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Hilbert Transformation and Representation
of the ax + b Group

Pei Dang, Hua Liu, and Tao Qian

Abstract. In this paper we study the Hilbert transformations over L?(R) and L?(T) from the view-
point of symmetry. For a linear operator over L?(IR) commutative with the ax + b group, we show
that the operator is of the form AI+#H, where I and H are the identity operator and Hilbert transfor-
mation, respectively, and A, # are complex numbers. In the related literature this result was proved
by first invoking the boundedness result of the operator using some machinery. In our setting the
boundedness is a consequence of the boundedness of the Hilbert transformation. The methodology
that we use is the Gelfand-Naimark representation of the ax + b group. Furthermore, we prove a
similar result on the unit circle. Although there does not exist a group like the ax + b group on the
unit circle, we construct a semigroup that plays the same symmetry role for the Hilbert transforma-
tions over the circle L?(T).

1 Introduction

The Hilbert transformation given by the formula

Hf(x):;p.v.A%dy, xeR,

can be first defined for functions f of finite energy and locally of the Holder type
continuity. It can then be extended to become a L*>-bounded linear operator over the
whole L? space. In the rest of the article we will omit the prix p.v. in the case of no
confusion.

The Hilbert transformation has many applications, including solving problems in
aerodynamics, condensed matter physics, optics, fluids, and engineering (see, for in-
stance, [7]). It is an especially indispensable tool in harmonic and signal analysis.

Hilbert transformations play a role in connecting harmonic with complex analy-
sis. In general terms, a Hilbert transformation on a manifold can be defined as the
mapping from the scalar part (real part) to the non-scalar part (imaginary part) of
the boundary limits of complex analytic functions on one of the two regions divided
by the manifold ([1]). For example, for all u € L*(R), u + iHu belongs to the closed
subspace of L?(R) constituted by the non-tangential boundary limits of the func-
tions in the complex Hardy space H*(C*). The concerned closed subspace of L*(R)
is denoted by H2(R). On the contrary, if f € H?(C"), then there exists a function
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u € L*(IR) such that the non-tangential boundary limit of £, still denoted f, possesses
the form u + iHu, where u can be chosen as real-valued or complex valued. In par-
ticular, the non-tangential boundary limit of a Hardy H*>(C*) function f can have
the expression (1/2) f + i(1/2)Hf on the boundary, phrased as the Plemelj formula
[9,10], which further implies Hf = —if. The latter turns out to be a characterization
of a function f € L?(R) to be in H2(R) ([3])). The above relations can all be extended
to Hardy spaces H? (C*) with 1 < p < oo ([13]). For p = 2, the trace operator taking
H?*(C*) to H2(R) is, in fact, an isometry between the Hilbert spaces. In harmonic
and signal analysis there is correspondence between the real signal « and the ana-
lytic one u + iHu ([5,11]). In the current study we restrict ourselves to p = 2. For the
lower half complex plane we have an analogous theory and, correspondingly, have the
spaces H?(C™) and H2(R).

Denote by H* = H2(R) the spaces consisting of, respectively, the non-tangential
boundary limits of the upper and lower half Hardy spaces; the Hilbert transformation
H can be decomposed into the sum of the two projection operators over H" and H™,
respectively. In fact, by the Plemelj formula,

L*(R)=H"@H", H=(-i)(P"-P),
where P* and P~ denote the projection operators over H" and H™, respectively. By
this decomposition it is easy to check that the Hilbert transformation is a power self-
inverse, and precisely,
(iH)*=1, or H?*=-I,
where I is the identity operator [[10]. We further note that

Hf(x) = 5 [ e (-isgn(§) " (D)dE

where f" is the Fourier transform of f, and, for almost all x,

PG = [ e O = L f () £ DA,

In [15] a set of characterization conditions for an operator to be the Hilbert trans-
formation is given, while the characterization conditions are in terms of properties of
the images of the operator restricted to the exponential functions. In [5] the authors
further study the aspect and give mathematical proofs of the results in [15]. In this
study we give characterizations of the Hilbert transformations on the real line and
on the unit circle in terms of group symmetry in the respective contexts. What is in-
teresting is that the Hilbert transformation operator, originally defined as an analysis
object, can be fully characterized through algebraic operations.

