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A CHARACTERIZATION OF PROXIMAL SUBGRADIENT
SET-VALUED MAPPINGS

R. A. POLIQUIN

ABSTRACT.  In this paper we tackle the problem of identifying set-valued mappings
that are subgradient set-valued mappings. We show that a set-valued mapping is the
proximal subgradient mapping of a lower semicontinuous function bounded below by
a quadratic if and only if it satisfies a monotone selection property.

1. Introduction. In nonsmooth analysis, where one works with functions that are
not differentiable in any classical sense, many types of subgradients have been intro-
duced, e.g. (Clarke) generalized subgradients (see [1], [2], [13]), approximate subgradi-
ents (see [3]), proximal subgradients (see [6], [7], [10]), and lower subgradients (see [4]).
The (Clarke) generalized subgradients are probably the best known among these differ-
ent flavors of subgradients. To obtain the set of all (Clarke) generalized subgradients of
a locally Lipschitzian function one takes the convex hull of the set of limiting proximal
subgradients; for an arbitrary function one needs to consider in addition the singular
limiting proximal subgradients; see [10]. For a lower semicontinuous extended-real-
valued function f on R" (i.e. f:R" — R U {oo}), we say that a vector u is a proximal
subgradient to f at X if, for some positive 7,

fx) > f(&) + (u,x — &) — (t/2)||x — £||* in a neighborhood of .

The set of all proximal subgradients at ¥ is denoted by d,,f (%), the set of (Clarke) gener-
alized gradients is denoted by df (x).

The expression proximal, comes from an equivalent characterization in terms of the
proximal normal cone. For a closed set C of R" and an element x of C, we say that y
is a proximal normal to C at x if, for some positive ¢, x is the unique closest point of C
to x + ty. The proximal normal cone is the set of all proximal normals, and is denoted
by PN¢(x). The relationship between the set of proximal subgradients and the proximal
normal cone is the following:

¥ € 9f (1) <= (3, —1) € PNepi(x.f(x)).
(where epif = {(x,) ER" X R | a > f(0)}).
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When the function f is convex then the set of (Clarke) generalized subgradients to f
at x is equal to the subdifferential to f at X. (the same can be said for the set of proximal
subgradients, in fact for the set of all subgradients mentioned previously). Recall that the
subdifferential to f at x, written df (%), is given by

of @ = {y | f@) = f(®+ (y,x — %), forall x}.

It is well known that a set valued mapping I is the subdifferential of a lower semi-
continuous proper (i.e. there exists ¥ with f(¥) < 0o) convex function f if and only if "
is maximal cyclically monotone; see [9]. Recall that a set-valued mapping I': R = R”
is cyclically monotone if given (x;,y;) € gphT,i = 0,...,m, where m is arbitrary and
gph T is the graph of I', we have

(1 —x0,y0) + (X2 — x1, 31 )+ + (X0 — Xy Ym) <O,

where (x,y) is the usual dot product. The set-valued mapping I is monotone if given
(xi,yi) € gph T, i = 1,2 we have (x; —x2,y; — y2) > 0.

The next contribution in this area of identifying set-valued mappings that are sub-
gradient mappings is due to Janin in 1984. In [5] he showed that a mapping I is cycli-
cally submonotone if and only if I is the (Clarke) generalized subgradient mapping of a
lower-C! (locally Lipschitzian) function; see [11] for lower-C ! functions. A set-valued
mapping T is cyclically submonotone if for all % in the domain of T (i.e T'(¥) # @) we

have
llmlnf (‘xl —X2,)1 _YZ> Z O
X170 Hxl - lel
X;—X
yi€l(x)

This is not the definition given by Janin, but rather the equivalent one given in Spin-
garn [14].

