 27], we consider a sublattice D,, /i, of angles 6, of

cardinality [n/k;], and we associate to each an interval /; ,, as in (1.13). We write

©n(0) = 01, (0) + (P, (0) = 01,(0)) + (0n(0) = i, (0)) =2 01, (0) + Ay i, (0) + Ay (6),

and

max ¢,(0) = max max (t,okz(ﬁ) + Ay on/k, (0) + An/kl,n(ﬁ)).
0€[0,27] J 0el;,

We claim that the last expression can be approximated as

max (1, (0)) + sty (07) + X Ay n(0)). (136)
HEI_,”H

(This is not quite right, and in reality, we will need to consider an intermediate point n/k} with kT > ki,
but we gloss over this detail at this high-level description.)

To analyze the maximum in (1.36), we introduce the field f, j(n) = A,k (0 + n/n), with
n € [-2nky,0] and A defined above (1.36), and write (1.36) as

max (‘%(91’) +Akynjky (07) +  max fn,j(ﬂ)) =: max (9%(91) + At (0) + A7, n(f))-
J ne[-2rk;,0] J ’
(1.37)

The main contribution to the maximum comes from js with Ag, ./« (8;) large, of the order of

\/W (m, —log(k1k>)). However, the Ay, »/k, (j) are far from independent for different j. In order to
begin controlling this, we introduce two ‘good events’: a global good event &,,, which allows us to
replace the recursion by one driven by Gaussian variables (called 3,(6) and taken for convenience in
continuous time) and also impose an a priori upper limit on the recursion, and a barrier event %, which
ensures that the Gaussian-driven recursion 3, (6) stays within a certain entropic envelope. We will also
insist that 3,,/x, (6;) stays within an appropriate window. These steps are similar to what is done in
[CMN 18], and they prepare the ground for the application of the second moment method.

We next claim that the fields f, ;(17) converge in distribution to the solution of a system of coupled
stochastic differential equations as in (2.52) (again, this is not literally the case and requires some pre-
processing in the form of restriction to appropriate events and using k7 as before). In particular, the laws
of those fields are determined by the Markov kernel pi,. Further and crucially, the fields f, ; can be
constructed so that for well-separated js, they are independent. This analysis is contained in Sections 5
and 6.

As in many applications of the second moment method, to allow for some decoupling, it is necessary
to condition on F,. We need to find high points of the right side of (1.37). The basic estimate, for a

given j, is that with w; = v/8/Blog k> — ¢, (6;),

ve?Vw e Wi
B(A syt (0) ~ VBIBmy ~log(ki ko) = v) | Fa ) ~ C—L—. (1.38)

n

This estimate (after some pre-processing) is taken from [CMN18]; see Appendix B.
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Table 1. Table of large constants. For p < q, k, > k.

Symbol Ref. Meaning

ki (1.13) The width (and height) of the ‘bushes’ (i.e., the size of decorating processes), which are deep in
the tree.

ki, ki (1.18) Height parameters, which are larger than k; by a multiplicative factor which is subpolynomial in
kl . kl+ > kl .

ny, ny, iy (1.19) The floors of n/ky, n/k{ and n/k;.

T.,T:, T, (2.43),(2.52) log k| — log kl", log k| — log k1, log k. These correspond to n;', 711 and n, in the timescale of the
decoration.

ko p-6 The height from the root of the tree (i.e., the count of initial Verblunsky coefficients), on which

the process is conditioned. Always taken as an integer power of 2. The derivative martingale is
adapted to (F, : k2).

k3 (2.60) The error tolerance of the approximating Gaussian process szf.

ky (2.15) The number of steps (in logarithmic time) that are not covered by the barrier event.

ks p- 21 The mesh spacing parameter.

ke (2.11) Generic good-event parameter, controlling the global maximum of ¢,, (8), the quality of the
Gaussian approximation, the definition of near-leader, and some downstream errors.

k7 Thm. 1.11 ‘Window in which the extremal process approximation is done.

Bj p- 19 Constant appearing in the CBE Verblunksy recurrence, B = +/ g (j+1)

If the variables {Ag, n/k, (6;) + A;/kl ,(J) : j} were an independent family, we would be at this point
done, for then we would have that

200, (6) + Bty () + Ay, () > NBIBmn +3) | T )

—2Wj

e o 2(V~—x)) - Dy (05) o,
C= By, ((V, x)e2Vi C e (1.39)
Hence, we have using independence over different j that
P( max ¢, (60) < VB/B(my +x) | Fi) ~ | | (1 - cg"z—(e")e-b‘) ~ exp(~C By, e ),
0el0.27] = 2 ‘ n/k ’

J

which would then yield Theorem 1.4.

Unfortunately, different js are not independent. We handle that through several Poisson approxima-
tions. First, we condition on &, i, and use the ‘two moments suffice’ method of [AGG&9] to show
that the process of near maxima (together with the shape (¢, (0) — ¢k, (0),6 € I/J-;)) can be well-
approximated, as k; — oo, by a Poisson point process of intensity m which depends still on k; see
(2.59) and Proposition 2.22. In the proof, the independence for well-separated js and the second moment
computations play a crucial role. (As mentioned above, we need to replace ki by kT > k; to make the
argument work; for this reason, we introduce a second Poisson approximation; see Section 2.6.)

This is close to the statement of Theorem 1.10, except that the Poisson process we obtained so far has
a random intensity, measurable on &, k- Our final step is another standard use of the second moment
method to show that this random intensity concentrates; see Section 2.9. As proved earlier in Section 1.3,
all our theorems, and in particular Theorem 1.4, follow from Theorem 1.10.

1.7. Glossary

For convenience and easy reference, we record in Tables 1-3 a glossary of notation.
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Table 2. Table of processes, other symbols.

Symbol Ref. Meaning

o (1.10) Either 1, i according to which log-correlated field is considered.

%) (1.10) The log-correlated field whose extrema is under consideration.

(o8 (1.8) The reversed OPUC.

¥ (1.6) The (absolute) Priifer phase.

I:- (1.13) An arc in the continuum which represents the domain of a decoration.
Hy, sz , Bk 2.4),2.1) Harmonic number, Gamma variable and its (square-root) mean.

I; (2.24) A discretized arc representing the domain of a decoration.

W 2.3) A complex Brownian motion with normalization E |8, |*> = 2.
3:(0)%, 3,(0) 2.5), (2.7 Standard real (and complex) Brownian motions so that

lpr (8) — \/%SHk | < k¢ for the k-th harmonic number Hy and for all

ky < k < n on the good event ?,zl from (2.11).

G (6) .7 Shorthand for \/gg,,k (6).

V/VJ« (1.15) The (shifted) maximum of the field ¢,, (6) over the arc IA_,« (1.13), with j ranging
over D,, /i, , the natural numbers up to [kl]-l‘

Vi, V]’ (1.19), (2.47) Value of \ﬁmnr — ®nt (6;) and its 3 approximation.

W; (2.25) The (shifted) local maximum of the field ¢,, (@) over the discrete mesh /;; see
above (2.25).

WJ’ , Wj" (2.47), (2.54) The local maximum of the field II%+ (0), respectively H’T’;j , over a discrete mesh
corresponding to I

D;, D;., D;’ (1.14), (2.48), (2.54) The decoration processes. The latter two are piecewise continuous.

AP * (2.13) Upper and lower barrier functions that control that support the paths of
near-leaders with width parameter p.

Af (2.45) A barrier that is used in the ray events &}, % ().

E{ s H{ s QB{ (2.43) The diffusion approximation to 2 log @* on the arc IA_,», the approximation to ¢

and the driving complex Brownian motion on time interval [7_, T ] (see above
(2.42)). The superscript j denoting the interval is suppressed when it will not
cause confusion.

Ex,., Extﬁ‘ (1.17), (1.20) Extremal point processes which are the main object of study.

Extr,,, Extre,, (2.50), (2.56) Simplifications of Ext,,.

I1(A) (2.59) Poisson process of intensity A.

Iki-k2 1k (1.21), (1.23) Limiting Poisson processes.

fk7 2Ty, FL (1.26), (1.24) The domains on which the points processes are considered.

D, (0), Br, (1.11) Derivative martingales, with limits P (d0), Bo from Theorem 1.6.

P,s (2.78), (2.55) Decoration laws, depending on ki, k4, ks. The s(h, -) is the law of D¢ (h) (for

any or all j). In the case of o = i, p and s are the same. In the case ofl o=1,
p(h, -) is the law of D‘,.’ (h) multiplied by a uniform phase.
m;,m,m,n (2.59), (2.79), (2.78) Intensity of Extre,, and its approximation and limit.

2. The arc of the proof

In this (long) section, we will give a proof of the main theorem, in which we defer many of the major
technical arguments to later sections. Each subsection, save for the first which contains preliminaries,
carries one of the major steps in the proof of Theorem 1.10.

2.1. Soft properties of the Priifer phases

We make here some elementary and important observations about the Priifer phases. The Priifer phases
have that 6 +— W (6) and 0 +— ¥ (6) are increasing functions of 6 € R (see the discussion in [KS* 09,
Section 2]). Furthermore, for any § € R and k € N, Wi (0 + 27) = W, (0) + (k + 1)2n.

It follows that the relative Priifer phase ¢/ () > 0 for all > 0 and all ¥ € N. However, more is true.
For any real number x, let | x],, be the largest element of 27Z which is less than or equal to x. Also, let
{x}2x = x — |x]ox. Then, we have the following:

Lemma 2.1. For 0 > 0, |y (0)]2x is a nondecreasing sequence in k. Also, for any k > 0,

{¥k(0)}2r = 6. -
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Table 3. Table of events.

Symbol Ref. Meaning

Im (2.8) The event where truncation of variables is possible.

B ks ks (2.10) Event that the recursion ¢ is below the entropic barrier at dyadic time points.

G, Lemma 2.4 Generic global good event, on which the Gaussian approximation |¢y () — \/g 3, | < 1holds,

the global maximum of ¢, () is in control (moreover, the whole process k +— supy -« (0)
stays below a concave barrier) and the driving random variables are truncated.

g} (2.44) Good event that relates { ¢y } to the diffusion Ul after time nj.

Z(0) (2.12) The event that ¢,, (0) is a near-leader — that is, ¢, (8) is at least \/gmn — k-

QA?(G) (2.15) The event that 3, (6) stays between two convex barrier functions (the entropic envelope of a
near-leader), up to time H,, — k4. In addition, the process stays below a concave barrier afterward.

N Def. 2.13 The event that the interval /; has nearly maximal values of ¢,, (), and in addition, the profile of
those near-maximal values are well-described by the mesh.

@;‘ @}', @_;" (2.26) The event that the profile of ¢5, (resp. @nts \P"T) is flat (has small oscillation) in the interval /;.

[ (4.25) The event that ¥x (0) has small oscillation in 6 for all k in k; < k < n}.

VAC)) (2.14) The event that 3, (0) is in a small entropic window.

925.’ (m) (2.27) The event that 3, (6;) (with 6; the largest element of Ij—) stays within the entropic envelope up
to time log m, with width parameter p.

R; (2.28) The event that all & € I; which are near-leaders (in that Z (0) holds) stay within the entropic
envelope.

9’; s 9’} (0) (2.46) Ray events for the decoration /. The latter event is that a single process # + U/ () stays
within the entropic envelope. The former is that all € in the decoration window which are near
leaders stay in the envelope.

Pi(6,h) (2.53) Ray events similar to 9/3}( 0), except with offset / that will correspond to height at time T5.

Ay, (2.49) Shorthand: &/; = @i(nf) no;n @}P and o/} = N N P, N ;. The first is (F,;)-adapted.

Zi, (2.60) The event that ZQkf () is close to 2(log @;, (¢'?) — log @, (e??)) for k in the bulk.

Proof. We claim that the function

(¥, 2) - ¢ — 29 (log(1 — ze') —log(1 - 2))

defined on [0, 27r) XD is nonnegative. Observe that the function is harmonic in z for fixed ¢ and bounded
below for all |z| < 1. Hence, by the Lindel6f maximum principle [GMO8, Lemma 1.1], the infimum
of this function over |z| < 1 is bounded below by its infimum over {|z| = 1} \ F for any finite set F.
However, —2J log(1 — ¢/?) = n — a for a € (0, 27), and hence for |z| = 1, the function takes values in
{0,27r}, except for when z € {1,e™"¥}.

Next we decompose, for any k > 0 and any 6 > 0,

Vet (6) = Y (6) + 6 = 23 (log(1 = ye™(?) ~log(1 = 1)

LWk () Lare + 6+ {1 (0) }or — 25(10g(1 — e WOy _jog(] — ?’k))
LYk (0) o +0 = [y (6)]or.

\%

Hence, the claim follows. O

2.2. Marginally Gaussian approximations

We follow [CMN 18] in introducing a family of processes with Gaussian marginals that well approximate
the OPUC recurrence. We recall that the Priifer phases can be expressed in terms of Gamma distributed
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random variables as

E; ~ Exp(1),

E; .
Yi = A /EJ- +JF]“. ¢®7,  where e~ Gamma(g(j + 1)), 2.1

©; ~ Unif([0, 27])

with all variables independent. We define the variables

X;=+\E;Re®, Y;=[E;Te%, and Z;=X;+iY;. (22)

Then {{Xj,Yj}:j > O} are jointly iid N (0, %) and independent of {Fj‘ j= 0}. Set B; = ‘lg(j +1),
noting that E['Y = 7.
We will also introduce a continuous time marginally Gaussian process (3;c : t > 0), which we shall

use for some comparisons. As {Z;} are independent standard complex Gaussians with E|Z;|> = 1, we
may enlarge the probability space to include a complex Brownian motion (28, : ¢ > 0) such that

[, 0,1 =2 forallz >0, and +/2Z = By,,, - Wy, forall k > 0, (2.3)
with
|
Hy = JZ::‘ 5 (2.4)

the k-th harmonic number (and Hy = 0). In terms of 9B, we define 3°(6) by
t
3°(0) = —/ e k) (O) gy + \/Blog ‘D*sz (e'?), (2.5)
Hy,

where for each k > 0, k(s) = k on s € [Hy, Hi41). Then by construction, we have the relationship

2 .
—w/mzke‘“"k“’) = 35,.,(0) = 35, (0), forallk > k. (2.6)

We also define 3, = ‘R(O'Sic) for all t > Hy,, which therefore satisfies that (3t+Hk2 - 3Hk2 :t>0)isa
standard real Brownian motion.
In [CMN18, Proposition 3.1], it is shown that we can approximate log ®; by ng.

Proposition 2.2.

lim sup sup |\/%3Sn(0)_210g‘p2(6i0)|20 a.s.
[0,27]

ky—=c0 >k, 9€[0.27

This is proven in [CMNI18] though not explicitly stated as such. A careful reading of [CMNI8,
Proposition 3.1] (in which {Sgk (0)} is denoted {Z (6)}) shows that their proof gives the statement in

Proposition 2.2, which is stronger than what is claimed in [CMN 18, Proposition 3.1]. We shall notate,
where convenient, the coupled Gaussian random walks

Ge(0) = \[43n, () forallk > k. @.7)
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Truncation

We will frequently need to truncate these variables. We let M € N be a fixed large parameter and define
an event I, on which

max |, — Wy

te[H;,Hj.] !

41og(j
P dloel) g 9 — Byl < 4yflog(j) forall M <j <. (28)
J

By the construction of B, this event controls the magnitude of E; = | X; +iY; |2. By adjusting the cutofFs
for 'Y, we may assume that on Ty, ]E[(F;‘ - ﬁ?)l{?]M}] = 0. We may further do this truncation in
such a way that P(J37) — 1 as M — oo. '

2.3. First moment simplifications

In this section, we will show that near-maxima typically arise with many simplifying features. All the
estimates in this section will use first-moment type estimates, which is to say that we will control the
expected number of j € Dy, such that W; is large without some other simplifying properties taking
place.

2.3.1. The upsloping barriers

We will use the same barrier functions employed in [CMN18], so as to reuse as much of the machinery
developed there. We begin by introducing a high barrier A, which can be used to give a priori bounds
on the growth of the processes n — ¢, (0):

£,)1/100 if H, < 11
AF=AS® —hy {( 0 i Hi = 3 log(n) 2.9)

k (H,, — Hy)'/100 _ %log logn if % log(n) < Hy < Hy,

where we recall that Hy, = Zf |

We let BB, i,k be the event that the process is below this barrier at all 6 € [0, 27r] at dyadic time
points and at the final time; that is, for some k¢ and with log, denoting the logarithm on basis 2,

7 is the k-th harmonic number; see (2.4).

B o,k =1V logy ko < k <logyn,0 € [0,27] :  sup ¢y (0) < \/%Azi +ke}
0€[0,2x] (2 10)

N{ sup gon(9)<\/7A<<+k6}

0el0,27]

In the definition, we use only integer k, and we recall that k, € 2N Then, the event that the barrier is
exceeded satisfies:

Lemma 2.3.

lim liminf inf P((%’n,kz,ké) =1.

ke—00 kp—o0 n>1
Note that this barrier curves above the straight barrier (and further the function Hy — AT is

piecewise concave). We will also use barriers that curve below, but the previous statement is not true
for such barriers.

Proof. By Proposition 2.2, it is enough to prove the statement with ¢ (), replaced by {G ;(6)}. For
the {G ()} process, this is [CMNI18, (4.4)]. O
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Besides using an priori upper bound on the growth of the process ¢,,, we will also only work on the
event that the processes G (6) and ¢y (9) are close, and so we define

G2, =1 sup sup |Gi(6) —gi(0)] < 1f. @2.11)
’ 0€[0,2n] ky<k<n

We shall want to work on the event that for some k», kg € N,

?n = ?n,kz,kﬁ = ?,%JQ N %n,kz,kﬁ n ‘6/7{29
where we recall that the truncation event %, is defined in (2.8) and emphasize that this is indeed a
typical event due to Proposition 2.2:

Lemma 2.4. [f we take n large followed by k, and kg,

liminf P(%, | F,) —— 1.
n—oo kg, ky—o0

2.3.2. Downsloping barriers and the banana

We shall use that extremal statistics are well-approximated by restricting the {¢, (6)} to a fine mesh in
6. We let ks € N be a parameter we use to control the mesh size, which will be %Z. We introduce
the near-leader event & (6), which is simply that ¢,,(6) is large: ‘

P(6) = i (6) = {9n(0) € \[Sma + [~ke,0)}. (2.12)
‘We also introduce further barrier functions ¢ +— Af’ * for any p € N,

_1/2%p/ (2p+1) if # < $log(n),

_ 2.13
—(logn — 1)1/%#P/2p+) _ 3loglogn  if 4 log(n) <t < log(n). @.13)

Ap,ir - APvi’(”) — l+{
t t °
A random walk conditioned to lie below the barrier A(<<) and conditioned to end near the barrier will

tend to stay in the banana-like envelope Alji (and hence also, A? ’)i forany p > 1).

We introduce the barriers as it will be convenient over the course of the argument to change between
barrier functions (all of which functionally play the same role). To aid in this changing of barriers, it is
convenient if we further restrict the process at the entrance time Hy, to be in an even more restrained

window. Recall that s = \/g(log ks — (log k2)93¥0-91) "and define

%(0) = {g,(0) € [55,. 55,1} = (33m, (60) € [si,. 55,1} (2.14)

For fixed 6, (3;(0) : ) has the law of a standard Brownian motion. This motivates the introduction
of the following event:

R(6) = %(6) N {v; € [Hiy, Hy— k] : [3A1 < \[£3,(0) < \/EA,“; 2.15)

B 50
ﬂ{\%t € [Hy — k4, Hy] :\/%&(9) < \/g(t -3 loglogn + \/li(—t(H" t;_glong) ))1/50)}.

We end the barrier k4 time steps early, which is relatively early in the sense that k4 > ks. In some
instances, we need barrier information which continues all the way to the end, for which reason we
include the second part. We note that this is essentially provided to us by the good event %, i, i in
(2.10), and it is a small argument to simply include the continuous part.
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We now show by a first moment argument that we may restrict attention to those angles for which
this event occurs.

Proposition 2.5. For all kg,

4k5n P
llmSup % E 1{3( Zk;n)}l{‘c’?(zk]n)c}l{gn} | k2] T:J :
; 5 5,K4,K2

Proof of Proposition 2.5. On the event &, (see (2.10) and (2.11)), we have that for any 6 € [0, 27],

\/§3sz (6) = G (0) < 2ks +[BAZ, forall logykr <k <logyn (2.16)

for integer k and for k = log, n. However, on the event £ (6) N &,,, we have
V530, (0) 2 04(6) ~ ke = \[Sm, ~ 2ks. 2.17)

We recall that s = \/g(log ks — (log k2)?>%0-01) Tt is a classical estimate on Gaussian random walk

that when (2.16) and (2.17) and % (0) occur, the entropic envelope condition 9%(9) is typical. Indeed,
for ¢y, (6) € [s;z, SZZ] (i.e., when % (0) occurs), we show in Lemma 4.3 that there are constants C, ¢ so
that for all n > k, > k4 sufficiently large,

(V2logka = 3y, (8)) "2k

P(Z(6)° N (2.17) N (2.16)|3m, (6), F1,) < C o (2.18)
n
Now as we still have that the increment
3h,(0) = 3m,, (0) € V2my, — 3p, (0) + [~2ke, 2ke].
it follows from integrating the Gaussian density that
P(Z(0) N (2.17) N (2.16) N G| Fr,)
c (V2log ks = 3, (6))e™0eks) kg (V2my, = 3n,, (0) — 2ke)?
- logn(H, — Hy,)'/? P\~ 2(H, - Hy,) (2.19)

(V2log ka = By, (6))e~ 02k kg
<C 2

n

exp(Z\/Eké + ‘/§3sz (9) - log kz).
We conclude that on the event ¢y, (6) € [s;z, SZZ]’

—(log ks)?
(V2logka = 3, (0) kee™ 18" 96k6+\/§¢k2<9)—10gk2, (2.20)

n

P(Z(6) N R(60) N Cn|F,) < Cp

We must also give a relatively sharp bound when ¢y, () is outside this good range. These estimates
are already given in [CMN 18] but are essentially standard Gaussian random walk estimates going back
to [Bra83]. As we work on the event &,, (2.16) is given to us. The process k — G, (0) — G, (0) is a
Gaussian random walk whose increments have (nearly) variance %, log 2 started from 0. From (2.16),

this process stays below the barrier k +— 8 lz,gz (k+g(k)) with g controlled by (k A (log, n — k)) 17100,
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The probability of (2.17) happening is thus uniformly bounded from the appropriate ballot theorem
(see, for example, [BRZ19, Lemma 2.1])

P((2.17) N %] (2.16), Fit,)

(\3mn = 01(0) = 36 | (VZ1og k2 = \[E 1 (6) + 2k ks
S log(n/42) (Tog(n/k2)) 72

)

< C/g eXp| —

for some constant Cg. On sending n — oo, we therefore have (after increasing Cg) that the left side of
the last display is bounded above by the bound

P((2.17) N %] (2.16), Fit,) 2.21)

< Cﬁké exp(— log(nkz) + \/é((pb (9) + Cﬁk(,)(l + On(l))) (\/Elog ko — \/écpkz(e) + Zk(,).

‘We can now return to the summation we wish to bound:

4k§I’L
lim sup Z E[H{Z (5L MR (5L) (G, } | Fa)
4](5"
< lim sup Z 1{¢k2(2k5n) € [sp,. Skz]}P(%(;” €N ZG,[(2.17)(2.16), i, )P((2.17) %] (2.16), Fi)
4k5n
+limsup » 1 {gokz(zk;n) ¢ [57,. skz]}P((Z 17) N €, (2.16), Fi). (2.22)
n—oo J 1

We emphasize that in the events (2.17) and (2.16), we have taken § — 22—”

From the almost sure continuity of ¢y, (6), we get convergence of these sums o integrals, and using
(2.21) and (2.20),

4ksn
lim sup Z E[ 1{3(2’,;;n)}1{%(2k5n) Y{Z,} | F, |

n—oo

ﬂ —_ —
< Cﬁkse*(logks)z / e\/;(ékbﬂﬁkz(@)) log(k2) (Cﬁk6 + \/ilog ky — \/E(sz (9))d9
0

2 B B
4 kS/O e\/;(wz(enks) 1og(k2)1{¢k2(9) ¢ [s5,» szz]H\/Elog ko — \/gcpkz (0) + cpkeldo.
(2.23)

Hence, by Theorem 1.6, the convergence follows. O

2.3.3. Meshing
We define for each j € D, ¢, the set I; of jgnz which is at least distance % from the complement

of fj; that is,

I = 22zn2p[ Uk gk ko logkiy (2.24)

J:4k n > n n
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For any j € Z, define
W; = max{on(6)) - JEm. (225)

Determlmstlcally, it is possible to bound the error of W (recall (1.15)) and the maximum of ¢,, over

7s nZ (for example, as in [CMN 18, Proposition 4.5]). We shall expand upon this by showing that, in fact,

we can guarantee Wj is large implies W/ is large, except with a negligible probability, as a consequence
of interpolation.

Proposition 2.6. Any interval in which Wj is large must also have W is large in the sense that for any k7,

lim sup Z E[1{W; € [k, ks ]}1{W; ¢ [—ke, k6] }1{Z0} | F,] IL 0.

Jks .,k
ki ,n—00 jEDn/kl 6,K5,K2—00

We delay the proof to the end of Section 3 until after introducing the relevant interpolation tools.

2.3.4. A canonical trunk with small oscillations

Tightness of max; Wj and Proposition 2.6 guarantee that we can find choices of € in the sufficiently
fine mesh that are close to maximum. Combining this with Proposition 2.5, we conclude that all leading
0 behave like leading particles in a branching random walk in the sense that they are confined to the
banana-like region. We would like to be able to say that for each interval I;, for which W; € [—ke, k6],
all the random walks (¢ (6) : k) for all 6 € I; behave like a single random walk, at least for k < n}
(which is long before the effective branching time).

Recall that 6; is the largest point of IZ We proceed to define the events for j € D,y :

= < =
0; {;:gkgggﬁllgok(e) er(0))] < \[&,

;7 = {sup max |¢k(9) ok (0; )|_,/ } and (2.26)
ko<k<n
oel;
OF = {sup [W,(6) = W (0)] < LRI,
061,

In the imaginary case o = i, we only use the event @}P; in the real case, we use the event @, which of
course implies the event O7.

These events control the oscillation of the respective functions on an interval of 6 which is much
smaller than the natural smoothness scale of gonT(H) is small. We are interested in controlling this
oscillation when the random walk (¢ (6;) : k) is a near-leader. Indeed, to that end, for j € D, s,
define the good ray events

P (m) = %(6;) N {v Hi, <t<Hp: \/gAf”_ < \@3,(0,-) < \/EA{”}. 2.27)

This differs from the previous (2.15) in that we specialize to the angle 6; and that it only bounds the
behavior of the walk up to time log m. We have also slightly increased the barrier sizes from (2.15).

Our main strategy for this estimate in the o = 1 case is to use the a priori bounds which ultimately
follow from @} being a polynomial of degree k. This is contained in the following:
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Proposition 2.7. (Real case o = 1) For any ks, k¢ and all n > k| sufficiently large, on the event &,,
for any j for which there is a 0’ € I; satisfying

\/écpk(e’) = Ai’_ forall ky <k <ny,
also O; holds.

Proof. Recall that in the real case (o = 1), ¢ (6) = 2log |<D2(e“’)|. Here, we will show that almost
surely on the events in question, there is a deterministic error &, , so that for all k; sufficiently large,

bl

max max_ |¢r(0) — ¢r(0')| < ex,.,n  where limsupeg, , < ([
O€l; ky<k<n; n—oo ky

This will show that O; holds for all n and k large.
On &, we have that for any k» < k <7y and |z] = 1,

% (D) < exp(\/gA,f +ke) < exp(\/g(A';I’k_ +21og(2)!/18) 1 k).
(A priori, we only have this bound on dyadic integers; however, the event J%,, which forms part of &y,

yields together with the latter that one can interpolate the bound to all integers in the indicated range.)
From Bernstein’s inequality (see Theorem 8.1) for any k < 7y and |z] = 1,

|d%d)’,;(z)| < kexp(\/%A,f< + %).

By construction, |0 — 6’| < Z"Tk‘ for all @ € I;. Hence, for any 6 € I}, using the lower bound assumption
on ¢ (6"),

@} (') = @3 (") Tk, k 32 101 17/18
Gy S T SPE @)

=Texp(~log 2 +log(k) + % + /% log(2)!7/18).

The mapping x — —logx + C(log x)'7/18 is decreasing for all x bigger than some x( depending only on

C, and therefore as k < 1y, we have that for all k 1 sufficiently large,

@ (e'%)] - I‘DZ(e“")I)
LACES]

|9k (0) = pr(0)] = 2’ log (1 + < 1exp(log(£) + 5 + /3 log(k) ™),

which tends to O for any {k, : p > 2}. Moreover, recalling that from how %1 is chosen, log(%) =
1

log(lg D201 + ok, ). Hence, we conclude that for all k; sufficiently large,

loi(0) — @i ()] =2

|; (¢')] - |<I>Z(€i9l)|) < 2exp(4 log(&))
= 2 /21 ’

|®; (e')]

log (1 +
This implies that O; occurs. O

Corollary 2.8. (Real case o = 1) For any ks, kg,

limsup ) BI1{W; € [~ke. ke }(L{(% (1))} + HO DU} | Fi] —— 0.

,kp—00
ki,n—co jEDn/kl 4,K2
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Proof. Recall the ray event R (0) (cf. (2.15)). We further define the event éj as the event that all
almost-leaders in /; satisty the ray event Z(6):

Rj = )(Z0)° VR ®©)). (2.28)
O<l;

We note that using Proposition 2.5, with high probability at any mesh point 6 at which & (6) holds, the
ray event &% (6) holds as well. Hence, it suffices to show

limsup 37 E[L(W; € [~ke, kol (S} (5 0) ) + HOTDIE) | F) 5= 0.
1,n—00 jEDn/kl 4,kp—00

Note that on the event {W; € [—ke, ks]} N 9721- (from the definition (2.28)), we have that thereisa 6’ € I;
for which Z(6’) N %(0’) holds. On &,, we have the uniform bound for all 6 € I,

k(6) = 3 (3u, )] < ke,

and hence, at 8, for all k» < k < n,

o1 (0) 2 \[£3,(0) ke = \[341 ~ ke,

Thus, from Proposition 2.7, ©; holds for all k1 > k; sufficiently large.
We must still show that ﬂi(ﬁ 1) occurs. As the event £ (6”) holds and on @; we can bound |5, (6) —
@i, (07)] = 0k, (1), then when r = H, for integer k with log, k» < k < log, 71y,

\/gA}" ~ ke < \/gg,(e,-) < \/gA}’+ + 2k

Now the oscillations of 3;(0”) for t € [Hy, Hy+1] are controlled, on &, (see (2.8)), by something which
is 0, (1). Thus, the conclusion holds with p = 2, which absorbs the extra k¢ term. O

This does not complete the analysis of the real case. We will also need that the Priifer phases do not
oscillate much. This we reduce to a conditional first moment estimate on V.

Proposition 2.9. (Real case o = 1) For any kj, k4, ks, k¢ and for any p < 4,

log k1)>k
lim sup % X

B o (0 -2m-
i - D eV o @ T LRE () P01 - O DU} | Fao) = 0.as.
1,1—00 1

jeDn/kl

We note that the factor (log k)% should be considered as a rate in this statement: the remainder of
the constants would correctly balance the sum if the @}I’ term were removed. Indeed, our first application
of this will be to show the following:

Corollary 2.10. (Real case o = 1) For any k;, k4, ks, k¢ and for any p < 4,

limsup > B[L{W; € [~ke. ks]}1{A? RO} (1 - HOY DG, | Figl =0 a.s.

ki,n—c0 jGDn/kl
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Proof of Corollary 2.10. On the event O; N &,, for all n sufficiently large, the event W; € [—kg, k¢] is
contained in the event that for one of the Cksk; elements 8 € I; and a constant C(, k¢) sufficiently
large,

31,(60) - 3u, (0) = V2log(n/i) + (Va(log(iy) - 3 loglogn) - \[Es, (07) = C(B. ko). (2.29)

Thus, conditioning on %3, and using the standard Gaussian tail bound,

E[{W; € [ke, ke }1{R, (71)}1{O;}(1 - H{OF NUE,} | Fi, ]

kek1ieC B:ke) B oy Y (2.30)
< Cﬁ%E[e\/;‘Pnl(@) 2my, 1{(%5?(;1\1)}(1 _ 1{@./'})1{?"} | 97]62].

