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( r e c e i v e d May 7, 1965) 

In t roduc t ion . Let K, k be f ie lds and K ' k a finite ga lo i s 
e x t e n s i o n wi th ga lo i s g r o u p G. The mu l t i p l i c a t i ve g roup K/'r 

of K i s a G - m o d u I e , t ha t i s , a modu le ove r the i n t e g r a l g roup 
r i n g ZG, the modu le ac t ion of an e l e m e n t <r€ G be ing i t s 
effect a s an a u t o m o r p h i s m . It is shown in [2, p. 158] that the 
f i r s t cohomology g roup v a n i s h e s ' : 

(1) H 1 (G, K*) = 0 . 

1 
When G i s c y c l i c , H (G, K^) can be c a l c u l a t e d in ano the r way 
so tha t c o m p a r i s o n wi th (1) g ives H i l b e r t ' s 

T H E O R E M 90. If G i s cyc l ic with g e n e r a t o r <r and x 
is an e l e m e n t of K* of n o r m 1 (i. e. , N > x = l ) then t h e r e : 

K l k 
* °"y 

e x i s t s y € K such tha t x = — . 

H e r e we ex tend th i s m e t h o d to n o n - c y c l i c g roups giving. 
for e x a m p l e , a ' t h e o r e m 90 ' for abe l i an e x t e n s i o n s . To e a c h 
fini te g roup G, or m o r e a c c u r a t e l y , to each p r e s e n t a t i o n of G, 
t h e r e i s a t t a c h e d a ' t h e o r e m 90 ' which t ends to b e c o m e m o r e 
i n t r i c a t e a s G d o e s . 

I w i s h to t hank the r e f e r e e for d r awing m y a t t en t ion to the 
p a p e r of G r u e n b e r g [ l ] . The proof of our m a i n p ropos i t i on 
would be s h o r t e n e d by quot ing r e s u l t s f r om [ l ] , but we dec ided 
not to do so s ince the p r e s e n t proof is s e l f - con t a ined and 
e n t i r e l y e l e m e n t a r y . 

' See the nex t s ec t i on for the def ini t ion of H 
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1 
Explicit calculation of H . Let G be an a rb i t r a ry group 

and A a G-noodule* writ ten additively. (When A = K* we will 
have to switch to multiplicative notation. ) A cocycle is a function 
f : G -* A satisfying 

(2) f(crT) = <rf(T) + f(<r) VV,T*G; 

the cocycle s under pointwise addition form an abelian group, 
denoted Z(G, A). If there exists an a € A such that 

(3) f(<r) = era - a V <r € G 

then f i s a coboundary. The coboundaries form a subgroup 
B(G,A) and the quotient group 

H4(G,A) = Z(G,A)/B(G,A) 

is called the f i rs t cohomology group (of G with coefficients in A). 

It follows immediately from (2) that 

(4) f(l) = 0, ffcr"1) = . cr"1 f(<r) . 

Let G be given by genera tors cr , . . . , cr and re la t ions 
1 m 

R. = R , = • - • = l i and put f(cr.) = a.. By repeated application 
1 2 i l 

of (2), f i s uniquely determined by the a, so that 

f -v-*" ( a . , . . - , a } gives r i s e to the abelian group monomorphism 
1 m 

0 : Z(G,A) -> A =A X A X . . . X A (direct product with m 
factors) , with the obvious interpretat ion when m is infinite. 
We wish to charac te r ize the elements of ImB by means of the 
relat ions R. = 1. 

i 

Every element in the free group F generated by the 
symbols cr. i s uniquely express ib le in the form x . . . x 

- i i 

where each x. is a cr. or a cr and no cr occurs next to 
j i i i 

All modules a r e assumed to be unitary. 
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-1 
a* , so no cancellation can take place. As a technical convenience 

i 
we assume that each R is such a reduced word; this is no r ea l 

l 

res t r ic t ion . By a consequence of the R. we mean an element in 

the normal subgroup of F generated by the R#. 

If f is a cocycle, the relation R =x . . . x = 1 in G 
i 1 r 

gives r i s e , by (2) and (4), to the following relation in A: 

(5) R* = 0 = x . . . x f(x ) + x . . x f(x . ) 
i 1 r - 1 r 1 r - 2 r - 1 

+ . . . + f(x ) 
1 

where ' f(x.) = 
a if x. = o- . 

i J i 
1 -cr a if x. = cr 

i i j i 

We will show that conversely an element (a , . . . , a ) € A 
1 m 

satisfying all the relat ions (5) corresponds to a cocycle. 