Surprisingly enough very little is known beyond the cyclically monotone and the
cyclically submonotone cases. How does one tell if a given set-valued mapping is a
subgradient mapping? In this paper we give a necessary and sufficient condition for a
set-valued mapping to be the proximal subgradient set-valued mapping of a lower semi-
continuous function bounded below by a quadratic. In Theorem 2.3, we show that a
set-valued mapping I is a proximal set-valued mapping if and only if it satisfies a mono-
tone selection property, i.e. there exist f and for ¢ > £, set-valued mappings M,: R" = R”
with

(a) M,(x) C T'(x) for all x.

(b) M;(x) T T'(x) (ie., if 1) < 1, then M, (x) C M,,(x) and |J>; M((x) = T'(x)).

(c) M, + ¢l is a monotone set-valued mapping (where [ is the identity mapping).

(d) The set-valued mapping M defined by

con{(x, —(1/2)||x]|?) : x € M, +t)"'(2)} t>71
M(z,1) = § con{(x,—(1/2)||x]|*) : x € M; +ID" '@} +{(0,— N | N €R} =7
0 t<ft

(where con C is the convex hull of C) is maximal cyclically monotone.
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2. Mainresult. In this section we will assume that the lower semicontinuous func-
tion f is strictly bounded below by a quadratic, with quadratic part (/2) > 0 i.e., there
exist @, Z and 7, such that

Q2.1 o) >a+(z,x) — (&/2)||x]%

This occurs, for example, when domf is a bounded set (where domf = {x | f(x) < 00}),
since in this case the function is bounded below (recall that f is lower semicontinuous).

In [8] the quadratic conjugate function was introduced as a tool for studying proximal
subgradients; recall that for z in R" and ¢ > 1, the quadratic conjugate to f at (z,¢) is given
by

2.2) hy(z.0) = max{(z,x) — ¢/ |}l ~F (0}

We are justified in writing max, since f is bounded below by a quadratic, with “quadratic
part ©”. Let argmax hg(z, t) be the set of points where the maximum is attained in (2.2),
ie.,

argmax hp(z, 1) = {x: (z.x) — (t/2)|}x||> — f(x) = hy(z, )}

NOTE. This is not the standard notation to be more precise we have argmax f(z, £)
= argmax hy(z,,-) where hs(z,1,x) = —(t/D)||x]|* = f(x).

The function Ay is lower semlcontmuous proper and convex, with domain R" x [7, c0).
We can express the subgradients of the quadratic conjugate function in the following way
(please see [8] for details): For r > 1,

2.3) ohy(z,1) = con{ (x, ~@) 1 X € argmax hiy(z, t)},

where con(S) is the convex hull of S, and fort = ¢

2
2.4) ohe(z,7) = con{(x, —@—) x € argmax hy(z, 1) } +{0,—-N) | X e R}.

We recall here some of the important properties of the conjugate quadratic function
(these were all established in [8]).

THEOREM 2.1. (a) Forz € R" andt > 1, if X € argmax hy(z, 1), then z — 1% € 0,f (X).

(b) If u € Opf (%), then for t big enough, argmax he(u + tx,1) = {x}.

(c) If(x, —(1/2)Hx||2) € Ohy(z,t) and t > 1, then x € argmax hy(z, t).

(d) For all x,

f@ = sup{(z. %) — (/D> ~ hytz.0)}.
i

Hence, f(X) = hy ()E, —(1 /2)HX|]2), where hy is the convex conjugate of the function hy;
see [9].

We now give a characterization of the quadratic conjugate function. It is remarkable
that a simple differentiability property and an adequate domain identifies a convex func-

tion as the quadratic conjugate of a lower semicontinuous function which is bounded
below by a quadratic.
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THEOREM 2.2.  Assume that h: R" x R — RU{ 00} is a lower semicontinuous proper
convex function and that for some positive t, the set {(z,1) : t >t} C domh. In addi-
tion, we assume that if h is differentiable at (z,t), then Vh(z,1) = (x, —(1/ 2)l|xH2) for
some x in R". Under these assumptions, there exists a lower semicontinuous extended-
real-valued function on R", bounded below by a quadratic, with quadratic conjugate h.
Moreover, the function is given by
(2.5) sup{(z,x) — (t/2)||x]|* — h(z, )}.