On the real line we consider the following two group operations in relation to sym-
metry properties of operators.

Denote by T, the dilation operator

Taf:a‘%f(g), a>0, VfeLy(R),

and by 7}, the translation operator

,f = f(x=b), beR, VfeL,(R).
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It is evident that both T, and 7, are isometric mappings from L?(R) to itself. Then
we have the following lemma.

Lemma 1.1 ([7]) ForaeR" and b € R, both operators T, and 1, commute with the
Hilbert transformation H, we have

(11) T,H=HT,,
(L2) T, H = Hry.

Lemma L] reveals the physical significance of the Hilbert transformation. Equa-
tion means that H is independent of scale, while says that H is independent
of the location of the original point. We know that translation and dilation generate
the ax + b group. So the Hilbert transformation is invariant under the action of the
ax + b group over L*(R). In this sense we say that the Hilbert transformation has
the symmetry of the ax + b group. On the other hand, this symmetry can charac-
terize the Hilbert transformation. In fact, by using the results in [6] one first obtains
that in R”, and in some other symmetric manifolds as well, linear operators on L? for
some 1 < p < oo commuting with translation or scaling like operations are themselves
bounded operator. As a second step in [7] the author shows that a linear bounded
operator on L?(R), 1 < p < oo, commuting with the translation and scaling, is of the
form Al + nH, where I and H are the identity operator and Hilbert transformations
respectively, A, 77 are complex numbers.

In this paper, by using Gelfand-Naimark’s irreducible representation of the ax + b
group and Schur theorem, we prove the characterization of the Hilbert transformation
in the L*(IR) space in terms of the ax + b group. In particular, we do not assume the
boundedness property of the operator commuting with the ax + b group. With our
approach, the boundedness is a consequence of the Gelfand-Naimark’s irreducible
representation theorem that avoids the big machinery established in [6].

The case of the unit circle T is more delicate. Denote by L?(T) the space of square
integrable functions on T with the inner product 5- /0271 f(e'®)g(ei®)do. The Hilbert
transformation over L*(T), or circular Hilbert transformation, is defined as

Hf(t) = p.v.% [Oznf(eis)cot( ?)ds,

0

where t = ¢'?, 7 = ¢’*. A closely related singular integral operator is

Cf(t):p.vL MalT:pvL 2ﬂLﬂ)e“d

) V. . . s.
2mi JT Tt 2m Jo  eis —eif

In this article, we call C the singular Cauchy transformation. Denote by Hy the func-
tional Ho f = 5~ 0277 f(e™*)ds giving rise to the 0-th Fourier coefficient of the function
to be expanded. It is easy to check (the Plemelj formula, see, for instance, [10] or [12])

that

i~ 1
13 C=-H+-H,.
(1.3) SH+-Hy
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H has properties analogous with H. For instance, L?(T) is the direct sum of the two
Hardy spaces on, respectively, the two areas of the complex plane divided by the unit
circle. H, modulo a constant multiple of Hy, is a linear combination of the projections
over the two Hardy spaces, respectively, namely,

1
I1=P"+P7, P*=—-(1+£C),
2

H=(-i)(P"-P") + iH,, H? = -1+H,.

With the Fourier expansion

f(eit) _ Z Ckeikt,
k=—oco
there, in fact, hold
o -1
P+f(eit) — cheikt) P—f(eit) _ Z Ckeikt)
k=0 k=—oco
Hf(e') = —ico + > (—isgn(k))cre'™™.
k#0

It seems unnatural to study symmetry of the singular Cauchy transformation due to
the non-zero curvature of the underlying manifold, viz., the circle. In this paper we
deal with symmetry of the circular Hilbert transformation. At first glance, it should
be the Mdbius transformation group that gives rise to the characterization of H. How-
ever, there does not seem to exist a Fourier correspondence of the Mobius transforma-
tion. On the other hand, the phase translation and scale change generate the Fourier
inverse of the actions of the ax+b group on L*(IR). We also wish to obtain the symme-
try by the module of the ax + b group, and, in order to do so, we treat (a, b) and (¢, d)
as identical if ax + b = cx + b (mod2r) for all x € R. Unfortunately, the equivalent
classes do not form a group.

