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Abstract We introduce the quantum isomeric supercategory and the quantum affine isomeric super-
category. These diagrammatically defined supercategories, which can be viewed as isomeric analogues
of the HOMFLYPT skein category and its affinisation, provide powerful categorical tools for studying
the representation theory of the quantum isomeric superalgebras (commonly known as quantum queer
superalgebras).

1. Introduction

One of the most fundamental facts in representation theory is Schur’s lemma, which
implies that if V is a finite-dimensional simple module over an associative k-algebra A,
where k is an algebraically closed field, then End 4 (V) 2 k. On the other hand, if A is an
associative k-superalgebra, then there are two possibilities: we can have End4 (V') 2k or
we can have that End4 (V) is a two-dimensional Clifford superalgebra generated by the
parity shift. In the theory of Lie superalgebras, this phenomenon underlies the fact that
the general linear Lie algebra gl,, has two natural analogues in the super setting: the gen-
eral linear Lie superalgebra gl,,,|,, and the isomeric Lie superalgebra q,, (following [NS522],
we use the term isomeric instead of the more traditional term queer). The purpose of the
current paper is to develop diagrammatic tools for studying the representation theory of
the quantum analogue of q,,. Our hope is that this is the starting point of the development
of isomeric analogues of much of the rich mathematics that has emerged from connections
between low-dimensional topology, representation theory and categorification.

Before describing our results, we begin with an overview of the situation for the better-
understood case of 9l The finite-dimensional complex representation theory of aln
is controlled by the oriented Brauer category OB(m —n). More precisely, OB(t) is a
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1078 A. Savage

diagrammatic symmetric monoidal category depending on a dimension parameter t. When
t =m —n, there is a full monoidal functor

OB(m —n) — gl,,),,-smod

to the category of gl,,,j,-supermodules, sending the generating object of OB(m—n) to the
natural supermodule of gl,,,, (see [CW12, Section 8.3]) (throughout this Introduction,
we work with finite-dimensional supermodules). The additive Karoubi envelope (i.e.
the idempotent completion of the additive envelope) of OB(t) is Deligne’s interpolating
category Rep(GLy). Similar statements hold in the orthosymplectic case, where OB(t)
is replaced by the Brauer category (no longer oriented, due to the fact that the natural
supermodule is self-dual) (see [LZ17, Theorem 5.6]).

Any monoidal category acts on itself via the tensor product. In particular, translation
functors, given by tensoring with a given supermodule, are key tools for studying the
representation theory of Lie superalgebras. In the case of gl this action by tensoring
can be enlarged to a monoidal functor

m|n»

AOB(m —n) — End (gl,,,,-smod),

where 40B(t) is the affine oriented Brauer category of [BCNR17| and End (C) denotes
the monoidal category of endofunctors of a category C. The category AO0B(t) allows one
to study natural transformations between translation functors, provides tools to study
cyclotomic Hecke algebras and yields natural elements in the centre of U (g[m‘n). Again, a
similar picture exists for the orthosymplectic Lie superalgebras, where A0B(t) is replaced
by the affine Brauer category of [RS19].

Quantum analogues of the above pictures play a particularly important role in
connections to link invariants and integrable models in statistical mechanics. The
quantum analogue of the oriented Brauer category is the HOMFLYPT skein category
05(z,t), originally introduced in [Tur89, Section 5.2], where it was called the Hecke
category. The affine version A0S(z,t) was introduced in [Brul7], and there are monoidal
functors

0S(q—q*,q") — Uy(gl,,)-mod, A05(q—q ',q") — End (U,(gl,,)-mod),

with many of the properties mentioned above for the nonquantum case. We expect that
these functors can be generalised to the super setting of Uy(gl,,|,,). The generalisation of
the first functor should follow from the results [LZZ20], and then the affine case follows
from the general affinisation procedure of [MS21]. Once again, analogues exist in the
orthosymplectic case, where the relevant categories are the Kauffman skein category,
together with its affine analogue introduced in [GRS22].

The isomeric analogues of the oriented Brauer category and its affine version are the
oriented Brauer—Clifford supercategory OBC and the degenerate affine oriented Brauer—
Clifford supercategory AOBC introduced in [BCK19]. In analogy with the above, one has
monoidal superfunctors

OBC — qy,-smod, AO0BC — SEnd (q,,-smod),
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where SEnd (C) denotes the monoidal supercategory of endosuperfunctors of a super-
category C. The need to move to the setting of supercategories here arises from the
super version of Schur’s lemma mentioned earlier. There is an odd endomorphism of the
natural representation of g, that corresponds to an odd morphism in OBC and AO0BC
(the category of vector superspaces, with parity preserving linear maps, is a monoidal
category, with no need to introduce the notion of a monoidal supercategory). Note also
the absence of the parameter ¢ that appears for the oriented Brauer category. This is
because the natural representation of q,, always has superdimension zero.

In the current paper, we develop analogues of the above results for the quantum isomeric
superalgebra Uy (qy). As we will explain below, this case requires several new techniques.
We begin by defining the quantum isomeric supercategory Q(z) depending on a parameter
z in the ground ring. This is a strict monoidal supercategory generated by two objects, 1
and | and morphisms

X tet=tet, 3L tel-let,
Oidet=1 Uil=tel,  §1-=1,

subject to certain relations (see Definition 2.1). The supercategory Q(z) should be viewed
as a quantisation of OBC. In particular, Q(0) is isomorphic to OBC (see Lemma 2.9).
From the definition of Q(z), we deduce further relations, showing, in particular, that
this supercategory is pivotal. We also prove a basis theorem (Theorem 4.5) showing that
the morphism spaces have bases given by tangle-like diagrams, where strands can carry
the odd Clifford token ? corresponding to the odd endomorphism appearing in the super
version of Schur’s lemma. We define, in Theorem 4.3, a monoidal superfunctor

Qg—q7") = Uy(an)-smod, (1.1)

which we call the incarnation superfunctor. This superfunctor is full and asymptotically
faithful, in the sense that the induced map on any morphism space in Q(¢—q¢~!) is an
isomorphism for sufficiently large n (Theorem 4.4). This can be viewed as a categorical
version of the first fundamental theorem for U,(q,)-invariants.

The endomorphism superalgebras End . (1©7) are Hecke—Clifford superalgebras, which
appear in quantum Sergeev duality (the quantum isomeric analogue of Schur—Weyl
duality). More generally, the endomorphism superalgebras in Q(z) are isomorphic to
the quantum walled Brauer—Clifford superalgebras introduced in [BGJ+16] (see Corollary
4.9). However, the category Q(z) contains more information, since it also involves
morphism spaces between different objects. Consideration of the entire monoidal category
Q(z), as opposed to the more traditional approach (e.g. taken in [BGJ+16]) of treating the
endomorphism superalgebras individually, as associative superalgebras, offers significant
advantages. In particular, the added structure of cups and caps, arising from the duality
between V and V*, allows us to translate between general morphism spaces and ones of
the form Endq.)(1®"). This allows us to recover some of the results of [BGJ+16] with
simplified arguments.

The additive Karoubi envelope of Q(z) should be viewed as an interpolating category
Rep(U,y(q)) for the quantum isomeric superalgebras. However, since the supercategory
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Q(z) does not depend on n, we have an ‘interpolating’ category without a dimension
parameter. The same is true for the additive Karoubi envelope Rep(Q) of OBC, which
is the isomeric ‘interpolating’ category in the nonquantum setting. Of course, the kernel
of the incarnation superfunctor (1.1) does depend on n (see, for example, Theorem 4.4).
The semisimplification of Q(z), which is the quotient by the tensor ideal of negligible
morphisms, is the trivial supercategory with one object, since the identity morphisms of
the generating objects 1 and | are negligible. Similar phenomena occur for the periplectic
Lie superalgebras. For a discussion of the Deligne interpolating category in that case,
we refer the reader to [Serl4, Section 4.5], [KT17, Section 5|, [CE21, Section 3.1] and
[EAS21].

In the second half of the current paper, we define and study the quantum affine
isomeric supercategory AQ(z). One important difference between the quantum isomeric
supercategory and the HOMFLYPT skein category is that the category Q(z) is not
braided. This corresponds to the fact that U,(q,) is not a quasi-triangular Hopf
superalgebra. Diagrammatically, this is manifested in the fact (see Lemma 2.5) that

K= e 0

That is, Clifford tokens slide over crossings but not under them. Since Q(z) is not braided,
the usual affinisation procedure, which corresponds to considering string diagrams on a
cylinder (see [MS21]) is not appropriate. Instead, we must develop a new approach. To
pass from Q(z) to the affine version AQ(z), we adjoin an odd morphism §: + — 1

satisfying
=K

among other relations (see Definition 6.1). This procedure of odd affinisation (see
Remark 7.6) makes apparent a symmetry of AQ(z) that interchanges ? and $ and
flips all crossings. There does not seem to be any analogous symmetry of the affine
HOMFLYPT skein category. The supercategory Q(z) is naturally a subsupercategory of
AQ(z) (Proposition 7.7).

We define, in Theorem 8.1, a monoidal superfunctor

AQ(q— qil) — SEnd (Uy(qn)-smod), (1.2)

which we call the affine action superfunctor. As for the case of the affine HOM-
FLYPT skein category, the superfunctor (1.2) contains information about supernatural
transformations between translation superfunctors acting on U,(q,-smod). However, in
the HOMFLYPT setting, the affine action comes from the braiding in the category.
Intuitively, it arises from an action of A0S(z,t) on OS(z,t) corresponding to placing
string diagrams representing morphisms of OS(z,t) inside the cylinders representing
morphisms of A05(z,t). We refer the reader to [MS21, Section 3] for further details of this
interpretation. The fact that Q(z) is not braided means that we cannot simply apply this
general framework, and we must formulate new methods. As a replacement, we develop
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in Section 5 the concept of a chiral braiding, which is similar to a braiding but is only
natural in one argument.

The endomorphism superalgebras Endgq.) (1®7) are related to the affine Hecke—
Clifford superalgebras introduced in [JN99], where they are called affine Sergeev algebras
(see Section 7). These have played an important role in representation theory and cate-
gorification (see, for example, [BK01]). However, our presentation of these superalgebras
is different from the original one appearing in [JN99|. There, the affine Hecke—Clifford
superalgebra is obtained from the Hecke—Clifford superalgebra by adding a set of pairwise-
commuting even elements. In our presentation, we add pairwise-supercommuting odd
elements, corresponding to the odd generator $ appearing on various strands. While the
translation between the two presentations is straightforward, the new approach yields a
simpler description of the affine Hecke—Clifford superalgebras with an obvious symmetry,
corresponding to the symmetry of AQ(z) that interchanges $ and ¢ and flips crossings.
The more general endomorphism superalgebras Endgq.) (18" ® | ®%) are affine versions
of quantum walled Brauer—Clifford superalgebras which do not seem to have appeared in
the literature.

As a final application of our approach to the representation theory of the quantum
isomeric superalgebra, we use the affine action superfunctor (1.2) to compute an infinite
sequence of elements (8.7) in the centre of U,(q,,). These elements arise from ‘bubbles’ in
AQ(z), which are closed diagrams corresponding to endomorphisms of the unit object. We
expect these elements will be useful in a computation of the centre of Uy(q,,), which has
yet to appear in the literature. Typically, one uses the Harish-Chandra homomorphism
to compute centres. This homomorphism has recently been studied for basic classical
Lie superalgebras in [LWY22|, but the quantum isomeric case remains open. It is often
not difficult to show that the Harish—-Chandra homomorphism is injective. The difficulty
lies in showing that its image is as large as expected. By analogy with the U,(gl,,) case,
we expect that the central elements (8.7) computed here, together with some obviously
central elements, generate the centre of U,(qy,).