(z1)
©>f

PROOF. Let f(x) be given by (2.5). Clearly f is lower semicontinuous, it is bounded
below by a quadratic and we will show that hy(z,t) = h(z, 1) forall t > .

CLAIM. Assume h is differentiable at (z9,f) with o > f and Vh(zg,t) =
(XO, —(1/2)||xo||2);thenf(xo) = (20, X0)—(to /2)||x0||?>—h(z0, to) and h(zo, o) = hy(z0, o).

PROOF OF CLAIM.  Consider Ly, (z,1) = (z,x0) — (t/2)||x0]|> — h(z, 7). The function
, is concave with VL, (z0,%) = (0,0). Therefore, L,, attains a global maximum at
(20, to). This means that f(xo) = (z0,X0) — (to/2)||x0||> — h(zo, t0). For all x, h(z, 1) >
(z0,x) — (to/2)||x||* — f(x), therefore h(zo,20) > hy(z0, t0). But, hs(z0,20) > (20,%0) —
(to/2)||x0l|* = f(x0) = h(zo, to)- Hence, h(zo, to) = h(z0, to) and this completes the proof
of the claim.

By the previous claim and the fact that 4 is differentiable on a dense subset of the
interior of its domain (see [9]) we conclude that h(z,t) = hg(z,t) for all t > 7 (a con-
vex function is continuous on the interior of its domain). Because a convex function is
completely determined by the values it assumes on the interior of its domain (see [9]) we
conclude that A(z, t) = hy(z,t) forall t > 7. .

We end this section by giving our characterization of the proximal subgradient set-
valued mapping of a function bounded below by a quadratic. For r > 7 (see (2.1)), let

L,

(2.6) M (x) = {z — tx: x € argmax hy(z,1)}.

It is clear that M, + ¢/ is a monotone set-valued mapping because (M, + tI)(x) = ahff ,1 (x),
where ks ,: R" — Risdefined by A ,(z) = hy(z, 1). In [8],itis shown that h}",(x)—(t/2)||x||2
(where h}‘,, is the convex conjugate of hy,; see [9]) is the supremum of all quadratics
functions majorized by f with quadratic part —(z/2).

In addition (M, + t]) is a selection of (9pf + tI) in the sense that for all x

(M; +th)(x) C (9pf +tD(x).

(f (M; + tI)(x) = z then x € argmax hy(z, 1), this implies that z — tx € d,f(x) (Theo-
rem 2.1()) i.e. z € Opf(x) + 1x = (dpf +1I)(x).) There are examples where (M, +tI) is not
a maximal monotone selection of (aﬂf + tI); one such example is

x<-1,x2>1

!
f(x)—{o —1<x<1
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The proximal set-valued mapping of this function is given by

0 ifx#—landx # 1,
Opf (x) = {[0,00) ifx=—1,
(—00,0] ifx=1.
So that
tx ifx# —landx # 1,
Opf +tD(x) = { [—t,00) ifx=—1,

(—o0,1] ifx=1.
For t < 2 one easily calculates that

tx x<—-1,x>1
M +th(x) = {[-t,O] x=-—1
[0, ] x=1.

However, adjoining (0, 0) to (M, + #I) still yields a monotone selection of (apf +tI). By
definition of M,(x), the set-valued mapping M defined on R" X [, 00) by

M(z, 1) = con{(x, —(1/2)Hx||2) x e M+ tI)_'(z)}

fort>tand forr=7¢
M(z, 1) = con{(x,—(1/2)||x|[*) : x € Mz + )" (@)} +{(0,—\) | A € R}

is maximal cyclically monotone (see [9]), because it is equal to d/(z, 1). Another property
of the sets M,(x) is that they increase and the limit set is 8Rf (x). The sets M,(x) are the
key to the characterization of the proximal subgradient mapping.