We construct a family of transformations over T whose natural representation is
irreducible over L?(T). Then we obtain the characterization of H in analogy with H.

At the end of the paper, we add some remarks on the role of the Mébius group in
relation to symmetry of the Hilbert transformation on the unit circle.

2 Induced Representations of Two Groups

In Section 1 we mentioned that translations and dilations generate a nontrivial group
G, the ax + b group, which is the group of all affine transformations x - ax + b of
R with a > 0 and b € R. Its underlying manifold is (0, c0) x R, and the group law is
defined by

((a,b)(a',b"))(x) =aa’x +b+ab’ = (aa’,b+ab’)(x), xeR,
which gives

(a,b)(a’,b") = (aad’, b+ ab").

It is easy to check the relation (a, b)™ = (1, -2). The measure da/a? is the left Haar

a’> a
measure, and dadb/a is the right Haar measure on this group [2].
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There exists a natural unitary representation 7 of G, of infinite dimension, over
the Hilbert space L?(R). Denote by (L*(R)) the operator group of the unitary
automorphism of L*(R). Then the group morphism 7: G — $4(L*(R)) is defined by

x-b
a

(n(a )N = (1) 1

Equation 7(a, b) is also written as 71,5 in this article.

It is obvious that both the Hardy spaces on the upper and lower half planes, respec-
tively, are the invariant subspaces of the natural representation of the ax + b group. So
it is reducible. It is not easy to get an irreducible representation of the ax + b group,
since it is both noncommutative and noncompact. In 1948, Gelfand and Naimark [4]
first proved the following theorem.

), x eR.

Theorem 2.1 (Gelfand-Naimark) The ax+b group has only two nontrivial irreducible
representations, 7t (a,b): (L*(0,+00) — L*(0,+00)) and 7~ (a,b): (L*(~00,0) —
L*(-00,0)), defined as

[ (a,b) f1(x) = a2 > f(ax), (x > 0),
[ (a,b)f](x) = a? ™ f(ax), (x < 0).

We define a representation of the ax + b group over L*(R) as

(7(a,b)f) (x) = a%ez"ibxf(ax), acR", beR, feL(R).

Then 77*(a, b) and 77(a, b) are also written as 773, and 77,5, respectively.

It is obvious that L?(R) can be decomposed into the orthogonal direct sum of
L2(~00,0) and L2(0, +00), i.e, L?(R) = L?(~00,0) & L?(0, +c0). By Theorem 2.1}
the representation 7 is just the sum of two irreducible representations 77 and 71~ over
L?(~00,0) and L?(0, +00), respectively.

Denote by J the Fourier transformation. We also denote f* = Ff. For (a,b) in
the ax + b group, define F(7) by

((F(m)(a,0))f) (x) = (T (manf")) (x), f € L*(R).

Then we have
(T @I 0= o= [t &= Dedy

11 Ay b iy—_b(ax) ibx 1)~ b
az —)e ¢ e di
/27T [oof ( a ) a

= a%e””‘f(ax) = (ﬁa,bf)(x)‘

Thus, the Fourier transformation is just the isomorphism between the two represen-
tations 77 and 7. Then 7 has two sub-representations that are equivalent by the Fourier
correspondence to 71" and 717, respectively. Let H* and H™ be the the images under
the Fourier transformation of L*(0, +00) and L*(~o0, 0), respectively. Let 7* and 7~
be the restrictions of w over H" and H™, respectively.
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Theorem 2.2 For m = 7y, we have m = n* @ 1, where n* and n~ are defined by
7 f = (i (a,b)fY), f e H',
mf=( (ab)f)", feH .
Then n* and 1~ are irreducible representations of the ax + b group over H* and H™,
respectively.

To obtain our main results we introduce a Schur’s lemma in the version of the
infinite dimension. Let J{ be a complex Hilbert space, and let A be a family of trans-
formations acting on H satisfying H = Urea T(JH). We say that A acts irreducibly
on X if there does not exist a decomposition of H such that J(; & JH,, where both I,
and J, are invariant subspaces of A.