By how 7 is defined (see (1.18)) and how the barrier is defined (2.13), this tends to 0 with k| < n
(deterministically). Thus, the result follows from Proposition 2.9. ]

Proof of Proposition 2.9. Using the bound on the difference of \/g ®7,(0;) and \/§3Hﬁl , it suffices to

show
log k1)®k
lim sup —( og Al) L
ky,n—c0 k1
R v (2.31)
X Z Il-E‘,[exp(\/i%I.[ﬁl (6;) - Zmﬁl)l{@f(nl)}l{@j}(l -HO; D&} | Fi] =0 as.
J€Dpjk,
Let 97. be the largest and smallest element of IAJ respectively. Introduce the event
5. — -y _ | < ki (log k1)
6 {kz?f‘;‘n P67 = W8] < G (232)

We emphasize the ray event %}p (n1) runs to a much later time (when k; is large) than the oscillation

event O .
Our main task will be to show that conditionally on 3 Hj, (), Fr,, and @f (n1), the probability of

the event (@)C is controlled. We show in Corollary 4.7 (recall (2.7) for the change in notation) that
there is a constant Cg > 0 sufficiently large that for all n, k| large, uniformly in 6;,

P[0, N KL (1) N Gy | Fir Bm, (6))]

(\/flog ko — \/gsokzwj) + kﬁ) (‘/Zmn — 3H;, (9/'))+

<C
p (log k1) log () /k2)

(2.33)

We can now return to (2.31) and substitute in the left-hand side the last estimate. We can treat the
exponential of V2(3p. —3 sz) —log(n/k3) as a change of measure. Under this tilted measure Q, the

".]
increment 3Hﬁ| - 3Hk2 has mean V2 log(7i; /k»). Then recalling the definition of 7; (see (1.18)) for all
n sufficiently large,

19 4p+l
(log k1) 203p+2

Q (18, € 1427 AL} (Voma - By, ) | F) < G Ny
1/ K2

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

28 E. Paquette and O. Zeitouni

Thus, we conclude for all n sufficiently large using the Brownian Bridge ballot theorem [KS91, (3.40)],

= B[ exp(V23u, (0;) - 2ma, )AL (RO }(1 - O NG} | Fas]
1

ki(logn)®/? Ve (9')—10g(k2)(
<C(B,k PR AN V2logky — ~/B i, (6:) + ke | .
(B 6)n(logﬁ1/k2)3/2(logk1)49e gk — |70k, (6) + ke .

(2.34)
Hence, summing over j € D, r, and sending n — oo,
lim sup Z QE[CXP(‘/ESH,?] (6;) = 2ma, ) {RY (A1) }1{0;} (1 - KO YU} | Fa,]
T P T (2.35)
/QH \/7%2(9) ~log(k) \/_log ky — \/><pk (0) + k6 ),d6 a.s.
27r(10g k1)49 ?
Hence, this tends to 0 on multiplying by (log k1) and sending k| — co. O

Proposition 2.11 (Imaginary case o = i). For any ks, ke and p = 2,

25
limsup (28K Tk1 > Ele Vom0 YR @)} - O DG | Fil =0 aus.

ki,n—co 1 jEDn/kl

Furthermore, for all ky sufficiently large and p = 2,

hmsup Z [1{W; € [—ke, ke]}((1 — 1{5?;’(&)}) +(1- 1{@?}))1{5‘6”} | F1,] =0 a.s.

ki,n—o0 j EDn/kl

Proof. When o =i, ¢i(0) = W (0) — (k + 1)6 for all k, 8. The proof of the first claim is identical to
the real case Proposition 2.9. A
We turn to the second claim. From Proposition 2.5, we may assume that whenever Z( 2;:]”) occurs

)092(2,(

for some j, then so does Z( sz
5n
so does the event

6(0) = { max Wi (0 - 27;%) -6+ %H < —kl(lgifl)so}.
ky<k<n} 1

In particular, in a manner similar to Proposition 2.9, we can derive

4k5n
nj T s P
limsup D EIZ (L TNUO L) UG} | Fol = O (2.36)
1,1—00 j=1 k4, ky—0o0

We comment briefly on the proof of (2.36) at the end, and we turn to deriving the second claim
of this proposition. The event ©(6), for any 6 € I;, directly implies @lp (recalling (2.26)), from the
monotonicity of the Priifer phases. However, on the event W; € [—kg, k6] we have a 6 € I; so that

Z(6) N O(6) holds. Using monotonicity of the Priifer phases and ©(6), for any k with k» < k < nf,

27k 27k ky (log kp)%° ki (log k)%
n )S‘Pk(H—T)+T S‘I‘k(e)+T.

Furthermore, trivially by monotonicity, W¢(6;) > ¥« (6), and so MaX, <k <t |[Wr(6;) — Yr(0)| =
0k, (1). Subtracting the mean behavior from W for # in this range also is vanishing; that is,
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Maxg, <k <nt lox(8;) — i (0)| = o, (1). As the oscillations of 3, for t € [Hy, Hi+1] are o, (1) on
&, and |\/%3Hk — ¢| < ke, we conclude for all Hy, <t < Hy,

VE310,) < \[£3:(8) + 04, (1) + 2ke < \[5A1" + 04, (1) + 2k,
VE316) 2 3:0) 01 (1) — 2k = {54 — 01, (1) - 2k,

which hence implies the event %}'1 (n7) for all k; sufficiently large. Thus, we have reduced the second
claim to showing

lim sup Z E|H{&}! ()R () 1{O} N G} Z HZ(0){Z(0)} | Fi, % 0.

Jka,k
kl,n—>oojepn/kl bel; 5,K4,K2—00

(2.37)

We separately consider the events that 9"25(%1) fails due to 483,(6;) =8BA/* or due to
8BAF ~>453,(6;) for some ¢ in [H,,]+, Hj, ], which we call REsc;'. and REscj‘., respectively. We start with
the failure event REsc}f. For any 6 € I}, on the event £ (), we must have

3n,(0) - 3m,, () = V2log(n/m) + (V2(log(ny) - 3 loglogn) - 3, ().

Thus, conditioning on %,, and using the standard Gaussian tail bound,

E[l{%}--l<n1+>}1{REsc;}1{@}’ NGk Y HLONRO)} | %Q]

QEIJ'
(2.38)

< QE[ > emﬁnl<9>—2mn11{REsc;}1{%}~1(n;)}1{zn} | .%Q].
n
HEIJ*

From monotonicity of the Priifer phases, for 6 € I; ¢, (8) < ¢y, (6;) + 0k, (1), and hence on ¥, we have
the same estimate for 3 up to a constant depending on kg. Thus,

limsup > B|1{&]! (n)){REsc {0} NG} > H{L(O)}{A(0)} | gkz]
" jeDp, O€l;

Ckskinye€ ko) N
<limsup ) $E[eﬁ3”"lw') 2’”"11{REsc;}1{%;-1(nf)}1{?n}|97k2].
n—oo n

J€Dy, 1kq
Hence, it suffices to estimate above the .%,T-conditional probability of RESC;T, which requires that

the Brownian motion 3, for ¢ € [H"T’ Hj, ] exceeds a barrier. This barrier can be bounded below by the
linear barrier

19 1
3 < V2(1 - 3 loglogn) — (log k1) X 3%2, 1 € [Hyr, Hy,] (2.39)

with p = 2. We also have that 3, cannot exceed the barrier
3, < V2(t - 3 loglogn) +2(log k1)'/'°, 1 € [H,y, Hy, 1, (2.40)
which is implied by the event &, for all k; sufficiently large.
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The 9‘7@ Vo(3 H,, )-conditional probability that .3 Ha, > V24 }_;f is vanishingly small as the variance
ny

of the Brownian bridge is at least § (log k1)'%/?° at this time. Moreover, for a standard Brownian bridge,
the probability that it stays below a straight line with intercepts a, b > 0is 1 — 7242 [KS91, (3.40)]. It
follows that

1

—_

19

91 !

(V2m+~3n, , ~(logk1) 20 10) (V2mz, -3, ~(loghki) 20 10)

P((2.39) | g,q \Y% O'(SH;” )) =1—exp ( -2 . Hp —H,+ )
1

Uniformly over allowed 3H;] (which are restricted by the event %;1'1) (n7)) and uniformly over SHﬁl €

1,— 1,
[x/iAHﬁl : «/EAH; 1,

ny

(V2m,+=3n,.,) (V2mz, ~3u; )
P((2.39) | Fr V 0 (3m,,)) = 1 —exp(—Z i (1+0k1(1))).
Ill

The same holds for P((2.40) | Fnr V 0'(3Hﬁ] )), and so we conclude that

P((2.40)\ (2.39) | Fr V o (Bm,,)) = 0k, (1),

as either both probabilities are close to 1 (and so no cancellation within the exponentials is needed), or
they cancel. We conclude that

lim supE

n—oo

¢ V23, (67)=2mn, HREsc R (n))Y G} | Fur V 0 (B, )]

< 0k, (1) - limsup g
n—oo Ni

V23m. (0;)-2 A

Y231, (40 ’"ll{%}lmm|%,;vo-<3Hﬁl>],

so that we have shown

1- 1.1 + + ¥ ) oz,
imsup > E|H{&}! (n)}{REsc] {0} NG} ) 1{3(0)}1{9?(0)”./1(2]
n—eo jEDn/k] HEIJ’

Ckskinte€ k)
SK1RYy E

n

< 0g, (1) - limsup Z

n—oo .
JEDn/kl

[exp(ﬁanT (07) = 2mu ) YR ()} | &‘kz].
This conditional expectation we then evaluate, giving

limsup H B|1{&} (D NRECT IO} NG} T HLOIRO) | %]

noee jeDn/k] HEIJ'

ChskyieC€ ks
< 0k, (1) - lim sup Z + exp(VB/2¢k, (0;) — log kg)(\/zlog ko — \/ggokz(ej) + k), -

n—oo 7€k,

Hence, on sending k| — oo and using Theorem 1.6, this tends to 0.
Recalling the definition below (2.37), we turn to the case of REst‘.. On this event, for some ¢t €

9
[H"T’ Hp, ], we have 3,(0;) < V2(t - %log logn — (logn — t)10). From monotonicity, it follows that
for all @ € I; and some ¢ € [Hn1+, Hy 1,

3:(0) < \/z(t - %loglogn — (logn — t)%) +C(B, k¢).
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However, on the event R (0), we have

3:(0) = V2(r - %loglogn — (logn — t)%).

Hence, these are incompatible, and so we have that trivially,

. _ o P
1k11msup Z E|{%}! (n))}1{REsc; }1{0} N &} Z ULOMRO} Fio| =0 0.
»11—00 jEDn/kl HEIJ' o

(2.41)

We finish by briefly commenting on the proof of (2.36). We begin by taking a conditional probability

of the event 3(%) N @(%) N 5(%)". From Corollary 4.7,

PIR(5L) N O(FL)° N Gy | Fiy. Bmy, (6))]

2k5n
(\/Elog ko — \/gs%(@j) + ké) (\/zmn — 3H;, (91'))+

<C =
g (log k1)50 log(7i1 /k2)
This is the same control that we had in the real part (compare to (2.33)), and so the proof can be
completed in a similar way to Proposition 2.9. O

2.4. Decoupling and a diffusion approximation

Our main tool for showing a Poisson approximation will be to modify the process i for k > n}
which shows both that in a sense, ¢ (6) — Pnt (0) stabilizes as n — oo and simultaneously gives actual
(t%lf)-conditional independence of these processes for sufficiently separated 6. Set T, = log k; and
T- =log(k1/k}). We shall construct a family of standard complex Brownian motions

(W T <1<T,jeDuyn} (2.42)

which will have the property that they are independent from one another when the relevant arcs are
separated by a small power of n. Now with respect to these Brownian motions, we define the complex
diffusions (8] : 7 € [T_,T,],0 € R, j € D,x,) as the (strong) solution of the stochastic differential
equation

B
W (0) = R (o (2] (0) - i0k;"e)) ~ \[Sm. (2.43)
87 (6) = ~2log @, (exp(i (6, + £))) + %eT‘, for 6 ecR.
- 1

A2/ (0) = d2,(0) = i k7' dr + \/Zeif‘ﬁr<9>m,f , and

The diffusion £/ (6) will serve as a proxy for the evolution of =2 log o ) (0 +6/n) +i6e' [k, where
k(t) =~ nye' up to rounding errors, and in particular, its imaginary part will mimick the evolution of the
Priifer phases. When o = 1, the diffusion i/ (6) is designed to be a proxy for 2 log |¢>’,‘((t) (6 +6/n)|.

Later, we shall consider different initial conditions for the SDE in (2.43), which will be enforced
at t = T_; Namely, we shall enforce constant initial conditions (the latter process will be denoted
L7 or £2; see, for example, (2.52) below). We note that if the initial conditions do not depend on
n, then the law of the process in (2.43) does not depend on n; moreover if the initial conditions are
constant in 6, then the law of this diffusion is just a translation of a O-initial condition process by the
initialization.
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Proposition 2.12. Fix C > 0. Then, there exists 6o > 0 so that for any § € (0, 6o), there exists a family
of Brownian motions {8 : T_ <t < T,,j € Dyi, } so that the following holds. Let j € Dy, . Let
(8] : 1t € [T-,T]) solve (2.43). For all n sufficiently large (with respect to k),

-C

sup P[‘Oj"f ﬁ{ sup |2{(9)—ik—(’let+210gd>z([)(exp(i(0j+g)))|>n_5} 9,,]+ <n "~a.s.,

|@|<n8s te[T.,Ty]

where log k(t) = logk,(t) is a linear function with k(T-) = n{ and k(T,) = n. Moreover, for any
j € Dn/kly

o{W : t € [T_,T,],dr(6;,0;) < n_1+86} and o{W; :t € [T, T.],dr(6;:,6;) > 4n_1+86}
are conditionally independent given g"f’

This allows the comparison of 2 log dD’;{( " (exp(i(0; + %))) to different £/ (for j” # j) provided that

|6; — 6] is small enough. We give the proof in Section 5.

2.4.1. Simplifying the decoration
Now, since the probability is so high that |11,j(0) — i) (0 + %) + \/gmﬂ <nOforallte [T_,T.],
we may just work on the event

gl = { sup sup  sup U (6) — i (0 + 2) + \/gm,ﬁ < n‘5}. (2.44)
jEDn/kl 662_”2 [E[T,,T.;.]
Iks
|0]<nd®

We will also introduce another barrier event, now specific to 2/ and only concerning k > ny. We define
a decoration ray event with a (once more) enlarged barrier function. These are given by, for ¢t € [T_,T,],

Af = (t =T,) = (T, —1)V/75/7, (2.45)

Note the exponents coincide with those of A?’i. So we introduce a decoration ray event

P1(0) = {v; € [T T~ kil : 347 </ (0) < \/EA:}

N {v; € [Ty — ks, Ty] : U/ (0) < \/g(t ~T, + (T, — t + (log ks)*) ‘/50)}, (2.46)
2= () ({2, (0) < —ke} U 2}(0)),
O€l;

the latter of which states that all lattice-point near-leaders (6 € I; for which II%+ (0) is large) reached that

height by staying within (an enlarged) banana-like tube. On the event &} N &, if the event é’\fj holds
(see (2.28) and (2.15)), then deterministically, 9’}’ holds as well (once k| and k4 are sufficiently large).

Instead of looking at the local maximum of ¢,,, we may look at the local maximum of ., . Moreover,
we define the analogues of W; and V; (see (2.25) and (1.19)) for this new process

W/ = max UL () and V}:=V2m,: - 3m,.(9)). (2.47)
oel-27k 01N 2 :
17,(6)=1
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We also define a new decoration process D ; by first defining it on a mesh by the formula

9 my,+i (0 n+l Z
- ( - \/> HO+ )( +h 1@ (9) 0 e [ 271kla0] N 27r if ¢ = 1 orif not,
D’

(e%((’) X12}(6) : 6 € [-21k1,0] N FEZ).
(2.48)

We extend D ; to be piecewise linear between the mesh points.

2.4.2. Continuity of the decoration processes around near maxima
We need to show that near local maxima, the decoration process is well-behaved and, moreover, that the
meshing accurately captures the continuum process. Define the good event:

Definition 2.13. We let .#/; be the event that the following holds.

1. The maximum over the grid, W;, is in [—kg, k¢].

2. For some g (to be specified), in the neighborhood of a near-maximal grid point 6 € [;, the field
¢ () does not vary too much. Specifically, at any point 6 € I; at which ¢, (6) € \/gmn + [—kg, )
(i.e., Z(0) holds), all points §” with |§ — 0’| < ﬁ(”n satisfy |, (6) — ¢, (6")] < k;éﬁ.

3. For any point 6 € fj at which ¢, (6) > \/;mn — ke, there is a point 8" € I; with |§ — 6’| <
which ¢, (6) ~ @u(0')] < k3.

2
Then A

By a combination of a first moment argument and interpolation theorems for polynomials, we show
that in any arc where W; is large, we also have .//;.

Proposition 2.14. Any interval in which Wj is large must also have N; occur in that

limsup > B[I{W; € [~ky, ks JUAF IR DY {0 O {G, ) | Fo, ]
ki,n—00 J €Dk,
P
—— 0.
ke, ks, ky—00

We give the proof in Section 3.

2.5. Summary of first-moment reductions

The reductions made in Section 2.3 will now be summarized. Define for j € D,,/x,,

2 4 ’ ’
d;=R;(n)NO;NO; and A;=N;NP; N, (2.49)
Using these events, define for Borel subsets of [0,27] X R X C([-27ky,0], C), the following approxi-
mation:
Extr,, = Extril-ke-kaks:ks . 1) , 149t 2.50
' ,DZ/ ;3 1T 20

Proposition 2.15. For any k7, the restrictions of Extr,, and Ext,, to I'y, satisfy

lim sup 0, (Extr, NI, | Fx,, Ext, NI, | F,) _F 0.

ki,n—c0 ke, ks,kq,ko—00
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Proof. By definition of the metric d,, we may restrict the point processes to good events and conclude
8 (Bxtr,, NTg, | Fi,, {Extr, NI, 1{G) NG, 1} | Fa,) < PG N Gn)E | Fiy),

and hence, from Lemma 2.4 and Proposition 2.12, this tends to O in that

P
lim sup 8, (Bxtr,, N[k, | Fi,, {Extr, N[, 1{€) N G }} | Fi,) ——0.
2—00

ki,n—o0

The same holds for Extr, replaced by Ext,, and so we may as well restrict to the event ! N &,,.
The point process Ext,, we then further thin by defining

Ext/, = E 1{ ’.}
t, . 5(9_i’Vf’D.ie 4BV} .ij
]EDn,/kl

and

”o._ ’ 20~ .
Ext/ = Z oy vrse 4/ij)1{‘gz(,}1{t%.,.(nl) m@,}.
]EDn/kl

We have that as point processes Ext,, > Ext;, > Ext;; . Hence, from the definition of the d-distance, it

P
suffices to show that Ext,, (I'r,) — Ext,, (I'y,) — 0 as it then follows that all of these point processes are
close on restriction to I'g,.

Recall that the events %3 (n1) ¢ %f (n7)and O; C @;.'. We claim that the combination of Propositions

2.6,2.7,2.11 and 2.14 together with Corollary 2.10 show that on the good event ?,{ N &, the expected
number of points lost by performing this thinning tends to O; that is,

limsup B[ (Ext,, (T'x,) — Ext), (T',))1{%) N G} | Fi, | (2.51)

ki,n—c0

Proposition 2.6 implies that for any triple (8;,V;, D ;eV¥PVi) € I'y,, we may include the good event
that W; € [—kg, k¢]. Proposition 2.7 implies for o = 1 (the real case) that for any W; € [—kg, k¢],
we may include the good events both 3?5(?1 1) and O;. Corollary 2.10 implies for o = 1 (the real case)

that we may further add the good event that ¥ occurs. Proposition 2.11 implies the analogue of the
previous two statements in the imaginary case. Proposition 2.14 finally adds the .#/; event.
We also introduce a thinning

Extr, = Z ) o v VT l{szij'.} < Extry, .
jEDn/kl ( 7 je )

On the events €} N &, we have

_ -5 _
“max |V;—Vj| <n % and max |D}—Dj| < ekt 9,
J€Dn/i, J€Dnjk,

In particular,

lim sup 8 (Ext)! N[, 1{€} N G, } | Fio, {Extr, "k, 1{E NG, )} | Fa,) kL> 0.
2 —00

ki,n—o0
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Finally, we undo the thinning on Extr, . We just note that since on the event ! N &, the processes
(V}f ,Vj)and (D;., D) are sufficiently close, we have that

(Extr, — Extr),)(Ix,) < (Ext, —Ext;)(Ta,).

As (2.51) holds for any k7, the result follows. ]

2.6. Second approximation: removing the oscillations at level n|

The first-moment reductions allow us to assume that the profile at level n} in the neighborhoods of high
decorations are flat. However, they still carry n-dependence, and we still need to show that these small
oscillations at level n] propagate to small oscillations at the level n. So, we introduce a new diffusion

which solves (2.43) after an intermediate time 73 = log(k;/ k 1), has 0 initial conditions at time 7_, and
between [7_, T;], it is a single Brownian motion.

A (0) = d2g(0) = i0e'k 11 = T}dr + |94 094 O g

P (0) = U7 (60) = ~R (€7 (6) - i0k7 (' = 1)) - \[3 log k7, and (2.52)
27 (8) =0.
These initial conditions are flat in that they do not vary over the interval 8 € [-2xk(, 0] (note that the

value of the initial condition, when flat, does not change the law of the increments). We note that there
is a fixed phase 3 53%_ (0) that appears in the diffusion, which does not affect the law of the process as

it rotates the complex white noise. We shall show that E;"j (0) + 2% (0) is a good approximation for

2{ (0), and so we need to carry this 7. -measurable constant 2%7 (0) whenever we make a comparison.
We also change the barrier event by dropping the barrier on [7-, T} ]; we also include a shift s, which

measures the additional (positive) amount the process II,"’J will need to climb (recall (2.45)):

Pi(0.h) = {v: € [Th Ty —kal 1 \[SA7 <27 (0) - \[hh < @A;},

(2.53)
N {v: € [Ty — kg, To] : U2 () — \/§h < \/g(r ~ Ty + (T, — 1 + (log k5)50)‘/5°)}.

In analogy with (2.48), we define a decoration process in which we replace the 8{ by €7 J

—53‘”'9—\/51 ki —iS8] (0)+i; (n+1
(e F Oy o O f("”xlgsj(e,h):ee[—2nk1,0]n377;z), ifo=1,

DY (h) = _
(eu;;./(m X 1P;(0,h) : 6 € [-27k;,0] N }T’gz), ifo#1
(2.54)

and where we linearly interpolate between these 6 to give continuous functions on [-27k;,0]. We

intI‘OduCC W; as
W = maX|0g|D (0)| - _i/l
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which plays the same role as Wj’.. We also define the Markov kernel s(-, -) = sg, (-, ")

s(h,-) =

{P(exp(ii‘ﬂ%(O))D;? (h)y e, ifo=1, (2.55)

P(D;?(h) €), otherwise,

which is deterministic and depends neither on j nor on n.

Remark 2.16. By construction, the decoration takes as input at time T the process 2"_._’]' , which is flat.

The time T} is negative by a sublogarithmic time in k. This we show to be interchangeable with a
decoration that uses a process that solves (2.43) with flat initial condition at time 7_. Indeed, we could
as well start the initial condition at —co, but we do not pursue this.

Remark 2.17. The effect of restricting the processes to a grid is for technical convenience. In fact, we
could now remove the linear interpolation at this stage of the proof if we so desire; see Remark 4.9.
However, this is not necessary to complete the main results, and so we do not pursue it.

We introduce a new point process in which the decoration has been replaced by this one, and
unnecessary events have been dropped:

Extre, = Extref Fkkok o 3 5(9_,,V;,D?)1{<%§(nf)}. (2.56)
J€Dnjk, s
Here, we use the shorthand D;? = D;(V;).

Proposition 2.18. For any k7, the restrictions of Extr, and Extre, to 'y, satisfy

P
lim sup 0, (Extr, NI'y, | Fx,, Extre, NIy, | Fx,) ——— 0.
ky,n—o0 ke, ks, ks, ky—00

Proof. Recall (2.48) and let E; be the event that

_ ’ _ 1/100
sup  |D%e BV _ D’| 2 3e (log k) 7
oe[-27k 0]

This event is typical in that for 6 for which both D%e™ 4BVj and D’ are below e~ (10sk)""™ it holds

trivially, whereas if a single one is above this level, we do control the difference (and moreover, the
difference is much smaller). By Proposition 6.1, by a simple union bound, on the event @;T N @}P (recall
(1.10)), for all k; sufficiently large,

) + +y =6 (log kp ) 19/20
BB 00, 50y () > OF 1) < Chsth ket et”™,

P(E; N {6(e,,v;.09)(T,) > O} |Fe) < Chs (k1 /k)e0Uoe k)™,

The probability that E J‘ is sufficiently high that we can essentially assume it always holds. In other
words, if we define the process

o 2/ + .
Bxtre) = ) (6(9./"‘/_/"’D.;?)+6(€j’vf’D}eXP(WV;)))l{%j(nl)mEj}’ @57)
J€Dnjk,

then

Extrey, (T ) L o

ki,n—0o0
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To see this, just note using the estimate Lemma 4.4 and the control on @nr given by @3(11?)

k Bl (0:))-
E[Extre;,(I}) | F,] < clks) > e\/; (01, (67) 10g(k2)(\/§10gk2—\/gl,0k2(9))

n .
! J€Dnjk,

9
x exp(O((log k1) T0) — §(log k1)'%/%9).

This tends to 0 almost surely on taking n — oo followed by k; — oo.
As in the proof of Proposition 2.15, we introduce comparison point processes,

Extre], = Z 5(91.,\/],0;?)1{9??(771)“@'}

jEDVl/kl

Extre/ = ) d(,vmp 1) N0 n oY)
jEDn/kl

(2.58)

We note that all of these processes are thinnings of one another in that
Extre, > Extre,, > Extre;,,

and so if we show that the number of points in I't, that are thinned tends to O in probability between
each of these. We justify each of these thinnings below. O

The first thinning.
Note that since Extre;, (I't;) converges to 0, we may assume that E whenever 6 (6,.V/.D?) (I't;) =1.0n

the event &,, N ?,1 N Ej‘.', if (5(91.,‘/_;,1)_:’7)(&7) = 1, then it follows that for some 6 € I;, %;(6, V]f) held
(because, if not, by definition, D? is identically 0, contradicting the I'y, condition). As EJC holds, we
also have that 9’]’.(9) holds. By Proposition 2.7 and the fact that %f(iﬁ) holds, we therefore have that
deterministically, Q%’;!(ﬁ 1) N O; holds.

The second thinning.
We have that the difference

E[(Extre], — Extre)) (T, ) 1{%, NG} | Fa,]

< 3 B0,V D) € T JUSRLE)O,) (1 - HOP UG, | 5.
jEDn/kl

We can dominate the event

1{(9,-,\/},1)7) c Fk7} <> 1{9@-(9, vj’.)}.
0<l;

As we work on &,, N ?,1, for one of these rays to succeed, we must have that a Gaussian of variance
log(n/ny) climbs distance

—\/gtpﬁl (91) + \/Em,gl + ‘/Elog(n/ﬁl) + 0k4(1)-
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Using that log(n/n;) = log ki > \/%QD;EI (6;) — ma, + Oy, (1) on our event, the probability of the
Gaussian exceedance is bounded above by

C(k4)

exp(— \/790,,](9 )+ V2ms +V21og(n/i))+0k, (1)) /2log k1) < exp( \/790,,](9) 2mp,).

There are Oy, (k) of these Gaussians, and so by a union bound,
B((6;,V), D) € (Tk,) | F) < c<k4> x exp(y/Een, (6;) - 2m,).

The claim now follows from Proposition 2.9 (or 2.11 in the imaginary case).

The third thinning.
If we introduce now

Extre], := Z 5(ej,vjf,D;«’)1{‘Qij}’
J€Dnjk,

then we have that on I'y,,
Extre, > Extre] > Extre//,
and so

P
lim sup 0» (Extre,, NIy, | J*kz,Extre Ny, | Fr,) —— 0.
ki,n—00 ke, ks, kq,ky—00

Finally, by direct computation on the event Extre}, (I't,) =0
8, (Extre], NIk, , Extr, NI,) < 3¢~ (ogk) ™

as this holds with probability tending to 1, the proof is complete.

2.7. Initial Poisson approximation

We are now in a position to introduce the first Poisson process approximation that we make. Define the
(P},,T)—measurable random measures on (T, R, C([-27ky,0],C))

9?2(}1+) S,,v;(db, dv)sy,, ks (V7o exp (¥, (0)) — i(n} + 1)6,)df) if o =1,
m;(d, dv, df)

%3(”1’) S;,v;(dO, dv)s, ks (Vj,df) ifo=1i,
m = Z m;.
jEDn/kl
(2.59)

This is the intensity of Extre, conditioned on ‘G/T"T' We show that Extre,, can be compared to a Poisson
process of the same intensity. Here and throughout, we write IT(A) for a Poisson process of intensity A.

To execute the proof, we will need to use some second moment machinery for events depending on
the behavior of pairs of rays between times k» and n7. To do this, we leverage an important technical

tool from [CMN18]. Specifically, [CMN 18] introduces another auxiliary Gaussian process k — Z, ka < (6),

defined for each k», which is shown to be close to ¢. The process Z 2(6) is similar to the Gaussmn
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random walk Gy, albeit with some changes to make the process simpler on short blocks. We will not
need the exact form of the process; it is given by [CMN 18, (5.2)]. Define the event

. , 1
Fi, = {v log, k2 < k < log, nf, 0 € [0,2x] : |Z32 (8) — 2(log @}, (¢'?) — log @}, (¢'?))| < k—}.
3
(2.60)
Using results of [CMN 18], this event is typical:

Lemma 2.19. For any k3,

lim inf P(Z“kz | gkz) =1.

ky ki ,n—0c0

Proof. See [CMNI18, Proposition 5.2] (note that the notation differs in that their {Zy } is our {G} and
their process {Z]i2 ’A)} is our ZJ; (0))

lim sup sup |Z52(6) —log @5, (e'?) — log CDZZ(e"")| =0 a.s.
ky—=e0on >k, 9ef0,27]

]

Using this process, [CMN18] are able to get good two-ray estimates that mimic branching random
walk behavior. We need slightly different estimates, but at its heart, they are small (albeit not easily
verified) modifications to the estimates of [CMN18]. We summarize the estimates we need in the
following. Define a function, with x; = \/sz2 - Ssz (6;),

. _ ka,k3,n} .
@(0;,x;,2;3 0%, 2¢) = @K1 (0;,x;, 2,300, x¢, 2¢)

20 + 20 + (2'61)
= IP(:Z“kz N %j(nl) N %f(nl) NEP; NEP, | 97k2),

where we define the event

EP; = {\/Emn;' _SHHT (0)) € [zj.2; + ﬁ]}'

The second moment estimates we import in the following. We show how these can be derived from
modifications of [CMN18] in Appendix B.

Proposition 2.20. The two-ray estimate satisfies the three following upper bounds. Let k be the time of
branching between 6 ; and 6, which we can take to be k := | —log, |e'% —e'%|]. Let ky = ky(ka, n) be
defined by

o LK 3(eVicglon k2 4 100(log” k) ifk < (log, n)/2,
"7 |k +3(log k2/100) + 100(log*(log, n —k)) ifk > (log, n)/2.
The following second moment estimates hold:
1. (Time of branching k < (log, k2)/2) For any k3 and all k; large enough ifk < (log, k2)/2,

2 zixjko zexeko
Q(0,x7,2j30e,%0,2¢) < (1 41k ks ;%n—J, exp(V2(zj — xj +z¢ — x¢)),
1 1

where 1k, .k, — 0 as ko — oo followed by k3. See Appendix Lemma B.5.
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2. (Time of branching k < (log, n)/2) For all k; sufficiently large and all n > k»,

Zj XJ k2 zexpky x¢ ka

exp(V2(zj — x; +2¢ — x¢)) ifk, < log, ko,
Q(@A,',Xj,ZjQHK,X[,Zf) < c(k3) z,;l}xjkz o

2 2 exp(V2(z; — %y +20))e "™ ifky > log, k.
1

See Appendix Lemma B.4.
3. (Time of branching (log, n)/2 < k < log, n}) For all ky sufficiently large and all n > k,

e‘/i(Zj —Xj+z¢) e—c(logz n—k,) /10 )

x;jzjky 2K
Q(0.x;.2;: 00, X0, 2¢) < c(k3)=5—=

1M

See Appendix Lemma B.6.
4. (Time of branching k > log, ny) While useful for the range of k described, this holds for all k:

eXp(\/_(ZJ - xj))-

Q(9]7-x]’ Zjaefa'x[’ Zf) < C(kS)

1

This is a triviality which follows from Lemma 4.4 and bounding above the two-ray event by a
one-ray event.