THEOREM 2.3.  Let I: R" = R" be a set-valued mapping. For all x, T(x) = 9dpf(x),
where f is a lower semicontinuous extended-real-valued function on R" bounded below
by a quadratic, if and only if there exist t > 0 and for t > f, M;: R" = R" with M,(x) C
I'(x) for all x, such that

(a) Mi(x) T T'(x) (i.e., if ti < ta, then M, (x) C M,,(x) and J,>; Mi(x) = T'(x)).

(b) If M is the set-valued mapping defined by

con{(x, —(1/2)||x||*) : x € M, + 1)~ (2)} t>7
M(z,1) = { con{(x, —(1/2)||x]|>) : x € M; + D' (D)} +{(O,— ) | N€R} t=7
0 t<ft

then forallt > tfand z € R", M(z,t) # 0 and M is maximal cyclically monotone.

PROOF. == See the discussion preceding the Theorem.
<= There exists h: R" x [7,00) — RU {00}, lower semicontinuous proper convex with
oh(z,1) = M(z,1) (see [9]). Assume 4 is differentiable at (z, £). This implies that dh(z, 1)
is a singleton, therefore M(z, 1) = (x, —(1 /2)Hx|lz) for some x in R". By Theorem 2.2, if

o) = S(ur)’{<z,X> — @t/ D|x|]* — h(z.p)},

©>r
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then hg(z, 1) = h(z, t). In addition,
(@) 9pf(x) C I'(x). To see this, let u € dyf (x). By Theorem 2.1 (b), for 7 big enough,
(x, —(1 /2)||x[|2) = Vhy(u + tx,1). Therefore,

M(u+tx,x) = (x,—(1/2)||x]|),

which implies that u € M,(x) C T'(x).

(b) I'(x) C 0uf(x). To see this, if u € T(x), then eventually u € M,(x). Hence,
(x, —(1 /2)”x||2) € M(u+ tx,t) = ohg(u + tx,1). By Theorem 2.1(c), x € argmax hy(u +
tx, x). By Theorem 2.1(a), we know that u € dpf(x), since u = (u + tx) — tx. ]

We now wish to characterize the proximal normal cone mapping. The following corol-
lary is an immediate consequence of Theorem 2.3 and the following obvious observation

y € PN¢(x) <=y € d,6¢(),

where é¢ is the indicator function

0 ifxedC,
oo ifx¢C.

COROLLARY 2.4. LetT": R" = R" be a set-valued mapping. For all x, T'(x) = PN¢(x),
where C is a closed nonempty subset of R", if and only if there exist, fort > 0, M,: R" = R"
with M,(x) C T'(x) for all x, such that

(a) Mi(x) 1 T(x) (i.e., if t; < ta, then M, (x) C M,,(x) and U;>9 Mi(x) = T'(x)).

(b) If M is the set-valued mapping defined by

o(x) = {

con{(x, —(1/2)||x||?) : x € (M, + tD)~'(2)} t>0
M(z, 1) = {con{(x, —(1/2)|Ix]|?) : x € M) '@} +{(0,— M) | N €R} =0
0 t<0

then for allt > 0 and z € R", M(z,t) # 0 and M is maximal cyclically monotone.

We conclude this paper with a characterization of the generalized subgradient map-
ping of a locally Lipschitzian function.

COROLLARY 2.5. Let f:R" — R be locally Lipschitzian and bounded below by
a quadratic. Under these conditions there exist t and for t > I, set-valued mappings
M;:R" = R", where M, is defined in (2.6), such that

(1) Mi(x) C 0,f(x) for all x.

(2) Parts (a) and (b) of Theorem 2.3 are satisfied (with T'(x) = df (x)).

(3) M(x) T of (x), where

M,(x) = con{y | Ix; — x and y; € M(x;) withy; — y}.

PROOF. Recall that the set of (Clarke) generalized subgradients is the convex hull
of limiting proximal subgradients.
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