Theorem 2.3 ([8]] Dixmier’s Lemma) Let 3 be a complex separable Hilbert space. If
a family of transformations A acts irreducibly on 3, then any linear transformation T
that commutes with every T € A is of the form T = AJ, where A is a complex number
and J is the identity transformation.

Let o be a representation of a group G over the Hilbert space J. It is obvious that
o isirreducible if and only if {0 (g) : g € G} acts irreducibly on . Then by the above
theorem, the following theorem is evident.

Theorem 2.4 (Schur’s Lemma) Suppose that ¢ is a irreducible representation of a
group G over a complex separable Hilbert space H. Then any linear transformation T
that commutes with o is of the form T = AJ, where A is a complex number and J is the
identity transformation.

We note that T is not required to be a bounded operator in either of the above
theorems.
The sequel will be based on the above two theorems.

3 Characterization of the Hilbert Transformation on the Line

We can now state the symmetry properties of the Hilbert transformation H. It is
obvious that the operator group 7(G) is generated by T, and 7. Then by Lemmal[L.]]
we get that the Hilbert transformation H is invariant under the actions of 7(G) over
L?*(R). That is the following theorem.

Theorem 3.1 m commutes with the Hilbert transform H, i.e.,

1 H(f) = Hrgp(f),  (a,b) € ax +b, f e L*(R).

Then by Theorems[2.2Jand 2.4} the restrictions of 7 over H* and H™ are the scalar
operators. Let us now further identify the spaces H* and H™. Denote by H2 and H*
the Hardy spaces on the upper and lower half planes, respectively.

Theorem 3.2 H'=H?and H™ = H>.
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Proof It is trivial to check that both H? and H? are the closed invariant subspaces
of 7(G). By Theoremthere exist exactly two nontrivial irreducible representations
of the ax + b group. Then H2 and H? must be H" and H™.

Given 0 # f € HT, by the definition of H*, its Fourier transform is f" is in
L?(0, +00). We define

1 +o0o X 1 too .
F(z) = > [oo fA(t)e' dt = e /(; fA(t)e' e dt, z=x +iy.

Obviously, for y > 0, F(z) is analytic. By the theory of the Hardy space on the upper
half plane, we obtain that f(x) is the non-tangential boundary limit of F(z) when z
tends to x from the above. That is, f(x) is the boundary value of F(z); i.e., f belongs
to H2. So H* = H?, and then H™ = H2. [

We note that from the Fourier multiplier representation of the Hilbert transforma-
tion we have

(Hf)"(§) = —isgn(§) f"(&), e R.

The following theorem is now obvious.

Theorem 3.3 H* and H™ are respectively the eigen-subspaces associated with eigen-
values —i and i of the Hilbert transformation; that is,

H|H+ = —iI|H+,H|H— = iI|H—.

Although the Hardy space theory and the related Fourier multiplier theory imply
Theorem 3.3] they do not easily imply the converse of the theorem, which addresses
the symmetry of the Hilbert transformation.

Theorem 3.4  Suppose that T is a linear operator from L*(R) to itself, and T com-
mutes with the natural representation of the group ax + b. Then there exist two complex
numbers A, 1 such that

(3.1) T=AI+nH.

Moreover, if T is an anti-symmetric, norm-preserving and real operator, it must be either
H or -H.

Proof By Theorem [2.4] both the restrictions of T over H* and H~ are the scalar
operators, since T commutes with 77(G). Assume that T = k;I|g+ over H" and T =
k1|~ over H™, respectively. For f € L?(R), there exist f; € H* and f, € H™ such
that f = f; + f. Then we have

k1+k2 kl_k2
) (fi+ f2) + 2

(32) Tf = Tf] + Tf2 = k1f1 + k2f2 =

f+ k2 _,lef.
2i

Let A = %22k and y = 22k Equation (3:2) completes the proof of (B.1).

