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Solution of a linear
difference equation

A. Brown
A solution is given for un+l in terms of ul and uo , Where

the elements of the sequence {un} satisfy the linear difference
equation

Hn)u

et G(n)un + F(n)un =0, (n=1,2, ...)

-1

Two linearly independent solutions of the equation are written as
determinants and relations are given which can be used to check

the evaluation of these determinants.

1. Solution of a particular case

To illustrate the procedure that will be used for the general case,

consider the equation

1/2 = =
(1.1) Uppp TP TU, Fuw, =0, n=121,2, ...} .
If uo and ul are specified, then u2, u3, ub, ... can in turn be
calculated in terms of uo and ul , although after seven or eight steps

the expressions for un become messy and it is hard to see how the pattern

of the solution will generalise. To obtain a general expression for the
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Section 1. (It will be seen that the solution to the more general problem
in)Section 3 is a straightforward extension of the method used in Section
1.
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solution we introduce the determinant

m1/2 1 0 .. .
1 (m+1)1/2 1 ces
1/2
n_1| o0 1 (m+2) . .
(1.2) 4 = ,
: . O € ) LY
. . . ‘e 1 nl/2
where the diagonal elements are ml/z, (m+1)l/2, ey nl/2 and the

diagonal is bordered with 1's , with all other elements zerc. (We shall
‘take m and 7 as positive integers, with n =2 m .) If the determinant
is expanded in terms of its last row and column, then

€1.3) a = (nl/z]AZ'l - A:ln-2 , (n=m2) ,

and in the same way, expanding the determinant in terms of its first row

and column gives

n_ ¢ 1/2y,n n
(1.4) A, = (m )Am+l - Ao s (n = m2) .
In terms of these determinants, the solution for um’1 is given by
_ 7 n n -
(1.5) Uy = (-1) (u0A2+ulAl] , (n=2,3,...)

This can be proved by induction, using equation (1.3). If we assume that

equation (1.5) holds for =7 < N-1 , then
2
Uger = ‘(”1/ Juy = uyy
N N-1 N- N -1 ,N-2
(-1) uo{(IVl/z)A2 Ll 2} + (-1) ul{(lvl/2),411v -a3 }

(-1)”(u Ay AN]

072 "171

It is easy to verify that equation (1.5) holds for n =2 and n = 3 and
the induction argument extends the result to the general case.
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2. Comments on the above solution

Taking u, = 0 and u

Y 1= 1 gives (—l)nAz as a particular solution

of equation (1.1), with (—l)nAg as a linearly independent solution

(corresponding to the initial conditions Uy = 1, u, = 0 ). There is a

relation between these linearly independent solutions, namely,

n,ntl n+tl n _ _
(2.1) A1A2 - Ay A2'— 1, (n=2,3,...),

and this relation can be used as a check in evaluating them numerically.

Equation (2.1) can be obtained by using equation (1.3) to show that

n, n+l n+tl.n _ n-1l.n n n-1 _
(2.2) AJA, - A TA, = A A, A1A2 , (mn=3,h, ...)

By successive use of this reduction formula

n+l n+l n 2.3 3,2 _
AlA2 -Al A2—A1A2-A1A2—l,
since
A§=-l+/2, Ag=-1+/6, Ai’=-1+/3(-1+./2), Ag=/2.

The solution (1.5) arises from writing the set of equations (1.1) in
matrix form. If we use the first four of these equations to illustrate the

procedure, we have

1 0 0o 0 u2 -ul—uo
v2 1 0 O Uy i —uy
1 /3 1 0 U, 0
0 1 v4 1 s 0

This gives a set of equations for u,

5 u3, uh, u5 in terms of uO and u1

and the solution for wu_. , say, can be written down from Cramer's rule as

5
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170
v2 1 0 -uy
(2.4) U =
1 Y31 0
0 1 0
a L L N N
= (uo+ul]A2 - ulA3 = qué + ulAl ,
. Y Y L . . .
since A2 - /13 = Al from equation (1.4). In equation (2.3) the matrix of

coefficients on the left-hand side is triangular, with determineant 1 , and

this makes it easier to apply Cramer's rule.