Further directions and open problems

The quantum affine isomeric supercategory AQ(z) should be thought of as an isomeric
analogue of the affine HOMFLYPT skein category from [Brul7, Section 4]. The latter
is the central charge zero special case of the quantum Heisenberg category of [BSW20].
A suitable modification of the approach of [BSW20]| should lead to the definition of a
quantum isomeric Heisenberg supercategory depending on a central charge k € Z. Taking
k =0 would recover 4Q(z). On the other hand, for nonzero k, this supercategory should
act on supercategories of supermodules over cyclotomic Hecke—Clifford superalgebras.
Furthermore, we expect that one can adapt the categorical comultiplication technique of
[BSW20] to prove a basis theorem, yielding a proof of Conjecture 6.12 (giving a conjectural
basis for each morphism space in 4Q(z)) as a special case.

An even more general quantum Frobenius Heisenberg category was defined in [BSW22].
This is a monoidal supercategory depending on a central charge k£ € Z and a Frobenius
superalgebra A. Taking A =k recovers the usual quantum Heisenberg category. It should
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be possible to define a quantum isomeric Frobenius Heisenberg supercategory, such that
specialising A =k yields the quantum isomeric Heisenberg category.

The quantum webs of type @ introduced in [BJK20] should be related to a partial
idempotent completion of supercategory Q(z). It would be interesting to work out this
precise connection, and then use it to define affine versions of quantum webs of type @,
based on the supercategory 4Q(z).

Finally, in [BCK19], the authors studied cyclotomic quotients of the degenerate affine
oriented Brauer—Clifford supercategory. It would be natural to investigate the quantum
analogue, namely, cyclotomic quotients of AQ(z). These could also be thought of as
isomeric analogues of the central charge zero case of the cyclotomic quotients considered
in [BSW20, Section 9].

Hidden details

For the interested reader, the tex file of the arXiv version of this paper includes hidden
details of some straightforward computations and arguments that are omitted in the pdf
file. These details can be displayed by switching the details toggle to true in the tex file
and recompiling.

2. The quantum isomeric supercategory

Throughout the paper, we work over a commutative ring k, whose characteristic is not
equal to two, and we fix an element z € k. Statements about abstract categories will
typically be at this level of generality. When making statements involving supermodules
over the quantum isomeric superalgebra, we will specialise to k = C(q) and z = ¢ —q 1.
We let N denote the set of nonnegative integers.

All vector spaces, algebras, categories and functors will be assumed to be linear over
k unless otherwise specified. Almost everything in the paper will be enriched over the
category SVec of vector superspaces with parity-preserving morphisms. We write ¢ for
the parity of a homogeneous vector v in a vector superspace. When we write formulae
involving parities, we assume the elements in question are homogeneous; we then extend
by linearity.

For associative superalgebras A and B, multiplication in the superalgebra A® B is
defined by

(a' @b)(a®V) = (1) a@ by (2.1)

for homogeneous a,a’ € A, b,b’ € B. For A-supermodules M and N, we let Hom 4 (M, N)
denote the k-supermodule of all (i.e. not necessarily parity-preserving) A-linear maps from
M to N. The opposite superalgebra A°P is a copy {a°P : a € A} of the vector superspace
A with multiplication defined from

a®PboP = (—1)® (ba)°P. (2.2)

A superalgebra homomorphism A — B°P is equivalent to an antihomomorphism of
superalgebras A — B. When viewing it in this way, we will often omit the superscript
‘op’ on elements of B.
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Throughout this paper, we will work with strict monoidal supercategories, in the
sense of [BE17]. We summarise here a few crucial properties that play an important
role in the present paper. A supercategory means a category enriched in S%ec. Thus,
its morphism spaces are vector superspaces and composition is parity-preserving. A
superfunctor between supercategories induces a parity-preserving linear map between
morphism superspaces. For superfunctors F,G: A — B, a supernatural transformation
a: F'= G of parity r € Z/2 is the data of morphisms ax € Homp(F X,GX) of parity r, for
each X € A, such that Gfoax = (—1)" ay o F f for each homogeneous f € Hom4(X,Y).
Note when r is odd that « is not a natural transformation in the usual sense due to the
sign. A supernatural transformation a: F = G is of the form a = ag+ oy, with each «;
being a supernatural transformation of parity r.

In a strict monoidal supercategory, morphisms satisfy the super interchange law:

(f'@g)o(fog)=(-1I(fof)®(gog). (2.3)

We denote the unit object by 1 and the identity morphism of an object X by 1x. We
will use the usual calculus of string diagrams, representing the horizontal composition
f ®g (respectively, vertical composition fog) of morphisms f and ¢ diagrammatically by
drawing f to the left of ¢ (respectively, drawing f above g). Care is needed with horizontal
levels in such diagrams due to the signs arising from the super interchange law:

Phhpoorg b e

If A is a supercategory, the category SEnd (A) of superfunctors A — A and supernatural
transformations is a strict monoidal supercategory. The notation A°P denotes the opposite
supercategory and, if A is also monoidal, A™" denotes the reverse monoidal supercategory
(changing the order of the tensor product); these are defined as for categories but with
appropriate signs.

Definition 2.1. We define the quantum isomeric supercategory Q(z) to be the strict
monoidal supercategory generated by objects T and | and morphisms

L s tet=1et, X tel—=Ilet, (2.5)
N det—=1, U:l=-1®), $:1-1, (2.6)

subject to the relations

K-X==z1T, (2.8)
=], K3 00, o
mzw N:J (2.10)
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In the above, we have used left crossings and a right cap defined by

K ::f[j, Nn=0. (2.11)

The parity of ? is odd, and all the other generating morphisms are even. We refer to ? as
a Clifford token (later, we will refer to this as a closed Clifford token) (see Definition 6.1).

In addition to the left crossing and right cap defined in (2.11), we define

K=(N), X=X), X=X, u=4§ (2.12)

It follows that we have left and down analogues of the skein relation (2.8):

N-K=2K, X-X=z][ (2.13)

We then define the other right crossing so that the right skein relation also holds:

= +z }{ (2.14)

We call 37, X, X and X positive crossings, and we call ', >, X and 3
negative crossings.

Remark 2.2. Given z,t € k*, the HOMFLYPT skein category OS(z,t) is the quotient
of the category of framed oriented tangles by the Conway skein relation (2.8) and the
relations

1 t—t!
p:tw Or= L

This category was first introduced in [Tur89, Section 5.2|, where it was called the Hecke
category (not to be confused with the more modern use of this term, which is related to the
category of Soergel bimodules). We borrow the notation OS(z,t), which comes oriented
skein, from [Brul7]. It follows from [Brul7, Theorem 1.1], which gives a presentation
of OS(z,t), that all of the relations in 0S(z,1) hold in Q(z). More precisely, reflecting
diagrams in the vertical axis and flipping crossings (i.e. interchanging positive and
negative crossings), we see that (2.7), (2.8), (2.10) and the last equality in (2.9) correspond
to the relations given in [Brul7, Theorem 1.1] with ¢ = 1. Thus, by that result, all relations
in 0S(z,1) hold in Q(z) after reflecting in the vertical axis and flipping crossings. But
05(z,1) is invariant under this transformation, and so all its relations hold in Q(z). In
fact, Q(z) is the strict monoidal supercategory obtained from O5(z,1) by adjoining the
Clifford token, subject to the relations (2.9) involving the Clifford token. Note that the
condition ¢ =1 is essentially forced by the skein relation and the last relation in (2.9),

since
tTZb(g)b+Z k}@)b:t_l T
i f
Hence, t = +1. If t = —1, we can rescale the crossings by —1 and replace z by —z to reduce
to the case t = 1. This explains why the category Q(z) depends on only one parameter
zek.
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Lemma 2.3. The following relations hold in Q(z) for all orientations of the strands:

PNl =W = pd-b e
D::H::Q’\(:/\:%v (2.16)

6:U’ Q:m, O=0. (2.17)

Proof. This follows from Remark 2.2, since all these relations holds in 0§(z,1). O
f: N (2.18)
i f‘fd@ 0 M@ 10) m& 9>m<2 ) (219)

Lemma 2.4. The following relations hold in Q(z) for all orientations of the strands:

\/\:\/’ )\/:X =1, 1=y, ©O=0 (2.20)

Proof. Composing the second relation in (2.9) on the top and bottom with /\7‘, we see
that the first two relations in (2.20) hold when both strands are oriented up. Attaching
a left cup to the bottom of (2.18) and using (2.10), we see that the third relation in
(2.20) holds for the strand oriented to the left. Similarly, attaching a left cap to the top of
(2.18), we see that the fourth relation in (2.20) also holds for the strand oriented to the
left. Then, using the definitions (2.11) and (2.12) of the left and down crossings, we see
that the first two relations in (2.20) hold for the strands oriented to the left or oriented
down. Next, taking the second relation in (2.20) for the strands oriented to the left, and
composing on the top and bottom with Vw we see that the first relation in (2.20) holds
for the strands oriented to the right. Similarly, taking the first relation in (2.20) for the
strands oriented to the left, and composing on the top and bottom with X‘, we see that
the second relation in (2.20) holds for the strands oriented to the right.

So we have now proved the first two relations in (2.20) for all orientations of the strands,
and the third and fourth relations for the strands oriented to the left. Next we compute

0(212)8 8 Dy

So the last equality in (2.20) holds for both orientations of the strand. We also have

(2.12) 6’; (2.9) g ((22194) j g: g ((22%1))( (212) U

We define

It follows that
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An analogous argument shows that the fourth relation in (2.20) holds for the strands
oriented to the right. O

It follows from (2.20) that Clifford tokens slide over all crossings. However, they do not
slide under crossings. In fact, we have the following result.

Lemma 2.5. The following relations hold in Q(z):

XK= ([1-1D) K=K+ (1-T8) e
Proof. We have

NN TN (154 ]) e
The proof of the second relation is analogous. O

We now describe several symmetries of the category Q(z). First note that we have an
isomorphism of monoidal supercategories

Q-:Q(2) = Q(—2)
that is the identity objects and, on morphisms, multiplies all crossings by —1.
Proposition 2.6. There is a unique isomorphism of monoidal supercategories

O Q2) = Q=)™
determined on objects by T — |, | — 1 and sending

$mg U=, Ny U= O
The superfunctor {24 acts on the other crossings, cups, caps and Clifford tokens as follows:
et X=X Xe=X X=X X=X X=X
Ke=X, X=X Am-U, Uer-N.

Proof. This follows from (2.13), (2.15), (2.16), (2.17), (2.19) and (2.20). O

Proposition 2.7. There is a unique isomorphism of monoidal supercategories

Qo: Q2) = Q)™

determined on objects by 1T — T, | — | and sending

t—3 -, U=, RN

The superfunctor Q. acts on the other crossings, cups, caps and Clifford tokens as
follows:

gt X == Xm =K A= =XG A= X= =X
M =X, Xe =Y, U -, N=-0.
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Proof. This follows from (2.15), (2.17) and (2.20). O

Remark 2.8. In many instances, when we wish to number strands in diagrams, it is most
natural to number them from right to left. For instance, we will do so when discussing
Jucys—Murphy elements in Section 7. However, at other times, when we want to discuss
relationships to superalgebras appearing in the literature, it is useful to number strands
from left to right to better match conventions in other papers. The isomorphism ..
allows us to move back and forth between these two conventions.