Remark 2.21. All these upper bounds also hold if in @, we replace the ray event 9?" (n]) by one which
only holds at times sz (instead of a continuous barrier); see (2.71). Likewise, if We further replace the
process 3H . by sz + 3Hk , in the discrete barrier event, the bound holds. In this case, we no longer
need to work on the good event Zy, .

Using these second moment estimates, we turn to the first Poisson approximation.

Proposition 2.22. For any ka, . . ., kq, the restrictions of Extre,, and I1(m) to I'y, satisfy

lim sup E[ 82 (Extre,, NIy, | Foe, TL(m) N T, | F) 1 Zo } | Fa] —— 0.

ki ,n—oo ky—oa
To give the proof, we need to develop some first and second moment estimates for the process near

the end of the ray.

2.8. Decoration Process estimates
We turn to giving some conditional first and second moment estimates for rays.

Lemma 2.23 (Coarse intensity bound). The intensity measure m; satisfies

7’

| 74
J —V2V!=(V))?/2(T-T-
m; (Ty,) < m; (T, ) = c(ka)(1 +o0g,)e’ me 1=(V1)2/2( )

Proof. To estimate m;, we first observe that (recalling WJ‘? from (2.54))
my(T,) = BOWS € [k, ) | Fur) {301

Define the first moment

mi ZE[ Z 1{{11%(0)—\/§Vj’e [—k7,00)}ﬁ<@j(9)} |97n]+]

2
0€[—2nk1,0]né2
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Hence, we can bound by first moment on the event @3(11?)

m(T7) < my = > P({H%(Q) - \/§VJ< € [~k7,00)} N 2(6) | Foe |-
06[—27rk1,0]mZT7;Z

We then apply Lemma 10.1 to each of these summands. Hence, we arrive at

’
el WiV vy vyt

_ ~(T,-T-)
my = (1+0k4)k1k5€ (T+—T_)3/2

which simplifies to the claimed result. O

Proof of Proposition 2.22. We shall use the Poisson process machinery stated in Theorem A.l, which
we shall translate into this context. Due to the nature of the Poisson approximation, we shall use the
nonatomicity of the derivative martingale proved in Theorem 1.6. We let 7 > 0 be a parameter which
shall be taken to O after k, to establish the convergence in probability. O

Step 1: Restricting the measures.
As the measure 9, is finite and nonatomic, we have that there is m € N sufficiently large that

B( max G ([Z 200 > ) <. (2:62)
Jj=l,..., m
where for the case j = m, we consider the arc as part of the torus. Hence, for all k, sufficiently large,
we have
2n(j—1) 2m(j+1)
P(jzflr}?_fmgkz([T, =D >mn <2
Let £ denote the event that there exists a j = 1, ..., m such that

900([2”(,{;—1)’ 27r(r£+1)]c) <.
From (2.62), we have that
P(E N {D([0,27]) > 21}) < 7.

As we can relate D, ([0, 27]) to intensity of both point processes, this in effect is saying that neither
point process has any points. Indeed, for either process E = Extre, or IT(m),

h(ENT,,0) <PET) =1| g"f) < m(l“;).

Using Lemmas 4.4 and 2.23,

c(k B (or, (0;)-log(k
By, | 7)< 523 30450 (g, B o).

J€Dnjk,
On taking n — oo, we conclude

limsup E(m(I'y, | Fi,)) < ¢(ka)Di, ([0, 27]).

n—oo
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And hence, we conclude

limsup P(E N {d2(Extre, NI'y,, II(m)) > 4c(ka)n}) < 7.

ka,ky,n—c0

Hence, it suffices to work on the event £€.

Step 2: Setting up the Poisson approximation.
Weleté > 0 be the same constant as in (2.44) (so that Proposition 2.12 applies), and define for j € Dy, ,

Bj = {k € Dujx, : dr(6;,60k) <n”"**}, and B = {k € Doy, : dr(0;,6k) < 4n~ 80},

with dt the distance in the quotient space R/(27Z). Recall (2.47) and (2.54). By construction, for all
j € Dn/kl,

{(V\,DY) : k € Bj} is (?”T)-conditional independent of {(V;, DY) : k¢B;}.
Define for any j € D, x,,
;o= 5(9.1-"/]"’1)_?) X 1{%3(1’1?)}, P; = EJ-(I“,J;), S; = Z P;,and L;:= Z m[(l“j;).
ieBj\{j} i€Dy /i, \Bj

We note that E(P; | 97@) =m; ([ ,’;7). Theorem A.l shows that there is a numerical constant C > 0 so
that with IT = I1(q),

0 (EXtI'n ka7 | 97"7’ H(m) N Fk7 | 97"?)
<0 (Extr, NIy | Fr, (M) N I Fut)
<C[Var(Extre, (I},) | Fur) +3m(I} )] (2.63)
Z E(P; | Fu)E(S) | Fnr) +E(S;Pj | Forr) + (m;(T7))
X .

) L?
]EDn/kl J

We also note that the left-hand side of (2.63) is bounded by 1, and hence, it suffices to bound the right-
hand side of (2.63) on any (9n1+)-measurable event with probability tending to 1. Nonetheless, as input,
we need estimates for the (?nT)—conditional expectation of P; and for pairs P; and P; where i € B;.
We note that E[P; | F:] = mj(l“,‘;).

To complete the proof of the proposition, we claim that there are events F = F(n, (k;)) so that on
F N &€, the following hold:

1. m(I'}) = 0, (1),
2. Var(Extrn(F;;) | 9‘7@) =0y (1),
3. Li > c(ky)n?,

and so that 1{F} '
ky,ki,n—00

Step 3: Completing the proof on the good event 7.
Assuming the claim holds, we have reduced the problem to showing that on the event F,

ky,ky,n—o0 ’ (264)

P
Do My TEIES; | Fo) +B(S P | Fo) +m (TF)? | ——— 0
1 L 1 L ]

J€Pujey F 6 (i0) (i1
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For the term (iii), we note that m; (F;;), which goes to 0 uniformly in j faster than any power of log k|
(from Lemma 2.23). Hence, by the boundededness of m(l“;;) on F, this term tends to 0.

For term (i), we will use the second moment machinery. To prepare for it, we use Lemma 2.23 and,
bounding the sum on z;, z, by an integral, which holds up to a constant depending on k3, arrive at

Zjze

1 k)se-ﬁ@fﬂf)dz,dzf. (2.65)
0g k1 '

1
BLO) | Ful <c(ks)(35)” D [ @(0j.xj.25: 0030, 20)
1 LeB; ¥ %Pkl (

We divide the angles 6, according to whether or not (log, n] —k;) > g or (logy nj —ky) < g foragq
chosen below as (log k1)!'/19. For the former case, we use the third case of Proposition 2.20. For the
latter case, we just bound @(6;,x;,z;;0¢,x¢,z¢) by the probability of the 6;-ray event. We also note

that the number of 6; in this latter case is (kT /k;)e4*!00(cglog k)* _ Applying the bound from this case,
we arrive at

k B V)
B () | %] < %eﬁ“"““"” ") (Vi log ks — B, 6)

Sdlogn (266)

X (log k1)3{ Z {exp(=cx'/'%)} + exp(q + C(loglog k1)* - c(log k1)'/'%) ¢.
*=q

Note that the stretched exponential gain in the second term is simply from the entropic envelope. As the
event we consider restricts the location of ¢, (6;) to be positive, we may use that

1 B (e, 0)-
Z n_e\/;(’ﬁl»z(gf)) 22 (V2 log ks — \/E%(H)L
1

J€Dnyk,

converges on taking n — oo. Taking ¢ = (log k;)'/'%, the sum is on the order of e~ ((log k)10

Hence, on taking k| — oo,

> EL() | Fag] —— 0.

A ki,n—c0
J€Dnk,

The analysis for E[ (ii) | %x,] is similar, but with one important modification. For ‘bushes’ 6; and 6,
that branch at or before rflr (ie.. k <log, nf), we claim that the bound in (2.65) holds as well: we bound
each indicator I{W;.’ € [-k7, oo)} above by a sum of indicators of ray event and then use Lemma 10.1.
For 6, which are close to 6, we use the same strategy, although we instead lose the precise dependence

-Q(log ki) '/10

on z¢ and instead have just the factor e . For € so that k > log, n7, this produces the bound:

— ) — 1/10
Z c(ks3 ) Z@(GJ’XJ’Z]’G{’,X{,ZK)We V2(zp)—c(logky) .
jeDn/kl 1

Using the final case of Proposition 2.20 gives an estimate which is e~?((ogkn"'%)

Step 4: Proof of claim.
Point 1. We have that

mr) = >, m(r),

]EDn/kl
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and so using Lemmas 2.23 and 4.4,

c(k B (o, (67))-log (k
SO SIESEELDY A O (g o),

jEDn/kl

This converges on taking n — oo almost surely to

2
lim sup]E[m(F,;) | Fx,] < c(ka) D, (9) db, (2.67)
0

n—oo

and so remains bounded almost surely by Theorem 1.6.
Point 2. Tt suffices to bound the conditional second moment, which is to say

Var(Extre, (I7,) | Ft) < E[Extreﬁ(l"%) | Frl.
We then have

E[Extre)(T7) | Furl < D) mu(Tp)+ D) E[PS; | Frl+ Y. DL my(Tf)me(IF).

1
J€Dn/k, J€Dn/k, J€Dnjk, £€B;

The first term is nothing but m(l“;;), which we have already controlled. The second term we controlled
earlier in part (i7) above. The third term we estimate in the same fashion as (7) in (2.66).

Point 3. We let Arc; fori = 1,...,m be a Lipschitz function of the torus R/2z7Z, which is 1 on the
complement of [%277, %Zn]c and 0 on [%2n, %27@. Extend Arc; to a function of F,’; by setting
Arc;(x,y,z) = Arc;(x). Then, for each j € D,/ , for all n sufficiently large, there isani € 1,...,m so
that L; > m(Arc;). Hence, it suffices to show that each of these m(Arc;) satisfies the claimed bound.

Now we claim that, in fact, m(Arc;) concentrates around its F,-conditional mean and that its
conditional mean has the claimed lower bound. In fact, we shall need this concentration argument at a
later point as well, and so we formulate a general statement here.

Lemma 2.24. Let f be a nonnegative, Lipschitz function from the torus R/(2nZ) — R bounded above
by 1. Extend it to a function of R/(2nZ) X Ry X C([-27k,,0],C) N F;; by setting f(x,y,z) = f(x).
Then there is positive constant H = H(ky, ka, ks, k7) which is bounded (above and away from 0, for k7
large), uniformly in k1, so that

M(f) = Dy (f) x H ——— 0.

k3, ko, ki,n—00

The constant H is given in (2.68).

This completes the proof of the proposition.

Proof of Lemma 2.24. 1If D (f) = 0, then it suffices to show m(f) tends to 0. This follows directly
from (2.67), and so it suffices to consider the case that Do, (f) > 0.

The proof follows from a second moment method, restricted to the event Zj,, which complicates the
first moment estimate. We first compute the first moment without the restriction to Zy,. The conditional
first moment of m( f) is given by

Elm(f) | Fl= ). fOHE[R(i)p, | Fal,
jeD,,/kl
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where p; = p(VJf) = IP’(W;.’ € [—k7,00) | 97,,1+). The function p is inexplicit and depends on k4, ks, k7.
Using Lemma 4.4,

B Ror, (0:)— 2 k]
E[ %;(n])p; | Fa,) < (\/_sz \/g(pkz(ﬁj))e B2k, (6;) 103k2+0k2\/;/1k—:e\52p(z)zdz.

The interval J is [(log k7)'/'°, (log kT)®/1°]. The constant  is given by

k+
2 :/( /Ezeﬁz)x(_lp(z))dz. (2.68)
J T k1

Note that the density that appears is bounded by Lemma 2.23 (using 7_ = log(k/k7) and T = log k),
and we obtain

= c(ks) (1 +01,) / ~2*/(2log k) < ¢’ (ky). (2.69)

(log k+)3/2 -
We return to this bound in a moment, but note that by combining the above, we have the upper bound
for the conditional first moment:

2n

limsup E[m(f) | Fi,] < F(O) D, (0)d0 x H. (2.70)
0

n—oo

Before proceeding, we show that H is bounded below uniformly in n, k1, at least for k7 large enough.
Assume not. Take f = 1. Then necessarily, lim infy, _, lim sup,,_,, m(f) = 0, in probability. Using
Proposition 2.15, we conclude then that, at least for k7 large,

hm inf lim sup Ext,, NI'x, = 0, in probability.

k1> 00

But this contradicts the tightness in Theorem 1.3.
To produce a lower bound for the first moment, we introduce two comparison measures m;. and m ;.’,

which serve as comparisons to m;, and which are modified by slightly adjusting the ray event {%i(nj’).
We introduce two-ray events, which will only be used for this argument,

=%(0; )ﬂ{Vt € [Hiy, Hyr] N {Hox 1 k €N}, 1 3,(6)) € Va4 A3
()=} € [(og k)™, (log k1)*"},  and
=%(6) ﬂ{Vt € [Hiy, Hyt] 0 {Hy - k €N}, @ Z52(6;) € V2[A]7, A7']}
ﬂ{—V; € [(log k1)**, (log k1)%'}.

(2.71)

Let m’ and m’” be the sum of all the m;. and m}’, respectively (see (2.59)). From Lemma 4.4 and a
direct first moment estimate

liminf B[|m"(f) - m(N)| | Fi,] < 01, D, (f),  as.

and hence on taking k» — oo, this tends to 0 almost surely. Moreover, on the event Z,, we have that
m’ > m’’, and hence, combining this with the display above,

liminf B[m(f) | Ft,] 2 liminf E[m” (/)1{Z,} | F,].
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To evaluate this expectation, we lower bound the expectation without the restriction to the event Z,
and then argue the event can be removed.

Using Lemma C.1 and the Girsanov transformation, we also can give a sharp estimate for the ray
probability. However, this is not given as a density estimate, but rather with a restriction of the endpoint
VJf to land in an interval of length 1/+/k3 (as in Proposition 2.20). Hence, we partition the interval J into

a grid J of separation 1/v/k3, whose elements are parametrized by z:

Blm” ()1 Fl = Y, BU7)"}p, | F)

J€Dnyk,
1 N
> ) n_(‘/inz—\/é%z(@j))e Bl2ew, (Gplogkaror,
J€Dnyk, !

kY 2 p(z+x)
X (1+ My k) Zze¥**x  min ,
Tkl ZZE; n xel0,1/vB1 VK3

where the factor ng, x, — 0 as ko — oo followed by k3 — oo. In Lemma 10.2, we show that the function
p(z) satisfies the estimate

(e‘/ix

pw+x) = + 0k, )p(w) uniformly over |x| < landw € J. (2.72)

Hence, we can uniformly approximate the sum over z by an integral and arrive at
E[m”(f) | F1,]
NI kY 2
> (1+0k;) Z \/_sz \/790,(2(9 ) /261, (0j)—logky 1 / —Zeﬁzp(z) dz.
T

k
JEDn/kl !

This is exactly H, and so we have
2
liminf E[m” (f) | Fx,] = (1 +ox;) D, (0) dO x H. (2.73)
n—oo 0

To complete the first moment analysis, it suffices to show that

hmsuphmsup]E[m"(f)l{Z“ } | F,] P, 0,

kp—o0  kj,n—00 k3—0co

as then from (2.73) and (2.70),
2r P
Elm(){Zx} | Fi,] - Di,(0) dO x H PR 0. (2.74)
0

3 kz kl n—oo

We shall show using the second moment machinery in Proposition 2.20 (and see Remark 2.21) that

lim sup lim sup]E[(m”(Arc,~))2 | Fr,] <0 a.s. (2.75)

kp—oco  kj,n—oc0

And hence, it follows by Cauchy—Schwarz and Lemma 2.19

lim sup lim sup E[m"’ (Arc; )l{zk } | F,] — 0.

ky—oco  kj,n—o0
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We turn to the conditional second moment, and note that this argument will give the same upper
bound as was needed for the second moment of m”” in (2.75) (see Remark 2.21):

EBlm(f)* 1 Zi} | Fil < ) f(ej)f(ewE(l{zkz}1{%3(@ N R pipe
B4

%2), (2.76)

where p; = p(V]’.) = JP?(WJ‘.’ € [—k7,00) | F/Tn]+) and the sum is over all j, £ € D,,/x,. We divide the angle
pairs (6}, 6¢) into two classes NR and FR, where the latter means 6; and 6, have branchpoint k (in the
notation of Proposition 2.20) less than % log, k>. We let NR be all other pairs. For the well-separated
angles FR, we can afford only multiplicative errors of the form 1+ og,. Now Proposition 2.20 gives such
an estimate, albeit only after asking the endpoint to be in a bin of size (1/vk3).

Thus, by partitioning the two-ray expectation in (2.76) according to the values of ij and V; (using

bins of size (1/vk3) so to apply Proposition 2.20), we have that for (6;,6,) € FR, the contribution to
(2.76) is bounded above by

Z@(ej,xj,Zﬁef’be(’)X max  p(z;+uj)p(ze+ue).
i uj,ue<1/vVks

By (2.72), the maximum value of p over a short interval of length 1/v/k3 is its average value over the
same interval up to an error o, . Using the first case of Proposition 2.20, we conclude with that notation

> E(l{zkz}l{g?f?1 (n}) N ﬁiz(nT)}pﬁpjz
6;,0,€FR

2 2;Xjko zexpko
< (1 + gy k3 + 0k3) Z // e exp(V2(zj = x; + 20 — x¢)) p(21) p(22)dz1dz2,
0.0, JJI T I’ll I’ll

7.

where the sum is over all 8, 8, in the arc and J is as before. Thus, on taking n — oo,

lim sup Z E(l{fsz}l{e%?, (nT)ﬂ%i(”D}Pthz

=% 9. 6, €FR

7.

Q2.77)
2

2
< +0k3)( f(e)@kz(e)daxH) .
0

For the near terms, we need to use all the cases of the two-ray bound Proposition 2.20:

> E(l{zkz}l{gz;] (n) N F/B}z(nf)}p IPi

-
Hj,(i[ eNR

< c(k3) Z //@(Gli,xj,z‘,-;ee,xz,u)p(z‘;)p(a)dz]'dm
J JJ

6,6, ENR

We then partition these near terms into which case of Proposition 2.20 the pairs land. That is, we define
the sets:

1. NR;(6;) are all those ¢ so that k > (log, k»)/2 but k, < log, k.

2. NR;(6;) are all those £ not in NR; () but so that k < (log, n)/2.

3. NR3(6;) are all those £ not in NR;(6;) for i € {1,2} but so that k < log, nj.
4. NR4(6;) are all those ¢ not in NR;(6;) for i € {1,2,3}.

In all cases, we have sharp dependence on x; and z;, and so we can integrate over z; to give exactly H
up to an error depending on k3. For the terms in NR (6;), we also have sharp dependence on x, and z¢
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up to a multiplicative error, and hence, we have

DYDY EMTE AL AT
n—oo je’Dn/k] {’ENRI(OJ')

|

2

< C(k3)( A D, (6) db x H) X mgx9k2([9,9+ 1/\/k_2]).

By nonatomicity of P,
max Py, (6.0 + 1/vka]) ——%k“' 0.
2—00

For the terms of the second type, the bound in Proposition 2.20 loses the dependence in x,, but we
gain a factor due to the entropic barrier, which is summable

DN W (TE NN RE AT
"% jeDyk, LeNRy(6;)
2r

7.

< c(k3)( D, (0) dO x ’H) x ¢~ (logka)!10
0

The same bound holds for terms of the third type, using the entropic barrier gain, but now gaining a
factor ¢~¢Uogkn)'™”, Finally, for the terms of fourth type, we use Lemma 2.23, due to which we gain the

same ¢~ (log kl)mo. In all, we have that the sum over all NR pairs satisfies

2

E(1{zk2}1{%§](nT)ngeﬁz(np}phph 9‘k2)sok2( | D0 dox )

0;,0r ENR

Combining this with (2.77), we have that

limsup Var(m(f)1{Z, } | Fx,) — o
ki,n—00 ks, kp—oo

This together with (2.74) proves the lemma. O

2.9. Third Poisson approximation: concentration of the intensity

The final Poisson approximation replaces the intensity m by (essentially) its %, -conditional expectation.
This is done by a first and second moment computation. The measure to which we compare m is the
one given in the introduction (1.21) — namely, with I(v) as in (1.21) and s as in (2.55):

n(0,v, ) = D, (0)do x I(v)dv x p(v,df) where

2 ; d .
fo ﬂskl,ks(v,e"fdf)f, ifo=1,

. (2.78)
Sky ks (v, df), otherwise.

pv. f) = {
Proposition 2.25. For any k7, the restrictions of I1(m) and I1(n) to Ty, satisfy

O,(IT(m) N T, | Fiy, TI(M) N Ty, | Fiy) 0.

k3,ka,k|,n—00
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Proof. In the first step, we replace the measure m by one in which the decoration is averaged; that is,
we compare to

WOV = Y 1{@§(n{)}59j,v;(de, dv)p(v, df). (2.79)
jEDn/kl

Note that this is identical to m in the case o = i. The intensities m(I'y,) and m(I',) are tight in all
parameters (see (2.67)) {n, ki, ..., ke¢}. Using Theorem A.2, it thus suffices to show dgp (m,m) — 0
to conclude that

— P
0L(IT(m) N Iy, | 9k2,H(m) NIy, | 91«2) — 0.

k3, ko, ky,n—00
Letting F be the functions in C((—27k;,0), C) with max modulus in [¢77, ¢¥7], we can bound
dpL(m,m) < (m(I'k,) + m(I,))

2
X Z 1{‘%5(’1:—)}611314(/ Bhisks (V;’ oINS df)%’ Skiks (V;’ o' TNYBY] df) |,
jEDn/kl 0

wherea; = lI‘nl+ (6;)—(n{+1)6; and the bounded Lipschitz norm s restricted to . We show in Corollary

10.5 that this distance is bounded by O (e~ (12 k‘)w/ZO)P(V;)v where p(V]f) = P(W; € [~k7,00) | g"T)'
Thus, like in (2.67),

dp (m, T1) —— 0.

ky,n—0co

For the final step, we show

O (#(T1(1) N Tsy) | Fyr #(TI(TD) O Ty | Fy) ——— 0.

k3,kz,k1,n—0c0

We again use Theorem A.2 to reduce this to controlling the bounded Lipschitz norm on I',. Let t#n
and #m be the restriction of t#(n N T'k,) and #F(m N Ty, ) to [0, 27] X C([-27k, 0], C), and note that
the restriction to C([-2nk, 0], C) is identical for both processes except for a additive random variable,
taking value in a compact (k7-dependent) set. From Corollary A.3 and the fact that after the push
forward by ¢, the second coordinate in I" is continuously determined by the third, there is a finite list of
nonnegative Lipschitz functions { f;}, depending on k7, for which it suffices to show that

mn(f;) — Hm(f;) ;L 0. (2.80)

3,k2,k1,n—00

(We note that the use of ¢ was precisely to reduce the collections of functions {f;} to a collection that
does not depend on k;.) Now, (2.80) follows from Lemma 2.24. ]

3. Interpolation-based regularity arguments

In this section, we give proofs of Proposition 2.6 and Proposition 2.14; both rely on certain a priori
regularity properties of ¢,, but the second one additionally uses a substantial probabilistic input —
Proposition 4.8 in the case o = 1. The o = i case is substantially simpler; in effect, the regularity is
much better for imaginary o- owing to the monotonicity of the Priifer phases. We introduce the following
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notation for working with the case of real o. For any 6 € R, define (with 6g given by half of 6 from
Proposition 4.8)

J(6) = {9’ e 7.0 -0 < 3.1)

bis
4ksn n k; - [
The deterministic result we need is the following:

Lemma 3.1. For o =i, and any 6’ < 0,
on(0") < @u(0) + (n+1)(6 - 6).

For o =1 if supy ¢, (6) < \/;mn + kg, then there is an absolute constant C so that for all n, ks
sufficiently large with respect to k¢, and all 6 € [0, 2x],

max_ { en(6)- (m; (

= 9|<

‘Pn (6)- mn C€k6
- max N B and
1 . 2ks — 1] oci(o)
B
5

mn n mn k(’
min {me)\f } (2k5 ) min {q:(e)\f } Ce

|67 < —22 2ks —1] eoei(o)
B 5

4nk

5

Proof. For the first claim, we use that the Priifer phases 6 +— W (6) are monotone increasing in 8; see
the discussion in the beginning of Section 2.1, and recall that ¢,,(0) = ¥,,(6) — (n+ 1)6. For the second
claim, we apply Theorem 8.2 to the polynomial Q such that |Q(¢??)|?> = ¢#2(?) for all real . This has

degree n, and the theorem applies with m = 2ks and b = kl % O

To take advantage of this deterministic result, we then use some first and second moment estimates
which when combined with Lemma 3.1 imply Proposition 2.14. The first of these is essentially a
triviality that shows that we can disregard near maxima that occur near the boundary of an interval 1
more specifically those mesh points that are not contained in K = Uep,,, I; (recall the definition of /;
in (2.24)).

n/ky

Lemma 3.2. For all kz, k4, k5, k6,

4ksn
lim sup Z {5 ¢ K}E[H{Z (L) R (L

n—oo

] —L 0.
l—)OO

Proof. For any I;, the fraction of angles 6 € I; so that § ¢ K vanishes like % as ki — oco. In
particular, the left-hand-side of the display tends to 0 like Oy, p>2((logk1)/k1) (compare with the
proof of Proposition 2.5). O

From here, we can also give a quick proof of Proposition 2.6:

Proof of Proposition 2.6. We focus on the harder case o = 1, since the proof for o = i is immediate.
We first observe that on the event &,,, globally 6 +— ¢,,(6) is bounded by k¢, and hence, we always have
W; < ke forany j € D, .
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Suppose that Wj > —k7, and hence, there is a 8 in a neighborhood of f, at which ¢,,(60) — \/gmn >
—k7. Using the first conclusion of Lemma 3.1, there must be a 6’ € J(8) at which

o) \/>m,,_ 2%s 1)/, i, Cels .
2k5 k?ﬁ

By virtue of Lemma 3.2, we may assume that 8" € /;. Making ks large, we conclude

on(0') ~\[Smy = ~k7 — 01, (1),
As kg is much larger than k7, this concludes the proof. )

The second probabilistic input we need in order to prove Proposition 2.14 is that on the finite sets
J(6) for 6 € I; at which Z(0) occurs, the process ¢ can be taken nearly constant (or more specifically

its oscillation is no more than k;éﬁ ) simultaneously for all 8 for which £ (6) holds. Define the event

F(0) = {(g,rg;t;cg){son(e’)} = min {en(6)}) < ks ‘S’*}- (3.2)

Thus we show the following:
Lemma 3.3. For all kg,

4ksn
lim sup Z E[H{Z(555) 0 R (n}) 0 P 0 0(55) 0 0¥ (5L (52 %} | Fa]

n—oo

P

— 0.
ks, kg, ko, ki —00
Proposition 2.14 follows immediately from Lemmas 3.3 and 3.1 in the case o = 1.

Proof. We may additionally work on the event &}, using which we may replace ¢, (6, + %) by Uz, (6).
The main technical work is contained in Proposition 4.8. Under this proposition, we have an estimate

E[H{ZL (55) N R (n}) 0 P} 0 0(555) 0 0% (I (FE)I G} | Fe]

(\/7 n1 ‘Pn (stn eXP \/79011 (%) _Zmnf)

ki (log ky)3/2

< C(ke)kg 1208079 E[{%}(n})} | Fuz].

We have used here that ¢,,+ (5 k’ ) = IIJ ’” —n#;), the initial conditions from (2.43). Bounding above

the probability, which proceeds in the same fashlon as (2.19)—(2.23), we have
4ksn

lim sup Z E[{Z(555) 0 R () 0 20 0(555) 0 0¥ (L)WM (52 %} | Fa]

ki,n—o0 =

—opr2sr 27 \|B (0)—
< Clko)k, 5+ / g\/;(6k6+t/>k2(9)) 1og<k2>(cﬁk6+\/§10g ky \/g%(e))de
0

—S5p+2682 2r \/E _
vy 54262 / o\ 2 (912 (1K) 1og<kz>1{¢k2(e) ¢ [sgz,s;21}|c,;k6+\/ilog kz—\/ggokz(e)\de.
0

Using Theorem 1.6 we have on sending k» — oo that this upper bound converges almost surely. On
afterward sending ks to infinity, the result follows. O
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4. Bessel bridges

In what follows, 6y will be a fixed angle in [0, 2]. Recall from (2.7) that for o~ € {1, i},

Grs1(60) = Gi(8) — 2R {a (Z:)e™c (™)} Gy (6o) = 6o.

Z
B

Recall further (see (2.5), (2.7)) the complex Brownian motion 3;‘7(00) with the normalization
[35(60), 35 (60)] = 2t and the standard real Brownian motion 3, = R(0-3%(8p)) for any ¢ > 0,
so that G (6y) = \/%Syk (8p) for any k > 0.

We shall work conditionally on the endpoints 3, of various intervals [fo, ¢ ], after which the process
is a standard Brownian bridge. Further conditioning this bridge to lie below the line ¢ +— at, on the
interval [t¢, 1], the process at — 3; has the law of a 3-dimensional Bessel process bridge. It remains
a semimartingale after this conditioning (with respect to the appropriate augmented filtration), and

moreover, it is a strong solution to an SDE. We record these facts and some distributional facts about
this Bessel bridge in the following lemma.

Lemma 4.1. Let (B; : t > 0) be a standard real Brownian motion. For any a,cg,c; > 0 and any
0<tg<ty,let (X;:1t€ [ty,t1]) be the strong solution of

- ds, X, =aty— co.
s —as Hh—s

t
X~ %, =ali—10) + (B, - By) + /

)

1 X, —(as—cy)
£

Then, (3; : t € [to,t1]) has the same law as (X; : t € [to,t1]) when conditioning on
3 =atg—co, Iy =ati—cy, and I <at forall te [ty t].