3. Extension to general case
For the difference equation

(3.1) U * F(m)u + u =0, (n=1,2,...),

a similar form of solution can be used. If we introduce determinants BZ

of the same type as A; but with f(m), f(mtl), ..., f(n) as the diagonal
elements instead of ml/e, (nr'-l)l/z, cees nl/2 , then

Y n n -
(3.2) U, = (-1) [u032+u131] , (n=2,3,...)

As before, (-l)nB;_L and (-l)nB; are linearly independent solutions, with

n+1 7+l _n —
(3.3) BB, -8 By=1, (n=2,3,...),

and the determinants satisfy recurrence relations

no_ -1 n-2
(3.4) B = f(n)B " - B
s (m =2 m2)
(3.5) B = f(mg -8
If we now move to the equation
(3.6) H(n)um_l + G(n)un + F(n)un_l =0, (n=1,2, ...),

we can assume that H(n) # 0 for all n , otherwise the step-by-step
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determination of {un} will bresk down. Also, if we are to obtain a

solution in terms of Uy and Uy s F(1) must be non-zero, since 4y

only comes into the set of equations through the term F(l)u0 in the

equation corresponding to n = 1 . As before, we can write the solution in

terms of tri-diagonal determinants CZ , defined for m=1, 2, ... ,

n=1,2, ... ,and nxm by
G{m) H(m) 0 . . .
F(m+1l) G(m+¥l) H(m+1) ... .
B 0 F(m2) G(m+2) ...
ee. G{n-1) H(n-1)
. . . oo F(n) G(n)

As for AZ and B: , all the elements of CZ are zero except on the

principal diagonal and the two bordering diagonals. These determinants
satisfy recurrence relations (obtained in the same way as before), namely,

for nzm2 ,

_ -1 -2
(3.8) ¢, = Gn)C" - F(n)H(n-1)C 7%,
(3.9) ¢ = Gm - F(m)H(m)C,,
n
If we put L = I'T #(r) , then the solution for U,y can be written
r=1
in the form
n -
(3.10) w, = (-1) {ulcz+u0F(l)CZ}/Ln , (n=2,3,...)
As in Section 1, this can be proved by induction, using equation (3.8) to
obtain the solution for uN+l from the solution for uN and uN—l and

establishing the result for u and uh by direct methods. (Cramer's

3
rule can again be used without difficulty.) Since uo and ul can be
given arbitrary values, {(-l)ncq}/bn and {(—l)ncg}/Ln are linearly

independent solutions of equation (3.6).
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In evaluating c? and C'n , relationships which can be used as checks

1 2
are
R AR A A L] A I
-1 n+l +1 -1 _ -1 -1
Gz ARG N = et [

These relationships, which hold for n = 3, 4, ... , can be verified by

+ —
using equation (3.8) to express Urll 1 and C’Zﬂ' in terms of C;l, C'Z, C‘; 1

and CZ-]‘ In place of equation (3.11), an alternative form can be

obtained by using this equation repeatedly, as a reduction formula, to give

(3.13) F(l){CJlICZ+l-C§+1€Z}

= F(1)(HM)H(n-1) ... H(3) HF(n+1)F(n) ... F(u)}(cﬁcg-c%?] )

1%
Now

ci = ¢(1)6(2) - F(2)H(1) ,

C'g = 6(2) »

cg = ¢(2)6(3) - F(3)H(2) ,

3 _

3 = 6(3)% - 61)E)F(3) ,
SO

3 3
c2102 - clc22 F(3)F(2)H(2)8(1) .

Equation (3.13) now gives

+1 nt+l _ B
(3.14) F(l){C’ZC’Z -c’{ cg}- Tpaily » (m=2,3, .00,
where
n
(3.15) g, =TTF( .
r=1

Combining equation (3.12) and equation (3.1k) gives
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(3.16) F(1){c’11‘1¢g+1_dl1"10;“1} =Gna) L . (m=3,k, ).

l 3
If it should happen that F(k+l) = 0 for a particular value of k ,

equation (3.14) gives

Cz+l/CZ = Cg+l/cz s, for n=>2k .
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