It follows from Propositions 2.6 and 2.7 that Q(z) is strictly pivotal, with duality
superfunctor

Qe 00t Q(2) = (Q(2)P) (2.23)

defined by rotating diagrams through 180° and multiplying by (—1)(3), where y is
the number of Clifford tokens in the diagram. Intuitively, this means that morphisms
are invariant under isotopy fixing the endpoints, multiplying by the appropriate sign
when odd elements change height. Thus, for example, we have rightward, leftward and
downward versions of the relations (2.21).

Lemma 2.9. When z = 0, reversing orientation of strands gives an isomorphism of
monoidal supercategories from Q(0) to the oriented Brauer—Clifford supercategory of
[BCK19, Definition 3.2].

Proof. When z =0, (2.8) implies that

K=X=X.
It is then straightforward to verify that the relations of Definition 2.1, without the last
relation in (2.9), become the relations in [BCK19, Definition 3.2] with the orientations
of strands reversed. The last relation in (2.9) also holds in the oriented Brauer—Clifford
supercategory by [BCK19, (3.16)]. O

Remark 2.10. The reason we need to reverse orientation in Lemma 2.9 is that [BCK19,
Definition 3.2] includes the relation

which matches the sign in (2.19) but not in the first relation in (2.9). If /=1 € k, then
we have an automorphism of Q(z) that reverses orientation of strands and multiplies
Clifford tokens by /—1. In this case, there is an isomorphism from Q(0) to the oriented
Brauer-Clifford category that multiplies Clifford tokens by v/—1, with no need to reverse
orientation.

Let X=X1®---®X, and Y =Y, ®---®Y, be objects of Q(z) for X;,Y; € {1, l}. An
(X,Y)-matching is a bijection between the sets

{i: X;=1u{j:Y;=1} and {i:X;=l}u{j:Y; =1} (2.24)

https://doi.org/10.1017/51474748023000166 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000166

1088 A. Savage

A positive reduced lift of an (X,Y)-matching is a string diagram representing a morphism
X =Y, such that

the endpoints of each string are points that correspond under the given matching;
there are no Clifford tokens on any string and no closed strings (i.e. strings with
no endpoints);

e there are no self-intersections of strings and no two strings cross each other more
than once;

e all crossings are positive.

It follows from (2.16) that any two positive reduced lifts of a given (X,Y)-matching are
equal as morphisms in Q(z).

For each (X,Y), fix a set B(X,Y) consisting of a choice of positive reduced lift for each
(X,Y)-matching. Then let Bq(X,Y) denote the set of all morphisms that can be obtained
from elements of B(X,Y’) by adding at most one (and possibly zero) Clifford token near
the terminus of each string. We require that all Clifford tokens occurring on strands whose
terminus is at the top of the diagram to be at the same height; similarly, we require that
all Clifford tokens occurring on strands whose terminus is at the bottom of the diagram
to be at the same height, and below those Clifford tokens on strands whose terminus is
at the top of the diagram.

Proposition 2.11. For any objects XY of Q(z), the set Bo(X,Y) spans the
k-supermodule Homg ) (X,Y) overk.

Proof. Let X and Y be two objects of Q(z). Using (2.20) and (2.21), Clifford tokens
can be moved near the termini of strings. Next, using (2.9) and (2.19), we can reduce the
number of Clifford tokens to at most one on each string. Then, since all the relations in
the HOMFLYPT skein category hold (see Remark 2.2), we have a straightening algorithm
to rewrite any diagram representing a morphism X — Y as a k-linear combination of the
ones in Be(X,Y). Here, we also use (2.17) and (2.20) to see that any string diagram with
a closed component is equal to zero. O

We will prove later, in Theorem 4.5, that the sets Be(X,Y) are actually bases of the
morphism spaces.

Definition 2.12 [BGJ+16, Definition 3.4]. For r,s € Zs( and z € k, the quantum walled
Brauer-Clifford superalgebra BC, s(z) is the associative superalgebra generated by

even elements tq,...,t.—1,t7,...,t5_;,e and odd elements mq,..., 7., 77, ... 7"

satisfying the following relations (for 7,5 in the allowable range)

t2 = zt; + 1, (t5)? = 2t +1,
titivats = tiy1titita, Gty =ttt
tit; = t;t; for |i—j| > 1, tets =13t for |i—j| > 1,
7 =1, mm; = —m;m; for i # j, (mF)? =1, mim; = —mim; fori# j,
timy = mita1ts, Gy =Tt
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tymy =mt; for j #4941, tim; =mit; for j #d,i+1,
e? =0, et,_1e=e, et; =t;e for j#r—1, etie=e, et; =tje for j #1,
tim; =miti, Tre =Tme, tim; =m;t;, em, = eny,
mje=em; for j #r, mie=en; for j #1,

—1 g% gxy—1 _ =1 4% gx,—1 —
et, _jtietit, —, =1, tietit, e, em.e=0.

We define BC, o(z) to be the associative superalgebra generated by even elements
t1,...,t-—1 and odd elements mq,...,m,. subject to the above relations involving only these
elements. We define BCy 4(z) similarly. Finally, we define BCy o(z) = k.

The relations in the first line in Definition 2.12 imply that ¢; and ¢ are invertible, with
ti_1 =t;—zand (t;)~! =t} — 2. Then, multiplying both sides of the relation t;m; = m;11t;
on the left and right by ¢, ! gives the relation

Witi:ti’ﬂ'prl +Z(7Ti—7'('7;+1). (225)

A straightforward computation shows that we have an isomorphism of superalgebras

BC, s(2) = BCq, - (2)°P, tivr r_ g U > b, T Mpg1—gy T > Ty gy € €.
(2.26)

We will soon see a diagrammatic interpretation of this isomorphism.
The superalgebra

HC,(z) :=BC,.0(2)

is the Hecke—Clifford superalgebra, which first appeared in [O1s92, Definition 5.1]. It follows
from (2.26) that we have an isomorphism of superalgebras BCy s(z) = HC,(z)°P.

Proposition 2.13. For r,s € N, we have a surjective homomorphism of associative

superalgebras
BC,. s(z) = Endq(.)(1%" ® 1%°)
given by
t; 190D @5l 1®r i @ 90, l<isr—l,
£ =197 @ |00 @y @ |9t 1<igs—1,
e HT@(PU ®%® i@(sfl) 7 if r,s >0,
i =190 @Fe 190D @ 10, lsisr,
W;k 49T & ¢®(z’—1) ®i® ¢®(sfi) , 1<i<s.

Proof. It is a straightforward computation to verify that the given map is well-defined,
that is that it respects the relations in Definition 2.12. Since all elements of B,(1®" ® [©*
197 ® [®%) can clearly be written as compositions of the given images of the generators
of BC, 5(z), it follows from Proposition 2.11 that the map is also surjective. O
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We will show in Corollary 4.8 that the homomorphism of Proposition 2.13 is actually
an isomorphism.

3. The quantum isomeric superalgebra

In this section, we recall the definition of the quantum isomeric superalgebra and
prove some results about it that will be used in the sequel (recall, as mentioned
in the Introduction, that this superalgebra is traditionally called the quantum queer
superalgebra). Throughout this section, we work over the field k = C(¢q) and we set
z:=q—q ' To simplify the expressions to follow, we first introduce some notation and
conventions. Fix an index set

I:= {1,2,...,%,—].,_Qaw'v_n}’

We will use a,b,¢,d to denote elements of {1,2,...,n} and i,j,k,l to denote elements of I.
For i,j € I, we define

i) = {f o pd)=pl) 4l B
sga(i)i= (1) = 1-2(0), Pi) =gt (32

If C is some condition, we define ¢ = 1 if the condition is satisfied, and dc = 0 otherwise.
Then, for ¢,j € I, d;; := d;—; is the usual Kronecker delta.
Let V denote the k-supermodule with basis v;, ¢ € I, where the parity of v; is given by

7; = p(i).
Using this basis, we will identify V with k™" as k-supermodules and Endg (V) with
Mat,,, (k) as associative superalgebras. Let E;; € Mat,,(k) denote the matrix with a
1 in the (4,7)-position and a 0 in all other positions. Then the parity of E;; is p(i,j).
The general linear Lie superalgebra gl,,|,, is equal to Endg (V') as a k-supermodule, with
bracket given by the supercommutator

[X,)Y]=XY - (-1D)*YYX.
Let
J=3 O = (0 ) e Maty )
: —i,4 I, 0 n|n )
1€l
where I, is the n x n identity matrix. Multiplication by J is an odd linear automorphism

of V, and J? = —1. The isomeric Lie superalgebra q,, is the Lie superalgebra equal to the
centraliser of J in gl

n|n*
I = {X € gl : JX = (—l)XXJ}.
The elements
egb = Eab+E—a,—b7 eleb = Ea,—b+E—a,b7 a7b€ {1,2,...,71,}7

give a k-basis of q,,. The parities of these elements are indicated by their superscripts.
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Define
0= Z @ij ®F;; € Endk(V)®2 = Matn|n(]k)®2, (33)
i,j€I
by
O=> ¢’ il @E;+2) ), @FEm—2) ) @F 4 p—2Y €, ®F q
a,j a<b a>b a,b
=Y ¢*"IE;®Ejj+2Y (1)’ (E;i+E_j ;) ®Ey;.
] 1<j
(3.4)

The definition of © first appeared in [O1s92, Section 4], where it is denoted S. We use the
notation © to reserve the notation S for the antipode, which will play an important role
in the current paper. It follows immediately from the definition that

0(J®l)=(J®1)0. (3.5)
One can also verify that © satisfies the Yang—Baxter equation:
@12@13@23 923@13@12 (36)
where

e”=0r1, ©%=120, 0%=)0,010E;.

i,j€l
It follows from (3.4) that
O = Zqé" i=0a.-ig0 for all 7 € I, (3.7)
and so
@ii®7i,fi =1= @fi,fie)i,i for all i € I. (38)

When ¢ =1, we have © =1®1, and so O;; = d;;1v.
Note that all the second tensor factors appearing in (3.4) are upper triangular elements
of Mat,, |, (k). In addition, © is invertible with

9—1 = ana,—j—éa,j ega ®Ejj - Zzega ® Eap +ZZ€2‘1 ®E7a,fb +Zzellm ®E7a,b
a<b a>b a,b

—Zq PONE; @ Ejj—2 Y (-1)PD(Eji+ E_j,_;) ® Eyj. (3.9)
1<j

Note that ©~! is obtained from © by replacing q by ¢~ *.

Definition 3.1. The quantum isomeric superalgebra U, = U,(qy,) is the unital associative
superalgebra over k generated by elements u;;, 4,5 € I, @ < j, subject to the relations

Ui U—j, —5 = 1= Ui, —i W4y L12L13®23 @23L13L12 (310)
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where
L= Zum‘ ®Ey;, LY=L®l, LY = Zuij@l@Eﬁj’ (3.11)
i,jel hIEl
i<y =i

and the last equality in (3.10) takes place in U, ® Endg(V)®2. The parity of u;; is p(i,5).