For any t € (tg,11), the density of y; = at — X; is given by

2 2
. cou \ . ucy u u
= Z(t; - to, o, h h - - , =0,
f(u) (ty = to, co, c1) sin (t_to)sm ([l_t)exp( 1) 26 -1 u

where Z(-, -, -) is a normalizing constant (given explicitly in the proof text). Provided (cé+c%) < (t1 1),
we therefore have the estimates, with s = min{t — tq, t; — t}, for some absolute constant C

Cx3
Plat—%; <x) < =55 Jorall x< Vs.
s

Furthermore, with i € {0, 1} depending on whichever achieves the minimum of min{|t — t;|} in the
definition of s,

2
d
P(ar — %, € du) < Ce’(“’cf)z/(%)% forall u > 0. 4.1)
S

Proof. See [RY99, Chapter XI] for a good exposition. Setting X; = at — 3,, the SDE reduces to a
standard result on a Brownian motion conditioned to stay positive (cf. [RY99, Exercise XI.3.11.2],
[Rob13]). The density f is given in [RY99, Chapter XI.3]. The normalizing constant Z is given by

2 -1t ( CS C(z) C% C% ) ( coCl )
Z= \/j exp| — + - + csch .
aN (t—to)(t1 —1) P 2(t—t9) 2(t1—to) 2(t1—1t)  2(t1 —to) t —to
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Under the assumption on 6(2) + C% and using the numerical inequality x < sinh(x) for all x > 0, we may

bound above the normalizing constant Z

1/2 2 2
1 —1 1 — 1 B <o 3 (on
Zs C( coct )((t—to)(n —t)) eXp( 2(t—to) 2(1y —t))'

Using sinh(x) < xe* for all x > 0, we arrive at the density bound for another absolute constant C > 0:

3/2 2 2
) 1 —to (u - co) (u—cy)
Tl = Cu (W) P( 20 -1) 20 -1 )

Hence, with the same constant C, we have

23/2C 2
fl) < =25 forall u < 5. 4.2)
s

The final conclusion follows similarly. O

We also note that a Bessel bridge has good oscillation properties on short time windows, provided
its endpoints are not brought close to the barrier:

Lemma 4.2. Suppose that (X; : t € [0, 1]) has the law of a 3-dimensional Bessel bridge with Xy = xg
and X\ = x1. Then, if x1,x9 > 1, there is an absolute constant ¢ > 0 so that
P( sup |X; — (x1 —xp)t —xo| = s+ c) < exp(—s2/c).

t€[0,1]

Proof. We can realize the Bessel bridge by taking a Brownian Bridge 3, with the same endpoints and
conditioning it to remain positive. Let H be the event that this Brownian bridge is positive. It then
suffices to prove that

P({ sup |3r — (x1 —x0)f —xo| = s+ c} | H) < exp(-s2/c).

t€l0,1]

This is a standard fact for 3, without the conditioning; that is, there is a ¢ > 0 sufficiently large that

IP’({ sup |3; — (x; —x0)t —xo| = s +c}) < exp(—s?/c).
t€[0,1]

The event H has probability bounded below by some absolute constant (indeed, it is possible to compute
it), but note that by monotonicity, it is bounded below by the same probability where we take x; = xo = 1,
which in any case is some number p > 0, and so

P({ sup |3r — (x1 —xp)t —xo| = s +c} | 'H) < exp(—sz/c)/p.

t€l0,1]

Then increasing c, the claimed bound follows. O

As our first application, we show that conditionally on the process lying slightly below a concave
barrier, the process in fact tends to stay in the entropic envelope. Recall the event &, from Lemma 2.4,
and the event %(0) from (2.15).
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Lemma 4.3. On the event that 3p,,, € V2(log ky — [(log k2)*#, (log k2)%>']) and that 3u, € N2m, +
[—ks, k¢], there is a constant ¢ > O sufficiently small so that for alln > ky > k4 > ks sufficiently large,

(V2logk; — ?)sz)e_c(logk5)2

P(Z(0)° NG, | 3u,,. 3,) < 1
ogn

Proof. We will work conditionally on 3p,, and 3p, throughout the proof, and we will work on the
o (3Hy, » 3H, )-measurable event in the statement of the lemma.
We recall that on the event &,,, we have (see (2.9))

3hy, < VBke + ‘/EA; for all log, k» < k < log, n. (4.3)
From [CMN18, Lemma A.5], the probability of this event is bounded above by

(V2log ka = 3y, )+ke
log(n/k2)

P((4.3)|3H4,-31,) < Cp 4.4

We can fill in this barrier and slightly increase its height and define the event

50y \ 1/50
3, < \/E(l _ gloglogn)t_i_g(t), g(t) = t(H, —t + (logks)™")

4 Tlogn H, forall Hy, <t < H,. (4.5)

By a simple union bound estimate over each interval [ H,«-1, Hx ] for all ks sufficiently large,
P((4.5)°(4.3). 3p,,. 3m,) < e~ ko) loeks)”, (4.6)

Note that we therefore have P((4.5)¢ N (4.3)|3 Hy, » 3m,) is the same order as the bound claimed in the

lemma, and it suffices to, going forward, bound P(@(G)" N (4.5)|3Hy, > 31, ) (Which will be lower order
for k4 > ks).
Recall that under P, conditional on 3 Hy,» 3H,, the process

31‘1" - 3Hk2

B =3B, ~ g
n 2

(l - sz)

is a bridge starting and ending an 0. Define a change of measure by

dQ e Lt
e exp(/sz g (Hd3, - 3 ‘/H (g (t))2dt)

ko
0 4.7)

= eXP(F(SH,,,Ssz) - /H

{¢”()B, + &L gy
ky
for some (linear) functional F. Then, without conditioning on its endpoints, under Q, the process 3, —
g(?) is a standard Brownian motion for ¢ € [Hy,, H,] and, after conditioning, this process is a Brownian
bridge. Moreover, we see that the conditional Radon—Nikodym derivative is just given by (4.7) with
F=0.
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Estimating the probability Q(EA?" (6) | (4.5)) is straightforward, given that there is an explicit prob-
abilistic description for the conditional process. So, our goal is to show that P(Z€(0) N (4.5)) is not
much larger.

B (6) 0 (45) | 13n,- 3m,) = Q[ F51{F°(6) 0 (49)} | Bm, 3, ]

R (4.8)
=Q[£1{%°©0)} | (4.5).3m,.3m,12[(4.5) | Bu, 3, |-

Conditioning on (4.5), 3 Hi, » and 3, 3: — g(t) has the law of a Bessel bridge under Q. Thus, under Q,

we can use the estimates in Lemma 4.1 to estimate the probability of 3?2(0) under Q.
We first establish that under the conditional measure Q(- | (4.5), Sykz, 34, ), the process J; is not
outside the entropic barrier of half the size at integer times up to H, — k4 + 1 (cf. (2.13)),

_ 4.9
—0.5(logn — 1)'/2725 — 3 loglogn  if 1 log(n) <t < log(n). “9)

- ~0.5¢1/2%2/3 if t < log(n),

A?’+:=t+{ 2 log(n)
For bounding the event of exceeding the entropic barrier, we use the summability of the powers in
Lemma 4.1 to conclude

Q3 ¢ [A", A for some integer t < Hy, — kg + 1 | (4.5), 3n, 3H,)
~1/5 -1/5
< C((log ko)™ + k7).

We may then fill in the gaps by again using union bound together with the oscillation estimate Lemma 4.2
over each interval to conclude for some larger constant C > 0,

QR(O)|(4.5), 3u, - ) = e Clozk-C 1P (4.10)

for all k», k4 sufficiently large. We will show that we can reduce to this case by bounding the ex-
SHy —3H, 0.51

pression QI(@PAQ) | (4.5), 3n,. 3] Let @ = V(1 - RN - Sy = o(leeirthe),

and which is positive for all k> and n sufficiently large. Under Q and conditioned on 3, , 3#,. the

process

X, =B, +g(1) +alt — Hy,) + V2(1 - 82N f — 3y,
= ~3, +g(0) + V2(1 - Jlogleny,

is a Brownian bridge, and the event (4.5) becomes
X; >0 forall ¢e [Hy,,Hy].

Thus, conditionally on (4.5), (¥X; : t € [Hy,, H,]) has the law of a Bessel bridge (cf. Lemma 4.1).
The conditional Radon—Nikodym derivative can be expressed in terms of X by

dP Fin ” ” n ! 2
ol exp(/H {=&" (0% + 8" (1)(a(t = Hi,) +V2(1 = J°EEN Hy, - By, - S0 Ve |
ky

A.11)
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We can estimate the function g for a sufficiently large absolute constant L > 0,
lg” (1) < L™/ A (H, — t +log ks)™%0), 4.12)

and we also observe that g is concave; recall (4.5). From the concavity of g and the convexity of the
exponential, we can therefore bound

2 H,
(%) < exp(‘/sz —2g”(t)%,dt). (4.13)

From Lemma 4.1, we have a subgaussian estimate on X;. Recall the subgaussian norm
. 242
IXlly, = inf{t > 0: E[eX /" | (4.5), 3n;,,.3m,] <2},
such that

TAE (logk2)*5' + vt t < 1H,
WS N ke +VH, =1t < H, - k.

Hence, using Jensen’s inequality,

H / " _0g"(0)%,dt
Hy,

Splitting the integral and using the bound on g”” and || %, ||,;,, we have

H,
< / 26" (1)1 % .
H,

ko

7%}

Hn
/H 28" ()| % ||y, dt < c<k6,L)(<logkz>47/‘°°+k;“8“°° :

ko

In summary, we conclude that for all k4 and k, sufficiently large, there is an absolute constant C > 0 so
that

2
Q((%) | (4.5>,3Hk2,3m) < oCkP+Cllogho) 1% (4.14)

Hence, using Cauchy-Schwarz, we get that for all k, and k4 sufficiently large,
A E1{F O} (4.5, 3m,.3n,] < (loghs) ™+, (.15)

Finally, the Q probability of (4.5), conditionally on SHkZ,SHn, is the probability that the Brownian
bridge X, stays positive for all time. This probability is, in fact, explicit [KS91, (3.40)]:

2ka2an
Hn - sz

(V2log k — 3, ) log ks
logn

< , (4.16)

Q((4.5)13Hy,>3H,) =1 - eXP(—

for all n, k, sufficiently large and some C > 0. For n large, this contribution is negligible in comparison
to (4.6). Hence, by (4.8) and (4.15), the proof is complete. O

By a similar argument, we can actually estimate the density of the Bessel process endpoint killed
when it exits an entropic envelope.
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Lemma 4.4. For notational convenience, let s = Hy:. Fixp 2 2. On the event that Ssz € \/E(log ky —
[(log k2)™*, (log k2)**']) and y € V2(s = } loglogn — [AY ™7, AL™"]),

P(FE (n}) 0 {V2myr = 35 € [y, y +dy1} | Buy,)

7, , 4.17)
1

Furthermore, for all y € V2(s — % loglogn — [AP"™, AP"*]), the density is upper bounded by the right-
hand side. With y € V2(s — %10g logn — [Af_l’_,Af_l’Jr]), if we introduce 7].' (see (2.71)) as the

alteration of (2.27), where we only put the entropic envelope restriction at t in the set {H,x : k € N},
we furthermore have

P((Z5(n) 077 0 {N2my = Bs € [y, y +dy]} | Bm,,)

2y (4.18)
< 0g, X ;F(\/QH,Q ~ 3m,) exp(V2y + V23, — logky)dy.
1

In the lemma and also below, we write P(dy) < fdy for a (sub)-probability measure P when we
mean that the density of P with respect to Lebesgue measure is bounded by f.

Proof. Define the event & that

X = V2(1-35 3, >0 forall 1€ [Hy,s], (4.19)

and note that %f(n’{) c8.
Define the change of measure

logs logs\2
— =exp(V2(1 - 312 )(3s = 3m,) = (1= 375°) (s = Hy,)).
Under Q, ¥, is a standard Brownian motion. Therefore,

P(RY (n}) N {V2mps = 3, € [y, y +dy]} | Buy,)
= Q&Y (n]) N{X; € [,y +ay]} | my,) (4.20)
X exp(—s + % log s + \/Ey + \/§3sz — Hy, +0y).

Define for convenience f = s — Hy, and x = V2(1 - 3 logs)sz — 3y, - Under Q((*) | 3,,) ¥; hasa

S
gaussian density of mean Xsz and variance ¢. However, by the restriction on y, the gaussian trivializes,

and so

QAL D) 0 (Z, € [y + 1} | B,) = QAT (D) | By, %y = 9y 51+ 00).

To produce the upper bound on the density in (4.17), we use the inclusion 9?5.’ (n]) € & and then bound,
using (4.16),

QA? (1) | Bty %5 = ¥) < QE | 31, %y = y) = 1 - exp(~2xy/1). @21)
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Hence we conclude, from combining everything with (4.20),
P(RY (n}) N {V2mur = 3, € [y, y +dy]} | Buy,)

2
< —ﬂexp —s+310gs+‘/§y—(x2+y2)/2t+\/§3y — Hy, +0p)dy
7 32 2 ky 2

2
< \/;Z_f exp(\/iy + ‘/§3sz —logka +ox,)dy.
1

For the lower bound in (4.17), we condition on & and express

QR (1) | Br, - Xy = ¥) = QE | Bn, . Xy = NURY (1)) | 31, X5 = 3. 8).

Thus, it suffices to give a vanishing upper bound on

Q((&Y (D) | Bty Xs = 3, 8) = 0k, (4.22)

Conditionally on &, Ssz and X; = y, X, is a Bessel-3 bridge on [Hy,, s]. As this determines the
Radon—Nikodym derivative, and using the extra assumption from the statement of the lemma that y is
far from the edge of the entropic window, the argument is now similar to what is shown in Lemma 4.3:
one starts by bounding the probability that the Bessel bridge escapes the entropic envelope at times in
H,« with k € N, and then between two integer times use a gaussian tail bound for the oscillation from
Lemma 4.2. We omit further details.

To see (4.18), note that the same oscillation lemma shows that with p = 2,

Q(gc |3Hk29£5 = )’7%,) = 0](2’ Q(gc m %, | Bsz,xs = )’) = 0k2 Q(% | 3Hk27xs = y)a (423)

which implies the claim (4.18) since

QUE (D) NV | Bm,» X5 = y)

=Q((F; (D) NT/ NE | 3u,, X =) +Q((F; () N7/ N & | Bu,,, Xs = y)
<Q(& | 3m,» X =) - QUEFMD) | By, X5 = 3.8) +Q(7/ N | 3m,,. Xy = y)
< 01,Q( | 3m,, X5 = y),

where we used (4.22) and (4.23) in the last inequality. The conclusion follow from the explicit expression
for the right-hand side; see, for example, (4.21). m]

4.1. The coarse oscillation bound

In this section, we consider a single j € D,,/x,, and hence, we write simply the barrier event

R = {‘v’ logk, <t <logn : \/gAf’_ < \/%3,(00) < \/gA;H}. (4.24)

In this section, our goal is to estimate the probability of the oscillation event

5 = { max . |Tk(9_) _ \Pk(9+)| < kl(lo+rkl)50}’ (425)

ky Skﬁnl
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with 6% = 0y + 27k \when we condition on Z. Let (%; : t = 0) be the join of the filtrations (recalling

2.2))
((35:0<s<1):t>0) and ((Xi, Ve, T¢:Vk,Hy <t):t2>0),

where we further augment by 3jos 7, . Note that G and ¥ are adapted to #p, for any k € N. Let 7 be
any Z stopping time such that for all log k, < ¢ < 7, 3, satisfies

@3, c \/g (A%, A%, (4.26)

Then (see (4.24)), if T is just the first time (4.26) fails, then on &, it follows T > log 7.
We will let B be the event that 3, < V27 for all + > Hp, and J3jogn, € [A4’_A,A4’+ ]. Then

log i log 71
conditionally on 53, we can use Lemma 4.1 to compute the behavior of increments of 3.

Lemma 4.5. Set Apy;:= 3o pH,, — 3cpH:- For ko < k < logny, there is a constant C > 0 so that for
all ky and k| sufficiently large,

E[As1|Z, . Bl = (V2 % c(ky, k2))E[(7 A Hys1 — T A Hy) |, Bl
[E[AZ, 1%, . Bl = E[(t A Hist — T A H)| %, Bl| < C(E[(T A Hge1 = 7 A Hi)*| .., B,

where the meaning of the first line is that the LHS is bounded above and below by the RHS, choosing
signs appropriately, and where

c(ki, ky) < C((log ko)1 + (log k1) ~1/1%0)
for some constant C > 0.

Proof. We can express the increment A, using Lemma 4.1, as

Ags1 = V2(T A Hyat — T A H) + Bearie — Bonby +Afyys
, TAH4 1 Js — Slogﬁl - \/Q(S - 10g ﬁl) (4.27)
where A} | = - = ds
et | 3s— Vas log# — s

and B(, is a # -adapted standard Brownian motion. The increment A}, we can control using the
barriers. By construction, for s < 7 for all k| and n sufficiently large,

—\/E(log k)18 < 30 —V2s < —\/E(log ko)'/18,
Fort > s> % log n, we can also bound
—\/E(logn - )18 < 3 —V2(s - %loglogn) < —\/E(logn — )18,
In particular, for k < logn] and all n sufficiently large,
|Ajp| < (T A Hpor =7 A Hk)((log k) ™18+ 2(log ky) 7M1 (4.28)
As Bz (.) is a martingale,

ElAksi%ir,. B] = \[SEL(x A Hiwt = 7 A HO\ i, B] + E[AY |0, B],
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and using the bound (4.28), the claim concerning the first moment follows. For the second moment, we
use

'\/E[AiHWHk,B] = VEL(Be = A 21, Bl| < \BIAL )i Bl (429

Meanwhile, we have the exact formula
E[(Aks1 = Aj )| %2, B) = 2E[(T A Hiwt = T A Hi)? |, Bl + B[ A Hiwt = T A Hi| .. B).

Hence, using (4.28) and (4.29), the bound for the second moment follows. O

Proposition 4.6. There is a deterministic constant Cg so that for all ky sufficiently large, depending on
ko, and all n sufficiently large, depending on ki, it holds uniformly in 6y that

P[6° N R NG, | Hu,,.B] < Cpllogh))™ as.

As the conditional probability of B is explicit, we conclude the following:

Corollary 4.7. There is a constant Cg so that for all n, k1 sufficiently large, it holds uniformly in 6y that

(\/Elog ko — \/gwkz(%) + ké) (\/%m" - Ga, (00))+

P[O° N R NG,y | Hu,,] < Cp

= = , a.s.

(log k1) log(71 / k2)
Proof. We multiply the result of Proposition 4.6 by P[B | Hy, ], which is the probability that a Brownian
bridge stays below a straight barrier (see (4.16)). ]

Proof of Proposition 4.6. With some abuse of notation, let (6 —6p) = WP () — i (6) forany k € N
for any 6 > 6. We will show that for all k; and n sufficiently large (depending on k), there is a constant
Cg so that

P[{ _max (6 o) > kleet)®y n %0 g, | K, Bl < Cplogk) ™ a.s. (4.30)
2 < Sn;’ 1

The analogous bound for |y, +(6-— 6o)| = —i,,+(0-— ) holds by the same argument after making
appropriate sign changes. We just show (4.30). The proof will use tail estimates and computations
contained in Section 7.

We will just write 6 for 6, — 6. Further, since our estimates will not depend on 6, in the rest of the
proof, we take 8y = 0. Let 7 be the first time ¢ > log k» that either (4.20) fails, or for some Hy < t where
ko < k, either Yy, (6) > mor

32logk
C_ aC 2
- > I7 = il > 4v/log Hy; 431
I‘Elg/}?l);knJ'Bt BH"'l k+1 or | k Bl 08 Hk ( )

recall (2.1). Define

» k+1 Z;
zp = e S e 88, andy s —
A /|le|2 +I'¢
For any 6 > 0, let /() solve (cf. (1.9))

k+ + k ) 1 T

else,
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and ¢ (6) = 6. Then, on the event £ N &, (compare with (2.8)) if {maxy, <x <nt Yi(0) < m}, we must
actually have 7 > Hy:. Thus, for any t > 0,

PI{ max gy (6) > 1} N RNG, | Hig,. B <P[{ max yi(6)>1}| Hu Bl as.  (432)
2<k<n} 2<k<ny

On the event 7 > Hyy, Yr.(0) = Yn (6). By construction, ¥ (6) > 0 almost surely (see Lemma 2.1).
1

From Lemma 7.2, we have that for k; sufficiently large, the relative Priifer phases (recall (1.9)) satisfy
for some absolute constant C and any Hy < 7,

(WO —1)zT (2O —1)(ZT?\  Cyl(0)|Z7 P
+ 2 +
\/F_,‘: 21—~k (1";{1)3/2

The case o = 1 : We will estimate the conditional expectation of (4.33) given #3, using Lemma 4.5.
We note using Lemma 4.5, we have for Hy < 7,

U1 (0) =y (0) <0+23 (4.33)

- —-1/18 —-1/100
BIZT | . B] _ (=V2+0((ogky)™"""* + (log k1) ).
Vk+1

and moreover, the imaginary part of the expectation is 0. In the same way,

C
BI(Z{)® | . B) = EIR((Z))?) | Zu,. B] <

Hence, using that ¢, () € [0, ) for some Cg > 0, which implies that the O(1/k) terms have a negative
sign,

Cpy () (log k)?

By (0) = Y{(0) | Hn B) S 0+ 2o

for ko <k <nf. (4.34)
The remainder of the real case will be covered by the argument for the imaginary cases, but the

argument for the real case is simpler and given below. If we define the increasing function k — Py by
the recurrence

Cp(log k)* Py

Pry1 =P +6+
k+1 k (k+ 1)

, forallk >0and Py =20, (4.35)

then ¢ () — Py is a supermartingale started at 0. Hence, for all 7 > 0,

P[ max %:(9) >t+ Py | #u, ,B] <P[ max (w,:(@) - Py) >t | Hn,,, Bl
ky<k=<nf ! 2 ky<k<n} 2
UL+ Py (4:36)

t

El

with the final inequality following from the same argument as Doob’s inequality applied to the super-
martingale ¢, — Py. The recurrence for Py (4.35) is easily solved, and it can be checked that

Pr < Cp(k+1)6 forany k <nj (4.37)

for some other sufficiently large Cg. Hence, as 6§ < C n;l, we have Py < Cﬁe‘(")g Jey) 00 Thus, (4.36)
and (4.32) imply (4.30).
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The imaginary case o = =i : In this case, to estimate (4.33) for H; < 7, we note using Lemma 4.5,

,-(‘5 +O0((log ko) ™18 + (log ky)~1/19))
Vk+1 ’

and moreover, the real part of the expectation is 0; the + depends on the sign of . In the same way,

E[Z] | %y, B] = +

C
k+1°

IA

BI(Z{) | #u, B = EIR((Z)?) | #u Bl and [EIR((Z0)°) | Zi,. B

We note that there will also be a sign change in the (1 — cos) term. For either of oo = +i, it will be
necessary to consider the (less advantageous) case considered on account of needing to consider the
case 6_ (in which 8 < 0).

Applying Lemma 4.5 and bounding the cosine,

Cp(yf(0))*  Cpyf(0)(logk)?

E[yy,1(0) =y () | #u, . Bl <6+ (k+1) + (k+1)3/?

for ko <k <nj. (438

1129y
V" forx € (0, 1) and define a stopping time ¢ as the first k > k; such that

Letn(x) = (log %)—1006(1%’
wr () > n(EL) (k+1)6.

Then, the stopped process ¥/, , satisfies for ko < k < nf,

Cpvrly, (0)(log k)?
(k +1)3/2

EW o ren) (8) = Y00 (0) | Haay BY < 6+ Cpn? (551 (k + 16 + (4.39)

If we define the increasing function k — Py by the recurrence

CﬁPk (log k)3

k1) , forallk >0and Py =0, (4.40)

Piy1 = Px+ 60+ Cpr? (B21) (k + 1)6% +

then lﬂ;: AS (0) — Py is a supermartingale started at 0. The recurrence for Py is easily solved explicitly,
and in particular, there is a constant Cp sufficiently large that for any 0 < k < nJ,

k=1
k0 < Py — Py < Cp Z{9+n2(%)(5+1)92} (4.41)

£=0
for all k| sufficiently large. If we take ¢ as the maximum of x7%(x) on [0, 1], then we can further bound
Py — Py < (1 +2¢)Cgko. (4.42)

Moreover, for all > 0 and any m < n}, by the same argument as in Doob’s inequality,

Bl max U{yp(0) > 1+ Py | i, B < BL max (U7, (0) = Puno) > 1] Ty, B]

ky<k<m
(WF (0) = Pi,) + Py, (4.43)
< .
- t
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We can use this bound to control the probability that € [2¢~!,2¢]. For this to happen for some
¢ > log, k, we must have for some cg sufficiently small

7 9(0) > Pyr(1+cpm( 3
kzr?fzszk“’() 2o (T+cpn(5-)).

Hence, summing over log, k> < ¢ < log, n and using (4.42) and (4.43) and increasing Cg as needed
between the inequalities,

+ 1

g2ty T () + 206 T(6)  (log )30

P9 <nj)<Cp lpkz—s Vi, +(g"‘)
1 B . = B 0n( k2 nt

t=iogy ko 2°6M(5-) 26m () n(;r)

On the event {# > n{} N G,, we thus have that 7 > n} and

l!/n;'(g) = lﬁ;{(g hS T+ 1)6.

Hence, if we apply (4.43) again with 7 = (log kl)SOPnT, we conclude that for all &k sufficiently large,

+ L
Ui (0 (logzh)30\ i (6) + Py
+ - + .
kaOn(%2) n(i) (log k1)30P,:

ko <k<nt

P[ max ¢k(9)>(1ogk1)5°Pn | ., B] scﬁ(

To conclude the proof, we observe that 6 — w,:z (0) is a continuously differentiable function, and

i, (@) < { sup JI(t!/;fz)’(Go)l}G-

Opel0,27

Hence, on taking n — oo, the "01:2 terms tend to O almost surely, and we conclude

nt 1
(log 74)30
lim supP[ max wk (6) > (logk1)>°P, + | %sz B] < Cg(*) +2(log k1)™°,
n—oo r](nl)
which completes the proof by how n was chosen. O

4.2. The fine oscillation bound

In this section, we develop an estimate of continuity for the real part of the field, where we consider a
high value of the field lI] (6”) and then give a continuity estimate for lIJ (0) for 6 € [8”,0" + 6] for
small 6. Without loss of generallty, we will take 6" = 0.

Proposition 4.8. (o0 = 1). We suppose that for a > 4,6y > 0 are given and satisfy
(logky) ™ < by < e, (4.44)

where the constant € is a small positive constant, to be determined, that depends on B > 0. We will
condition on (87 (0) : 0). We assume that the oscillations of the initial conditions are small in that

|rgr‘lax |E] () - )3’ . (0)] < (logky)™“. (4.45)
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We consider large endpoints in the sense that
—ke < U, (0) < k. (4.46)

Then there is 6 = §(B8) > 0 and a constant Cg sufficiently large so that for any fixed set S in [0, o] of

. . -6
cardinality at most e%° the event

0. = {sup Wy () — WL (0)| < 6] and I(2] (6) — £} (0)) < 63}
0eS

satisfies, on the event (4.45),
P(6S N 2(0) N (4.46) | (2] () : 0))

010 log ks) (—[3 (T, ~ 7) ~ ] (0)) exp (/524 (0) + 2T, - 7))
i (log k1) 2

< Cp(ke)

Remark 4.9. An extension of the argument shows that in the case that @ = oo (which is to say the
initial conditions are 0), we may, in fact, bound the 6-Holder exponent on the interval by a constant
with the same probability (up to constants). This is by applying a chaining argument, and effectively
applying this proposition repeatedly to control the process on intervals of size o2~ for k =0, 1,2, .. ..
Step 1 would remain the same (albeit with O, being the H6lder continuity event). Steps 2—5 (control on
the difference of the imaginary part) should be generalized from the difference of the imaginary part
over the interval [0, 6] to the interval [6, 6], but essentially no details change. Step 6 would change
similarly. Finally, the chaining would be done.

Proof. We let dX, = \/%‘R(ei:m{ 0 g98/) and let dB, = \/g (e O g@8)), for 1 € [T_,T,]. We
also set the initial conditions By =0and X; = —H;ﬁ (0). Hence, the process ¥ equals -2/,

We let Z be the filtration generated by X and B with X7, and (53%7 (6) : 0) adjoined. For a large
integer absolute constant k.., we set T. = T, — k. and we condition on the event that we remain below
the concave barrier

w(0) < \/g(t — T, +2(T, — 1 + (logks)™)"/°) = ¢(r) forallz € [T_,T.]. (4.47)

This barrier is above the concave barrier in % (0).

As in the definitions and manipulations between (4.7) and (4.13) from Lemma 4.3, we define a
measure Q which is mutually absolutely continuous with respect to P and which flattens the curvature
in (4.47). For this measure, there is a (Q, #)-Brownian motion (X; : ¢t € [T, T:]) such that

Hr<T.} ¥, -%+0T) - (@)

dX, =dX —'(t
X = dXi + O+ o+x, * T —1

)dt, Xr = - (0). (4.48)

In the above, we have extended the definition of ¢ for ¢+ > T, by taking it constant and equal to ¢(T%).
Under Q, B remains a (Q, #)-Brownian motion. Moreover, from (4.13), we have a bound on the
Radon—Nikodym derivative

dP =
d_Q < exp ( /T,_f (B)(e(r) + %t)dt). (4.49)
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We also introduce D, = £(t A T,) + X, which under Q is an %’-adapted Bessel bridge with endpoints

Dr < Z@exp(lg—o(log k1)*1%) and Dr, < \/g(((log ks)>® + k)30 4 k).

The process D describes the distance of X from the barrier. O

Step 1: Reduction to a conditional probability.
We will show in this section that the problem can be reduced to showing

Q6 N P}(0) | 1 (0), (25 (0) : 0), (4.47)) < 65™° (4.50)

for some 6 > 0 (note that § also hides in the definition of 0,) depending on 8 and all k4, k5 bigger
than some constant also depending only 8. Suppose we have established (4.50). Using the change of
measure, we have

P(OF 0 2(0) | 1, (0), (2. (6) : 6), (4.47))
dP
=1

- Q[dQ {os n 20 ‘ W (0), (2] (0) : 9),(4.47)].

Applying Holder’s inequality, there is 4 > 1 sufficiently large that

T. 1/a
P(0S 0 2(0) | 1, (0). (2] (0) : 6). (4.47)) <Q (exp ( / —M"(t)b,dt)) 6,7

Controlling the Radon—Nikodym derivative is the same argument as the argument between (4.13) and
(4.14). We have for some absolute constant L > 0,

—"(1) < L(T, - t + (log ks)**) /%0,

and from Lemma 4.1 for some constant Cg,

1D lly, < Cp((logks) + T —1),

where || - ||y, is the subgaussian norm with respect to the conditional probability measure given as
Q(- | lI%+ (0), (2. () : 6), (4.47)). Hence, by convexity of the norm,
T. T.
H /—5"(:)33,51: < /||—£"(z):0tdt||w < Cp(log ks)™*.
T y ?
7]

Thus, we have after increasing Cg for all 4 > 1,

T. 1/a
Q (exp ( /T—/lf"(t):D,dt)) < exp(4Cg(log k5)_24),

which is bounded by 2 for all k5 small (depending on A, which in turn depends only on ().
Thus, we have shown

P(0S 0 2}(0) | Y. (0), (2], () : 0), (4.47)) < 65*° (4.51)
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for some constant § > 0 depending only on S and all k4, k5 bigger than some constant depending only
on 3. The event (4.47) contains 9’; (0), and so

P(6S 0 2}(0) | 0. (0), (27 (0) : 0)) < 637B((4.47) | 1], (0). (27 (6) : 0)).

We then take expectation on both sides of the equation over II%+ (0) satistying (4.46). Let M be the change

of measure that flattens the linear part of £ (with respect to the conditional measure P(- | (ﬁé (0) : 0))

dM i i
—5 =D (\/’;(um) -] (0) - (T - T)),
under which

£ W (0) -0 (0)— |3 -T.)

is a speed-(%) Brownian motion. Note that on (4.46), the change of measure %ﬂ is controlled up to

constants by

B+ Ctkexp ( B o) - 7. - T_>).

In particular, we have (using Ty — T_ = log k7)

P((4.47) N (4.46) | (81 (6) : 0))
C(

< k—’iG) exp (\@u; (0) + 2(T, — T_))M((4.47) N (4.46) | (8. (0) : 6)).
1

Using barrier estimates as in [CMN18, Corollary A.6], we can bound the M-probability for values of
u;ﬁ (0) given by @J’ (0)

C(ke)(log ks) (-1, (0) - \[$(T, - 1))

J .
M((4.47) 1 (446) | (2] (0) : 0)) < (log k1)

This concludes the reduction of the lemma to (4.50).

Step 2: Finding a good event on which the slope of the Bessel bridge is tame.
We introduce a random variable to control the slopes of the Bessel bridge:

Dr, — O,k
u = max k0'49 X %

T kskoTe—k>T.

Conditioning on Dy, by the Gaussian tail bound for the Brownian bridge increment D7, — D7, and the
Gaussian tail bound for the Bessel bridge increment (cf. Lemma 4.1) D7, — Dr,_, there is a Gaussian

tail bound for u of the form
Q( > c\@ (1+x)

for some C sufficiently large and all k¥ > k... Thus, summing in k, we may assume that the event

Dr, - D1«
k

%T_) < Ce ™k

Eo = {u < $(log(1/60))™"} (4.52)
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)].()l

occurs with (Q | % )-conditional probability at least 1 — Cﬁe‘”ﬁgz(bg(l/ o)™ for all 5,6y > 0

sufficiently small.