2

(ifi-if2)

_ k2+k11
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If T is a real operator, its non-real eigenvalues must appear in pairs. This implies
that k;, = k,. If T is also anti-symmetric, its eigenvalues must be pure complex num-
bers, i.e., k; = —k,. Finally, if T preserves the norm, we obtain that |k;| = |k,| = L
Therefore, A =0and # =1or -1 ]

Remark  For bounded operators T, Theorem 3.3)is a known result in the literature
of Hilbert transformation. Equation is precisely [7, (4.82)]. Moreover, linear
self-maps of L*(R) that commute with translations (even just with one translation)
are automatically continuous [6]]. Since translation operators over L*(IR) do not have
critical eigenvalue, by [6, Corollary 3.5], linear self-maps of L*(R) that commute with
translations must be continuous. The relation (7, (4.82)] is proved by the multiplier
theory from [14], where the assumption of boundedness of T is essential. In this pa-
per we derive Theorem [3.3| without invoking the results from [6}|7)14]. We use the
Gelfand-Naimark representation of ax + b to deal with the issue. The new method-
ology enables us to study Hilbert transformations on other types of manifolds with
symmetry properties similar to translations and dilations. As an example, in the next
section we study the Hilbert transformation on the unit circle in an analogous way.

4 Characterization of the Hilbert Transformation on the Circle

We did not find a group acting on T suitable for study of the Hilbert transformation
over L*(T). Fortunately, there exists a semigroup on the unit circle that plays a similar
role as the ax + b group on the real line. The semigroup on the unit circle makes it
possible to carry on a similar, but not identical, procedure as above for the line.

Denote by 91 the set of pairs (n, ), n € Z*, 3 € R. We will also use the notation
a0+, a € QF, B € R. Thelatter turns out to be a subgroup of the ax+b group. Similar
to the case of the ax + b group, we would hope that a0 + 8 can be considered as an
affine transformation on R such that (n, $)(6) = n6 +  mod (27). Let (n, ) € N.
Define its action on T by (1, )t = e'("0*F) where t = ¢'% € T. Unfortunately, this
mechanism does not work for the non-integer a’s. That is, «0 + 3 is not congruent to
a(6 + 27) + S modulo 27 if « is not an integer. It means that the action of a6 +  on
T is not well defined.

In general the element of the a8 + 8 group is not an automorphism of T. However,
there still exists a natural action of the af + f8 group over the space L?(T).

Define the mapping 7 from the a8 + f3 group to the the set of bounded endomor-
phisms of L,(T) as follows: for n € Z* and f € L*(T),

1) ;

(4.1) (ﬂ(n,ﬁ))f(t):(g) f(t"e'®), teT,
and for a general positive rational number «, & = g/p, p, g € Z*, p > L,and (p,q) =1,
let

@2 ((5:8)1)(

(%)

~
~—

S

1 i i i —
;(f(el(%(#ﬁ)) +f(el(%6+ﬁ)w;) +"'+f(el(%6+ﬂ)w§ 1))’
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where 7= ¢® ¢ Tand w, = ¢'7 .
q2k
Notice that e’ 7 is one of the p-th roots of the unity. Then the p-tuple

. q2km . q2km

. q2km _
(el ? e wl ! p 1)

prenr€ P W,
is just a rearrangement of (1, w},, e wg_l). Thus, is independent of the choice
of 8. We note that and do not give a representation of the a8 + f3 group,
but we still can use it to derive the characterization of the Hilbert transformation over
L3(T).

In the rest of the section we denote by 7,4 the image of («, 8) under 7. We say
that 7 commutes with a linear operator T if 74,3 T = T7rap for all (a, ) in the af + 8

group.
Theorem 4.1 7 commutes with the Hilbert transformation on the unit circle.

Proof Let p,q € Z and (p,q) = 1. First we check that Hy is invariant under 7. In
fact, for f € L*(T) we have

(Ho(n<%,ﬁ)f))(t) _ l/;271(f(ei(%ﬁ-ﬁ))+“'+f(ei(%s+ﬁ)w§_1))ds

21
iﬂ fozﬂf(efS)ds = (n( %,ﬁ) (Hof)) (1).

Then by (L3), it is sufficient to prove that 7 commutes with the singular Cauchy trans-
formation C Notice that 74 15 is the composmon of g0 with 71 1g> ie, ma 1p = TqoT1p.
We only prove the cases of o = nor L for positive integers n.