The quantum isomeric Lie superalgebra was first defined in [Ols92, Definition 4.2]. Tt
is a Hopf superalgebra with comultiplication determined by

A(L) =Y Auij) ® B = L', or, more explicitly, (3.12)
3,J€1
i<j
A(UZ]) = Z (f]_)p(i,k)P(k ] Us; k®ukj Z Uik ®Uk] (313)
kel kel
i<k<j i<k<j

(where the final equality holds since, for i <k < j, we must have p(k) = p(i) or p(k) = p(j)),
counit determined by
e(L):= Z e(usj)Ei; =1 or, more explicitly, e(u;j) = d;j, (3.14)
i,j€l
1<y
and antipode S determined by
Z S('LL”)®E” :L_l. (315)
i, j€l
1<j

Note that, viewing L as an element of Mat,, |, (U,), it follows from its definition and (3.10)
that it is triangular with invertible diagonal entries. Thus, L is indeed invertible. Since U,
is a Hopf superalgebra, the supercategory U,-smod of finite-dimensional U,-supermodules
is naturally a rigid monoidal supercategory.

For k-supermodules U and W, define

flipy w: U@W = WaU, flipyyuow)=(-1)"weu.

When U and W are clear from the context, we will sometimes write flip instead of flip;; yy .
Note that

g

Consider the opposite comultiplication

A°P =AflipoA.
Lemma 3.2. We have
AP(L) =Y A°P(u;;) @ Ejj = L*L'. (3.16)
4,J€I
i<j
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Proof. We have
A°P(u,;) =1flip Z p(l RIPRI) Qug; = Z Ui @ Uik

kel kel
i<k<j i<k<j
Since
LB = Zl®uik®Eik Zulj®1®Elj = Z Ugj @ Ui @ L5,
i<k 1<j kel
i<k<j
the result follows. O

The following result is stated in [O1s92, Theorem 6.1] without proof.

Proposition 3.3. The quantum isomeric superalgebra U, is isomorphic is the unital
associative superalgebra over k generated by the elements u;;, 1,j € I, @ < j, subject to the
relations

Uit —; = 1 = u_j _juy, i€l (3.17)

and
(_1)17(1'13')17(’9»1)(]@(]',1)
_ qea(i,k)

UijUkl + 20 <10k<j<10(1, 5, k) witur; + 20 < —1< j<—k0(—%, — J, k) us, —1up, —;

UgiUij + 20k <i<10k<;0(4, 5, k) usur; + 20_1<ic —k<;0(—%, — §,k)u—; ju_p j, (3.18)

for alli,j,kl€1,i<7, k<l, where 0(i,j,k) = (—1)POP&)+rG)pk)+p(i)p(k)

Proof. It suffices to prove that the relations (3.18) are equivalent to the second relation
n (3.10). Direct computation shows that

LI2[13923 — Z (—=1)PEPD 20Dy, U @ Eij @ Eyy
<4, k<l

Z 0(4,7,k)uirur; @ E;ij @ By + 2 Z 0(—i, — J,k)us, —yup,—; ® Eij @ Egy
i<l k<j<l i<—l<j<—k

and

@23L13L12 = Z q“"(i’k)ukluij ® Eij ®Ekl

i<j, k<l
+2z Z 0(i,j,k)uyur; @ Eij @ B+ 2 Z O(—i, — 3, k)u_iu_p,; ® Ei; @ Ejy.
k<i<l, k<j I<i<—k<j
The result follows. O

Corollary 3.4.

a. We have ugqup = ¢°=11 % 1kl uyuq, for all a € {1,2,...,n} and k1 €1, k<I.

b. The element uiiugs - - unn lies in the centre of Uy.
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Proof.
a. Setting i = j = a in (3.18) gives
7Dy + 20k<acitiarting = 47 P uktag + 20k <a<itUartina,
which implies
(q#“Y — 20pcamt)taatinr = (7" — 20p—act)Uritlaa-

When k =1, this becomes ugqUr; = UkiUqq, as desired. When k& = —I, it becomes

1) 4

(q° *Z5a,z)uaaukz =q ""'UpUge = UgaUkl = UkiUaa,

as desired.
Now suppose |k| # |I]. If a ¢ {k,I}, then

)—p(a,l =tk
(@R =20y g = g0 11700 15 g g

UaaUkl = q7
If a =k, then
Ugait = (¢ — 2)UkiUga = ¢ Ui Uaq-
Finally, if a =1, then

(@ — 2)UaaUki = UkiUaa == UqaUkl = Uk Uqq-

b. It follows from (a) that wijugg--- Uy, commutes with all ug, k <I. O

Lemma 3.5. As a unital associative superalgebra, U, is generated by

Ug,aly, U—a—1,—a Ui, U—1,1, 1<a<n-1, i€l (3.19)

Proof. Let Uq be the unital associative subsuperalgebra of U, generated by the elements
(3.19). It is shown in [GJKK10, Theorem 2.1] that U, is generated by

Ug,a+1, U—a—1,—a) Wii, U—g—1,a5 U—qg,a+1, U—bb, 1 <a<n-— 1; 1 < b < n, 1€ 1.
Thus, it suffices to show that
U—g—1,a5 U—a,a+1) U—bb € Uq (320)

for I1<a<n-—1and 1 <b<n. We prove this by induction on a.
First note that, for 1 <a <n-—1, taking i = —a, j=a, k=—a—1, l = —a in (3.18)
gives

4 MU aUoq—1,—qa = U—q—1,—aU—g,0 — ZU—q,—al—q—1,a-
Taking i = —a, j=k=a and I =a+1 in (3.18) gives
U—g,qla,a+1 T 2U—g,a+1%aa = QUq,a+1U—a,a-
Taking i =—a—1, j=k=—a,l=a+1 in (3.18) gives

U—q—1,—aU—a,a+1 — RFU—a—1,a+1U—qa,—a + RU—g—1,—a—1U—a,a = U—q,a+1U—a—1,—a-
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So we have

-1 -1_-1
U—g—1,a =% UgaUh—a—1,—a¥b—a,a =4 < UgaU—a,al—a—1,—as (321)
gl -1
U—q,a+1 =42 Uga+1U—q,aU—a,—a =2 U—qgalla,a+1U—a,—a; (322)

—1 —1
U—g—1,a+1 =2 U—qg—1,—aU—qa,a+1Uaa +u—a—1,—a—1u—a,auaa —2 U—qga+1U—q—1,—alaa-

(3.23)

Taking a = 1 in (3.21) and (3.22) shows that u_5 1,u_12 € U,. Thus, (3.20) holds for
a=0b=1. Now suppose that 1 <¢<n—2, and that (3.20) holds for 1 < a,b < ¢. Then,
replacing a by ¢ in (3.23) shows that u_. 1 .1 € U,. Replacing a by ¢+1 in (3.21) and
(3.22) then shows that u_._2 c41,U—c—1,c42 € Uq. Hence, (3.20) holds for 1 <a,b<c+1.
Thus, by induction, (3.20) holds for 1 < a,b < n —1. Finally, taking a =n—1 in (3.23)
shows that u_,,, € U,. O

It will be useful for future arguments to compute the square of the antipode.
Proposition 3.6. The square of the antipode of U, is given by S*(u;;) = q2|j|*2“|uij,
i, € 1.

Proof. It follows from the defining relations that U, is a Z-graded Hopf superalgebra,
where we define the degree of u;; to be 2|j| —2|i|. Thus, the map wu;; — q2‘j|_2|i|uij
is a homomorphism of superalgebras. Since the antipode is an antihomomorphism of
superalgebras, its square is a homomorphism of superalgebras. Thus, by Lemma 3.5, it
suffices to prove that

SQ(“a,a+l) = QQUa,a+1, Sz(u—a—l,—a) = q72u—a—1,—a7 Sz(uii) = UWji, Sz(u—l,l) =U-1,1,

forl<a<n,iel.
Using the definition (3.15) of the antipode, which involves inverting an upper triangular
matrix, we see that
S(ua,a+1) = —U_qg,—ala,a+1U—a—1,—a—1, S(u—a—l,—a) = —Ug+1,a+1U—a—1,—aUaa;
S(ui) = U;il = U—j, i, S(u_1,1) = —ur1U—_1,1%—1,-1.
By Corollary 3.4(a) and (3.17), we have

éa,ﬂlfé 6@,\k|76

UgaUkl = (q > 1El U Uaq and U—q,—alUkl = (q U U—q, —q, (324)

for all a € {1,2,...,n} and k,l € I, k <. In particular,
U—qg,—aUa,a+1 = QUa,a+1U—qa,—a5; Ua+1,a+1Ua,a+1 = QUa,a+1Ua+1,a+1; WiiUkk = UkkWis,
for all a € {1,2,...,n} and i,k € I. Thus,
S2 (ua,aJrl) = _S(ufafl,7a71)5(ua,a+1)5(u7a,70,)
= Ug+1,a+1U—a,—aUa,a+1U—a—1,—a—1Uaa = q2ua,a+1-

The proof that S?(u_q—1,—a) =q 2u_q_1,_, is similar.
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Next, we have
52(%‘1) = S(u—i,—i) = Uqj-
Finally, (3.24) implies that
Up1U—1,1 = U-1,1U11 and U—1,-1%-1,1 =U-1,1U—-1,—1-
Thus

52(7171,1) = —S(U11U71,1U71,71) = U%1U71,1u271771 =U-1,1- O

Corollary 3.7. The antipode S is invertible and
S (ui) = 21118 (u;)  qjel (3.25)
It follows from (3.6) and (3.8) that
p: Uy = Endi(V), Ui — O, 1,7 €1, (3.26)

defines a representation of U; on V. The Uj-supermodule structure on the dual space
V* .= Homg (V k) is given by

(zf)(v) = (=)™ f(S(x)), x€U, fEV, vEV.
We have the natural evaluation map
ev: V'@V =k, feuve— f(v). (3.27)
Let v}, i € I, be the basis of V* dual to the basis v;, ¢ € I, of V, so that
vi (vj) =6i5,  HjEL
Then we have the coevaluation map

coev: k> VeV*, 1&—>Zvi®v;‘. (3.28)

i€l

It is a straightforward exercise, using only the properties of Hopf superalgebras, to verify
that ev and coev are both homomorphisms of Uj-supermodules, where k is the trivial
U,-supermodule, with action given by the counit e.

Lemma 3.8. The map J € Endg(V) is an odd isomorphism of U,-supermodules.

Proof. It follows from (3.3) and (3.5) that
0,;J = (-1)PE)jO,;  forallijel.

Since u;; acts on V' as O, it follows that J is an odd endomorphism of Ug-supermodules.
Since J? = —1, it is an isomorphism. O
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4. The incarnation superfunctor

In this section, we prove some of our main results. We describe a full monoidal
superfunctor from Q(z) to the category of U,-supermodules, give explicit bases for the
morphism spaces in Q(z) and identify the endomorphism superalgebras of Q(z) with
walled Brauer—Clifford superalgebras.

Until further notice later in this section, we assume that k = C(q) and z = q¢—q~
Recalling the definition (3.4) of ©, define

1

T :=1flipoBO, so that T =0 toflip. (4.1)
Thus
T= Z PO E; @Ejj+2Y Eq®@Ej;—2z» (-1)P"IE _;@E_;
1<j 1<j
71 :Z(_l)p( )q—w(M)Eﬁ(@Eij_zZEii@ _ZZ p(”)E i ®F_j ;.
i i>j i<j

Therefore, we have
T(vi ®@v;) = (=1)POPD 2Dy @ 4 28, < jv; @ v + 2844 js0(—1)PDv_; @v_j,
T~ (v ®v;) = (~1)POPD =20y, @ v; — 28,5 v @vj + 28i4 js0(—1)PDv_; @v_,
and
T-T'=zlygy. (4.2)
Lemma 4.1. The map T is an isomorphism of U,-supermodules.