Step 3: Finding a good event with small oscillations.

The oscillations of X; must be controlled, especially near the endpoint t = T, to control their contribution
to the diffusions dX; + id®B,. These oscillations are ultimately controlled by those of the underlying
Brownian motion X;. Define the event E;, for § to be determined as a function of B,

|Xu —Xs| |xu _xsl S 0.51 0.49
max s < 2(log(1/6 T —u+ 1)), VT, >2u>s>T_,lu—s| <1.
{|M—S|1/4 |M—S|1/4 3( g( / 0) ( + ) ) + | |
We may bound this probability by reducing the statement to a union bound over sets

CPr = {(u,s) : [T, —u—k| <2,|T, —s—k| <2}

for integer k.
First, we will need a basic input: from oscillation theory of Brownian motion, there is an absolute
constant C > 0 so that for all x > 0,

Q[ sup 1/4 \/7C(1+x)

(1,5) €CPy |M - S|

) . (4.53)

This follows, for example, from the Borel-Tsirelson-Ibragimov-Sudakov inequality, together with [RY 99,
Theorem 1.2.1]. Taking a union bound over k, we conclude that with (Q | #7_)-conditional probability

1- Cﬁe‘“ﬁ32(1"?5(1/90))2 for all &, 6 > 0 sufficiently small,

X, - X s
—|| i |1/S4| < $(log(1/60)° " (T —u+ 1D)°¥), VT >2u>s>T, |Ju—s/<1. (4.54)
u-—-s
To control the oscillations of X, it suffices to control the oscillations of D in its place, as for any
Te>u>s>T_ with|u—s| <1,

B = %] 1Dy = Dol + ( max 1€()]) s,
and ¢’ remains bounded.

For the control on D, we consider separately the cases of k < k. —2 and k > k. — 2. In the former
case, if we condition on the value of Xz, then the process (X, : t € [T.,T,]) is a speed-(%) Brownian
bridge. Its slope can be controlled by u, and after removing its slope, the same bound (4.53) holds, with
possibly different constants, and so taking a union bound over k, we control the probability of £/ failing
for these k.

For k > k., — 2, integrating the differential representation for D,, we have that for (u, s) € CPy,

3 “(1{t < T.} / Pr. -
D —-Ds =X, XS+‘[( D, )dt+ : (T+—t dt.

On the event @}(6), we may bound D, > \/% (log ks) (which is due to the concave barrier in 9]’.(0)

being shifted by a constant factor from the conditioning (4.47)), for all ¢ € (s,u) for which ¢ < T,. To
the second integral, we add and subtract D7, _x» in the following way:

/ (®T+—59r)dt=/ (®T+_©T+—k+2)d1+/ (®T+—k+2_®t)dt'
K T+ -t K T+ -t K T+ -t

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

68 E. Paquette and O. Zeitouni

The first part we control in the same way as above. As for the second, we may bound it above to create
the following implicit bound:

sup |®u - ®v|
(u,s) eCPy |u - S|1/4
|Xu - Xs| C |®u - Dv|
< sup —+(u+Cp)+ max S — .
(u,s) eCPy |u - S|1/4 r ki =4\ k=k.=2,... k42 (u,s)eCP, |u - S|1/4

Here, Cg controls the Bessel generator term and C is an absolute constant. Hence, on taking maxima
over both sides, we conclude for all k. larger than an absolute constant,

su

Igu - bsl < 2( |Xu - Xsl
(u,s)ecpy |u— s/ =\«

max sup ——+u+Cgl.
1/4 =k.—2,..., ko+2 (u,s)€CPy |M — S|1/4 ﬁ)

Using (4.54) and (4.52), we conclude that there is some Cg, cg > 0 such that for all sufficiently small
6y and g,

QUE{ N Eyg N P(0) | ) < Cep® Ioe1/@D™ (4.55)
Step 4: Finding a good event on which the imaginary part can not explode.

This will turn out to be the most probabilistically expensive part. Let E; be the event, for Cg, g to be
determined,

X -X < (1 + % - 33) (t—s) —6g(log(0o)) +log, (Ty —1), VT, >2t>s>T. (4.56)

As we will work on the event E, it suffices to control the above on integer-valued points; hence, it
instead suffices to bound the probability

X -X% < (1 + % - 33)(; —5) — (6 — 26) (log(60)) + (1 - 28) log, (T, — 1),

VT, >t>s>T_ forwhich t,5¢€Z.

We can furthermore formulate a sufficient bound in terms of D using that |£/(¢) — \/% | < 5 (which

holds provided ks is chosen sufficiently large with respect to g), so that

D -9, < |1+ % + \/g - 48)@ —5) = (65 — 26) (log(6p)) + (1 — 26) log, (T — 1),

(4.57)
VT, >t>s>T_ forwhich t,5s¢€Z.
If s > T., then as in the lead-up to (4.52), conditioning on the value of Dy, the process (D; — Dr, :

t € [T, T:]) is a speed-( %) Brownian bridge under Q with slope at most u. Hence, we have a tail bound
that for any ¢ > s with s > T,

. )
Q({m -2 >0+ 50 -9} nE |7 ) < exp(—g([:(i S)). (4.58)

Using this, we have that the portion of (4.57) for which ¢, s with T, < s <t < T, can bf: controlled by
5 log(1/6p), which is less than the bound stated in (4.57), with probability 1 — Cge™# 6% (log(1/60)* for
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all 6, 6o > O sufficiently small. Hence, we may reduce the problem to showing

D - Dy < (1 + % + \/g - 48)(; —5) = (65 — 36) (log(60)) + (1 — 26) log, (Ts — 1), (4.59)

VT,>t>s>T_ forwhich t,s5€Z.

For all s < ¢ < T, we begin by recalling that the Bessel bridge SDE has strong solutions:

l{t < T*} + $T+ - Qt

d@tZdX,+( Dt T+_z‘

)dt, Dr +{(T-) = W (0).

For all ks sufficiently large (with respect to 3) on g’j’ (0), we may bound above the Bessel generator

term by 5. The slope we bound on Ey N E1 N @J’.(O) by comparing ¢ to its (integer) ceiling

DTJr_bt
T+_t

_ 26 log(1/60)"!
- 3 (T+_t)0'51 :

(4.60)

When T, — ¢ > log(1/6)p), we can just as well bound the above by 2?3. We conclude that we have the
bound on Eg N E| N 9’]’.(0)

56 56
DDy <X, - X, + ?(t—s) + ?log(l/eo) forall T-<s<t<T.. 4.61)

Thus, for any ¢ < T, and w > 0, we have the bound, using the probability that Brownian motion hits

a line,
QIAse[T-,t] : D —-D >w+(1+%+ §—45)(t—s)
- . t N ﬁ ﬁ
2 [8 178 5
Sexp(—§(1+ﬁ+ ;—%)(W—Z—élog(l/eo))).

We pick a g € (0, 1) and an g so that

2 8
§(1+E+\[§)5ﬁ>qﬁ> 1 (4.62)

We apply the tail bound just above with w = (65 — 35) (log(1/(60))) + (1 - 2@ log, (T —t), from which
it follows that for all ¢ sufficiently small (as a function of 3),

Q ({3 s € [T.,1] : (4.59) fails } N Eq N E; N 25(0) ' %T) < (T, —1)~1/2 log“/"@agﬁ*&.

Summing in ¢, it is seen that for 5 sufficiently small and 6 sufficiently small to absorb the constants,
QUEL® NEgNE; N (0) | 77.) < 07", (4.63)
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Step 5: A tail bound for the change in the imaginary part.
We estimate the imaginary part of

A=A (60) = I(L,(60) — £:(0)).
This satisfies the SDE
dA; = Oge' ki dr + \/gS((eiA‘ ~ 1) O g/ |,
which has almost surely nonnegative solutions. Then we express
dA; = Ope' ki dt + A dX, + E1(A)dX, + E(A,)dB,,
where &) (x) and &;(x) are bounded by Cﬁxz.

Let M; = exp (Xt - %t) Then we have from It6’s Lemma

A 1
d(ﬁi) = E(Goetklldf+§1 (At)(d%t - %dl) +§2(At)d%t : (464)

This we can integrate to conclude forz € [T_,T,],

t
A= M, AT7+/ %(Goeskl‘lds+§1(As)(d%x—ids)+§2(AS)d%s). (4.65)
My . M B

Now by definition we have

M;

2
M = exp(%t o E(t - s)). (4.66)

Recalling (4.56), on the event Eg N E1 N E; N 9’}' (0),

M,
< exp((l —358)(1 - ) - 85 (l0g(8y)) + log, (T, — t)). (4.67)
Let
t
M,
L, = / ﬁ’aoe%;lds, forany e [T_,T.].
T K
Ontheevent Eg N E; N E; N 9’]’ (0), we have from (4.67) the bound

IL;| < 61 (6g)! =% e TrDHoen(Timt) — (g0)1=05 (1), (4.68)

fort e [T_,T:].
Let 7 be the first time s greater than 7_ that

|As = Ly = McMp' Az | = (60)'~% (W(1) + (log k1) ™"/%),

and note that from (4.68), forall ¢t € [T, T,], and on the event EyNE; N E; N 9’1’ (0) and the conditions
on a, 0y ((4.45) and (4.44)),

Aipr = |Aiael S |Aar = Linr — Mt/\-er_]ATJ + |MtATMf_lAT,| +|Liarl

4.69
< 2(60)' "% (W(r A7) + (log k1)), (4.69)
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Returning to the SDE for A, we now write

dA; = 0oe'ky'dt + A,dU;  where  dU; = d¥, + 200 4%, + 2504,

Letting N, = exp(U; — %(U,)), we therefore have

M, N, M, /’ N, M, B
A —L ——Ap = [ - ZL Ay + 2t ) (et kT ds). 470
PR T oy T (NT MT) =T AN T M, (Boe”k7"ds) (4.70)

This essentially reduces the problem to an estimate on the ratios of integrating factors that holds up
to the stopping time. First, we observe that we have the representation

NtMT) /’f(A) £(Au) 2/’ S0 | (D)2, (£
log [ — = Lo dX, + 22— dB,) — = P = A - du.
() = [ (S, v sgaam,) -2 [Tpa 4 (B0 4 (500P)
We bound the right-hand side uniformly over 7_ < ¢ < 7. There are three types of terms to control: the
finite variation terms in the second integral (i), the martingale terms in the first integral (ii) and the
finite variation terms in the first integral (ii7). Then for the first terms, using the bound on A in (4.69),

u

T AT
) ::/T A 4 (D)2 4 (2002 < C(p)(6y)'%.

For the second terms, we need a stochastic control, and we have by bounding the quadratic variation for
some constant

Q max
s<TiAT

N
/ G0 gy, 4 20 45,
T-

>x} NEyNEINE, ﬂ@]’(()) ' %T)

%2
<exp| - = .
( C(B,6)(6o)*1~%%) )

-2(1-6g)
In particular, we may assume with probability 1 — ¢ (% ) that
(if) = max / S8 gy, 4 £8u geg | < 97 (4.71)
s< T_ u u
Finally, for the third terms,
TiAT
+ 1{s < T. X1, — X
(iii) :=/ A | HES TS| X X ) o
T £(s) + X, T, —s
On the event 9“’]’ (0,
£(s) + X

On the event Eg N E| N 95; (0), using (4.60) and the control for £’, we have

X7, — X,
N

| < 5log(1/6p). (4.72)
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Hence, applying these bounds, we have for some C(, S) sufficiently large,
. 2\ 1—5ﬁ
(iii) < C(B,0)6, " log(1/60).
Combining all of these, we conclude that for some C(8, g) sufficiently large,
Ny M,
log| ——
Ns M,

Hence, we conclude from (4.70) that for 7 < 7, for some C (5, S) and all 6 sufficiently small (depending
on ﬂs 6)7

max
T_<s<t<T\AT

< C(B,5)6, * log(1/60). (4.73)

M, 1-¢, M; ! M, -1
A, — L, — M_ngTJ < (exp(C@O # log(1/60)) — 1) . (MT A1 + '/T, E(Ooeskl ds) |.

We conclude as in (4.69) that for some C = C(B, g),

MT+/\T

2(1-6 -a
Arine = L — Ar | < €O log(1/60) (W(t) + (log k1) ~72).

T

By the definition of 7, we conclude that on the events considered, Eg N E; N E> N @J’.(O), as well as on
the event in which (4.71) holds, that T > T, and hence (4.69) holds for all t € [T, T,]. In summary,
we conclude there is an 7z > 1 (see (4.62)), a dg € (0,1), a Cg > 0 and an € > 0 so that for all 6
sufficiently small,

Q({EI te[TT,] (4.74)

1A/ > Cp(B0) 79 (7= T0) L 10g~@2 (k1)) } N Eg N Ey N Ey N 2(0) | %T_) <6,

Step 6: Control for the real part.
Going forward, we work on the event Fg, on which

Vie [T, T.] : A (80)] < Cp(Bo)' =% (e” =T & (log ky)™72),
the probability of which is estimated in (4.74). The real part of £, we will represent by
A7 (0) = R(&(0) - £,:(0)).
Using the SDE for £ in (2.43),
dA} = (cos(A;(0)) — 1)dX, —sin(A,(6))dB;.

Since 0 < A,(0) < A;(8p), we can estimate the finite variation parts on Fg, N E1 N Ey N @;(O) using a
similar analysis as in (4.73) by

T AT
/ AZ,(
T N

The quadratic variation is dominated on the event Fyg, by, for some sufficiently large Cg,

£(s) + X

Xr, - X
T, —s

)ds < C(B,8)log(1/60)|60|>72%. (4.75)

T,

(A7.(0)) < CB/T A%(Bo)dr < Cﬁz{(eo)z—zaﬁ'
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Therefore, we have a tail bound that for some Cg sufficiently large and for all x > 0,
Q ({|A;+(90)| > C(1+3)100]'™% } 0 Fay 0 Eg N Ey 0 E> 0 2(0) | %T_) <o
Thus, taking x = 96 ¢ for e < 1 - 6g, we conclude that
Q(6S N FgyNEgNEI NEy N P}(0) | ) < e %",

which finally, using (4.52),(4.55),(4.63) and (4.74), concludes (4.50).

5. The diffusion approximation

In this section, we prove Proposition 2.12. The proof is given by a series of short lemmas. A summary
proof is given in the penultimate section. In the final section, we develop a general tail bound which we
use at multiple points in the development.

It is convenient in this section to work conditionally on the event ’%T from (2.8). We let, for the event
'7”1' and filtration 97,1?,

PM() = ]PJ( | %T,gnT,(F; J > an)),

and let Ej; denote the associated expectation. Under the law Py, (X;,Y;) (see (2.2)) are no longer
independent of one another for j > nj. They do, however, still satisfy uniform Gaussian integrability,
in that

En [exp(AF(X;,Y)))] < exp(/lEM [F(X;.7)] +/12||VF(X]-,Y]~)||EOO(PM)), forall1eR, (5.1)

for all Lipschitz F on the (convex) support of (X;,Y;); see [BLOO, Proposition 3.1]. We will use this
subgaussian concentration for the family of functions that appear in the definitions of log ®; (e'?) and,
in particular, to control the linearization error.

5.1. Locally linear processes

In a similar fashion to [CMN 18], we introduce a process which in short windows of k evolves linearly.
Let » be a parameter, to be chosen later as a power of n, which will be the block length within which

will evolve linearly. Define a new recurrence, recalling 8; = ,/g( Jj+1)forall j >0,

Z, eI (0)
Aks1(0) = A5 (0) +i0 +2 forall k > nf, where Zp =Xy +iYx,
A1 (0) = —2log CI)ZT(e"H) +i0nt, 23(0) = Ay (1) (0) +i(k —n*(k))6, (5.2)
and n* (k) = n] +x|_k7n1+J Yk >nj.

®

As we will see below, the variables Ay (6) are good approximations for —2log @) (0) +i0k.
We begin with a simple observation that for » sufficiently small with respect to n7, the difference
between A and /l’,‘( can be controlled.

Lemma 5.1. For all C > 0, there is constant D > 0 so that for all n} sufficiently large (depending on
and M),

<n €.

Pp| max [A;(6) — A5(0)] = D,[%en
nt<k<n

=
1= ﬁnl
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Proof. We show the proof for n} < k < nj +x. For larger k, we have the same estimate (and indeed it
only improves). We have that

k=1 5 LiS4(0)
Ak (0) = 4;.(0) = Z Jﬂ—
- j

J

Under P, this is Gaussian with variance % > f.;b Jﬁ < [?;i . Hence, there is an absolute constant so that
1 1
for all + > 0 and all 6,
P max |Ax(0) — A5 (6 Zts—ex(— ntr)? C%).
) e 0) =801 2 1] < s e €0
In particular, for t = D ”/l;:l%" with D sufficiently large, the claim follows. O
1

We turn to comparing the differences Ry +iAy = —2log <1)*k + k6@ — Ay (for real-valued R and A).
We begin by observing that the difference satisfies a recurrence for k > nj:

B iIA% ()
Rys1(60) +iA k41 (0) = Ry (0) +iAg () +2(—log(1 — yre™* (V) — [ Bt
* (5.3)
= Ric(6) +iAx(0) +2(~Tog(1 = ye - OHIMO-1.00) _ (Z1)),

Bk

where {(Vk, Zk)} have the same law as {(yx, Zx)}. The proof of the following lemma uses calculus
computations contained in Section 7.

Lemma 5.2. Suppose » > \/n_;r Forall 6 > 0 and all C > 0,

Py | max |Rk+iAk|2n‘5,/;¢/nJlr <n €
ny<k<n

for all n sufficiently large.

Proof. We show the bound for the imaginary part. We can express

B [e.u(Ak-H_Ak)

| = B [ e 000
where in the notation of Lemma 7.1,
F(x,y) = ‘K{ilog(l —u(x+ iy)eiAk(‘9)“5(’1“’(9)_’12(9))) +i(x + iy)/ﬁk}.
Hence, by (5.1) and Lemma 7.1, there is a constant C > 0 so that for any k > n7, and any u € R,

C/lz|eiAk(9)+i§(/lk(9)—/l}1(9)) _ 1|2 .\ C#Z Ing
B B

Enm [e"Ak”‘%‘k] < exp(,uAk +

Let T be the first k > n7 such that |3 (1x () — A (6))] is larger than D ”[1;;%" for some D > +/B. Let
1

A{ = Agar- We have supposed that x > 4/nT, and therefore, there is an absolute constant C > 0 so that

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

Forum of Mathematics, Sigma 75

for any k > n and any u € R,

Cr>((A])* + D> )
Bk '

EM I:el‘lAkJrl

J«]<exp/¢AT+

In preparation to use Proposition 5.6, we observe from (5.3) and Lemma 7.1 that there is an absolute
constant C > 0 so that for all n] sufficiently large,

log(n}) xlogn
T T T 1 g
A (8) —AL(0) < CAL ﬁ"T +CD ﬁ”T .

Hence, by Proposition 5.6, there is an absolute constant C > 0 so that for all x > C log(n/n})/B +C,

2
PM[nH(li)inAi > xD[xlog(n)/(Bn?) ] ex p( élszi’;’)ﬁ)

The same bound holds for —A{, and therefore, by Lemma 5.1, the lemma follows.
To control the real part Ry, we again use Lemma 7.1, although there is no longer a need for the
ladder. We suppress the details. O

5.2. Band-resampled approximation

Recall from (2.2) that Z, = VE, e’ef is acomplex Gaussian for each ¢. Forany r € N, define k, = n +rx.
The family of Gaussians {Z; : k,_; < € < k,} are i.i.d. Hence, we can represent, for any r € N, these
Gaussians through their discrete Fourier transform:

1 & _pon
Zoar, = - Z e(ZH2), for0<t<x-1, (5.4)
=1

where e(x) = €>"* and { 20 re N,1<p< %} are another family of i.i.d. complex Gaussians.

We shall estimate the effect on the recurrence A (6) wherein we resample some of the {Zp}
corresponding to modes that are far from 6. Let w < x be a positive integer parameter, which will be
the bandwidth. For a fixed j € Dy, , define for any r € N,

A R N 0w
z = ﬁze(%")(zﬁ,u(zy’” ~Z9Nle(®) - el > 2], for0<t<x-1, (55)

where {Z,(,r’j ) ire N,1<p<x«,jeD, /kl} is another family of standard complex Gaussians.
We also define locally linear processes driven by these band-resampled Gaussians:

7D i S ! ()
AL (0) =27 (6) +i0+2-%
+l Bk

A(0) = 2,:(0),  and 27V () = W)k)(e) +i(k —n*(k))0 forall k > nt.
1

forall k > nf, where
(5.6)

We then define R\ (6) +iA ) (6) = 4. (8) - 217 (6).
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Lemma 5.3. Suppose that j € Dy i, and that 6 € R satisfies

le(52) - e(2)] <
There is an absolute constant C > 0 so that for any r € N and all u € R,

pCxAY 2 ey,
+
,Bkrfl ﬁQ)krfl

()]
EM [e“Akr

bl

Fx, 1] < exp A,((j:)71+

and so that for all t > 0,

lzk,«_lwﬂ
Cr(wlAy 2+1) |

Fr,, | < 2exp| -

PM[ max |A(1) A(])|>t
Ky <k <k,

Proof. Forany r € N, we have that conditionally on % |, {A](cj ) ko1 <k < kr} are jointly Gaussian
under P. Moreover, for such k, we can write

k—k,_ i O+idx ()
A(j) _ A(j) =25 Zl Zesk, €' T _ Z€+k,~71
k Kot — Be+k, Be+k,

We give an upper bound for the variance of Aff ) A,(f 31’ which we do by separately bounding the
variance of

ZU) o ilo+id,

A=29 Z Zevk,, €0 2,
=0 Be+k, Be+k,
and of
kot [ ZU) gitO¥A, 7 R
B — 28 Z r—1 _ r—1
v Besk, Besk,
For the second one, we observe that
sxlay |2
Var(B|#,_ ) < ———. (5.7)
B : kr—l

The main work is to control the variance of A. By rotation invariance, we may drop the e'*%-1 from

both terms and write

k—ky 1 il

4229 3 Ze(%’")(z,ﬁ””—2,2”>1{|e(5) el > £

rlp

_ 23 Zc,,(z;:’ﬂ =29 le(®) - e(32)1 > 2],

p=1
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where we have set

Tt e(O(L - —))
£=0 \/_Bf+kr 1
Moreover,
Var(AlFi,) =4 ) lepP1{le(2) - e(£)] > 21, (5:8)
p=1

and so it remains to estimate |c, |>. Note that we have the simple bound

2

fe—kp -1 6 _p =
i et "))’Sw(%)—e(%)r

We have that under the assumptions on 6, when |e( ) — 8(2’ )| > £, then |e( )—e( )l > 2|e( ) —

e(ﬁ)|. Hence, using summation-by-parts, there is an absolute constant C > 0 so that
C
< — .
le(75) — e(£)INxBr,

Thus, turning to (5.8), we can bound for some absolute constant C > 0,

|Cp|

C < Cx
Var(A|‘°/7kr7,) < - + Z 2—2
k-1 p=w p ﬁkr—l

Hence, we conclude from this equation and (5.7) that there is an absolute constant C > 0 so that
()
C”lAki_Jz + Cx
ﬁkr—l IBwkr—l )

var(Ay) - A |7, ) <

As we condition on an event of probability at least 1/2 for M sufficiently large, it follows that A](cj )
remains subgaussian conditionally on %, ,, with subgaussian constant only an absolute constant more
than the unconditioned standard deviation of A,((J ) given Fi, . As A,(cf ) remains centered under Pum,
using standard manipulations (see, for example, [Verl8, Proposition 2.5.2]), it follows that there is

another absolute constant C > 0 so that for all ¢ € R,

2C%|A(j) |2 ,leC%

AW +
IBkr—l B‘Ukr—l )

kr F/TkH] < exp pA(]) +

EM [é‘”

Likewise, the desired concentration inequality follows for the maximum. O

Lemma 5.4. Suppose that j € Dy i, and that 6 € R satisfies

0; 0 w
le(55) —e(57)] < o

For all ¢ sufficiently small and all C > 0, if n} /% > n® and w > n®, then for all n sufficiently large,

Pps| max |R<f)(e)+zA<f>(9)|>n5/«/— <n €

+<k
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Proof. Using Lemma 5.3, for any ¢ > 0,

Py | max A - AP |2 i(Vwla |+1)

ky_1 <k<k,

2k _1W,
9,(,,} < 2exp(——rC% ﬁ).
Hence, taking t = 1/+/w, if we let £ be the event that

|AI(<j> - A](cj)71| < |A](<j)4| +(1/vw), forallr > 1 such that k,_; < n,

then this event holds with probability 1 — ¢ (") We turn to controlling A,({j ) on the event £ using
Proposition 5.6. From Lemma 5.3, A,y nt/x] = A]({j)_l satisfies (5.13) with V = C/B, W = C/(Bw),
e=land E = 1/ow.

1 Blogx)? )

g {r}?ﬁ’én |AHL"‘+/%J| 2 X l/w} ne Clog(n/n})

<2 exp(—

Hence, taking x = n° completes the proof for the imaginary part.

Once more, for the real part, the proof is simpler: having controlled the difference of imaginary parts,
the difference of real parts admits a block martingale structure. We suppress the details. O

5.3. Coupling to Brownian motions

We augment the probability space by creating a family of complex Brownian motions {(/Q\Bf 1t >0):
J € Dy, } having

2 () _gpJ
k+1 Zk - QBH]H,l

Mm/
— QBHk
for all k > n}. They may be constructed so that conditionally on all {Z,((j ) k, j}, the bridges

{(QB{ ~Wj, <t € [Hi, Hin),j € Dujy o k 2 n’l'}

are independent. By construction, we may extend 1) to a continuous function of time by setting (cf.

(5.6))
: : ~ o~ o % ()
270y =4 (6) +i6(t - k) + \/%(sm;,r — ), )N fort e [k k+1],
and where H; = Hy + % We make a time change by setting

log(n/ny)

kn(t) = n} exp ( T T

(- T_)) te [l T.].
In terms of this time change, we set

&(0) = 47, (0, + ) =ik (1) + 1)0;.
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Finally, we define the Brownian motion ﬂBt] by the identity

ka0 ]
AW = O on re[T.,T.]. (5.9)

VA (Hi, 1)

Recall 8{ which solves (2.43). The function ﬁ{ () is an approximate solution of the same equation,
and we can compare the two solutions.

Lemma 5.5. For any C > 0 and any 6 > 0 sufficiently small, for all n sufficiently large,

sup PM[ sup Iﬁtj(@) —2{(9)| > n—a/z] <n ¢ as.
|| <nl-o te[T-,T,]

Proof. We begin by posing a stochastic differential equation for ﬁ{ (6). We have that it is a strong
solution of the differential equation

- 0k
dg/(0) =i

A0 s
w2 (W, el @, (5.10)
We note the derivative &, (¢) satisfies
Lk (1) = 'k (1 + 04, (1/n)).
Similarly, almost everywhere,

ki (1)

%(Hkn(t)) = m =1+ 0k1 (1/]’1)
Thus, we can express the SDE as
gl (0) = i0(e'ky' + Er(1)dr + J%d%! I OHEW (1 4 5 (1)) (5.11)

for deterministic errors Ey, E; which are Oy, (1/n) and a random error E3(t) which is controlled by
Lemma 5.1. . '
Hence, if we form the difference D, = £/ (6) — €/ (), we have that

dD, = i0E, (f)dt + Jgdmtjeiﬁgfi(g) (eiSD, —1+ (eiSD,ﬂ'Es(t) _ eiSDr) +E2(t)). (5.12)

We can furthermore check that f; = log(1 + n>%|D,|?) has both drift and diffusion coefficient which
are bounded above by Oy, (1) uniformly in @ with probability at least 1 — n~C by Lemma 5.1. It follows
that we have a Gaussian tail bound for the difference with a variance which is Oy, (1), which implies
the claim. O

The lemmas assembled give a proof of Proposition 2.12.

Proof of Proposition 2.12. We briefly survey the role of each lemma and combine them for the proof of
the Proposition. We suppose C is given and let 6 > 0 be as in the Proposition. We apply these lemmas
with % = n!™*% and w = 2n*. Lemma 5.5 connects the SDE £/ (6) to an approximate solution £/(8)
= k,,(z)(i)(6?7+9n) — i(k,()+ 1)6;: for all 6 > O sufficiently small,

sup ]PM[ sup |§{(6) —BZ(G)I > n_5] <n ¢/3, a.s.
|6|<n!-20 te[T-,T;]
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This approximate solution is a time-changed and spatially scaled version of the process /l](cj ) (0).

Lemma 5.4 bounds the difference between /l,(cj ) and Ay (and all n sufficiently large and § < %) as

sup Pps| max I/I(’)(H +2) — (0, + &) > n®" 20l <n7 €3, as.
|0] <n8s ny<ks<n

This shows that we can replace the driving Gaussian noise by band-resampled Gaussians for which
Fourier modes that are far from those 6; are resampled. Note that if we take 6 < 10, the constraint on 6
that |0 < n®9 is more restrictive than |0| < nl29,

Lemma 5.2 now shows that A;(6), which is a locally linearized (in time) version of a shift of
—2log ®*(k(e'?), is indeed close to it; that is, for all § > 0 sufficiently small, » sufficiently large,

supPy | max |—21ogc1> 0;+2)+i(0;+ D)k — A4 (0; + )| > kn®2°| <n™€)3, a.s.
0

n<

Finally, this construction holds for every j, and for j; and j,, if the sets {6 : [e(6;,) — e(8)| < 2n89-11

are disjoint for p € {1, 2}, then the processes 8{ P are Pys-independent. O

5.4. Logarithmic ladder

We suppose that {Ay } is a sequence of random variables which roughly has the type of multiplicative
recurrence structure of the Priifer phases. This is to say, we let #;, = 0 (A1, A, ..., Ax) and we suppose
there are constants V and W so that for all 4 € R and all £ > nJlr for some n’lr eN,

E[eMrnt| g7 | < M (VALIW), (5.13)

Proposition 5.6. Let €, E > 0 be given and suppose that E < \|W/[V. Let £ be the event such that

Ak < (1+ €A +E foralln] <k <n and Apr < E.

There is an absolute constant C > 0 so that for all x > max{(2+¢€)?, CV(2+¢€) log(2 +¢€) log(n/n})},

/ (log x)?
P[{ngi";n Ap 2 x W/V} N 5] < exp( C V(2+e)3log(2+e)210g(n/n+))

Proof. Setn = 1+e€. We define stopping times {7, }, for p € N, as the first times k > n} that A; exceeds
nP E or that k = n. Then, it follows that on &,

A, <(1+en’E+E.

Define, for any p € N, the process

J
. 2 2p+2 2 .
M; = oA ()= (VP E*+W)H; where H: = Z

k=1

x| =

When stopped at 7.1, {M;} is a supermartingale, and so

E[Mq,, |F:,] < M-,.

p+l |
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It follows that

]E[el(n”Ew—l—f)-E)—(HTM —HrpMz(Vnz”*zE“W)1{5}|%,,] <L

Now, H — H; <log(tp+1/7p). On the event that 7,1 /7, < t,, for some ¢, > 1, we conclude that

Tp+l Tp

B[{Tpe1/Tp < p} N E|Fr, | < e A" 171V -DEHOR) LV P REHW)
< <

Finally, optimizing in 4, it follows that

(n"(n—1-¢€) —1)’E?
4log(t,)(Vn?P+H2E? + W))

P12
S eXp - ’
( Fog(1,) (ViPr2E? + W))

P[{Tp+|/7'p <tpN 8‘97713] < exp(—

where in the final equality, we have used thatp =2+ e and p > 1.
Letro > n} be the smallest integer such that Vn?0E% > W. Then by iterating the previous conditional
expectation,

PN, _, {Tp+1/T <t}ﬁ€|? ]<ex —2 T E?
p=roUTp+1/Tp = Ip e 4log(1,) (VPP 2E2 + W)

p=roy

- 1
< —
- exp( Z 8Vn3 log(tp))

p=ro

<P n;=’0{m < IOg(l‘p)}},

where {X),} are a family of independent Exp(1) random variables. Hence, we may couple {7,,:p > ro}
with {X p} in such a way that on &,

1
3
Tpst[Tp = €3V Xe - forall p > ry.