LEMMA. If a , . . . ,a satisfy all the relat ions 
1 m 

R?= 0 then they satisfy R* = 0 where R is any consequence 

of the R. . 
i 

' Note that the relat ion R* = 0 obtained does not depend upon 
i 

the bracketing of the x . For example x (x x ) = 1 and 
j 1 Z 3 

(x x )x =1 give r i se respectively to 
1 2 3 

0 = x ^ ^ f f x ^ + f ^ ) } + f(x4) 

and 
0 = X i x 2 £(x3) + {x± f(x2) + f ( X l )} . 

which are the same. 
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Proof: R is a word in the R., their inverses and their 
» l 

conjugates. Thus if the a. satisfy R* = 0 and R* = 0 it suf-
j 1 Z 

fices to verify that they satisfy R* = 0 in the following four 
cases : 

(i) R = R ; 1 

(ii) R = R i R 2 

(iii) R = er~ R r 
i 1 i 

-1 
(iv) R = tr R <r. 

i l l 

The verif ications a r e of a straightforward computational nature 
so we only indicate a few detai ls . Let R = x . . . x , 

1 1 r 
R 2 = y i . . . y s . 

(i) Multiplying 

0 = R* = x . . . x f(x ) + . . . + f(x ) 
1 1 r - 1 r 1 

-1 -1 
by - x . . . x, we obtain R* = 0 . 

r 1 

(ii) Let R R _ = x j . . . x y j . . . y , (We must 
1 2 1 r - t 1+t s 

allow for cancellation since this is how multiplication is defined 
in F . ) Thus 

-1 -1 
y = x , . . . . y = x 
y l r y t r - t+1 

We have 

0 = R* = x . x f(x ) + . . . + f(x ) 
1 1 r» l r 1 
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adding the f irs t to x . . . x t imes the second, rear ranging 
1 r -1 

and cancelling (according to the definition of f(cr. ) in (5)) 
we obtain (R R ) * = 0 . 

1 2 

In (iii) and (iv) one deals with the various cases when 
-1 

cr or cr does or does not cancel x or x . 
i i 1 r 

Now let a , . . . satisfy the relat ions R? = 0 (and the re ­

fore any consequence R* =0). Any element cr € G can be 

written as a word, usually in several ways, in the 

<r . : cr = x . . . x , x. = cr . or <r . for some i. We define 
i 1 r j l l 

f(or) = x x f(x )+ . . . + f ( x j 
1 r - 1 r 1 

-1 -1 
where f(cr ) = a and f(cr ) = - cr a . To complete the 

i i i i i 
discussion we must show that 

(a) f(cr) does not depend on how cr is writ ten in t e r m s 
of the genera tors , and 

( b ) f(<TT) = c r f ( T ) + f (cr) V CT , T € G . 

(a) If also cr =y . . . y we have the relation (allowing for 
1 s 

cancellation) 

-1 -1 
R = x i . . - x y . . . y à = 1 

1 r - t s-t 1 

which, by the lemma, we may suppose to be already in the list 
R = 1 since this imposes no new conditions on the a.. Now 

l i 

0 = R* = xd . . . y^ 1 f fy" 1 )* . . . + f ^ ) 

and th is , proper ly juggled, gives the required equation 
f(x . . . x J = f ( y , . . . y )• I r i s 
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(b) follows by calculation (made simple by (a): one need no 
longer worry about cancellation since f(c- ) does not depend on 
how or is writ ten in t e r m s of the genera tors ) . 

If f is a coboundary then 3 c € A such that 
£(cr) =(<r-l)cV<r and therefore a. = ( c r - l ) c , Conversely if 

1 l i -1 -1 
3c such that a. = (o\ - l )c Vi then f(o\ ) = » ov a. = (cr. - l ) c 

i i i i i i 

and by induction on the length of the word one easily ver if ies that 
f(cr) =(<r-l)c V<r € G. We have the 

PROPOSITION. Let the group G be given by genera tors 
or , . . . ,cr and re la t ions R = . . . = 1 and let A be a G-module. 

1 m 1 
Then Z(G,A) is the subgroup of the direct p roduc t ' A 
consisting of those {a , . . . , a ) satisfying the relat ions 

R* = . . . = 0, a s descr ibed in (5). B(G, A) consis ts of those 

(a a , . . . , a ) for which there exis ts a c € A such that 
1 m 

a. =(o-.-l)c for al l i-
i i 

As a simple i l lustrat ion of the use of this proposition, let 
G act t r iv ia l ly^ on A; then (0, « » . , 0) is the only element in 

B(G,A), and H (G, A) consis ts of those ( a . , . . . ) € A 

satisfying the re la t ions R* = 0. 
i 

F i r s t , if G is free with genera tors <r , . . . ,cr there 
i 1 m 

a re no re la t ions imposed on the a. so H (G, A) = A m . 