Let & = n be a positive integer and B € R. It is obvious that we can assume n > 1.
Then for f € L?(T) with the Hélder type continuity, we have

(4.3) (Crup) f(5) = — f () ft(_(zl /3)1‘)

Lpw /( (e ”3)

t—s
1Iv2 1 27 f(el(”e‘*'ﬁ)) 0
=({—) —pwv. = 2¢'"d6.
(n) 272V Jo eif —s
Let ¢ = n6. Then by (4.3), we get

1 2nm el(‘P*ﬁ) 1
(4 (Cra)f(5) = () p v [ fT) ingdd

e’n¢—5 n
2nm f(el(ﬁb*ﬁ)) a1 d¢
_( = el TN s A i
N n 27Tp / el —sn (e TS )n

11 i1 2nm f(e’(¢+ﬁ))ei¢
=) e [ e
2nm el(¢+ﬁ) Sfl—l
+p.v./; udgb)

eip —gn
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We divide the right-hand side of (4.4) into n parts. Then

1,1\31 2nm f(ef(¢+ﬁ))ei¢
4.5 - —D. [ — - d
(45) n(n) 27'[pV 0 eid —gn ¢
Iv3 1 27 i(¢+B))pi¢
=(2) =pw. ACao Lagy
n’/ 2n 0 eid —gn
Iy7 1 2 f(eiV)delV
N (;) itV Jo eiv —sneif

:(l)iipv %:”nﬁ(cf)(s)'

n TT
Similarly, for 1 < k < n —1, we have

20w i(¢+P) i ko k
(4.6) p.V.f feTT)e” s 4
0 el — eiP

" 2r £ ()Y i 0
:Zp.v.f UGt L )
I=1

2(1-1) eid —sn

2 fe PPk & in=l=k (94 27)
=p.v. o W( Ze n )d@

I=1

2m f(ei(¢+ﬁ))$ = 1 n-l-k g i jn=l-k k(217r)
=p.v. o W (ge ) do.

—_

n—l-k

Notice thatn > k > 1and €'
which means that

(@Im) 1 =1,2,...,n,arejust all of the n-roots of unity,

n
(4.7) 3 eI _

=1

Now by (4.4), (4.5), (4.6), and (4.7), the proposition is proved for a € Z*.

For a = %,we have
(4.8)
(7apf)(2)
C o = dt
(Craf = ser- |, 5
; i1 . 1 .
l Lo i by 1;0 n-1 _if delg.
- o [Tt )bk (0w o)
For1< k < n,let ¢ = -0 in the k-th term of the sum of the above integrand. Then we
have
1 2t 11 d i6
(4.9) —,p.v.f ni—(f(e'n?wk™ "B)L
27i 0 n s
1 ' ;7-; i¢ k-1 1,8 ing
= —nzp.v. fle w,” )e d
27 0 eing _g
1. 2p 16 o k=1,iBY pi(n=1)¢ pi¢
:—nip.v.f - ~ S, )e 'e ~ do,
(eid —ela¥)(ei$ —elaVw,)--- (e — elaVwn1)
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wheres = ¢'¥ ¢ Tand w,, = wi = ¢~ . Notice that w,, is still one ofthe n-th roots of
the unity. Then we obtain that (1-w,,)---(1-wl™!) = llmz—>1 — =nand
ei(n—l)(p
(4.10) - T - T - T
(e"/’ — eliu’)(elﬁb — e’;‘/’wn) . (el¢ _ e‘;ww;‘l—l)

1 1 1
= ...+
(I—Wn)“-(l—wzfl)(ei —e iy eid — ot nwwnl)

1 1 1
= 7(ﬁ+”'+%)-
n\eit — eV el —eln¥wn-l
Denote by

1 nz v i f(ePwkleiP)e?