Moreover, we conclude that for any ¢ > 0,

P[{z, /1, <1} NE] < P[exp( ;,;1,0W) < r] - P[ T < 8V log(n)]-

Using the harmonic-mean—arithmetic-mean inequality,

r—1
r—ro 1 |
r—1 - — Xp

2p=r, Xp T OS50

. . (r—r0)2 _
Hence, we arrive at, under the assumption that & 7 log (D) > 2(r —rg),

_ —1r0)? 1 . _r)2 _\3
P[{re/m <110 E] <B|E50, X, 2 5] < exp(-E N T o }) (5.14)
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using Bernstein’s inequality for subexponential random variables [Ver18, Theorem 2.8.1]. Observe that
under the assumption, the minimum is always attained by the first term.
Finally, we observe that for » such that V772’E Z>w,

P[{ max Ay >9n"E}n€| <P[{r, /1, <n/ni}NE] < exp(—éV%L‘T%),

ny<ks<n

provided r — ry > 16V log(n/n7). Moreover, for x > 1, if we take r = ro + [log(x)/log(n)| — 1,

P[{ max A >xyW/V}n&| <P[{ max A >N WVEn €]
ny<k<n

ny<k<n

< P[{n;n;%énAk >n"E}nél.

Hence, for x > 772, we conclude there is an absolute constant C > 0 such that

f log x)?
P[{ max Ag > x W/V} mé‘] < exp(—% V1]310g((§)7g)21)0g(n/n1*))’

ny<k<n

provided log(x) > log(n) + 16Vy* log(n) log(n/ n7). This completes the proof. O

6. Changing the initial condition

In our application, we will want to consider changing the initial conditions of &7 . The real part of
(R, : t) does not influence the evolution of the diffusion, and therefore, any initial condition specified for
RLr will simply appear as an additive perturbation to solution of (&, : t) with Ry (8) = 0. However,
we wish to show that for the imaginary part, the probability that a small perturbation of initial condition
grows in magnitude and the random walk performs an unusual growth (as is needed to be relevant for
the maximum) is small. In fact, it will be important in the real case o = 1 that having a large real part
tends to compress the relative Priifer phase.

Proposition 6.1. Fix some j € Dy, and some 0 € [-2rk1,0]. Let (£, : t € [T_,T,]) solve (2.43)
and let (82 :t € [T_,T.]) solve (2.52). Suppose |3(Lr (0) — Lr (0))| < mk’+1+’q)50. Set A, =
JL(6) — 3L (0) — 387 (0). On the event

Vi <o) < 545

there is a 6 > 0 so that for all k| sufficiently large,

1

P(lAz| > J% {un(e) € [—(log kp) /1%, 3k6]} | Ft) < k_e—&logkl)lmo.
1

-+

The same holds if we replace W by W° + U(0) in the above two equations. If o = 1, we also have the
conclusion in the last display with A} = R (0) — REL?(0) — (RLr (0) — RLY (0)) replacing A;.

Proof. We show the case o = 1 first. We shall show how to modify the argument for o = i after
completing the o = 1 case. O
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Step 1: Change of measure.

In this case, we have dll, = 4,89{(839'(9)d518,f). Let dB, = \/%S(eigﬂ’(e)d%{), which (for fixed 0) is
an independent Brownian motion of . Define a change of measure

dQ _ B _ (T -
ﬁ—exp(\/;(un(e) Uz (0)) — (T T))‘

Then, under Q, dW, = d¥, + \/gdt on [T_,T,] for a Q-Brownian motion (X; : ¢t € [T-,T;]) (with

quadratic variation %(l —T_)). Under Q, B remains an independent Brownian motion with the same
quadratic variation as X.
On the event given for W7, (9) in the statement of the Lemma, this Radon-Nikodym derivative is also

(log k)+0 (log k1)*/10

in control and is given by e . Hence, it suffices to show that

k _ 19/20
Q(lAr,| > ’/12_1 | Fp) < e OMoek) ™

To prove the statements with [, we instead need to use the change of measure

d O
1 exp(\/g (U2 (6) - U2 (8)) — (T, - T_)),

but everything proceeds with obvious changes. We continue with the case .
The difference A, satisfies the SDE

dAt — Getkl_ll{t < TT}dt'i‘ J%S((eiSizz(g) _ els(ﬁ;’(o)‘hg-}(o)))d%-t’)

= 0e k" {r < T} + \/g(ii(e"s’l“")d%{)(l —cos A + R (eI @)y sina, | OV

=0e' k' 1{t < Ty }dt + dB, (1 — cos A;) — dU; sinA,.

In the case that A7_ > 0, the process remains nonnegative for all time.

Step 2: No movement before T;.

Recall that T: = —(log k1)'%/%0 < 0. Set e(z) = exp(\/g(t —T.)). Note that

d(Ace(1))
= e()0e'k;'1{t < T:}dt +e(1)dB, (1 — cos A,) — e(t)dX, sinA, — \/ge(t)dt(sinA, —Ay).

Let ¢ be the first time in [7_, 7%] that |A;| > 10exp(7}). Then,

Az 6 L oas 1
A, = m+m./1 e(s)e ds+m(M(t)+y(f))

for a martingale M and a finite variation term ). The first two terms, prior to T, are bounded by
7 exp(T+). The final term is bounded, before T: A 1), by Ce®r. The martingale, up to time T: A ¥, has
quadratic variation bounded above by e?(t)e*. Thus, summing over integer times between [7_,T}],
the Q-probability that it reaches height e(r)e'% is at most exp(—c exp(—cTy)) for some ¢ > 0. As
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A, is continuous, we conclude that with probability 1 — exp(—c exp(—cT+)), © = oo, which is to say
AT < 10exp(T).

Step 3: Self-stabilizing after T:;.

From time ¢ > T, the SDE (6.1) becomes
dAt = d%t(l — COS Al) - dut SinA,.

From the vanishing of the drift and diffusion terms, this equation cannot cross any multiple of 27Z. By
passing to its negative if necessary, we may assume Az, € (0,27r) We let 7 be the first hitting time of
A; to on. Then by comparison, before 7, A, for any € > 0, there is 6 > 0 sufficiently small that A; is
dominated by the solution to

dA! = dB,(1 — cos Al) — d¥, sin A/ — (\/g _oAldr,

for all t < 7, where A'p = Ar,. Taking logarithms, we have from It6’s Lemma,

1- Al
(1-cosAp) o

dlog(A)) =dB
og(Ay) t Al Al

sinA] ( 8 )d 4 (1 —cosA))
- elar - 2 — "1
B

B B (A)?

The stopped martingale part has uniformly bounded quadratic variation. The drift is bounded as well,
using cos(x) < 1-— xQ(% — €) before the stopping time 7, the first time A/ reaches 76’ for ¢’ sufficiently
small. In particular, for ¢ < 7/,

dlog(Ay) < dM, - (\/g— (1+ %)e + %)dr,

for a martingale M, with d{(M); < %d t and My, = 0. Hence, to bound the Q-probability thatlog(A7, ) >
log(A7,) +0.4(log k1)'°/?° we can instead bound the probability that there is a r < 7’ such that

M, > 0.4(log k)" + (1 - e)(\/g— (1+ %)H %)(z -T),

noting that on the complement of this event, 7/ > (7} — T}), and so also, T > Ty — T;. From a time
change, this probability is dominated above by the probability that a gt—quadratic variation Brownian

motion crosses the same linear barrier, and so

Q(log(Af; ».) = log(A7,) +0.4(log k1) '*/*°) < exp(—(log k1)19/2(’%(\/§ -(1+ %)e + %))

—c(log kl)lg/20

=e
for some ¢(8) > 0 and for all k; sufficiently large.
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Step 4: Control of the real part.

Having controlled the difference of imaginary parts, we can then control the difference of real parts A”.
We derive the diffusion for A", whose behavior is determined entirely by that of A :

AT = \/%%((eism,w) _eiS(ﬁf(e)w;_(ej)))dﬂBtj)

= \/g(?%(eim’w)d%,j)(l —CosA;) — 5(ei32’(9)d§mtj) sin A,)
=dW, (1 —cosA;) —dB,sinA,
= dt\/g(l —cosA;) +dX;(1 —cosA;) —dB; sinA,.

y19/20 Y19/20

The Q-probability of the event that |A,| < ¢~0-51(ogki —€(t=T) forallt € [T_,T,] is 1 —e~0Uogk
for some 6, € > 0 and all k; sufficiently large. On that event, both the drift and the quadratic variation

of the martingale part of A’ are bounded by O (e~!-01(02k)™™") for all k; sufficiently large. Thus, the

—0.5(log k1) 19/20

probability that this reaches e has the claimed probability.

Step 5: The imaginary case.

We now have

dU, = - [AR (0% O am]) = \[£3 (54 O am)),
and we let

%, = \/%S(Jeisgf(a)d%{) - \/gv-’\(e“’ﬁr“’)d%{),

which again is an independent Brownian motion. The difference A, satisfies the SDE (see the first two
lines of (6.1))

dA; = 0"k 1{t < T:}dr + dW, (1 — cos A;) +dB, sin A,

Step 1 and 2 proceed in exactly the same way. For step 3, after the change of measure, we have the SDE
fort > Ty,

dA, = \/§(1 —cosA)dt +d¥, (1 —cosA,) +dB, sin A,

In the case o = i, the drift is positive but weak (as it is quadratic in A,). In particular, before 7, we can
dominate the solution by

dA; = \/géA;dt +d¥%,(1 —cos A7) +dB, sinA;.

The proof now continues the same way as in the real case.
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7. Calculus estimates for the Priifer phases
Lemma 7.1. Let 11,1, € Cand let a,T" € RwithT" > 1 be fixed real numbers, and define, for z = x +iy
withx,y € R,

F(x,y) = F(z) = R{a1 log(1 — u(z)e’®) = A1 log(1 — u(z)) + A2 log(1 — u(z))},
4

\/Iz|2+l“-

Then, there is an absolute constant C > 0 so that for x> + y> = r> < T'/2,

where u=u(z)=

. i -1
00 F (x +iy) + R (e = 1) + a3 112) < S = M +2Dr

12) < C(lu(e' = D] +|a)r
< - .

and
(7.1)

|0y F (x +iy) — 3{A; (" = 1) + A,}T~

Proof. We begin by computing the partial of F with respect to u, giving

d v —1 1
EF = —%{/11( ue“’)(l _ u) +/12 u} (7.2)

Further,

24T —i r
y * 1y and dy(u(x+iy)) = i +T) —xy

Ox (u(x +1iy)) = GZ1y2 )R (242 +T)2

We have that 9, («(x +iy)) is nearly real, as is d, (u(x + iy)) nearly imaginary, when x and y are much

smaller than I :

|
< —.

- F3/2

|xy

max{|Idx (u(x +iy))[, IRy (u(x +iy))[} < o

(7.3)

As for the principal terms, using r> < T,

2 2232 T2\ 4T
1RA, (u(x+iy)) — 12 < EH+D) (32 +1)

(x2+y2 +T)3/2T'1/2 =32
Likewise,
1/2 2r?
196, (u(r +iy)) =T < .
Hence, using |u(x+iy)| < r[71/2 < @ we conclude (7.1) for an absolute constant C > 0 by combining
the previous displays. O

By a similar second order expansion, we arrive at the following:

Lemma 7.2. Let 1,1, € C, let a,I" € Rwith" > 1 and let F be as in Lemma 7.1. Then there is an
absolute constant C > 0 so that for x*> + y> =r> < T'/2,

i+ R -0 e S @ e S ’”}

2r

C(Ml(@m -Dl+ |/12|)r
s 13/2
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Proof. Differentiating (7.2) and composing with u(x + iy) and its derivatives, the claimed bound is
easily checked. O

8. Polynomial interpolation

We will use some results for the a priori stability of polynomials. The first of these is a classical inequality
due to Bernstein:

Theorem 8.1. For any polynomial Q of degree k > 1,

T?Iag Q" (2)| < k- T?Iag 10(2)].

See [RS02, Chapter 14].

We also need a quantitative interpolation result for polynomials of a given degree. The following
is in some sense a generalization of [CMN18, Lemma 4.3]. Related inequalities have been published
before; see especially [RS06] and [FRR85, Theorem 8].

Theorem 8.2. For any polynomial Q of degree k > 1, and any natural number m > 2,

max |0 (w)[*.

w: k=]

max 10(2)* <

Furthermore, if for any b > 0 we partition the (2mk)-th roots of unity into N" and F so that N are all

those roots of unity w so that |w — 1] < 2kb , then there is an absolute constant C > 0 so that
max [0 €~ max [Q(@) + ———— - max |Q(@)[’ and
lz-1]<k, T m—-1 weN b(m—-1) wer
lz|=1
. 2 m . 2 C 1 2
> . —l1+= : .
|zf111|12%, 101" 2 —— - min |Q(«w)| ( b) TR R 1Q(w)]

[z|=1

We give a proof of this fact. For any m € N, let F,,, be the Fejér kernel, which for |z| = 1 has the
representation

1 \ m—1 L 1 |1 _Zm|2
Fn(2) = Z Z Z’ [ZZ ][ Z ] = EW (8.1)
r=0 s=-r s

We will need the following identity. In what follows, we use the shorthand notation e(f) = e!27.

Lemma 8.3. Forall m,r e Nand allt € R,
rm
D Fule(t+j/(rm)) = rm.
j=1

See [Hof02] for a discussion of this. We give a proof below:

Proof. Observe that using (8.1), we can write

1 sin(ztm + 24 )2

Fp(e(t+j/(rm)) = Zm'
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We use the well-known identity that for any x € C \ n’Z,

sm(x)2 Z (x+ kyr)2 (8:2)

By continuity, it suffices to establish the identity for irrational . We have, by grouping the terms in the
sum over j according to their residue class £ modulo r,

r-1 m 1 m . s
1 sin(mtm + 2= sin(rtm + 22
Fn(e(t+j/(rm)) =
Z m %azl’”m( i+ ’““””)2 gz;,;k% M (mt + ZETLAE)
—1 g 22
24 sin(mtm + ”T‘))Z
In the penultimate display, we have extracted a factor of m and again applied (8.2). 0

We can now give a proof of Theorem 8.2.

Proof. Define for any m € N withm > 1,

kmFym(z) — kFi(2)
k(m —1)(2mk)

R(z) =

Then, we can write

1
R()=5— Z A2,

s=—km

where A; = 1 for —k < s < k. In particular, for any 0 < r < km,

Z W' R(z) = 21k Z/lsz [ Z wru’)“]=/lrz’,

W wmk=1 s=—km w:wnk=1
and so it follows that for any polynomial Q(z) of degree k and z on the unit circle,

2 Fim(z0). Fim(z0)

k(m 1) = X(2), (8.3)

0@P= ) 1QWPRzD) < Y 10w)

w:w?mk=] w:w?mk=]

where the first equality follows as |Q(z)|* for |z| = 1 can be represented as a Laurent polynomial with
Fourier support contained in [k, k], and the inequality follows from the positivity of the Fejér kernel.
Using Lemma 8.3, we have

Z Fim(z0) — m
2k(m-1) m-1

w:w?mk=]

and hence, for all |z| = 1,

2
max |Q(w)l[".
w:w?mk=]

X(z) < m
m—
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If we further partition the roots of unity into A" and F as in the statement of the theorem, we can bound
X(z) using (8.1) by

2
km(m - 1|1 - za|?”

X(z) < mm

2 2
— - max [0(@) + max Q@) - )]

weF

If z satisfies that [z — 1| < k, then |w — z| > £, and there is therefore an absolute constant C > 0 so that

2 C
wzefkm(m— D1 - zo|? = b(m-1) (8.4)

which completes the proof of the upper bound.
For the lower bound, starting from (8.3),

@)1= > QW) R(z&)

w: k=]
Frm(z0) Fr(zd)
> 2 Tkmi®W) 2, .
> Z 0@ =Ty~ max_ [0 Z, T
w:wMk=] w:w2mk=1

Using Lemma 8.3, we conclude
2 1 2
10(2)]" = X(2) - - max [Q(w)]".
m—1 w:wimk=|

Furthermore,

ka(Z )

2
4 2k(m—1) —7y = mmin 1Q(w)]

X(2) > min [0(w)*- Z 1 bm-D)

using (8.4). m]

9. Convergence of the derivative martingale

‘We recall from (1.10)

Pt (6) = @1 (6) + 2R {0 (log(1 = yee™ )}, po(6) = 0

for o € {1,i}.
We also recall (from (2.1)) that y; are independent, rotationally invariant in law, and have |y;

distributed as Beta(1, 8;), where ﬁ? = g( J +1). Hence, we have an explicit expression for the moment
generating functions of ¢, given by (see [CMN 18, Proposition 2.5] or [BHNY08, Lemma 2.3]).

| 2

Lemma 9.1. For any s,t € C with Rs > —1,

(1 +B)T(1+5+p7)
T(1+ B3+ (s+it) /T (1+ 5 + (s i) [2)

E[ "R oe(1-7)+3 (log(1-))] =

Fors>0andt e R,

s2+1% 1
2 1+B8(G+D)

E[ SR o1y +3(0e(1-7))] < exp
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We define for any j € N and any |o| = 1,Hl(.‘r)(s) = H;(s) = log E[e>R (o log(1=7;-0)]  Define
M (8, 5) = 51O T Hils),

which is a martingale. Set sg := \/g and define

) J
D;(0) = =05 Ml (0, 5)|s=g, = €% €O Tiect i) ( D" Hi(sp) - %’(9)),
=l

which is also a martingale. Define

~ 2n

1 ~
Bi=q0 | DiO)s. ©.1)

We need an elementary computation of the asymptotic behavior of the sums of Hy.

Lemma 9.2. The following limits exist and are finite:

J J

. . . , 8 .

jlggo § Hy(sp) —logj =gp, and jlgr;o E Hk(sﬁ)_\/EIOg] =Dg.
k=1 k=1

Proof. We recall the ratio asymptotic for the I" function (see [OOL", 5.11])

LB+ oy, 3G =Dty-1D
rge O\ )

Then, for any s,t € C,

s2 412
+0(8%),
2 k
a2

E[* R (log(1-70))+3(log(1-310)] = | 4

and the asymptotic can be differentiated on both sides with respect to s and ¢ as well. Thus,

2
Hi(s) = 25 + 0B,
B

For Hy (sg), we therefore have

1 _
Hy(sg) = T+l +0(k™),

which leads directly to the claimed asymptotic. For the derivative, we have that

’ ZSB —4 Jg 1 —4
Hi(sp) = — +0B;") =1|57—5 +O0B).
K\B 7 k Bk+1 k
O

We observe that the field {\/g log j — ¢;(6)} is rarely very negative and is, in fact, almost surely
positive for all j sufficiently large (but random).
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Lemma 9.3.

. 8 . . .
inf {\/;(log] - éloglog]) -@i0):j€ M ge [0,27r]} > —00  a.s.
Proof. We use Proposition [CMN 18, Propositions 3.1, 4.5], due to which

sup{ sup ¢j(6)— sup Gj (”k) ]EN}<ooas 9.2)
6¢€[0,27] 0<k<2j

Using [CMNIS, (4.6) and the display following with C = ¢] for any j and any ¢+ > 1 (we take
t= (% + €) loglog j),

P[ sup G, (”") > \/7(10gj - §loglogJ +1)] < Cp(1 +1)3e?
0<k<2j

for some constant Cg > 0. By Borel-Cantelli applied to the sequence j € 2", we have for any € > 0
and for all such j € 2V sufficiently large,

sup G (”k) < \/g(logj - (}1 —¢€)loglog j).
0<k<2j

]

With the control provided by the proof of Lemma 9.3 and Lemma 2.4, we may work on an event &,

Ec = {sup{max{|Gj(0) -0 (@), ¢;(0) - \/%(logj — tloglog j)}: j €2, 6 €[0,2n]} < \/EK}.

On the event £,, we can use Girsanov and the ballot theorem for the Gaussian random walk j — G;(0)
to conclude for any § > 0 any 6 € [0, 2],

Cp.x,5k ( (logjfk)z) :
exp|——=—]), k< (1-6)logj,
Pl logj + xRy € (k- 1k1) < { DT .t 93)

Cp.« log j—k)?2 .
(logj>f/2exp(——( Olgojgj ) ), k> (1-06)logj.

We begin with the observation that the improperly normalized mass tends almost surely to O at the
critical s = sg.

Lemma 9.4. For any o € {1,i} and any 8 > 0,
1 [ as.
Z] = — A %j(e,sﬁ)dﬁj_—wjo

Furthermore, {Z;logj: j € N} is tight, and for any € > 0, there is a compact K C (0, c0) so that if

x(6) = 1{<\/§logj ~ 0;(6))/\log ) ¢ K}

then for any j € N,
2r
]P’(/O (6, sﬁ)|\/§10gj — 6;(0)|x(0)d8 > e) <e
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Proof. The process Z; is a positive martingale, and so it converges almost surely. After establishing
P
the claimed tightness, it follows that Z; —— 0. Hence, along some subsequence, it converges almost
surely to 0. The almost sure convergence of Z; then completes the proof of the first point.
The remaining statements now follow by taking expectations of Z; on the event &,. In particular,

using (9.3), we have (with log j — \/%pj =uy/logj)andt = (1 - §)4/logj

t

log j — u+/log j)?
E(l{gk}ﬂj(&sﬁ)) SCﬁ,K/ “ .exp(—2u\/10gj+10gj)exp(—( gJ o0 7 eJ/) )du
J gJ
r log j — u+/log j)?
+C5,,</exp(—Zu\/logj+logj)exp(—( g/ Tog / g/ )du
J

t

This simplifies to

u

- exp(—u?)du + O((log j)'=9"),

t
E(l{Sk}ﬂj(a, sﬁ)) sCB,K/ -
s flog

In particular, we conclude that

2r
{I{SK}\llogj Mi(0,55)d0 : j € N}
0

is tight, and as U, &y has probability 1, the tightness without the indicator holds.
Essentially, the same computation shows the claimed estimates for the final display of the lemma.
With K = [17/2,257"], for all j sufficiently large,

n )
E(l{ek}/%,(e,sﬁ)nogj—\/ggo,(e)me)) < CB,K(/+/)u2exp(—u2)du.
0 1

n
This may be made as small as desired by picking 77 small. O

We will use this convergence to compare B ' and %, and ) i and ;. Before doing this comparison,

we will show the convergence of B ' and of / ) 1(0) f(8)de for positive bounded test functions f.
Similar ideas appear in [DRSV 14].

Lemma 9.5. There is an almost surely nonnegative finite random variable %, and nonnegative measure
D S0 that for any bounded positive deterministic test function f,

2 2n

B f———) Beo, Dy (0) £(6)d6 f‘-b Deo(0) F(6)d6.
—00 0 —00 0

Proof. Define the positive and negative parts

. J
@f(G) = esﬂ‘pf(g)_z'llcl Hi(sp) ( Z H,'C(Sﬁ) - SDj(H))
k=1 +
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and define

. 2n
By = 5 P2 (6)do.
0

Define
Yoo = E[ 2€+1 | Fael.

We will show ;> Yo < oo almost surely. Having done so, the lemma will follow, as we now explain.
Observe

E[@;Hl | !6/72[] = E[@zﬁ-l | F/T2€] + Y2€ = @2[ + Yzl’ < é;to + Yzl’. (94)

It follows that both Ti = 9?5‘* Zi_i Y,« are supermartingales with respect to the filtration (%, :

¢ € N). Letting 7 be the stopping time that £ — ¢ we Yo exceeds R, then T Sine 18 @ supermartingale
bounded below by —R (by predictability) which converges almost surely. As th1s holds for any R € N,
it follows that Tzi, converges almost surely. As the sum of Y,« converges almost surely as well, 93;
converges almost surely. Hence, so does their difference.

Remark 9.6. From Lemma 9.3, it follows that, in fact, @J‘ is eventually O for all j sufficiently large,
almost surely.

The statement concerning fOZH @;(0) f(6)d0 follows similarly: instead of (9.4), use that

2 2
E[ D30 (0)£(0)dO | Fe] < E A Drent f(0)dO | Foc] + 27| fllooYar

2
= Dy (0)f(0)d6 + 27| fllooY2e

2r
</, 23,(0) f(0)d0 + 27| f lloaY e 9.5)
and the rest follows as in the treatment of @y.
So, it remains to show Z‘J’.‘;l Y,j < oo almost surely. There is a Cg so that for all j sufficiently large,
2n

Yy £ Cg A My (6, SB)E[e VB/2( @y (9)—¢2.i(9))_10g2(<p2j+1 - \/glog 2j+1)+ | 972]'] .

The increment /3/2 (741 (0) — ¢,;(6)) is uniformly subgaussian over all j (from Lemma 9.1). Hence,
on the event &,, the restriction that

Qi+t — QPoj > \/glog?” — o > \/%(K+ éloglog 27)

implies that there is a constant cg . > 0 so that for all j € N,

E[ex/mz(wy—“ O-ey @)ts2(p,,. — [F105271) | 5

i S e_C[f,K (logj)2_

Hence, we arrive at the conclusion that almost surely,

) )

2
Z 1{((/' }Yzl Z (e—cli,x(logj)2 / -%2./' (9, Sﬁ)d@) a. S.
0

Jj=1 Jj=1

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

94 E. Paquette and O. Zeitouni

From Lemma 9.4, this is finite almost surely, which completes the proof as the (&, : « € N) exhaust the
probability space. O

We conclude with the proof of Theorem 1.6.

Proof of Theorem 1.6. We begin by noting that ) ;7 and 9; are exactly related by the identity

: J
\/%gj(e)elogj*z}(:l Hi (sg) _ 91(9) = ﬂj(@, Sﬁ)(ZHllc(sB) - \/glog])
k=1

Hence, integrating against a positive bounded test function f, from Lemma 9.2, Lemma 9.4 and
Lemma 9.5,

2 a.s. ﬁ g 27 = a.s. ﬁ g =
A f(@)@z[(g)dg [’—>_oo) 7€ B A f(g)goo(g)dg and %zl €—>—oo> 7€ B RBoo. (96)

It remains to prove the nonatomicity of @m. Mimicking Lemma 9.4, with € € (0, 1/3), introduce the
interval K = [k™€, k€] and, for jj fixed, the function

J
0@ = [ [1f(fFrroe2- e @) ¥E € ki |

k=jo
The same argument as in Lemma 9.4 shows that
J

N 1 c’
(‘sz(e) - \/%J logZ)‘(l —on’A,»(Q))dH <C Z k3e€ S -

3e-1"
Jo

[t 0.5)

k=jo

Taking jo large, it thus suffices to prove the nonatomicity of the limit of the positive measures
Mi (8, sp) (9021 (0) - \/gj log 2)
tervals A; of length 6. Using Lemma 2.19, we can replace ¢,« (6) — ¢, (6) by 7270 0).

2k
(9021' (6) - |5 10g 2)

E(Aij | Fair) = Ci oA, 9.7)

X jo,j (0)d6 for large fixed jo. Toward this end, divide [0, 27] to in-

LetA; ; = /Ai Mo (0, s8) X i, (6)d8. Using Lemma B.2, we have that

where max; C; j, < oo is a random variable independent of A or j. Using Lemmas B.4 and B.5 as in
Proposition 2.20, we obtain that

E(A7; | Fa0) = C}

i,jo

Ao(A), 9.8)

where max; C i/,jo < oo is a random variable independent of A or j. Hence, for any ¢ > 0, P(4; ;j > 61F i)
< max;C; j,’Ao(A)&?, and therefore,

. max; Cl.’,joo(A)
P(3i : Aj ;>0 | Foio) < T

Since this is true uniformly in j, taking the limit as first j — oo and then A — 0 gives the claim of
nonatomiticity of D,. O
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10. Decoration process technical estimates

In this section, we collect other estimates about the decoration. In all, we need a relatively sharp upper
estimate on a single ray of the decoration being high (that is sharp up to constants c(k4)). We also
provide a weak upper estimate on two rays being high which is sharp up to a power of (log k).

We also need a few technical estimates of a different nature. Due to the technical nature of the
two-ray estimates we produce up to level nj, we show a continuity estimate for the Markov kernel
(x,df) ¥ s(x, e*df) in the parameter x. Finally, we show a mixing estimate of the decoration measure
comparing $(x, /¥ df) in the case of - = 1 to the same with uniformly random a.

10.1. Moment estimates

The following are needed to produce estimates for . These concern the diffusions 2%/ and the events
Pj; see (2.53). As the estimates have no dependence on j, we suppress the j.

Lemma 10.1. For some 0 < c(k7,x) < c(k7,00) which is a continuous function of k7,

c(k7,x)hVks _1._1\ _van- -
P({II%(G) - \/%h € [-k7,x1} NP0, h) | F: | = (1 +0k4)—((T+7_ ;_;;Ee (T2=T) g=Vah=h [UT-T2)
(10.1)

for all
h e [(log k)™, (log kT)13/14]. (10.2)

Further, the upper bound in (10.1) holds for all h > 0. Next, if 01, 6, are such that |0,|, 05| < 3n%% and
hi, hy are as in (10.2), then, for some c(k7) > 0, with |6, — 62|eT> = ki and h = (hy V hy),

P( ) {6 —\/§hi € [k7,00)} N P(6;, hy) | 3;) (10.3)
ie{l,2}
(k) B e (— S(T-, T, h)—(T+ ST+ (T, - T*)1/14)—h2/2(T+ - T_)),

< l'f€k4 < |0 — 0] < kie T,

c(k7) exp ( = S(T-, Ty, hy) = S(T-, Ts, hy) = (h3 + h3) /2(Ty - T—)),
if16) — 62] > kye™-,

where
S(T_,Ts,x) = (T, — T.) + V2x.

We emphasize that in (10.1), we implicitly used that k;;; < k; in the o notation. We also recall that
T_ < 0, so that the bottom inequality in (10.3) represents separation of angles much larger than k.

Proof. We write the proof for o = 1, the case o = i being similar but simpler. To alleviate notation, we
introduce a useful change of variables. Recall that

d2,(60) = i0e' k' di + \[394 (O am,. (10.4)
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Let (W), W?) = (R, IW,) and set

d( th ) _ (cos(ﬁLt(O)) —sin(JL,(0)) )d(

w/
V2] 7\ sin(IL(0)) cos(TL,(0)) ) (10.5)

w?

Note that the pair of processes th, Vt2 are independent standard Brownian motions. Let (R, (6), I;(0)) =
(RE,(6), 3L,(6)), and set (R;, I;) = (R;(0), I;(0)). We then have, with [,(8) = I,(6) — I,, that

dR, = \/%dvl, dl, = \/%dv{ (10.6)

and

dR,(0) = \[% (cos(,(6))av; +sin(F,(6))dV?), (10.7)
dl, () = 0e'k;'dt + \/% (sin(f,(6))aV}! — (1 = cos(f,(6))dV?).

We begin with the proof of (10.1). Note that for any 6, we have t — U?(6) = R;(6) has the same

law as that of r — R;, and further, R; is a 4/4/8 multiple of a standard Brownian motion. Thus, by
standard barrier estimates and the Markov property (see, for example, [BRZ19, Proof of Lemma 5.3]),
we obtain, with 4" as in (10.2), that

_ (1 +0k4) h
\/ﬁ (T+ -T- - k4)3/2

ka 2 2
% dy/ dze—(ﬁ(T+—T,—k4)+h—z) J2(Te=T~ks) ,__1 e—(z—y+\/§k4) /2k4’
[x zEJk4 2rka

P({II%(H) - \/%h € [~k7.x]} NP0, h) | Fnt

13/14

4 s —k}l/ 14]. We then obtain (recalling that k; > k;.1)

where Ji, = [k

P({ug(e) - \/§h € [~k7,x]} NP0, h) | %;)
(10.8)

Vky h —(T,-T.) ,—N2h—h2j2(T~T.) o V2y

_(1+0k4)7—(T+—T_)3/26 e /_x e’V dy.