Secondly let G be finitely generated abelian, say 
G = Gt X . . . X G where G is cyclic with generator cr and 

1 m i y B i 
has order n. for 1 < i < r and infinite order for r + 1 < i < m. 

n i » 1 » 1 
The relat ions a r e cr =1 (1 < i < r) and cr cr cr cr =1 

i - - i j i j 

' m may be infinite. 

^ So by (2), H (G, A) = Horn group (G,A). 
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(1 < i < j < m). Only the first set of relations impose restrictions 

and we have 

H (G,A) = A, X . . . XA XA m ~ r 

1 r 

where A = { a € A : n a = 0 } . 
i i 

Theorem 90 for non-cyclic extensions. We assume without 
1 

proof the result already quoted that H (G,K*)=0, i . e . , 

every cocycle is a coboundary. If o* e G let K denote the fixed 

field of the subgroup generated by cr . A typical relation in the 

definition of the finite group G is cr =1 where 

cr = cr cr . . . cr is a product of generators; the corresponding 

1 2 r 
relation (5) is, in multiplicative notation, 

n-1 n-2 
cr a - c r a . . . era • a = 1 , 

w h e r e a = f(cr ) = (cr . . . cr a ) . . . (cr a. ) a. , which can 

be put in the convenient form 

NK|K a = 1 " 
1 cr 

Of course if n = 1 this means that a = 1. For example, the 

n t , vn , - 1 - 1 
r e l a t i o n s cr = 1 , (cr cr ) = 1 a n d cr cr cr cr = 1 g i v e r i s e t o 

1 1 2 1 2 1 2 

N , a = 1 , N , ( e r a • a ) = 1 
K K 1 K K 1 2 1 

1 cr ' cr cr 
1 1 2 

cr a cr a 
and — =——— , respectively. 

a2 a i 

We conclude with some explicit examples (omitting the 

simple details of the proofs). 
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T h e o r e m 90 for a b e l i a n e x t e n s i o n s . Le t G = G X .. . X G 
.. : : : : \ J^ 

w h e r e G i s cyc l i c of o r d e r n . wi th g e n e r a t o r cr , so G i s 
i i i 

d e s c r i b e d by g e n e r a t o r s cr , . . . , er and r e l a t i o n s 
1 m 

n i - 1 - 1 
o- = c r a - cr cr = 1 . If a , . . . , a e K* a r e such tha t 

i i j i j 1 m 

(6) N . a = 1 , 
V ' K K i 

1 cr i 

and 

(7) 
cr a or a 

1 J s , } 1 

a . a. 
3 i 

t h e n t h e r e e x i s t s a c € K* s u c h t h a t 

cr.c 
a = _ — » t i = 1, . . . , m . 

i c 

Note tha t a s ing le c w o r k s for a l l the a . . When m = 1 

t he c o m p a t i b i l i t y cond i t i ons (7) e v a p o r a t e and we have the 
o r i g i n a l t h e o r e m 90. 

It w i l l be o b s e r v e d t h a t d i f f e ren t p r e s e n t a t i o n s of G give 
r i s e t o d i f fe ren t v a r i a n t s of t h e o r e m 90. T h u s for t he c y c l i c 
g r o u p of o r d e r 6 we have the o r i g i n a l t h e o r e m and a l s o the 
t h e o r e m wh ich a r i s e s f r o m w r i t i n g t h i s g r o u p a s the d i r e c t 
p r o d u c t of c y c l i c g r o u p s of o r d e r s 2 and 3. 

T h e o r e m 90 for the d i h e d r a l g r o u p s . (G i s g iven by 
p 2 2 

g e n e r a t o r s cr , r and r e l a t i o n s <r = T = (err ) = 1 . ) If a , b € K* 
a r e such tha t 

N K | K a = N K | K b = N K | K <* • « * > = ! 
' cr ' T ' err 

t h e n t h e r e e x i s t s a c € K* such tha t 

756 

https://doi.org/10.4153/CMB-1965-055-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-055-2


ere _ TC 

c c 

Theorem 90 for the symmetr ic group S . (S is given 
" 2 2 3 3 3 

by generators <r, T and relat ions cr = T = (<TT ) = 1 . ) 
If a , b € K* are such that 

NT . , a =N , b =N , r = 1 
K K K K K K b 

<r ' T ' e r r 

then 3 c € K* such that 

(TC __ T£ 
c ' c 
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