Proof. Since it is invertible, it remains to show that it is a homomorphism of U,-
supermodules. To do this, it suffices to show that, as operators on V ® V', we have an
equality

TA(uij) = Aug) T for all ¢,j € I.
Composing on the left with flip, it suffices to show that
OA(u;;) = A%(u;;)©  forall i,j € I.
This is equivalent to showing that

> OA(uy)®Ej;j = Y A%(u)0@ By

,j€I i,jETL
Since u;; acts on V' as Oy, this is equivalent, using (3.12) and (3.16), to
@12@13@23 @23@13@12
But this is precisely the Yang-Baxter equation (3.6). O

Remark 4.2. The map T is a special case of a map Ty to be introduced in (5.6),
where M = V. Then Lemma 4.1 will be a special case of Proposition 5.4.
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For the computations to follow, it is useful to note that, for 4,5 € I, i < j, we have

2 ST (—1)p) g2 gRlil—senti) _ g2il+sent (4.3)

kel
i<k<j
2 37 (—1ypWgRIk = g2l —sen(d) _ g 2iloen(s), (4.4)
kel
i<k<j

Theorem 4.3. For each n € N, there exists a unique monoidal superfunctor F,,: Q(z) —
Uy-smod, such that

)=T, Fy()=ev, F,(})=1

Furthermore, F, (") =T, F,,(1) = coev and

F,(0): v @) (_1)P(i)P(j)q—<P(ivj)U’f R;

— 205 ) (— 1)17(1 k) g2l =21k] v} @ vg — 20; *JZ p(k) g?li=2Ikl vf QU_. (4.5)
k>i k>j

We call F,, the incarnation superfunctor. Before giving the proof of Theorem 4.3, we
compute, using the definitions (2.11) to (2.13), the images under F of the leftward and
downward crossings:

Fo(3X): v ®@vj (_l)p(i)p(j)qw(j,i)vj v}

—I—Z(Siijk QU+ 20, —j Z(—l)p(k)v_k(@vz, (4.6)
k>i k>i

F,("): vf @vj (—1)POP@) g=e(13)y; @ v
—20; Y vp®uy+20; _]Z p(k)v L @Up, (4.7)

k<t k>1
Fo()4): vf @l (_1)p(i)p(j)qso(i,j)v;f Qv
+26i5507 @] — 28 <0 (—1)PDv @0 (4.8)

Fo(X): v} @v] (_1)p(i)p(j)q7w(jyi)v; Qv

_z5i<jv;-‘®v;-‘ —25i+j<0(_1)1?(i)v’ii®vij7 (4'9)
the right cup and cap
Fo.()): vi®v] = 5ij(_1)p(i)q2\i|—2n—17 1 Z 1)P0) g2n=2lil 1y o
€L
(4.10)

https://doi.org/10.1017/51474748023000166 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000166

The quantum isomeric supercategory 1099

and the positive right crossing
FR(X‘) v QT - (71)p(i)p(j)qw(j,i)v%< Qv;
+ 285y (—1)P p(i.k) g2l =2[k| vk @ vy, — 20; _]Z p(k) g2lil =2[k| VE@U_g
k<i k> j

(see Remark 5.6 for another description of the images under F,, of the various crossings).

Proof of Theorem 4.3. We first show existence, taking F,, (") =T, F,, (1)) = coev

and F,, (<) as in (4.5). We must show that F,, respects the relations in Definition 2.1.
The first two relations in (2.7) are clear. To verify the third relation in (2.7), we compute

r. (%)

v QU Ly (—1)P(0) g~ senli )U*®Uz_zz P(i.k) 2612kl ¥ & )

= (X)

@ +qu7sgn(i)(,1)17(i)vl Qv

>4
_ZZ P(l 2| [—2|l|+sgn(l) v U} 52 Z P(Z k) 2\ [— 2\k|w®vl*
>4 I>k>1
_ Ui®”:+( ) z)Zq2| Z( —2|i|—sgn(i) 72\l|+sgn — 2 Z 2|k>?)l ®”Uik
>4 kii<k<l
4.4
(:)Uz‘@U;,
and
. F"<X‘> (i), * (k) 210l =21k«
vi®v,¢»—>qsgnlv,i®vi—z2(— )P ¢ ERV_k
E>—i
w (X
—S v 42 Z = (—1)*Vo_ @v;
I>—i
. Z (71)p(l)q2\i\72|l\+sgn(l)v_l i — 27 Z q2|i\72\k|(71)p(k,l)v_l R
I>—i I>k>—i
= v @vt 2 3 (—1)PO <q2i+sgn<i) g _ 3 (_1)p<k)q2|k> v @V
I>—i ki—i<k<l
(g)vi@)vii,

and, for i # +j,

r. (%) r. ()

v @Uj ———" (—1)POPWy; @ vf s 0y ®vj.
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Thus

So F,, respects the third relation in (2.7). Since V ® V* is finite dimensional, it follows

() -7 02)e ()= (| )

Hence, F,, also respects the fourth relation in (2.7).
Next we verify the braid relation (the last relation in (2.7)). The left-hand side is
mapped by F,, to the composite

(TR1y)(ly o T)(T @ 1y) = flip"? 02 flip* ©* flip'? ©'2 = flip"? flip** flip'? 02012012,
Similarly, the right-hand side is mapped by F,, to the composite
1y @T) (T @1y)(1y @ T) = flip® 0% flip"? 012 flip?® 023 = flip** flip'* flip** 01201203,
Since
ﬂip12 ﬂip23 ﬂip12 _ ﬂipZS ﬂip12 ﬂip23: URVRW (_1)m+m+mw Qv

and 02012012 = ©12013023 by (3.6), we see that F,, respects the braid relation.
Since

Fo(32) -Fa (30) =717 a1y,

the superfunctor F,, respects the skein relation (2.8). We also have

£y ({) ==

and so F,, respects the first relation in (2.9). Next, we compute

F, (X) =flipo©@o(J®1) (355) flipo(J®1)o® = (1®J)oflipe® =F,, (,\/i) .
Thus, F,, preserves the second relation in (2.9). For the third equality in (2.9), we compute

Fn ()1 0, Yo wevi s Y (-1PPu o Fn(), 0.

kel kel

For the last equality in (2.9), we compute

F, (O) 01 M ka®v,’§ M Z(,l)p(k)qz\k\—%ﬂ —0.

kel kel

Finally, the relations (2.10) are straightforward to verify.
It remains to prove uniqueness. Suppose F,, is a monoidal superfunctor as described
in the first sentence of the statement of the theorem. Then F, (') and F,(>{) are
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uniquely determined by the fact that they must be inverse to F, (") and F, (),
respectively. Next, suppose that

Fn(U): 1'_>Zaijvi®11;, aij € C(q).
2]

Then, for all k£ € I,

w=F, (D () =F, (M) (v1) M 3" ajvi @i @u i T@O g

i,j€I i€l

It follows that a;; = d;; for all 4,5 € I, and so F,, (1)) = coev. O

To simplify notation, we will start writing objects of Q(z) as sequences of 1’s and }’s,
omitting the ® symbol. For such an object X, we define VX :=F, (X), and we let #X
denote the length of the sequence.

Theorem 4.4. The superfunctor ¥, is full for all n € N. Furthermore, the induced map

F,: Homg(,)(X,Y) — Homy, (V¥,VY) (4.11)
is an isomorphism when #X +#Y < 2n.

Proof. Our proof is similar to that of [BCK19, Theorem 4.1|, which treats the case z = 0.
We need to show that, for all objects X and Y in Q(z), the map (4.11) is surjective, and
that it is also injective when #X +#Y < 2n. Suppose that X (respectively, V) is a tensor
product of rx (respectively, ry ) copies of T and sx (respectively, sy ) copies of |. Consider
the following commutative diagram:

Homg(.)(X,Y) —— Homg(.) (43X 7%, 17 [*Y) — = Homgq,) (17X T, 17 Fsx)

[r. [ e,

Homy, (VX,VY) —=5 Homg, (V¥ VYY) = Homyy, (VErxtey) @0y tsx)y,

The top-left horizontal map is given by composing on the top and bottom of diagrams
with X to move 1’s on the top to the left and 1’s on the bottom to the right. The bottom-

left horizontal map is given analogously, using F, (). The right horizontal maps are
the usual isomorphisms that hold in any rigid monoidal supercategory. In particular, the
top-right horizontal map is the C(g)-linear isomorphism given on diagrams by
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with inverse

where the rectangle denotes some diagram.
Since all the horizontal maps are isomorphisms, it suffices to show that the rightmost
vertical map has the desired properties. Thus, we must show that the map

F,: Homg.)(1", 1) — Homy, (V®", V%) (4.12)

is surjective for all r,s € N, and that it is injective when r + s < 2n. We first consider the
case where 7 # s. Let & = ujju22 -+ Upny, be the central element of Corollary 3.4(b). Since
uz; acts on V by Oy, it follows from (3.7) that z acts on V as multiplication by ¢. By
(3.13), we have A(r) = z®z. Thus, z acts on V®" as multiplication by ¢". Since z is
central, this implies that Homy, (V®",V®%) = 0. Since we also have Homg ) (1", 1%) =0
in this case, by Proposition 2.11, the map (4.12) is an isomorphism when r # s.

Now suppose r = s, and consider the composite

HC,(2) £ Endg(.y (1) 22 Endy, (VET), (4.13)

where ¢ is the surjective homomorphism of Proposition 2.13 with s = 0. This composite
is precisely the map of [O1s92, Theorem 5.2]|. Surjectivity is asserted, without proof, in
[O1s92, Theorem 5.3]. For the more precise statement, with proof, that this map is also
an isomorphism when #X + #Y = 2r < 2n, see [BGJ+16, Theorem 3.28]. It follows that
F,: Endg(.)(1") = Endy, (V") is always surjective, and that it is an isomorphism when
r <n, as desired. O

Note that #X + #Y is twice the number of strands in any string diagram representing
a morphism in Q(z) from X to Y. Thus, Theorem 4.4 asserts that F, induces an
isomorphism on morphism spaces whenever the number of strands is less than or equal
to n.

We now loosen our assumption on the ground field. For the remainder of this section

k isanarbitrary commutativeringof characteristicnot equal totwo, and z € k.

We can now improve Proposition 2.11.

Theorem 4.5. For any objects XY of Q(z), the k-supermodule Homq.\(X,Y) is free
with basis Be(X,Y).

Proof. In light of Proposition 2.11, it remains to prove that the elements of Be(X,Y)

are linearly independent. We first prove this when k = C(z). Counsider the superalgebra
homomorphisms (4.13). By [BGJ+16, Theorem 3.28|, the composite F,, o, which is the
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map denoted p:;% there, is an isomorphism for n > r. Since the map ¢ is independent of
n, it follows that ¢ is injective, and hence an isomorphism. Thus,

dimk EndQ(z) (Tr) = dimk HCT(Z) = T’!QT,

where the last equality is [JN99, Proposition 2.1] (the statement in [JN99, Proposition
2.1] is over the field C(q), with z = ¢—¢~!, but the proof is the same over C(z)). Now
suppose that X (respectively, V) is a tensor product of rx (respectively, ry) copies of 1
and sx (respectively, sy) copies of |. As in the proof of Theorem 4.4, we have a linear
isomorphism

HomQ(z) (X,Y) = HomQ(z) (TTX""SY , TTY+SX)-
Thus

k12k if k:=rx+sy =ry+sx,

dimg Endg,)(X,Y) =
. « )( ) {0 otherwise.