411 Ag; V. -
(4.11) kj = 2 n 0 it _ei%wwfl

d¢, j,k=1,...,n-1

From (4.8)-(4.11), we have

n o n n-1
(4.12) (Crap)f() =22 A= 2 X Ax)-
k=1 j=1 m=0 1<k, j<n

j—k=m(mod n)

It is obvious that 31cx jcp,j—k=0(mod n) Ak,j = 2 j=1 Aj,j- But by (@.1I), we obtain

n 1 ni f(ez¢ez[3 z¢ f 1¢w elﬁ)
ZAj,j:ffp.V.( 0 f

j=1 2n n ¢—e rid _e ,,‘//Wn
2 i ~1,iBYpid
v fle?wy e )e
+ - —d
0 eit —e nwwn 1 (/))
1 e j2m g\ g
1 n:2 elteif (efelweP)el™ .
— 77PV( f( ) z¢ + f f ) deng
2mi n 0 ’¢—e’n‘/’ eitei s — ginV
21 2
o [T f(e”pel - el)e! dei¢)
0 l¢e Z(nnl)n e nW

1 2mi i
1 nz = 2 el?eif)del?
([ s [ St
2ni n 0 Un-t)n eit — ginV

1 nt an(eiqﬁeiﬁ)dei(p 1 n: 27 f(ei¢)dei¢
=——p.v. N - Db AN
2710 n 0 ei® — pin¥ 27i n 0 ei—einVeib

https://doi.org/10.4153/CMB-2017-063-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-063-0

Hilbert Transformation and Representation of the ax + b Group 81

Similarly, for m > 1, recalling that w¥, w**, ..., @5*"~1 still run through the n-th
roots of the unity, we get

(4.13) > A,
1<k, j<n
j—k=m(mod n)

LR L (G PR G T AT VY
21 n 0 el — eiuV 0 ei‘i’—ei%‘/’wn
B i¢ n-1,if ) 2mi i¢ ip )
+m+f 4&4@414M+f fﬂgglfhw
0 eit—eluVyn—m-l 0 it —elnVyn-m
2 i¢  m-1,ip
w fle'fw™ e ;
f( nl _) dez(p)

0 eid — elnulwz 1
L ([ ¥ et
2mi n 0 eit — oizV 0 eit —einVy,

2z i n—1,i 2z i n i
+m+["JLﬁL4Q,w+/“JﬁﬂQ£Le
0 0

1¢_elnlllwn m-1 1¢_el an m
b f(ez¢wn+m 1 1/3)
R - )
0 ’¢—e’n‘/’w“1

1
nzp.v.deT, m=12,...,n—-1
T

27'[1 n T—e n‘/’wm ip

From and (4.13), we have
(4.14) (Crig)f(s) = nzf Z . 2 /TWdT) =1 g(Cf)s.

Equation (4.14) is valid for f € L*(T), because C is a bounded operator over L*(T),
and the class of functions of the Hélder continuity is dense in L?(T). This completes
the proof of the theorem. u

5 Decomposition of the Concerned Operators and Spaces on the
Circle

In the rest of the paper we discuss the irreducibility of 7. Then we characterize the
circular Hilbert transformation H.

In the previous section, we pointed out that G = {(&, ), @ or L € Z*,;b ¢ R}
is not a group. But we can still prove that the family of 7, g), (a,f) € G, acts irre-
ducibly on some subspaces of L*(T).

Given a family of functions 97 in L*(T). Denote by

(51) 2(M) = 0 {neZ f, =0},
fem

where f,, are the Fourier coefficients of f such that f(¢) = Yoo __ f,t". By (G.),
Z(9M) = & means that for every n € 7Z there exists at least one f(") € M such that

M 4.
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Theorem 5.1 Assume that Z(9M) is empty. Suppose that ¢ belongs to L*(T) and
satisfies f * ¢ = 0, for all f € 9. Then ¢ = 0.

Proof Assume that

o(t) = Z Put" = Z ¢nem9’ t:e’e,
f(t) = Z fut" = i fnem9’ f= it

for f e M.

Then we obtain

(f * ¢)(ei9) = Sr_l(f@ = Z fn¢nein9’
n=—oo
which gives f, ¢, = 0, for all f € 9N, especially f,f")(/),, = 0. Thus, ¢, = 0,Vn € Z,
which means that ¢ = 0. u

Denote by H*(T) the Hardy space on the unit disc, and by H™(T) the Hardy
space on the complement of the unit disc in the whole complex plane. Denote by
H® the subspace of constant functions, and by H*(T) its orthogonal complement
in H*(T). Then we obtain that L>(T) = H* @ H° @ H". 1t is obvious that H° is
invariant to 7. It is easy to check that there do not exist f € H*(T) and 7(a,p) SUCh
that 77, g) f is a constant function. Thus both H, and H*(T) are invariant spaces of

ﬂ(a,/i)’ ((X,ﬁ) € G.
The following theorem plays the same role on the circle as the Gelfand-Naimark

representation for the ax + b group on the real axis.