We turn to the two-ray estimates; note that we are shooting for a rough bound only, essentially
accurate at the exponential scale. We may and will take 6; = 0 and write 6 = 6,. Set L, = e!(Ri+R:(9))
and 0, = Ge’kl‘l. We emphasize that the estimates we will obtain will be uniform with respect to the
initial condition Iz (0). Fix I, = I, — 6,. We have from (10.7) that

dL; = 221, (1 +cos(0, + 1)) dV, +sin(6; + I,)dV?) + 22 (1 + cos(6, + 1)) Lydt,
and therefore, setting ¢, = EL,, €€ = E(cos(I;)L,), {f = E(sin(I;)L,), we obtain that
d¢,
d—t’ = 42 (4, + cos(8,)(F - sin(6,)(5). (10.9)
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However, for some explicit martingale M,

d(cos(I,)L,) = dM, + 4%2(1 +cos(6; + 1)) cos(I;)L,dt — %cos(ft)(l —cos(8, + I,))L,dt
- % sin(2(8; + 1)) sin(I;) L, dt,

with a similar expression for d(sin(f;)L,). Therefore, there exists a constant @ = (4, 8) so that

detf des
& Tl < at. (10.10)

< [l” )d;

From now on, we take 442/ = a (a ~ 2 is the exponent we will need for Chebychev’s inequality).
Define ¢; = ¢,e=@""T-)  and similarly, £, £*. Then,

dé : ‘ " 5
d_tt = ae™ "1 (cos(6,) ¢ - sin(6,)¢5) = a(cos(6,)E¢ — sin(6,)LF),

and therefore, witht > T_,
~ ~ t A A,
b —br = a/ (cos(Bu) ey, — sin(6,)L))du
T

Using the change of variables ¢ = s, we have that 6, = 0s/k, and thus, we obtain that

b - o =a/ s~ (cos(9s/k1)£’logs sin(@s/k1) 1Ogs) (10.11)
e

Consider first the case e’ /k; > ¢ for some fixed constant ¢ > 1 — that is, 7, < T_ — logec. Set
T, =T+, € > 0. We consider first s € [eT?, eTt+1] = I,. Let

S S
F.(s) = / u”lcos(Qu/ky)du, Fi(s) = / u " sin(Ou/ky)du.
ele ele
Then, for s € Iy, we have (using integration by parts) that
-,
|Fe(s), [Fs(s)| < 385 =: by

Performing in (10.11) integration by parts and using (10.10) and that |£9f l, |f;' | < ¢,, we obtain (using
that 4ab, < 1 for A bounded by say 4 if ¢ is chosen large enough) that for e’ € I,

t

e t
b < br, +4abl, + daab, / s hog sds = by, + 4abl; + daab, / budu.
ele T;

An application of Gronwall’s inequality then gives that for such ¢,

ft <5 4ab é\ dabea(t-Ty)/(1- 4ab/>)

Unravelling the definitions, we have obtained that for e’ € I,
¢ t
E(e/l(Rt+Rt(0))) —¢( < 1_[ 1_41abj ea(t—T,)+4aZj:1 abja(Tjw~Tj)/(1-4ab;) < Cea(th_)’ (10.12)
j=1

uniformly in the initial conditions of Iz (6), where C is a universal constant independent of ¢ and
we used that Z§=1 ab;a(Tj. —Tj)/(1 = 4abj) is uniformly bounded. In particular, for 6,6, with
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|61 — 65| > ckie T, using Chebycheff’s inequality with 1 ~ 2, we obtain that

P(Rr, (0:) = VB/B((hi = k7) N2+ (T = T-)),i = 1,2)
< Ce i (VT4 (k) 20T (10.13)
which yields the bottom inequality in (10.3).
We next turn to the case 7, — k4 > T, > T_ — logc. In that case, we apply the barrier estimate for
time (T, — T- — log c¢); and the same computation as above for larger times. That is, assuming without

loss of generality that & = h;, we write T, = (T, vV T-) and, with 2(6;, hi)T; the part of the barrier event
P(6;, h;) up to time T,

PRy, (6;) = V3/B((hi — k7) /N2 + (T, = T_)) 0 P(6;, ). i = 1,2) (10.14)
< /P(WRT;(QI) € dzn P01, h)T)
XB(Rr, (61) = Ry (61) = VBB((h = k) N2+ (T, =) = 2),
Rr, (62) = Rr:(602) = \BB(~k /N2 + (T, = T) + ™).

Note that the integration over the variable z in the right side of (10.14) is restricted in particular to the
range z € [(Ty — T/)'/' (T, — T!)'3/14]. We control the second probability in the right-hand side of
(10.14) as in the case T, < T_ — log ¢, while the first probability is controlled by a standard Gaussian
bound. This yields the top inequality in (10.3). Further details are omitted. O

10.2. Regularity of the kernel

Lemma 10.2. Let F be the subset of C([-2nky,0], C) for whichmaxg | f(0)| > % (which corresponds
to those decorations in F;; ). Let t(x, a, f) be the Radon—Nikodym derivative of the measure s(a +

x, e VB gfy sith respect to s(x,eN*PXdf) on F. Then, uniformly in |x| < (logk)'"/'® and
lof <1,

t(x,a, f) = eﬁ“(l +0g,)-

The same holds for p trivially by integrating over the random phase:

Corollary 10.3. Using the same F, and for the same set of |x| < (logk)'"/'%, the Radon-Nikodym
derivative t(x, @, f) of p(a + x, e VB qf)y with respect to p(x, e NYBX df) satisfies

t(x,q, f) = eﬁ"(l +0k,)-

Proof of Lemma 10.2. We recall the definition of U’/ (k) from below (2.54). In particular, we have a
decomposition

15, (6) = 15, (0) + (U, (6) — U, (0),

(10.15)
£.(9) = 83, (0) + (24, (6) - £4,(0)),

where the entire process {(53% 0) — E%(O)) : 0} is independent of E%(O) (and hence also II%(O)).
Then D‘; can be decomposed as

o uz (0 N o
Do(x) = ' ><D(x+\/§un(0)), (10.16)
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which makes D (x) independent of U7, (0). Let5(x, -) be the law of D (x). Note to have D? (x) € eVHBXF,

we must have
8 f— 4 o 8
",E‘ATT < ‘}/—gx+lln(0) < ‘,EA;T’

as if not, then by definition, D;f = 0. Define the interval
J=V2(T: = T-) + [V2A7,, V247 ],
which has width which is at most O((log k;’)n/ 14) and allows us to write the previous display as
X+ \/EH'T’J_(O) +V2(T+ —T_) € J. Thus, we have a representation for f € F, with T = T: —T_, and
where integrate over the law of y = x + \/EII‘T’T (0) + V2T,
s(x, e VITBx gy = / o~ O=xNI2 Q)3 AT, pNTBG-VID) gy DY
J V2rnT

Hence, this probability is differentiable in x, and, in fact,

d ~ d

= s(eVAIBxgf) = /(\/5 — (x = y)/T)eOxVVIQDIG(y _ N, NHBO-VID) gy DY

dx J V2nT

On the assumptions on x, y, the factor (V2 — (x —y)/T) is bounded uniformly over the x and y considered
by V2 + (log k1)~ for some § > 0, and hence, we conclude

j—xs(x,e YBXAf) = (V2 + op,)s(x, e VYBX4f).

Hence, from Gronwall’s inequality, we conclude the claimed estimate. O

10.3. Mixing of phase

The final technical estimate that must be done for the decoration, which only concerns the case o =1,
is the mixing of phase. Specifically, we must estimate the statistical difference between

s(x,e'**df) and Es(x,e 2"Vt df),

where U Z Unif ([0, 1]). This is the measure that appears in m in (2.79). Once more, we let F be the
subset of C([-27k, 0], C) for which maxg |f(0)| > e™%.
We use a representation that is similar to (10.16) — namely, that

D9(x) = ¢V x D(x), (10.17)

where W is a centered Gaussian variable, independent of D of variance %(TT —T_), corresponding to
the imaginary part of the increment of £z, — £7. . Now by virtue of the variance being large, we can
make a total variation comparison of ¢’(¢*W) to ¢V

Lemma 10.4. With dtv the total variance distance, for a real Gaussian Z of variance V and a uniform
variable U on [0, 1], there is an absolute constant C > 0 so that

. . 2
sup dtv(et((HZ)’etZﬂU) < Ce—27r v

a€eR
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Proof. By periodicity, we may take @ € [0,27]. We compute the Fourier coefficients of the law of
¢'(@*Z) Note that the k-th coefficient is given by

. . Ch 272
Eezan((HZ) — elZﬂkae 2k V.

As the total variation distance is given by integrating the L'-distance of the densities, we have

sup dtv(ei(f”Z), 27Uy < 27TZ|Eei2nk(a+Z) < Ce 2V,
a@€eR 20

This leads to the following:
Corollary 10.5. Over any subset F C C((—2rky,0), C) for which ¢'®F = F for any a € R,

sup dpp (s(x, e df), Es(x, e2"V ¥ df)) < Cef(g/ﬁ)”z(T*fT)s(x, e*F).

a€eR

Proof. Rescaling both sides of the equation by s(e* F), we then have a bound for the bounded variation
distance of two probability measures,

s(x, ' *df)/s(x,e*F) and Es(x,e?"U**df)/s(x, e*F).

From (10.17), we have that the phase e'" is independent of D, and hence, we have a coupling of these
two measures that holds with probability 1 —dtv(e’(?*%), ¢27U) By the definition of bounded-Lipschitz
metric, the claimed bound follows. O

Appendices
Appendix A. Point Processes

We record some elementary properties about point processes and, in particular, approximation of point
processes by Poisson processes. We will let I" be a complete separable metric space, with a metric 9
which is bounded by 1. We will use the metrics d; and d, from the introduction. We also define two
metrics over finite point measures on I" and their laws: for any finite point measures &; = } | 6, and
§2 = Z?:] 611‘ on F,

0, ifm=n=0,
di(&1,6) = {ming 1+ 37 (Vi 2xp), fm=n>0,
1, if m# n,
with the minimum being over all permutations of {1, 2, ..., n}. Finally, for two laws on point processes

01 and Q», we let

d2(01,02) = (giféfa)E(d‘ (é1,82)).

We note that it is possible to bound 9 (€1, é2) < di (&1, &)max{|é1], |£2]}, where |¢;] is the cardinality
of the point set for j = 1,2, and hence,

0:(01,02) < (gi]r}gz) {\/E(d]z(fl,fz))\/E(|§1|2 + |§2|2)}~ (A.1)

We will formulate a corollary of [CX11] for Poisson process approximation with local dependency
structure. We let {&; : i € Z} be a set of Bernoulli point processes, so that Z;(I") € {0, 1}. We will
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suppose that elements of this set have local dependence, in that foreach i € Z, there are sets A; € B; € 7
with i € A; so that

VieZI {E;:je€A;} isindependentof {Z;:;eZ\B;}. (A2)
Foralli € Z, welet A; be the intensity measure of Z;,and we set Z := ) ;.7 E;, 4 == >}; 4;and A = A(I).

Theorem A.1. Suppose {Z; : i € T} satisfy (A.2), and define for any i € T,

Ti= > (), P=8(I), and L= ) E(P)).

JeAN{i} JEI\B;

Then there is a numerical constant C > 0 so that for a Poisson process 11 with intensity A,

& (B, 1) < C(Var(E(I)) +3A)%2 Z

(E(Pi)E('n) +E(T; P;) + (E(P»)Z)
i€

L’
L

Proof. We start by using [CX11, (2.6)] to establish that there is a numerical constant C > 0 so that

(B, 10) < CZ

(L . Var(Z(T))
= \Li

B ) - (B(P)E(T;) + E(Ti Py) + (B(P)))?). (A3)
1

We note that in the notation of that equation, |V;| = T;, and their A are our A. Finally, we bound their «;

by Var(|Z(I")|)/L;, and we bound +/k; by 1 + ;.

We also note that [CX11] requires that I" is a locally compact metric space. As A is a finite Borel
measure on I, it is tight. Hence, there are compact sets K; so that with I = U2, Ki, AT\ [') = 0. The
space I is locally compact, and both point processes Z and IT put 0 mass on I' \ " with probability 1.
Hence, we may apply the Theorem of [CX11] to E and IT considered as point processes on I" with the
same metrics dy, d; and d,. Furthermore, coupling the point processes as random measures on I" gives
a coupling of the point processes as random measures on I, and hence, (A.3) follows.

From (A.1), and using that d; is bounded by 1,

(B, 1) < dy(E,IT)y/Var(E(I")) + 3A.
As L; < A, the claim follows. m]

We also formulate a change-of-intensity lemma that controls the distance between two Poisson
processes of similar intensity. Define for any two finite Borel measures 7 and A on T,

dpr (7, A) = sup /fd(zr—/l)‘, (A.4)
7 IJr

with the supremum over all f with both |f(x) — f(y)| < do(x,y) forall x,y € I" and | f(x)| < 1 for all
x € I". Then, we have the following:

Theorem A.2. Let w and A be two finite measures on T'. Let a = min{n(I"), A(T")}. Then,

dr((7), 1)) < =2 dp1 (7, 1) and & (1(x),T1(A)) < V2 max{x(D), A(0)H =2 dpy (n, D).

a a

Proof. The first is nearly a corollary of [BX95, Theorem 1.2]. To derive it, apply Lemma 2.6 directly
to the second line of the displayed equation at the top of [BX95, p.259]. The second follows from the
first by using (A.1). m}
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Corollary A.3. For any compact T, and for any € > O, there is a finite list f1, f>, ..., fn of nonnegative
functions f; with | f; (x) = f;(y)| < do(x,y) and |fj(x)| < 1forallx,y € I" and a 6 so that if
max /fjd(n -A)| <6,
j=1,..., n r

then 0>(I1(r), I1(A)) < €.
Proof. By Arzela—Ascoli, we can find alist {g;} for j = 1, ..., nso that for all 1-Lipschitz, 1-bounded f,

min sup 1/ (%) = g;(x)] < €/2.

Let {f;} be all the positive and negative parts of the functions in this list. We may also assume the
constant-1 function is in the list. Now suppose that

[ a2

Then, |7(I") — A(T")| < 6, and so by Theorem A.2,

<o.

max
Jj=l...n

@

dpp(m, 1) < V2oxlx DA} o n 4 5y,

O (I(7), () < V2max{x(T), A(T)} =< e

a

If max{n(T"), A(T")} = 0, there was nothing to prove in the first place. Otherwise, by taking ¢ sufficiently
small, we conclude the claim. O

B. Auxilliary one- and two-rays estimates

We collect in this appendix the key two-rays estimates used in the bulk of the evolution. The argument
was developed in details in [CMN18], and, in fact, even our tex file is based on theirs. The hurried
reader may skip the content of the appendix, keeping only the statements of Propositions B.2, B.3 and
Lemmas B .4, B.5, B.6, B.8 and B.9 in mind.

Throughout, we adopt exactly, for ease of reference, the notation of [CMN18].

Further notation:
For any n > p, 6 € [0, 27), we define

n-1 C
ZP60) = 2,(6) = Zp(6) = |~ U080,

Jj=r Vi+1

We stress that Z,(,p ) depends implicitly of 8 because of the Priifer phase. Similarly, we define

n—1
AP(0) = ) a;(0) = Au(6) - A,(0),
Jj=r

where
aj(O) = Aj+1(9) - Aj(@).

More generally, for any family of quantities depending on an index &, we will denote the difference of
the quantities indexed by k and p by the same notation, with k as an index and p as an superscript.
In the following, it will be convenient to study the field at times which are powers of 2.
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B.1. The Chhaibi-Madaule-Najnudel coupling

As in [CMN18], we introduce a new process in order to gain more independence. Recall that N = log, n.

A more independent field:
For each fixed 0, (Z«(6))k>0 is a complex Gaussian random walk. Moreover, we could compute the
correlations of Z,«(0) and Z,«(6’) and observe that they behave logarithmically with respect to the
distance between 6 and 8’ modulo 27. However, Z is not globally Gaussian, so we cannot directly apply
known results on the maximum of Gaussian fields, but we will still provide its approximative branching
structure. To achieve this aim, we will gain some independence by making small changes on Z.

Let us fix some integer r, which will be assumed to be larger than some suitable universal constant.

For I > r, we denote A = A := gVlogr 4 100|_10g2 []. Observe that for any N > r, we can rewrite
formula [CMN18, (3.3)] as

A I-A .
N-128-1 (28 oiUstpai- e (0)

2l p2l-Ayj \/21 +p21_A +‘]. 1 !

(B.1)

Note that A(®) and I — A® are strictly positive if / > r and r is large enough. Now, let Z(2"2) be the
process defined by

24 il ot (6)

N—125_ -
(27,4) g €
Z&M (g) = § § § ¢ T (B.2)
N 24 p2i-a =
= o\ = +p21-d4j V2! + p2i-a

Observe that Zz(lz\,r) (#) and Zéjzvr’m () only differ by the change in the square root of the denominator
and by the replacement of some increments of the Priifer phases by their mean. The following is a slight
variation of [CMN 18, Proposition 5.2]; the additional statement (B.4) actually follows from the proof
in [CMNI18].

Proposition B.1. For r large enough,

Pl sup 1222 0) - 2%)(0)] = 2072| < +co.

1+1 1+1
= \oefo2m 2 2

In particular, as 35, 2172 < +oo, we have that almost surely,

21A 2
sup |20 (0) - 22 (0)] < o0 (B.3)
I>r 0€[0,27)
and
lim sup sup IZSL’A)(G) Z2(12+1)(6’)|=0. (B.4)

r—eo = 0€[0,27)

In the proof of Proposition B.1, [CMNI18] introduce the variables, for any / > 0, 6 € [0, 27),

m(0) = 22 ) - 22 () (B.5)

21+1 2l+1

221 iy, s (6) (21781
e "2+p2 . ol 4 pol-A
— C el]HD( +p )(9) ,

- Nl 1-Ay i
= 2L+ p2i=A ,Z=:0 24p2i=t4j J
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with

|D§2[+P21_A) (0)| S|A(21+P21_A) (0)‘ + zfA' (B6)

J+2l4+p2l-A

The main steps in the proof consist of the estimates

‘]I(|l1(9)| > 1‘2) < 2 (B.7)

and, for 1 € R,

sup(E (e”"ﬂg)n(;,(g))gz,),la (eﬂf"ﬂg)n(;,(g))gz,)) <e (B.8)

(see [CMN18, (5.6), (5.8)].)

B.2. One- and two-ray estimates

In the sequel, for all fields denoted by Z with some indices and superscripts, we write R with the same
indices and superscripts for the real part of o times the initial field (recall that o~ € {1, i, —i}).

An envelope for the paths of R;i,r’A) (9):
For j > r, let

( ). R ol-a" j-1280 .
" J— P r
2L 4 p2l- Al 4 pol-AD 2A(z) =(-r 10g2+/1j ) (B.9)

I=r p=0 I=r p=0

where (/l;.r)) i>r is a nonnegative and increasing sequence, tending, when j — oo, to a limit /lg ) such

that
A < Zz Al < - 8‘/@22 100002 1] y-eVoEr
Izr =1

when r goes to co. Let a,. == 1 — o and a- = Lo and for N > 2r, k € [|r, N|], define

(M) J if k < |N/2),

BT {—(N— K)o = 3log N, if IN/2] < k < N, (B.10)
and

() _ |~k if k < |N/2J,

g { —(N-k)* - 3logN, if [IN/2] <k < N. (B.11)

We then define an envelope by its lower bound and its upper bound at each k € [|r, N|]:

(N) ._ _(r) (N) (N) ._ _(r) , ;(N)
U, 7 =1"+u, and L7 =1, +lk .
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Fix x < 0 (depending on k), z < 0 (depending on k7), and v € (0, 1). Set N, = logn}. The basic
event we need to consider is, for § € [0, 27),~,

Sn(0) =3In(6,x,2) =

r r 3
vk e [|r.N{IL LY <x+ REM(0) < UM x4+ RV 0) e 1) - JlogN+[z.z+v)}.

. . 2" A
We will consider x € [—r!/%0, —r19/2] and z € [-(k*)!/2°, —(k})'*/?°]. The walk (R} " (8))r <k <v
is a Gaussian random walk whose distribution is the same as \/g (WT(”)rSk <~ - In the case where an

event I (8) occurs for some 6 € [0, 27),~, it means that x + R;ir’A) () is around T,Er) forr <k <N

(i.e., the Brownian motion W is roughly growing linearly with rate V2). For this reason, in the sequel
of this part of the paper, we will often compare the probability of an event Ev concerning the random
walk (R;ir’m (6))r<k<n to the probability of a similar event GEv, where a linear function 7 — V2
has been subtracted from the possible trajectories of the underlying Brownian motion W for which the
event Ev is satisfied. If Ev depends only on the trajectory of W up to a certain time 7, we get, by using
the Girsanov transfomation, an equality of the form

PIEV((Wy)o<i<1)] = PI[GEV((W; — t\2)o<i<1)] = E[e_ﬁWT_T]lGEv((W,)OS,ST)]a
and then the inequality
P[Ev] < e_T_\rz”]P’[GEv],

where ¢ denotes the smallest possible value of Wr for which the event GEv can occur.
The following proposition gives a lower bound for the first moment of Iy .

Proposition B.2 (First moment of Jy). For any v € (0, 1), r € N large enough and N large enough
depending on r,

P(3n (6)) > 25927 ~Ne g 2020 N3 p(Event, n), (B.12)

()
P(In (8)) < 2032r=Ne 204205 N3P (Event, y), (B.13)
where, with W being a standard Brownian motion,

Event, y = Event, n(x,7) =

. 1 1 3
{\7’] € [|r, N4|], ZJ(.N) < x+\/;WT;r) < uﬁ.N),x+\/;WTI<\;+> € TI(V? - ZlogN+ [Z,z+v)}.

Further, for x, z as above, the asymptotics of P(Event, n) are given in Lemma C.1 below.

Proof. Since (Réjz.r’A) (6))r<j<n, is a Gaussian random walk whose distribution does not depend on 6,
we have

PN (0)) =

r r 3
P(Vj e [Ir NI, LYY < x+ RG(0) < UM x+ RV (0) e 1) - JlogN+[z.2+v)).
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(2.4)

More precisely, we know that (R2 ;

(0));>r is distributed like \/g (W_»)j=>r. By Girsanov’s transform,
j
VAW () -7y
with density e~ "N+ , we have

(r) (r)
*\E(W (r)+\ETA;+)+T[\;+

N.

P(3n(0)) =E|e
( ( )) {Vje[lr,N+]|],l;N) 5x+\/gWT(,) SM;N),X+£WT(r) e—%logN+[z,z+u)}
J N+

_e “/EWT(r)

=e MEle N : (N) 1 (N) 1 3

{V/e[|r,N+|],lj Sx+\/;WT(r) <u; ,x+\/;WTx)e—ZlogN+[z,z+v)}
J +

> o7 =Ni 2(x-2)-2v-28) N%]P’(Event,,N),
with a similar upper bound replacing —2v — /lg ) by 2v + /lg ), Using Lemma C.1 completes the proof
of the right inequality in (B.12). O
We will also need a similar estimate for shorter times. Let # < N/4 and set

3,7 (0) =3n.,:(6,x,2)
=k e [|r.all, LY <x+REV0) < UM x+RY -V (0) e 17+ [z 2+ 0))
Note that because of our choice of ¢, only the first part of the barrier is employed in J;_r, and therefore,
3:.r (6) does not depend on N. We have the following analogue of Proposition B.2.
Proposition B.3 (First moment of Iy ;). For any v € (0,1), C > 0, r € N large enough, x as above,

z € [=Vt/C,—Cft] and t large enough depending on r,

P(St,f (9)) > eZ(X—Z) 2r—N+e—2v—2/lg)P(Eventr’t’f) >c %EZ(X—Z) Zr_t, (B.14)

where, with W being a standard Brownian motion,

Event,; y = Event, ny ;(X,2)

. 1 1
= {V] € [|r, ], lﬁ.N) Sx+\/;WTJ<_r> < ”;N)’“\/;er” € T,(’) + [z,z+u)}.

The proof is similar to that of Proposition B.2 and is omitted.

B.3. Two-rays estimate

‘We will bound here
Pn(6,0") =Pn(0,60",x,2,x",2) :=P(3n(0,x,2) NN (0", x",7)). (B.15)

(For the sake of shortness of notation, when no confusion occurs, we write y (6, 6"), omitting the
x,z,x’,z" from the notation.) This study, which is technical, is based on the fact that the random
walks (Réjz.r’A) (6))r<j<n and (Rg.r’A)(O’))r <j<n are Gaussian random walks whose increments are
approximately independent after some branching time which is roughly minus the logarithm in base 2
of the distance modulo 27 between 6 and 6’.

The general idea is as follows. For given 6, 6’, we will consider the integer k such that 27% < % <

2=~ || .|| denoting the distance on the set R /27Z. One can understand k as the time of (approximate)
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branching between the field at 6 and at §’. We will show that after some time k, = k;(k) ‘slightly
larger’ than k, we are able to bring out independence between the increments of (R;i A) (0))r>r and

(Rﬁr’A) (0”))r>r. By analogy with the Gaussian field, we will see this time as a time of decorrelation.
It is defined as follows:

o For k < N/2, the time of decorrelation is k, := k + 3A®  Recall that
AW = eVoer 1 100 1og”k].

(2".4)

2k (9,))](21" will

In particular, for k < r/2 and r large enough, the walks (R;ir’A) (0))k>r and (R
have ‘almost independent increments’ from the starting time r, since r < k.

o For N/2 <k < N,, we will require a faster decorrelation. We take k; :=k + 3x®  where
k% :=r/100] + 100[log(N — k) |>.

(2".,4)

However, the price to pay is that we will have to modify our field (sz

subsection B.1.

(6))r<j<n in the spirit of
Our two-rays estimates are divided to three lemmas, numbered B.4, B.5 and B.6. The statement of
each of these lemmas gives a suitable majorization of {[y (6, 8), for a given range of values of k.

Lemma B.4 (Time of branching k < N/2). For any v € (0,1), r large enough, N large enough
depending onr, k < % and27¥ < w < 27&=D e have

|Zzlxx/|22r—2N++2(x—z+x -z )’ when k+ <r,

o oo < , B.1
N(9,0 ) < { |Zzl‘x|62(xfzfz )2)‘*N+2k+*N+e*k+ s when k+ >r. ( 6)

The following lemma studies pairs whose time of branching happen before r /2. It refines the estimate
obtained in the previous lemma.

. . —k
Lemma B.5 (Time of branching k < r/2). For any v € (0,1), r € N large enough, k < 5, 27° <

”92_—”9/" < 2% and N large enough depending on r, we have
Py (0,0') < (1+1,,)2% 2Ne 2 "2INIP(Event, y (x, 2))P(Event, y (x',2)),
where

limsuplimsupn, , =0.

v—0 r—oo

Lemma B.6 (Time of branching N/2 < k < N,). Forv € (0,1), r € N large enough, N large enough
depending onr, NJ2 <k < N, and 27% < w < 27®D "we have k, < N and

P (0,6") < |xz]e2(x7272)0rNegkeNe gm3 (VK™ (B.17)

Remark B.7. The proof of the Lemma B.6 is the unique place where we use (l;N))r <j<N, the lower
part of the envelope.
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B.3.1. Dyadic case )
We start by assuming w = 27% and prove Lemmas B.4 and B.6 in this dyadic case. This part is

mainly for pedagogical purposes while laying the ground for the general case. It illustrates perfectly the
machinery of the proof in a simpler setting.
It will be convenient to denote, for any [ € [|r, N4|], p € []0, 28" 1],

220y e i0j
Jj=0 24 poi-ad) +je C AD 1
Ip(6) = =NC(0, 22" 4 p) ) (B.18)

\J2! + p2i-a®

Recall that R<2 4) (6) and R(2 4) (@’) can be written as

N-122Y
r . 6
Rg\] ,A)(g) =R|lo Z Z Il’p(e)etlﬂz,wz,_Au)( ) ,
l=r p=0
N-122D g _ /
(2 A)(g)_ Z Z Il,,,(e’)e”/lzhpzl-A“)(3) .
l=r p:O

The crucial observation is that for any [ € [|k,, N,|] (we easily check that k, < N, if r is large enough,
N >randk < N/2)and any p < L 1, the random variables 1; ,,(6) and I; ,(6”) are independent
and identically distributed. Indeed, they form a complex Gaussian vector, and they are uncorrelated,
since for / > k,, one has [ — AD >kifl > randris large enough, and then

2[—A(l) 2[—A(l)
Z ei(e—e’)j — Z eiZijn/Zk - 0.
Jj=0 Jj=0

We deduce that the increments of Rg.r’A) (@) and Rg’A) (@) after the time k, are independent and
identically distributed. Recalling the definition of 7(") in (B.9) and (B.18), it follows that

(R(z A)(e))j>r _(R(z A>(9z))j2r £ \/g(WT;r))jN".

For any k € [|r, N4|], x, z < 0, we introduce the events
1
. N k N
Ev(k,x,z) = {\7’] € [|k, N4l], l](. ) < \/;Wr;k) —T;. ) yx < uﬁ. ),

3
W (®) —TN txe _ZIOgN+ [Z’Z“LU)}’

TN,

1
GEv(k,x,z) := {\/j e [k, Na|1, 1Y) < \/;WTW +x<u™,
J

1 3
\/jW w® +x€——logN+[z,z2+V);. (B.19)
2 TNy 4

Note that GEv(r,x,z) = Event, n(x,z) from Proposition B.2; we only keep the separate notation
for compatibility with [CMN18]. Furthermore, note that GEv(k, x, z) is equal to the event obtained
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(k)

from Ev(k,x, z) after Girsanov transform with density exp(\/EWTm ) Performing the transform

~ Ty
yields
) V2W_ ;
P(Ev(k,x,7)) = ¢ N E (e N LGEy (kx z)) < 2k N ROHINIP(GEY (K, x, 7)), (B.20)
(k) ~Vow 2
where in the last inequality, we used the definition (B.9) of T, and the factthat e N < N3 2lx-z+v)

on GEv(k,x,z).

In order to allow for more flexibility and for later use, let us record the following analogous events.
For k € [|r,N|], a 2 0, E = (Ej);»« a sequence of reals such that (T(k)
nondecreasing, x, 7 € R define

E;);>k is positive and

] 9
_e e 3, N+ [z,z+v) (B.21)
r,(\,kj En N 208 %2 , .

. 1
GEv(k,a,E,x,z) := {Vj € [k, N4|], IJ(.N) —a< \/;W-r}k)—Ej +x < uﬁ.N) +a

1
Ev(k,a,E,x.7) = {Vj € [|k, N4|], 1N —a < \/jW ) o~ +X —Tgk) < u(‘N) +a
J 2 7; -Ej J

1 3
\/;WT;\Z)—EN+ +x € ~1 logN + (2,2 +U)}. (B.22)

Again, the event GEv(k,a, E, x, 7) is, up to an error due to the time shift E, ‘quasi equal’ to what we
obtain when we apply the Girsanov’ transform with density

exp(\/_W ®_pg —( (k) EN+))

to the event Ev(k, a, E, x, 7). This time, the inequality takes the form

P(Ev(k,a,E,x,z)) < 2k=Ns p=En,+2(x-z+a+v) N3 p

GEv(k,a+ sup |E;|,E,x,2)|. (B.23)
k<js<N
Indeed, by the Girsanov transform and then using the barrier at time N,

P(Ev(k,a,E,x,2))

(k) “V2W (1)
=e¢ NHENE e N 'EN+]l

{v/'enk,mu,z;N)-as\EwT(k) B s }
J

1
[1 3
W (k +xe—3log N+[z,z+v
{ 2 TI(Q—EN+ 3log N+[ )}
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- X—z— a+v) A73 . 1
< 2K=N+ pENy +2(x—2-En, +a+ )NZP(VJ € [|k,N+|],lj(.N)—a < \/;WT,(-“—E,- +x-E; < uﬁ.N)+a,

1 3
{ EWTS‘}EM +x€ —ZlogN+ [z,z+v)})

3
< 2k—N+e—EN++2(x—z+a+u)N§P
k<j<N,

GEv(k,a+ sup |E;|,E,x, z)).

Proof of Lemma B.4 in dyadic case. When k.. < r: The increments of R, (2 A) (#) and R(2 A) (0) after
the time k, are independent and identically distributed; thus, we have

Pn(0,0) = P(Ev(r,x,z))P(Ev(r,x’,z"))
Eq.(B.20 - 3
T E2050rN, 2 (x-zax' =) (N%P(GEv(r,x, z))) (N%P(GEv(r,x’, z'))).