This dimension is equal to the number of elements of Be(X,Y"). Indeed, there are k!(X,Y)-
matchings and 2* ways of adding Clifford tokens to the strings in a positive reduced lift.
It follows that Be(X,Y’) is a basis for Endg(.)(1"). This completes the proof of Theorem
4.5 for k = C(2).

To complete the proof over more general base rings, note that C(q) is a free Z[z]-module,
with z acting as ¢ —¢~!. Thus, any linear dependence relation over Z[z] yields a linear
dependence relation over C(q) after extending scalars. Therefore, it follows from the above
that the elements of Be(1",1") are a basis over Z[z] and hence, by extension of scalars,
over any commutative ring k of characteristic not equal to two and z € k. O

Remark 4.6. Taking z =0 in Theorem 4.5 recovers the basis theorem [BCK19, Theorem
3.4] for the oriented Brauer—Clifford supercategory (see Lemma 2.9 and Remark 2.10).

Corollary 4.7. Let X =X, ®---@X, andY =Y ®---®Y; be objects of Q(z) for X;,Y; €
{t,1}. Then Homgq.\(X,Y) =0 if the cardinalities of the sets (2.24) are not equal. If they
are equal (which implies that r +s is even), then Homq.)(X,Y) is a free k-supermodule
with even and odd parts each of rank k!28=1, where k = T;rs 1s the number of strings in

the elements of B(X,Y).

Proof. This follows immediately from Theorem 4.5. If the sets (2.24) have the same
cardinality, then the number of (X,Y)-matchings is k! and there are 2¥ ways of adding
Clifford tokens to the strings, half of which yield even string diagrams. O

Corollary 4.8. The homomorphism of Proposition 2.13 is an isomorphism of associative
superalgebras

Bcr,s (Z) i) EndQ(z) (TT\LS)

Proof. By Proposition 2.13, the map is surjective. When k = C(g), one can then conclude
that it is an isomorphism by comparing dimensions. Indeed, by Corollary 4.7 and
[BGJ+16, Corollary 3.25|, we have
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dimc(q) BCT,S(z) = (’I“ + 8)!2r+5 = dimc(q) EndQ(z) (Tris)

More generally, one can argue as in Step 1 of the proof of [JK14, Theorem 5.1] to show
that BC, s(z) has a spanning set that maps to the basis B4(171%, 17]*) of Endg.)(1"]°).
It follows that this spanning set is linearly independent, hence a basis of BC,. s(2). O

Corollary 4.9. Let X = X;®---® X,, be an object of Q(z) for X; € {1, }}. If r is the
number of i € {1,...,m}, such that X; =1, then Endg.)(X) = BC, ,,—,(2) as associative
superalgebras.

Proof. It follows from the third and fourth equalities in (2.7) that >(: 1 ® ] — | @1

is an isomorphism with inverse ;\/ Hence, X 2=1®" @ [2(m=7) "and so the result follows
from Corollary 4.8. O

As a special case of Corollary 4.9, we have an isomorphism of associative superalgebras
BC, s(2) = Endg(.)({*1"). This recovers [BGJ+416, Theorem 4.19], which describes
the walled Brauer—Clifford superalgebras in terms of bead tangle superalgebras. When
converting string diagrams representing endomorphisms in Q(z) to the bead tangle
diagrams of [BGJ+16, Section 4], one should forget the orientations of strings, and then
rotate diagrams by 180°. This transformation is needed since the convention in [BGJ+16,
Section 4] for composing diagrams is the opposite of ours.

Remark 4.10. The full monoidal subsupercategory of U,-smod generated by V and V*
is not semisimple. Indeed, it follows from Theorem 4.4 that, for n > 2, Endy, (V @ V™) is
isomorphic to Endq(z)(Ti), which, by Theorem 4.5, has basis

(ITIEIE P

By the last equalities in (2.17) and (2.20), the span of the last four diagrams above is
a nilpotent ideal. Thus, Endy, (V ® V*) is not semisimple. Note, however, that the full
monoidal subsupercategory of U,-smod generated by V is semisimple (see [GJKKI0,
Theorem 6.5]).

5. The chiral braiding

This section is the start of the second part of the current paper. Our goal is to define and
study an affine version of the quantum isomeric supercategory. For braided monoidal
supercategories, there is a general affinisation procedure (see [MS21]). However, the
supercategory Q(z) is not braided since the Clifford dots do not slide through crossings
both ways. This corresponds, under the incarnation superfunctor, to the fact that U,
is not a quasitriangular Hopf superalgebra. In this section, we discuss a chiral braiding,
which is like a braiding but only natural in one argument. We begin this section with the
assumption that k is an arbitrary commutative ring of characteristic not equal to two,
and z € k.
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Definition 5.1. Let W(z) be the strict monoidal supercategory obtained from Q(z) by
adjoining an additional generating object | and two additional even morphisms

Kiet—tel,  X:te|-»|eft,

subject to the relations

e e e S
5.1

where

A = L>\/1 and X = f\A (5.2)

Note that we do mot have morphisms corresponding to a red strand passing under a
black strand. We also do not have red cups or caps.

Lemma 5.2. The following relations hold in W(z):

= AN W= AR 6

Proof. We compute

0= XN A

The proofs of the remaining equalities are analogous. O

Proposition 5.3. In W(z), we have

(5.4)

where [ is any string diagram in Q(z) not containing Clifford tokens.

Proof. First note that the second equality in (5.4) follows from the first after composing
on the top and bottom with the appropriate red-black crossings and using the first four
relations in (5.1). Therefore, we prove only the first equality. It suffices to prove it for f
equal to each of the generating morphisms 7', ', >, (), 1. Since

%= -

it is also enough to show it holds for f € {7, ™', AN}
For f = K7 the first equality in (5.4) follows from the last relation in (5.1). Composing

both sides of the last relation in (5.1) on the top with /\7‘ T and on the bottom with | X
shows that the first equality in (5.4) also holds with f = X‘
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To prove that the first equality in (5.4) holds with f = () and f =1, we must show

that
%:‘ﬂ and y:U ‘ (5.5)

The first relation in (5.5) follows from the first relation in (5.3) after composing on the
bottom with XT and using the third relation in (5.1). Similarly, the second relation in

5.5) follows from the second relation in (5.3) after composing on the top with T > and
N

using the fourth relation in (5.1). The proofs for f =() and f =|_J are analogous, using
the last two equalities in (5.3). O

In the remainder of this section, we will be discussing connections to U,-smod. Thus,
we now begin supposing that k = C(q) and z = ¢ — ¢~ !. Recall the definition of L from
(3.11). For a finite-dimensional Ug-supermodule M, we let ppr: U, — Endg (M) denote
the corresponding representation. We then define

Ly = (pu @1y)(L) = Y par(uij) ® Ejj € Endy (M) @ Endy (V).
i,j€L
i<
In particular, we have Ly = O (see (3.26)).
Proposition 5.4. For any M € U,-smod, the map
Ty IzﬂipOLMZ MV =>VeM (56)
is an isomorphism of Ug-supermodules. Furthermore, for all f € Homy, (M,N), we have
Tnvo(fely)=1Av®f)oThmy. (5.7)
Proof. It is clear that Ty is invertible, with
1 1 . (3.15) )
Thry = (o @1v)(L™ ) oflip =" | Y~ par(S(uij)) @ Eij | oflip. (5.8)
i<j

To show that Thsy is a homomorphism of Ug-supermodules, it suffices to prove that it
commutes with the action of uy, k,l € I, k <I. By (3.12), it is enough to show that

flip? L2 LB LY = LPLB Aip? L2 as maps M@V RV - VoMeV. (5.9)

Composing both sides of (5.9) on the left with the invertible map flip'?, and using the
fact that Ly = O, we see that (5.9) is equivalent to

LEL3EeM =LY asmaps MRVRV - MeVaV, (5.10)

which follows from the last equality in (3.10).
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It remains to prove (5.7). For f € Homy, (M,N), m € M and v € V, we have

Tyvo(f®1y)(m@v) =flipo | > (-1)IF™PEDy; f(m) @ Eyjv

(5]

= ﬂipo Z(—l)mP(i’j)f(uijm) ® EijU

(5]

=flipo(f®1y)o | Y uy@Ej; | (m@v)

i<j

=1v®f)oTuv(m®v).

1107

O

Note that Ty =T (see (4.1)), and so Proposition 5.4 is a generalisation of Lemma 4.1.

Now, for i,j € I, define
E:VE= Ve fe (1P fo By
It follows that
Ejvf = (gik(_1)p(i)er(i)zn(j)U;k and Ej B}y = 6u(—1)" (iyj)p(k,l)Ezj,
for all 4,5,k,l € .

(5.11)

Theorem 5.5. For each Ug-supermodule M, the superfunctor ¥,, of Theorem /.5 extends

to a unique monoidal superfunctor FM: W(z) — Uy-smod, such that
FY()=M and  FN(L)=Tuy.
Furthermore, FM (X) =Ty,

=flipo ZS (uij) ®E and FM / Zu”@E

i<j i<j

(5.12)

Proof. By Theorem 4.3, to show that FM is well-defined, it suffices to show that F
respects the relations (5.1). First of all, uniqueness of the inverse implies that FM ( X)=

Ty > and then the first two relations in (5.1) are satisfied.

Next we show, using (5.2), that the equalities (5.12) must hold. For m € M and k € I,

we have

F, Rl @@Ly * "
FY(M)me ;M)Z( 10 221+ L 0 @
1v*®TMv®1v* ZZ 1) (DR +p(D) g2n =2l |+1x

i<j

& S(U”)m@) EZ‘]‘UZ ®Uk
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:Z(_ )PP 2n =210ty @ S (w5 )m @ v; @ vy,

i<y
1y @1 QF, _ . olil
Ly O EFn (D), S (= 1)) 2K 2Ll @ 8 (g ym
Jiizk
(3 25) ZS (uij) @ E | (m@vg).

1<j

Next, we compute

1y *®1 3 Qcoev
F (X)) s og @m ==y Zv,ﬁ@m@vl@auf

1V*®TZMV®1V* ZZ mp ’7)1) ®ﬂ1p(u”m®vaz)®vl

i<j
_ Z(_l)mp(%])vl’: ®ﬂip(ui]‘m®vi) ®’U;-K
i<j
_Z J)+p()+p(i)p(j )UZ®U1®U1jm®v;
i<j
ev @1y @1y Z mp(3)+p(k)+p(k)p(5) *
) (=) m @ v

J:jzk
5.11 ,
(511 Zuij@)E;‘j oflip(vy; @ m).
1<
Now, for the third relation in (5.1), we compute

i « (5.11 _
FM()) S S D 5 )@ BB O S S )
N

i<j k<l k<i<j

—Zs—l( 3 ukiS(uU)®Ek3 S5 e(ug)) @ By P2 S @ By = @1y

k<j ik<i<j k<j k<j

The proof of the fourth relation in (5.1) is analogous.
For the last relation in (5.1), we compute that F sends the left-hand side to the map
M®V®2 - V&g M given by

Ti2, 7% — flip'2 02 flip? L2 flip!2 L'2 = flip'2 Aip® lip'2 02 LB L2,
On the other hand, F,]y sends the right-hand side to the map
T]%;VTl VV _ ﬂlp23 L23 ﬁip12 L12 ﬂlp23 623 ﬂlp23 ﬂlp12 ﬂlp23 L12le@23

Then the last relation in (5.1) follows from (3.10) and the fact that flip'?flip?* flip'? =
flip? flip'? Aip?3. O
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Remark 5.6. There are natural superfunctors FT,F+: %(z) — Q(z) sending | to 1 and
}, respectively. It is then straightforward to verify that following diagrams commute:

W(z) W(z)
FY FY"
FT n i n
Q(z) — U,-smod Q(z) — Uy-smod

In particular, we have
Fn(X‘):TVV*a FR(X):T\;\l/H Fn(’X>ZTV*V7 Fn(x‘):T\;*}\h
Fo(0)=Tv-ve, Fo(3)=TyH..