Theorem 5.2 The family of (4,py, (a,fB) € G, acts irreducibly over H*(T) and
H™(T), respectively.

Proof We only prove the first part. The proof of the other part is similar.
If the family 7, gy were not irreducible over H* (T), there would exist two proper

subspaces Hj, H, © PNI*(T) such that PNI*(']I‘) = H; @ H,, and both H; and H, are the
invariant spaces of {74 p), (&, B) € G}.

Claim: Z(Hy) nZ* cannot be empty.
Otherwise, assume that Z(H,) N Z* = @. Since Z(H (T)) = Z* u {0}, Z(H°) =
7~ {0}, we obtain that Z(H™(T)) n Z(H®) = Z* and

Z(HiuH' UH (T)) = Z(H)) n Z(H*) n Z( H (T)) = @.

Let h € H,. Since all H°, Hy, and H, are invariant spaces of the transforms 7(1,6) for
0 € R, we have

(mae)f>h) =0, VfeH uH'uH (T), 6¢R.

https://doi.org/10.4153/CMB-2017-063-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-063-0

Hilbert Transformation and Representation of the ax + b Group 83
Recalling that (1, ) f(e'*) = f(e'¢=9), we obtain that
— . 1 2 X [
fh(e®) =5 f F(eCOVh(e)ds =0, VfeH uH®UH (T).
mJo

Now by Theorem [5.1, we obtain h = 0, which contradicts with H, being proper. So
Z(H;) NZ* cannot be empty.

According to the just proved Claim there exists at least one positive integer m such
that m € Z(Hy). Since g(t) = t" € H*(T), there exist f'(t) € H; and f”'(t) € H,
such that " = f'(t) + f"(t). Recall that m € Z(H;) means f,, = 0. Then we have

0=(f"f")={f " = f) = (f ") =) = fu = P17 == UFI%
which gives f'(t) = 0. So t™ = f"(t) € Hy. Now by (4.2), we have t = 71 )™ € H,.
As consequence, t" = 77, oyt are all in H, for n € Z*. Hence,

H*(T) = span(t, t2,...,) € H, € H*(T),
which contradicts with the assumption that H, is proper. ]

By the Plemelj formula [10], it is easy to prove the following theorem.
Theorem 5.3  Let H be the Hilbert transformation on L*(T). Then
H|g. =-illz., Clgo =0, Clyg- =illg-.
We end this paper with the inverse of Theorem|5.3]

Theorem 5.4  Let T be a bounded operator from L*(T) to itself. Assume that T com-
mutes with 71, gy, (&, 8) € G. Then there exist three complex numbers A, 1], w such
that _ _ _

T|ij1+ =AI|I§+, T|H0 :ﬂIHoa T|H— :wI|H—.

Proof It is obvious that the family of 774,45, (&, 8) € G) acts irreducibly on H®. By
Theoremsand T must be scalar operators on, respectively, H*, H, and H™.
|

Remark (i) Theorem as far as we are aware, is a new result. It is also not
easy to prove by the methods from [7,/14], because of the lack of the general dilation
on the unit circle.

(ii) It is also possible to characterize the circular Hilbert transformation by the
symmetry of the generalized M6bius group containing both the rotations and Mobius
transforms. Define 74z = ¢'%z, 6 € R and ¢,(z) = ==, a € (0,1). Then the Mobius
group, M, is generated by 7 and ¢,. There exists a natural representation of M over
L*(T) as follows: for ¢ € M with the expression ¢(z) = e'® =, we define
V1-a? _
(o) (1) () = L= (97 (1), feLH(D).

It is easy to check that 7y is a unitary representation and commutes with C. We can
also prove that its restrictions to H* and H~ are respectively irreducible. Then we
obtain Theorem 5.3l
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But the Fourier series expansions of the Mobius transforms are complicated. So we
cannot obtain the precise structures of C in the phase space as discussed in the real
line case.
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