Finally, by applying [CMNI18, (A.15)] (with E;_, = /lﬁ.r)/log 2, which implies ||E|| < 1 for r large
enough), we obtain (B.16).
When k., > r: The increments of R(2 A)((9) and R(2 A)(9’) after time k, are independent and

identically distributed. Moreover, all these increments are independent of those of Rgr‘A) (0) for j
between r and k, (we see this fact by first conditioning with respect to the o--algebra G,«. ). We then have

Py (0,0'x,2,x",7') < P(EV(r,x,2)) sup P(Ev(ks,w, 7))
x’+lliiv)£w 5x’+uliiv)

Eqg.(B.20
B )2”N+e2(x’2)(N%P(GEv(r,x,z)))

A sup (N%ez(wm’—z)P(GEv(kJr,w +x',Z’)))

l(N) <w+x’<u(N>

< g |2r Vel N 2(-m) (N%e2<W’>P(GEv(k+,w',z’))).

1™ <wr <™

If k., < N/4, according to [CMN18, (A.15)], for any w’ € R, we have

P(GEv(ks,w', 7)) < [W||2|(N —k,)73.

(N)

Recalling that w’ < W, ' = —(k4)?*, we have

sup (N%e2<W’>P(GEv(k+, w',z’))) < e (B.24)

1™ <wr <™

However, for k, > N/4, we can crudely bound P(GEv(ks,w’,z;)) by 1, and using the fact that
w < -k ifk, < N/2and w’ < —(N —k;)% < 0.9k ifk < N/2 < k,, we obtain that

sup (N%ezwlP(GEv(kJ,, w',z))) < ezW/N% < e BT N2 e_kfi, (B.25)

1N <wr <u™)

since k, > N/5 for N large. (Recall that we take N — oo before we take k| — ©0.)
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In all cases, by combining Equations (B.24) and (B.25), we deduce
Py (6,0") < |xzz’|2rfN+2krN+eZ(x—zfz’)e—kf*.

It concludes the proof of Lemma B.4 when | 2 1l is a negative power of 2. O

Proof of Lemma B.6 in the dyadic case. Now we shall study Py (6, 0”), when the branching between
the field in 6 and the field in 6" appears after the time N /2. This time we shall prove that when one
restricts to the paths which are in the envelope, the increments of the path of the field at 6 and at 6’ are
approximately independent after the time of decorrelation k... We recall that for this range, k, = k+3x®,
where «®) := L1o5] + 100 log(N — k)%, ifk < N-1.

k+
We need to exhibit the independence between the increments of the processes (RS 4) (6))j>k, and

(R(2 *:A) (6"))j >k, The crucial observation we used in case of k < N/2 does not work anymore for
such a short decorrelation time. We first need to modify our field using similar arguments to those used
for the proof of Proposition B.1.
In the following, we shall use the quantity
21=®_y e it
J=0 1y pol-x® -
19(0) = N[0, 4 7).

2! + p2ix®

Letk € [N/2,N,] and 27% < % < 2-(&=1) 'We have, for r large enough, since N —k > r/2 is
large,

k, <k+(r/33) +300log* (N —k) <k+ (N —k)/16 < N.

Recall that for § € {6,6’},r <k <N, R(2 A)(9) = ‘R(O'Zz(ir’A)(é)). Since for I > ky, k® < AD we
can write forallk, <k <N, € {0,¢’ },

+ ~ 1 7]
(Zk = (9) = Il,p(e)el%lﬂﬂl’A(U( )

l ~
o ZzlA”l c i6j

J=0 dpat a0 iv
= P J e 2l+pal-A

=0 [l 4 pzl—A“>

k=1 26" g f21® _p NC o €U X
14l i i
204 p2l-«) 4 ellﬁ 1 pal—x) +i(9)

Z p
=k p=0 | =0 f20 4 p2l=«" 4}

w (6)

T
~
7

<

o J A
»(with j = [WJZI A

~

ke ()~ .
=Z5 ) (0) + €y (0),
where
(2% 0) = Sk 1) ( Gy o Yot ot (O)
Z5 @) =y Z T (B)e w2 ,
1=k, p=0

k . g k
k—12¢% 1 o Vot prt9 (9) 2=« g i)

4) = C iGj (2lp2t =
CHOESY > Nyt €05 @]

iZky p=0 |[2 4 p2l-«®\ =0
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with

0(21+p21 !

_ (k)
A, ﬂ;z 0 )(9))' 27~ (B.26)

1, 5l

PN N f ! [-k®© A2 ) (G

0(~2 P )(9) =—1+ —2 +p2 e 2bapat-x® +i( )
J 2 4 pol-x® 4 5
p +I

(21_”)2] «( )( )
=1+ (1+@)¢ 2o

Indeed,

with |@®] < 27" which implies inequality (B.26). In the following, we shall denote

W_1 iy

K
2 e 2l pol-k

(0 (0) (21 1y ik ®
i0j A2'4+p2-7T) 5
Z N§+p2l"((k)+je 0j @) |

;5 2!+ 2l \ 5=

Notice that, on the contrary of the proof of Proposition B.1, where A varies with /, here we fix
as soon as we know that 27% < ”92_—”9” < 201 By using the same arguments used to prove (B.7) and
(B.8), one can show similarly that for any / > k., Ge{0,0},

OI(k)(é) =

(k)
(|¢(k)(0)| > % n,>k+G,(9)|g2k+) <e2 ¥, (B.27)
B((Mrk, G1(8))° |G ) <5 exp( 3’;22 “") (B.28)

with

2wy
Gi() := ﬂ { sup

p=0 lo<j<2i«®_j

Jj+2l+p2l-

« (k)
A2 © (9)' < oK™ )}

Moreover, it is plain to observe that for any r large enough, N large enough depending on r, and
k € [|IN/2, N —r/2|], and under the complement of the two events just above,

N=) ®) 5 = « K L) 1 1225 1oa(N-K) |2
D@ < 27T < (N -k )2l B leeWF < (B.29)
1=k, 1=k,

So for any 6 € {6,6’}, we can replace (R; )(9))k+<k<N by (R(2 *o ))(9))k+§k5N with an error at
most 1. Thus, we have

) ' r + (k)
Py (0.0 < P(v] e [Nl LY =1 < x+ R (0) + RE (O0)1 ok < UM 1,
+ )
VJ c [|k+,N+|], L(N) 1 <x +R(2 A)(Ql) +R2§k ,K(k )(9/) < UJ(N) + 1,
. 3
x+R(2 A)(Q) R(2 K( ))(9) € _ZIOgN+ [Z,Z+V],
. 3
X+ RGOV (O) + R (0) € ~Jlog N+ [2.2+ ]

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

Forum of Mathematics, Sigma 113

N,
®) /5 _«® 5
+ Z {Vje[|r,k+|J,L_§.N)sx+R;§’.A)(é)gU]§N)}(lzkP(“l (@) =277, N>k, G1(0)|Goxe
del6,0'} =k,

P((nlzk+él(é))c|g2k+ )))
= P\M(6,0') + 0N (6,0),

where ¥ = x” if @ = 6’ and ¥ = x otherwise.
We first deal with the sum in 8 € {6, 6"} —that is, with Qy (6, 6”). By using (B.27), then the Girsanov

V2w )~ T( )
transform with density e =~ "k , and [CMNI18, Corollary A.6] (when k, > %), the sum is
Ko xr3 2(N—K.)@* zk(k) B 1,0 2N
< 27k N3 Q2N K ((N— ky)e” +exp(—§22’< )) when k, < KR
N2(N -k ar i 2N
< 2r-k+¥ 2N ki) ((N— ki)e™? +exp(—ﬁzzk‘ ’)) when k, > —,
(ky —r)2 33 3

which are both dominated by |xz|e~(x=2-7)2-2Na+ketr o= (N-k)* Tt remains to bound the expression
_ «(®)
N (6,6"). Let‘r(r k) = T(r) if j <k, and T(r k) = Tér) Zl:k+ f;:o 1<% 4 p)~lif j > k, and

Ej(.k*) = ‘r}r) - ;r %) forany r < j < N,.Itis plain to check that Zj.vz*r IEEI:*I) - Ej(.k*)| < 2710 and

27 A 2k )y, c |1
(R(,m)(e )+ R( (6 Y (jsko)Ir<j<N =\/;(WTjgr,k+>)jzr-

Now, it suffices to reproduce the proof of Lemma B.4. In this first part, we assume HBZ;RO’H =27k,

In this case, we check the independence of g (k) (6?) and J; ® (0') for [ > k., since k; — x® > k.
We then show, by doing the suitable condltlonlngs that the increments of (R(2 ot ))(9))k+gks N,»

(2% k@) (27.A)
(R (0")k, <k <N, (Rzk (0"))r <k <k, are independent. Thus, we have

PO (0,0') < P(Ev(r, 1,E®) y, z)) max  P(Ev(ks, 1, E®) w, 2')).

1N -1 <w <M 41
By the same arguments as in the proof of Lemma B.4 in the dyadic case, we have
max P(Ev(ks, 1, E® w, 7)) <, |2/ |27 Nk max |e20v=2)

B -1 2w <M 41 B -1 <w <M 41

< |Z'|2—(N+—k+)e—Zz’—(N—k+)i’,
where we used that in the stated range, |w’| > (N — k;)?%/2, and
P(Ev(r, 1,E®) x, z)) < |xz|27 N+
Finally, one gets

Py (6,0") < |xzz'|2 " Ne2kemNe o= (N k)™ e2(x—z=2)

1He-e1|
T2

This concludes the proof of Lemma B.6, when is a negative power of 2. O
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B.3.2. General case
Proof of Lemma B.4 in general case. Fix v > 0, r large enough, N large enough depending on r, and
k such that k < % Unlike the previous dyadic case, for k, </ < N—-1and p < 28" _ 1, the

random variables ; ,,(8) and I; ,(0’) are not rigorously independent. However, observe that for any
ki, < I < N -1, the absolute value of their correlations decreases exponentially with /. Indeed, if

Crp(6.0) = E(ll,p(a)ll,p(e')), then

2l7A<” -1

1 [(0-0")) 4
0.0 = — L Q000 < T okl
| 1p( )i 2L 4 p2l-a® J;O 2416 - 61|

Since E(1;,,(0)11,,(6”)) = 0, and (I;,,(0), I;,,(8")) is a centered complex Gaussian vector, one checks,
by computing covariances, that it is possible to write

Cip(0,6") .
L.p(0) = —2———1, ,(6") + 11" (6,6,
0 0) = 2y @) + 0.0
where the two terms of the sums are independent, with an expectation of the square equal to zero. Note
that
' ot 21-4" AG
Crp:=Crp(0.6) = 2 A0 - 2% +p)

does not depend on 6’. Moreover, we have by Pythagoras’ theorem,

Ci,p(6,0')

G (8,00
Cip '

E[1"1(6,6")|*] = E[|11,,(6)|*] - C
L,p

g *E[I1., (6] = C1pp

Using this decomposition of /; ,,(6) and the measurability of the different quantities with respect to the
o -algebras of the form G, we deduce that one can write

K4 ke - k4
R Oze, = R+ ES s, (B.30)

(2%+,ind) . . . 2% ,A) /1y L
Here, (Rzl )=k, is a Gaussian process, independent of (Rzz (6"))i>k,, and distributed as

1 .
(\/;WT[““) -G )12k+ with

-1 280 ’
|Ct,p(6,0)]
C = Z Z LA .

t=k, p=0 Ct,p

Notice that C = C*+) implicitly depends of k.. (E élzr))lzk+’ however, is defined by

2y
! i 0)Cr1 (0,6
E2(12+1) . Z ez%lﬂ,zl—a(l)( )%ILP(H,) . (B.31)
p=0 P

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

Forum of Mathematics, Sigma 115

Furthermore, notice that: O
Fact 1: For any / > k,,
2n®_y
EC) < B = > 1C1p(0.0)12" + )1y (0)]
p=0

is measurable with respect to the sigma field o (N°, € [|2/, 25 - 1]]).
Fact 2: The process (R;,zh’i"d) )i>k, is independent of the couple (R;ZM’A) 0, |E |§,2r))12k+.

Fact 3: sup;,, |G| < 278 if r is large enough. Indeed, in this case, since k, > 3A0) > 3¢Vlogr
is also large, we have

A

co 2 1 o0 o0
_ ) _ (1) _ log r 2
sup |G| < Z Z (2k 1)2(2A +p) < Z 92204200 Z 22k 20+2e Vg 1200 10g? 1
12k, I=k, p=0 1=k, I=k,
< 22k72l+2e‘/l°gr+30010g2k + 2k~21+0.8k,+200 log?
k, <I<100k [>max (100k,k,)
_ (®) _
< Z 22k-2043A0 Z 22k+0.8k,~1.991
k, </ <100k I>max (100k,k, )

_ ® _ YNGR _3A®
« 22K=2k4300 | 521c+0.8k,-1.99[(0.05) (100k)+0.95 (ki) ] o 9=3A%) | H—ki . 5-3A0)

ki ;
It means (see [CMN18, Lemma A.5]) that the process (R;,2 »ind) )i>k, is very ‘similar’ to the process

\/;(WTI(kJ,))[Zb. Moreover, if fork, <r <[, Cl(r) := C; — C,, then we have for r large enough,

sup |Cl(r)| < sup |(] < A% ¢ gmeVier
I>r

1>k,

<1/2.

Fact 4: |E| is small. For any m > 0, [ > k,, we introduce the event

(1)
@) o A
2041 2 2 4 m}

I
Ey = {|E|
For some universal constants ¢, ¢’ > 0, and m > 1/2, the probability of Ef,? is smaller than

_erm2tk=Fa )

0
P(|E|§zz+ll) > 2_A4m) < 2A”>P(62k_l|11,0(9')| > mZ_%A(”) <28

—c'm

252(1-k-24F))
< e .

(B.32)

For r (and then k, and /) large enough and [ < 100k, 2A () < 3A® 4 (log(c’)/log4), and then,

l _aW _m222(1ks)
P(|E|(2)22 7 m) < T

21l+1

If r is large enough and / > sup(100k, k) (and therefore, also large), we use that

20-k=2AD) = -k, + (I -2k +k, —4AD) = [ -k, + (1 =k +3A %) —4A D)
> —k+ (I —k—400(logl)?) > I —k + (0.991 — 400(log [)?)
>1-k-logc,
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and then, using (B.32),

292(-k-24 1)) < gm* (k)

P(|E|§i3 >0 ) <e

Hence, in any case, for r large and [ > k.,

P(El) = P(|E|§i3 > 2% ) < e
A®
When k, < r: Using the decomposition (B.30) and Fact 2, and noticing that Y= m2~ <

m2-¢V"" for r large enough, we can affirm that

Pn (6,6") < P(Ev(r,0, O,x,z))P(EV(r,2_6\/@,C(”,X',z'))

+ ZP(Ev(r,0,0,x,Z), qu“,,MJE,S{))P(EV(r, (m+1)27V ¢ ¥ 2], (B.33)

m>1

where the Brownian motion involved in the event Ev(r,0, 0, x, z) is suitably coupled with the complex

Gaussian random walk whose increments are of the form 7; ,,(8”)e Wit pat-a® (@) forr <l <N-1and

0<p<22”_1

By using Equation (B.23) and then the fact that sup, ;. n C;r) < 21‘9\/@ if r is large enough, we
have for any m > 0,

logr

P(Ev(r,(m+1)27¢ ,C(r),x',z'))

—eVlo (r) Vi
. S _ e _ ogr
<e 2(x z)2r N+62v+2(m+1)2 CN NZP e

GEv(r,(m+1)

sup C(r) ¢ x". )
r<]<N

\@_C(r) 3 e
N N2P|GEv(r,2(m +2)2

< e—2(x’—z’)2r—N+62U+2(m+1)2_e “’g” C(r),x', Z')). (B.34)

Now, we invoke [CMN 18, Corollary A.6] as, by the Fact 3, with the notation of the corollary, ||E||; < 1
if r is large enough. Thus, we deduce, for N large enough depending on r, that

2—6M’ c(r) Viogr

PlEv(r,(m+1) ,x',z')) <y |57 |2X N 2m2 I (4 (4 1)27¢ V)3, (B.35)

Similarly, to compute P(E v(r,0,0,x,2), Uje[|r.N, ] E,(,{ )), we will apply the Girsanov transform with

\FW (r) T( ) .
thedensitye "M+ . Itrequires to study what s the effect of this density on the event U ¢ [} n, | E o,

. . i a6 .
The increments of the complex random walk, which were I, ,(8")e  2+272" """ before the Girsanov
transform, increase by o' C; ;,p afterward. Hence, between the two situations, before and after the

AW

Girsanov transform, |E I(jzﬂ), defined as the sum, for 0 < p < 2 — 1, of the absolute value of the

increments of the random walk multiplied by |C; ,(6,6")|/C;, . vary, for r large enough, at most by
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Dakei s
22AY+k=J gince
zA(j)_l
) ke i
Z IC;.p(6,0")] < 227+,
p=0

Now, for j > r > k, and r large enough, we have

DAk _ 12_ 1AG)
5 .

Indeed, for j < 100k,

2A W) 4k 2A ) +k-k 2A ) 34 1) —-0.9A)
2 7 <2 + <2 <2 ,

and for j > max(k,, 100k) (necessarily large, since r is large),

22A<J’>+k—j < 22A<J’>—0.99j < ze‘/“’ngomogz j-0.99j Zevl°g-f+2001og2 j=0.995

_ i _eVlogr _, i —AW)
S20.96]S2e' o8 r 0.94]S2AJ'

Hence, if for m > 1, before (respectively after) the Girsanov transform, U e[|, N+‘]E£,{ ) occurs, then

Ujellr, N+|]E(%]2; still occurs after (respectively before) the transform. Finally, we get, for any m > 1,

P(EV(F, 0,0,x,2z), UjG[lr,N+|]E;(1{))

-V2W ()

< ez(x—z)zr—NE e N ) ] ) IL 0

{viellr.N.|1.1; Sx"\/;WT(.” <u;™} U.ffllr,N+I]E%m
J

x+\/gWTm e-3 log N+[z,z+v))
<y e2<“>2’NN3P(GEv(r, 0,0,x,2) N {qu“,,MHEﬂQl}).
2

As E\!) is measurable with respect to - (NS, 1 € [|2, 24! — 1]]), by applying [CMN18, Corollary A.6]
2
and using the Fact 4, we get, for r large enough and N large enough depending on 7,

P[GEv(r,0,0,x,2) N {qu“,,M,]Eﬁf) }) <, |xz]e?-IN3 Z [pEY)
zm 7m

j=r

< |xz]e?* N3 Z (/82

j=r

_ _3 _»or-k 2
< |xz|? XTI NTIE TR,

since r > k..
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By combining this inequality with (B.35) and (B.33), we get
2(x—z+x'-7") 22(r—N+)

Pn (0,0, x,2,x",7') <, |xzx'Z|e

+ |XZX’Z’I62("’“""Z'>2’*N+22m2’e\/@(1 + (m o+ 1)27 VT )3rN (2

m>1
< |xzx'7 |2 =) Q2 (=N | (Z 22m (] +m)3e_m2/8)e‘(1/8)(2rk“”l
m>1
< |xlez/|62(x—z+x’—z') 22(V—N+)’ (B36)

which concludes the case k, < r.

@
When k; > r: Using the decomposition (B.30) and Fact 2 and noticing that Z;’;’L m2~ <

mz—e\/“’?/S for r large enough, we can affirm that
, , ' ()
PN (9,0 ,x, Z,x ,Z ) S Z P(Ev(r’ 09 O’x’ Z)’ U]€[|k+,N+|]Em ) (B'37)
m>0

sup P(Ev(k+, (m + 12V /8
(N)

lliN) <x’+w <Zu
+

,Cx! +W,z')). (B.38)

k+

By a similar computation as what we have done in the case k, < r, we get
]P’(Ev(r,O, 0,x,2), Uje[|k+,N+|]E£,{)) <, |xz|ez(x_2)2r_N+_(m2/8). (B.39)

However, by using Equation (B.23), for any w’ € [llii\,)’ ul({iv)], we obtain

e\/logr

P(Ev(k+,(m+1)2_ /8,c,w',z'))

<y ez(w/_zl)2k+_N+ez(m+l)2_ﬁ N3P GEv(k,, (m+ 1)2_6\/E/8 +

sup |Cj|7c9 W,’ Z’)
ki <j<N

< e2<W’-Z’>2k+—N+e2(m+‘>2“‘”’Nip(GEv(m,z(m +1)2°¢ /S,C,w’,z’)), (B.40)

where we used that sup ., |C;| < 2-A% < L(m+ 1)2“"\/@/8.
For k, < N/4, we can use [CMN18, Corollary A.6] to deduce, for w’ < ul((iv) =—(ky)*,

\/logr/8

P|Ev(ky, (m+1)27¢ ,C,w',z'))

< ez(w"zl)Zk*‘Mez('"”)Te\@/g(1 +2(m+ 1)2_6‘@/8)3|W’z'|

<, |W/Z/ ez(w’—z’)2k+—N+€3(m+1)—(k+)"*_ (B41)
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For k. > N /4, we bound the probability of the G Ev event by 1 and use the fact that w’ < —0.9(k,)*~
(the factor 0.9 coming from the case k < N/2 < k,). We then get

\/logr/g 3

Viogr g 2(w'=2") ks =Ny ,2(m+1)27¢ N2

PlEv(k,, (m+1)27¢ ,Gw', 2| <, W' e
<, |ZI|672z’2k+7N+eZm+2e—(k+)“‘ (N3/2870.8(k+)"‘)

2z - _ a-
< |Z/|e 27 2k+ N+62m+2e (ky) .

This again implies (B.41). Finally, by combining this equation with (B.39) and (B.37), we get

PN(Q, 9/) <, |XZZ/|eZ(X*Z*z’)2r—N+2k+7N+e,(k+)a— Z e3m+37(m2/8)
m=>0

o — — _ a—
< |XZZ,|€2(X z z)2r N+2k+ N+e (ky) ,

which concludes the proof of Lemma B.4.
Proof of Lemma B.5. We can use (B.34) to get (for r large enough and N large enough depending on r)

P(Ev(r,0,0,x, 2))P(Ev(r. 2V 8 ¢ . 27))
zlfe\/lo?/S

< @2xmaHx'=2) v 220=NIN3P(GEv(r,0,0,x,2))P(GEV(r, 2]76\/10?/8, ¢ x', 7)),

and then, by the majorization of the second term of (B.33) which is involved in (B.36),

Py (0,0 ,x,2,x",7)
\/logr/8

_ r_ 1-e
< eZ(x Z+x z)e4v+2

220N NAB(GEW(r, 0,0, x, 2))B(GEv (r, 21V 18 () y 7))

r—ky _
+(9u(22(r_N*)e_2 8 1).

Hence, we have

Py (6, 0/) < eZ(x—z+x’—z') e4v+21’e\/10?/822(r—N+)

% N3P(GEv(r,0,0,x, 2))P(GEv(r, 21V /8 () 21y

o= (r/2)-3e V18T 181001082 (/2) _,
- 8

+0, (22<’-N+>e
By applying [BRZ19, Lemmas 2.1,2.3] with the same argument as in Lemma C.1, using the fact that
[|E||; goes to zero when r goes to infinity, we get
Py (6,6") < 2730 42U NINSP(Event, v (x,2))P(Event, n (x',2')) (1 +1,)

+0, (22(,_1\,)6_2”;1 )

where 77, goes to zero when r goes to infinity. Using (B.12), we obtain Lemma B 4. O

Proof of Lemma B.6 in the general case. The general case needs to use exactly the same arguments as
in the general case of the proof of Lemma B.4. This time, forky, </ < N-1and p < ox 1,
the random variables Jl(l;) (#) and Jl(l;)(H’) are not rigorously independent. However, we observe that

https://doi.org/10.1017/fms.2024.129 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.129

120 E. Paquette and O. Zeitouni

for ky <[ < N,, the absolute value of their correlations decreases exponentially with /. Indeed, if

Ch(0,0) = E(Jl(};? (6)J,) (9')), then

2%y
1 ((0-07)) 4 k-
—_— e LK .
pzl—K(k) ]ZO 21“9 _ 9/“

Since E(Jl(lg (0)]1(12 (9’)) = 0, and the vector (Jl(l;) (9), J(l;) (0")) is centered complex Gaussian, one
checks, by computing covariances, that it is possible to write

(k)(

(k) (k) (k),ind ’

YMOE 0+, (6,6"),
Cl(k)(G’ 0" lp L,p

where the two terms of the sums are independent, with an expectation of the square equal to zero. Note

that
9 = e e ®
k k r oy K -1
G, =C 17(6 ,0) = 24 poie® =2 p)
does not depend on 6’. Moreover, we have by Pythagoras’ theorem,
(k) / (k) 2
¢, ,0.0) IC;, (6,6)]
(k),ind NI2T (k) 21 | Lp 2 (k) (k)
B[Jj (0.0 = B OF) - [ =g — PRIV @OF = ¢ - =2
Lp Lp

Using this decomposition of J; (k) (0) and the measurability of the different quantities with respect to the
o-algebras of the form G, we (feduce that one can write

ki K(k) +in ky
R O)isk, = REM) 4 EX )y, (B.42)

. (2k+,ind) . . . (2k+’K(k)) , . .
with (R )izk, is a Gaussian process 1ndependent of (Rzl (0"))i2k,, and distributed as

(\/7W (ks ks) c(k) )i>k, With T(k+ k) - Zl k+ 2 71(2K(k) )_1 and

-1 2K (k)(g 6’ )|2
(k) .
C Z Z C(k)
t=k, p=0

and (Eé,zk+) )i>k, defined by

: 26 » (0) (k)( 0"
2 i (K k
Ez(m) =R|o E e 2aprt=® —(k) l(,p) (). (B.43)
p=0 L,p

Note that C(k) and E (le) here represent quantities which are different from those denoted in the same

way in the proof of Lemma B.4. Furthermore, notice that O
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Fact 1: For any / > k,,

(k)
277 —1
2 2! k (k) k
EQ < IEG) = 3 10k 0,001 +p)ls 5 @)
p=0

is measurable with respect to the sigma field o (N°, € [|24, 2141 - 1]]).
Fact 2: The process (R(2 nd)y . v, is independent of the couple (R(2 ol ))(9 ), |E| +))1>k+

Fact 3: sup, ., |Cl( ) | < 27% “if ris large enough. Indeed, we have

o 2¢® oo
(k) (k) (%) _7y—40(0) )
sup |C( )l <« Z Z (2k 1) 2" +p) < Zzzk 2426 Z 92(kt3x ) —1) -4k 5-2x®
I=ky p=0 1=k, I=k+3k®)

ke -
It means that the process (R;,2 *ind) )i>k, is very ‘similar’ to \/g (W_ee ko) 2k, -
l
Fact 4: |E| is small. For any m > 0, [ > k,, we introduce the event

@) 5 25 ).

21l+1

l
Ey = {|E]|
For some universal constants ¢, ¢’ > 0 and m > 1/2, the probability of Ei,? is smaller than
() s a2k
(IEIZM > 4M) <2"p ( 211 07)] 2 m2:K()) < oKW grem2?a

_ o' m2220-k-2c X))

e

Then, for r large and [ > k,,

«® 251k
—-m 2 +
(|E|21+1 >2" T m) <e .

K(k) r
Using the decomposition (B.42) and Fact 2 and noticing that Zﬁ K, M27 7 < m27i for r large
enough, we can affirm that

B 0.0) < Y P(Ev(r, 1LE®) x 2, uje[|k+,N_1HE,§{>) (B.44)

m=>0
sup (Ev(k+, 1+ (m+1)2"%, c0 4 BRI 7 4y, z')).
(M),

l(N> <X/ +w’ <u

Here, by abuse of notation, we refer to the same event Ev(k, a, E, z) as in Equation (B.22), but for the
new time clock T.(k"’k*) . By the same arguments used to prove (B.36), we have

P(Ev(r, LE®) x o), uje[,k+,N_1,]E,S{>) <, 25D |xg|pr~Ne=(m2/8) (B.45)
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However, by using the inequality (B.23) deduced from the Girsanov transform (which still holds for

. )
the time clock -r;k*’k*) = Z;z_kl+ Zizo -1 (2K(k) +p)~1), we obtain for any x” +w’ € [lliiv) -1, ul((iv) +1],

B(Ev(iky, 1+ (n+ 12780, C0 4 E®) x4, 7))
<, 2k+—N+el+2(m+1)2*4rWNgez(xurw’—z')

x P(GEv(k+, 14+2(m+1)2710,c® 4 F0) 37 4y, z'))), (B.46)
e

< (m+1)27%06 . We bound the probability of the G Ev event
by 1 and use the fact that x" + w’ < 1 + u,((gv) <1-(Ny—-ky)* - %log N. We then get

where we used that SUp sk, |C§k)| <2

]P(Ev(k+, L (m+1)27 %0, c00 4 E00 37 4y, z'))
< 2k+—N+62(m+1)2‘ﬁNgez(x/+w’—z’)
<, 2—22’2k+—N+62m+2N3/26—2(N+—k+)"*—% log N

« 2727 pki=Ni 2m+2 = (Na—ky) @
Finally, by combining this equation with (B.45) and (B.44), we get

Pﬁ’”(@, 0') <, |xz|22(37272) = Negks =N o= (Ny—ki) Z o2m+2=(m?/8)
m>0

P, _ _ _ _ a—
< |xZ|22(x z z)2r N+2k+ N@ (N+—ky) ,

which concludes the proof of Lemma B.6.

B.4. Short time barriers

We will also need the analogue of Lemmas B.4 and B.5 with I3y replaced by 3, ¢. Thus, let
Py p(0,0) =P (0,0, x,2,x",2") = P(3 1 (6,x,2) N3y 1 (6", x,2)). (B.47)

We have the following.

Lemma B.8 (Time of branching k < N/2). For any v € (0, 1), r large enough, C > 1, t large enough
depending onr, 7,7’ € [-Vt/C,Ct), k < t and 27k < w < 27D ye have

’ ’ 7 ’
lzz'xx |22r—2t+2(x—z+x -z )’ whenk, < r,

Lo (B.48)

_|z§/;c|62(x—z—z )pr-toke—t o KT uhenk, > r.
p

P, r(6,0") < {

Lemma B.9 (Time of branching k < r/2). For any v € (0, 1), r € N large enough, r large enough,
C > 1, t large enough depending on v, 7,7 € [-Vt/C,CV1], k < 5 27k < w < 27&D gnd ¢t
large enough depending on r, we have

Pr s (6,60") < (1+1,,,)2% 2 20"0P(Event, n(x,2))P(Event, n(x, 7)),

where

limsuplimsupn, , =0.

v—0 r—oo
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C. Classical estimates on Gaussian walks

The following estimates are classical and extend those in [CMN 8] by keeping track of the dependence
in starting and ending points. In the following, the process (W;; s € R,) is a standard Brownian motion.
We use the notation from B.2.

The following is classical. Since the proof is short, we bring it.

Lemma C.1. Notation as in Section B.2, with x, z in the appropriate range. Then,

2 3 2
(1= sy 2zl < N3B(Event ) < (i Sl (€D

where

lim lim lim lim 5y % =0.

v—0r—o0 kj—o0 N =00

Proof. We show the lower bound; the upper bound is similar. Recall that

Event, y = Event, y(x,z7) =
Vie[lrNal, 1Y) <x+ lW <u'™ x+ lW ET(r)—EIO N+[z,z+v)
] ’ +11> j = 2 TJ(f) = j El 2 T,(\;: N, 4 g ’ .

For r, k| large, we have that |T;r) — (j —r)log2| < 1. Set, comparing with (B.10) and (B.11), for

kelr,Nys+1],
2a- :
+(N) _ k-, if k < [N/2],
e =2 { —(N - k)** - 31ogN, if [IN/2| <k <N, €2
and
H(N) —k ¥ if k < |N/2],
i '_2+:—(N—k)"‘+“-—%logN, if [N/2] <k <N. €3)
The crucial fact is that for N large, we have that for all k € [r, N, ],
: (N) +(N) (N) +(N)
inf u >u R su l <l . C.4)
Ocl(k=1)vrk+1] K k 6’6[(k—1)r\)/r,k+l] k k (
In particular, we have that
Event; =
v (N7 phN) Ly < o™ Lo ") _310e N
lE[V,TN+], ; <x+ > r <u, X+ 3 TI(\XGTN*_Z ogN +[z,z+v)
C Event, n.

The conclusion of the lemma follows from a variant of [BRZ19, Lemma 2.1] and our assumptions
on x, z. o
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