For M € Uy-smod, we will denote the image of a string diagram in %(z) under FM by
labeling the red strands by M. Thus, for example

M =F) (") =Tuv, X =FY (X)) =Ty
M

M

Then (5.7) is equivalent to

NG et s com
& = /{ for all f € Homy, (M,N). (5.13)
M M

Lemma 5.7. For any Ug-supermodules M and N, we have

’X - ’7% . (5.14)

M®N M N
Proof. We have
3.12) . . .
Tuonv oL fipprgn, v oL L?? = (flippry @1n) 0 (1ar @ flipyy) 0 L L
= (flippyy ®1n)o Lo (1y @flipyy) o L? = (T @ 1n) o (1a @ T). 0

The relations (5.1), (5.4), (5.13) and (5.14) show that (, X, > and X, together
with the crossings in Q(z), almost endow W(z) with the structure of a braided monoidal
category. However, we do not truly have a braiding since, for example, we do not have
a morphism corresponding to a red strand passing under a black strand. Furthermore,
closed Clifford tokens do not pass under crossings. In general, we can define a crossing
for any sequence of strands in W(z) passing over any sequence of strands in Q(z). All
morphisms in W(z) pass over such crossings, but only some morphisms in Q(z) pass
under them. In other words, the crossings are only natural in one argument. Because of
this asymmetry, we refer to this structure as a chiral braiding.

We now restrict our attention to diagrams with a single red strand. Let W (z) denote
the full subsupercategory of W(z) on objects that are tensor products of 1, | and |,
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with ezactly one occurrence of |. Thus, objects of W) (z) are of the form X ®|®Y for
X,Y € Q(z). Note that W, (z) is not a monoidal supercategory.

Theorem 5.8. There is a unique superfunctor
F?: Wi(z) = SEnd (Uy-smod)
defined as follows: On an object X € W\ (z2), Fo(X) is the superfunctor

F?(X): U,-smod — Uy-smod, M s FM(X).

On a morphism f € Homgy, .\(X,Y), F}(f) is the natural transformation F;(X) —
F? (Y) whose M-component, for M € U,-smod, is

F () =F(f):

Proof. It follows from (5.13) that the given definition is natural in M. O

6. The quantum affine isomeric supercategory

In this section, we introduce an affine version of the quantum isomeric supercategory and
examine some of its properties. Throughout this section, k is an arbitrary commutative
ring of characteristic not equal to two, and z € k.

Definition 6.1. The quantum affine isomeric supercategory AQ(z) is the strict monoidal
supercategory obtained from Q(z) by adjoining an additional odd morphism

1 =1

subject to the relations

ngﬁ, ><::§<, {y=o. (6.1)

We refer to $ as an open Clifford token. To emphasise the difference, we will henceforth
refer to ? as a closed Clifford token.

It is important to note that we do not impose a relation for sliding open Clifford tokens
past closed ones. It follows immediately from the defining relations that we have the
following symmetry of 4Q(z).

Lemma 6.2. There is a unique isomorphism of monoidal supercategories
AQ(z) = AQ(-=)

determined on objects by T — T, | — | and sending

tee ot X=X Xell AN, U=

On arbitrary diagrams, the isomorphism acts by interchanging open and closed Clifford
tokens and flipping crossings.
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f: @q (6.2)
$: l (6.3)

Lemma 6.3. The following relations hold in AQ(z):

X=X, X=X, U= A=n Q=0 @64
K== (F1-19), =2+ (13-31), 69

where, in (6.4), the relations hold for all orientations of the strands.

Define

It follows that

Proof. This follows immediately from Lemmas 2.4, 2.5 and 6.2. O

It follows from the above discussion that the isomorphisms 2, 24 and €., defined in
Section 2 extend to isomorphisms of monoidal supercategories

Q1 AQ(2) = AQ(—2),  Q: AQ(2) = AQ(2)P, Qs AQ(2) = AQ(2)™.

These are defined as in Section 2 for the generators of Q(z) and, on the open Clifford
token, are defined by

QO@=% U@=¢ Q2@=9
Furthermore, AQ(z) is strictly pivotal, with duality superfunctor
Qe 000 AQ(2) = (AQ(2)°P)™".

Remark 6.4. Note that, while Q(0) is isomorphic to the oriented Brauer—Clifford
supercategory of [BCK19, Definition 3.2], as described in Lemma 2.9, the supercategory
AQ(z) does not reduce to the definition [BCK19, Definition 3.2| of the degenerate affine
oriented Brauer—Clifford supercategory when z = 0. This is analogous to the fact that the
degenerate affine Hecke algebra of type A is not simply the ¢ = 1 specialisation of the
affine Hecke algebra of type A.

Define, for k € Z,

A:% = g: }k tokens if k > 0 and k:%\ = g: }-k tokens if k < 0. (66)

Note that both morphisms in (6.6) are of parity k(mod 2). We then define, for k € Z,

k’%::fU’ %::%g, %::%g. (6.7)

We refer to the decorations & as zebras. We have coloured them and their labels mahogany
to help distinguish these labels from coefficients in linear combinations of diagrams. The
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morphism & should be thought of as a quantum analogue of the even morphism § of
[BCK19].
Recall our convention

F- 4L

That is, when zebras appear at the same height, the entire zebra on the left should be
considered as above the entire zebra on the right. Note that composition of zebras is a bit
subtle, since the labels do not add in general. We have a homomorphism of superalgebras

k[l’il]<y>/(y{£ = xily, y2 = 71) - EndQ(z) (T)v mk — $2k7 y ywk — (71)6k<0 $2/ﬂ7+1 .
Conjecture 6.12 below would imply that this map is injective.

Lemma 6.5. The following relations hold in AQ(z) for all k € Z:

kg ) =1 bx, *&) =3, (6.8)
ok1€ Y =0=Y ®2k+1, o2& y=—(-2x&Y), ¥ ®2k =—f d-2, (6.9)

where, in (6.8), the relations hold for both orientations of the strands.

Proof. It follows from (2.10), (2.20), (6.4) and (6.7) that

k:%: (1)(126)% }k tokens if k > 0 and kr\%: (1)(§)j }—k tokens if k < 0.

Then relations (6.8) follow from (2.20) and (6.4).
For k > 0, we have

(6.4) (6.4) 5, (2.9)
2k+14 Yy = Qk@ = ZkOZ ZA,@ = 2A,@:_ 1-okd y=- = i1@(;)0.

The case k < 0, as well as the proof of the second equality in (6.9), are analogous.
For the third equality in (6.9), it suffices to consider the case k > 0. In this case, we
have

k€ Y= 2k—1©(6£4) 2}@;1@: - Qkflﬂ(%) - 2]{716: —(—2g).

The proof of the last equality in (6.9) is similar. O

Lemma 6.6. The following relations hold in AQ(z):

=S iE = 610

Proof. For the first relation, we have

NN (] 8D 1

The proof of the second relation is analogous. O
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Corollary 6.7. For all k € Z~y, the following relations hold in AQ(z):

2;>< = /\&k —2;1 228 Lar —z; 2h-2r11d d1-or (6.11)
QIX = ’><2k +Z§ f2r$ %27-—% Jr,z?ﬂi1 1727? $2A~,—2r+1 . (6.12)

Proof. We prove (6.11) by induction on k. The case k =1 is (6.10). Then, for k > 2, we

have
N NP2 k_z,,, (,_k_lu, o
2\ k z; zlﬁzr$ %zy z; 2k*2r+1$ %1 2
(2:8) ,>/'<2k2 *Zkil 2k:—2r'$ %27* 721621 2]«—27'—0—1% %1727‘
r=1 r=1
(GéO)%k —Zkz_:l 2k727‘$ %27‘ —sz: 2k727‘+1$ /?I\172r,
r=1 r=1

where we used the induction hypothesis in the first equality. Relation (6.12) then follows
by composing (6.11) on the bottom with —2+4 T and on the top with T & 2% . O

Lemma 6.8. For all k>0, we have

k-1
2h& y—X ®ok = ZZ 2r & Y€ ®2k-2r . (6.13)

Proof. We have

2%k k—1 k
oo :Q\/\}@”%_ZZ 2 Y d2k-2 —2 Y 1-2r& Y Bok—2r+41
2k r=1 r=1

(6.9)

k-1
= 21«@sz 2rd Yy ®2k-2r . O
r=1

Let Sym denote the k-algebra of symmetric functions over k. For r > 0, let e, and
h, denote the degree r elementary and complete homogeneous symmetric functions,
respectively, with the convention that eg = hgo = 1.

Proposition 6.9. We have a homomorphism of rings
B: Sym— Endaq»)(1), e (=1)""'2f ®or, hprrzoady, r>1

Proof. The k-algebra Sym is generated by e, h,, r > 0, modulo the identities

k

> (—1)ex—rhy =0, k>0,
r=0
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where hg = eg = 1. The map [ sends the left-hand side of this identity to

k—1
DF 1o o +(—1)k*1z22 2 Y Bok-2r 4+ (=1)Fz 24 Y,
r=1
which is equal to zero by (6.13). O

Proposition 6.11 below implies that the map g is surjective, while Conjecture 6.12 would
imply it is an isomorphism. We next deduce a bubble slide relation.

Lemma 6.10. For all k>0, we have

-0 =k +h) 5 e (b )

Proof. The case k =0 follows immediately from (2.7). Thus, we suppose k > 0. We first
compute

oI G5 O % G

2k—2r+1

Next, note that, for 1 <r <k-—1,

k—r—1
[f\f{ (28 @2;% —z @%-%%w ((66.191)% E —2 Z @% 2r— 2s%2r+29.

2k—2r 2k—2r

Similarly, for 1 <r <k,

j\ § k—r—1
[j\?l% = s :%21;; —z E X ®2k—2r—2s %—27‘—25,
s=0

2k—2r+1 2k—2r
where the last sum is zero when r = k. We also have

\

Therefore,

G [-[ow -l +ha) 423 35 Guwss (s 4] s
10w ks (b +F )42 Gua (B +1), -

For any two objects X,Y € AQ(z), the morphism space Homgq(.)(X,Y) is a right
Sym-supermodule with action given by

f TG = f®ﬂ(a)7 f € HOmﬂ[Q(z) (XaY)7 ac Sym
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As in Section 2, for each (X,Y), fix a set B(X,Y") consisting of a choice of positive reduced
lift for each (X,Y)-matching. Then let Ba(X,Y") denote the set of all morphisms that can
be obtained from the elements of B(X,Y) by adding a zebra, labelled by some integer
(possibly zero) near the terminus of each string. We require that all zebras occurring on
strands whose terminus is at the top of the diagram to be at the same height; similarly,
we require that all zebras occurring on strands whose terminus is at the bottom of the
diagram to be at the same height, and below those zebras on strands whose terminus is
at the top of the diagram.

Proposition 6.11. For any objects X,Y of AQ(z), the set Ba(X,Y') spans the morphism
space Hom g ) (X,Y) as a right Sym-supermodule.

Proof. Since this type of argument is standard in categorical representation theory, we
only give a sketch of the proof (see also the proof of Proposition 2.11). We have the
Reidemeister relations, a skein relation and bubble and zebra sliding relations. These
allow diagrams for morphisms in 4Q(z) to be transformed in a way similar to the way
oriented tangles are simplified in skein categories. Hence, there is a straightening algorithm
to rewrite any diagram representing a morphism X — Y as a linear combination of the
ones in Ba(X,Y). O

Conjecture 6.12. For any objects X,Y of AQ(z), the morphism space Homgq(.)(X,Y")
is a free right Sym-supermodule with basis Be(X,Y).

As noted in the Introduction, we expect that Conjecture 6.12 could be proved using
the categorical comultiplication technique of [BSW20], after introducing the more general
quantum isomeric Heisenberg supercategory.

Proposition 6.13. There is a unique monoidal superfunctor
C: AQ(z) — SEnd(Q(z))
defined as follows. On objects X € AQ(z) and morphisms f € {50, 2, WU $}
CX)=X®-— and Cif)=fo-.

In addition, C(?) is the natural transformation T ®— — 1T ®— whose X-component,
X €Q(z), is

C(%)x :=t<> , (6.14)
X

where the thick strand labelled X is the identity morphism 1x of X.

Proof. Naturality of C(f) is clear for f e {C,™, "\, 1, $}. For f =73, it follows
from the fact that the generating morphisms (2.5) and (2.6) slide over crossings.

All the relations appearing in Definition 2.1 are clearly respected by C. It remains to
verify the relations (6.1). The first relation is straightforward. For the second relation, we
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compute (dropping the label X on the thick strand)

o(3) /4 _

Finally, for the last relation in (6.1), we compute

cYy)=cC vgjzo —c|{ G N=oe <j' e @ (220 _

The superfunctor C, which we will call the collapsing superfunctor, should be viewed
as an odd analogue of the one appearing in [MS21, Theorem 3.2], which describes actions
of the affinisation of a braided monoidal category. In that setting, the analogue of the
open Clifford token is the affine dot, which acts as

D.

See Remark 7.6 for additional discussion.

7. Affine endomorphism superalgebras

In this section, we describe the relationship between the endomorphism superalgebras in
the quantum affine isomeric supercategory and affine Hecke—Clifford superalgebras. We
also use the collapsing superfunctor of Proposition 6.13 to explain how the Jucys—Murphy
elements in the Hecke—Clifford superalgebra arise naturally in this context. Throughout
this section, k is an arbitrary commutative ring of characteristic not equal to two, and
zek.

Definition 7.1. For r € Z-( and z € k, let AHC,.(z) denote the associative superalgebra
generated by
even elements t4,...,t._1 and odd elements =,...,7,,@1,...,%,

satisfying the following relations (for 4, in the allowable range):

titiv1t; = tipatitiga, tit; = t;ti, li—jl>1, (7.2)
7ri2:—]_’ T = —T T4, Z#]a (73)

2 B .
w; =—1, WiWj = —W; Wi, i # 7, (7-4>
tim; = Tit1ts, timy = mjt;, J#F i1+, (7.5)
L1 = wity, tiw; = wjty, J#ii+1. (7.6)
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Equivalently, AHC,.(2) is the associative superalgebra generated by HC,.(z), together with
odd elements wy,...,w,, subject to the relations (7.4) and (7.6).

Multiplying both sides of the first relation in (7.6) on the left and right by t; ' =t; — 2
gives

tiwi = wH_lti + z(wz - wﬂ_l). (77)

The next result shows that AHC,.(2) is isomorphic to the affine Hecke—Clifford superalge-

bra, which was first introduced in [JN99, Section 3|, where it was called the affine Sergeev
algebra.

Lemma 7.2. For r € Zso and z € k, AHC,(z) is isomorphic to the associative
superalgebra AHC..(2) generated by HC,.(2), together with pairwise-commuting invertible
even elements x1,...,x., subject to the following relations (for i,j in the allowable range):
tix; = it — 2(Tip1 — TTi120),
titip1 = @it + 2(1+ 1m0 )T,
tix; = xt;, jFii+1,
T = x; ',
TiTj = TjTi, j#i.
The isomorphism is given by
AHC! (2) = AHC,.(2), ti> by, T, T WO (7.8)

Proof. It is a straightforward exercise to verify that (7.8) respects the defining relations
of AHC/.(z). Thus, the map (7.8) is a well-defined homomorphism of superalgebras. It is
invertible, with inverse

AHCT(Z) — AHC;‘(Z), ti—=t;, Wi, T —TT. O
In light of Lemma 7.2, we will simply refer to AHC,(z) as the affine Hecke—Clifford
superalgebra.

Proposition 7.3. For r € N, we have a homomorphism of associative superalgebras

AHCT (Z) — End,qQ(z) (T®T)

given by
t; ,_>T®(i_1) ®%® T®(T_i_1) , 1<i<r—1,
. '—>T®(i_1) ®$® T@(T—i) , 1<i <,
@; 190D @3 1900, lseisr

Proof. It is a straightforward computation to verify that the given map is well-defined,
that is that it respects the relations in Definition 7.1. O

Note that, under the homomorphism of Proposition 7.3, we have

2 120D @B =D 1 <<
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The difference between the new presentation of the affine Hecke—Clifford superalgebra
given in Definition 7.1 and the one in Lemma 7.2 that has appeared previously in the
literature is that the former presentation involves the odd generators w;, whereas the
latter involves the even generator x; = m;;. We prefer the presentation of Definition 7.1
since the relations are simpler and a natural symmetry of AHC,.(z) becomes apparent.
In particular, we have an automorphism of AHC,.(z) given by

T wiem,  tpe—ty, 1<i<r 1<j<r—1 (7.9)

For the remainder of this section, we reverse our numbering convention for strands
in diagrams (see Remark 2.8). The composite of the map of Proposition 7.3 with the
automorphism of End aq ) (1¥") induced by the superfunctor Q, yields a homomorphism
of associative superalgebras

1t AHC,(2) = Endag(s) (1°7)

given by
tims — 180D @ XA 4@E-D 1<i<r-—1,
T s A8 =1 ®3® A®(=1) 1<e<r,
@i 180 @ER 421 1<i<r.

This is also equal to the automorphism (7.9) followed by the map of Proposition 7.3. We
have

w(z) =190 @8 180D 1<i<r

The Jucys—Murphy elements Ji,...,J,. € HC,(z) were defined recursively in [JN99,
(3.10)] by

g 1 for i =1,
e (tifl—Zﬂ'iflﬂ'i)Jifltifl fOI"L'ZQ,...,TL.
For 1 <i <r, define the odd Jucys—Murphy elements
Jodd =t ittt € HC(2), (7.10)

where, by convention, we have JP = ;. The following result gives a direct (i.e.

nonrecursive) expression for the even Jucys—-Murphy elements.
Lemma 7.4. For all 1 <i<r, we have J; = —mJZ-"dd.

Proof. We prove the result by induction on i. Since —m;JP = —7? = 1 = J;, the result
holds for ¢ = 1. Now suppose that i > 1, and that J;_| = —Wi,lijlji. First note that

_ (7.5)
Witijl =mi(tici—2) = ti_1mi—1 — 27,
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Thus, we have
—m JPdd=— 771'15;_11 J?E?tiflz_ (ticimio1 — Zﬂ'i)ini?tz%l:(tifl —2mi_1m) Ji—1ti—1=J;.

K2

O

Evaluation on the unit object 1 yields a superfunctor
Evy: SEnd (Q(2)) — Q(2).

Note that this is not a monoidal superfunctor. Recall the collapsing superfunctor C of
Proposition 6.13.

Proposition 7.5. For1<i<r, we have
Ev o€ (19079 @30 18071 ) =4, (J2),
EvyoC (12070 @3@ 120-0) = —1, ().

Proof. We have

B
Ev, oC (T®(r—i) 2® T@(i—l)) (6.14) WI II}Z 0 (7999,
A—

where it is the i-th strand from the right that passes under other strands. The proof
of the second equality in the statement of the proposition follows after adding a closed
Clifford token to the top of the i-th strand from the right. O

Remark 7.6. Recall that the i-th Jucys—Murphy element in the Iwahori—-Hecke algebra
of type A is given, in terms of string diagrams, by

where it is the i-th strand from the right that loops around other strands. See [MS21,
Section 6] for a discussion of Jucys—Murphy elements in a more general setting, related
to the affinisation of braided monoidal categories. The above discussion suggests there
may be a general notion of odd affinisation, where the above diagram is replaced by the
one appearing in the proof of Proposition 7.5.

The next result shows that we can naturally view Q(z) as a subcategory of AQ(z).

Proposition 7.7. The superfunctor Q(z) — AQ(z) that is the identity on objects and
sends each generating morphism in Q(z) to the morphism in AQ(z) depicted by the same
string diagram is faithful.

Proof. It is straightforward to verify that Evy oC is left inverse to the superfunctor in
the statement of the proposition. O
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8. The affine action superfunctor

In this final section, we define an action of AQ(z) on the category of U,-supermodules.

We then use this action to define a sequence of elements in the centre of U,. Throughout

this section, we assume that k = C(q) and 2 =q—q '

The image of 1| under the superfunctor F? of Theorem 5.8 is the superfunctor
F)(1]) =V ®—: Ug-smod — Uy-smod

of tensoring on the left with V. Define the natural transformation

K:=F; (é) Ve-——=Ve-—. (8.1)
‘

Thus, the M-component of K, for M € Uj-smod, is the Uz-supermodule homomorphism

/\
Ky = <> :TMVO(].(X)J)OTA}%/: VoM —V®M.
4
M

It is straightforward to verify that K2 = —id, where id is the identity natural transfor-
mation.

Theorem 8.1. There is a unique monoidal superfunctor
F.: 2Q(z) — SEnd (U,—smod),
such that

fn|Q(z) =F (-®]|) and f‘n(@ =F° (té.) (851) K

Proof. The proof is almost identical to that of Proposition 6.13; one merely replaces
the thick black strand there (representing the identity morphism 1x) with a thick red
strand. O

We call the superfunctor ﬁn the affine action superfunctor. It endows Uz-smod with
the structure of an 4Q (z)-supermodule category. Note that

F,()=V®— and F,(|)=V'e-

are the translation endosuperfunctors of U,-smod given by tensoring on the left with
V and V*, respectively. Thus, combining Proposition 7.3 and Theorem 8.1, we have a
homomorphism of associative superalgebras

AHC,(2) — Endy, (V" @ M)

for any U,-supermodule M and r,s € N. This is a quantum analogue of [HKS11, Theorem
7.4.1].
Let

Zy={z€U;:xy=(—1)"yx for all y € U, }

https://doi.org/10.1017/51474748023000166 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000166

The quantum isomeric supercategory 1121

be the centre of U,;. Evaluation on the identity element of the regular representation
defines a canonical superalgebra isomorphism

End (idy, smod) — Za,

where id¢ denotes the identity endosuperfunctor of a supercategory C. Consider the
composite superalgebra homomorphism

Endag(z)(1) — End(idy, smod) — Zq- (8.2)

Our goal is now to compute the image of this homomorphism. By Proposition 6.11, it
suffices to compute the image of the zebra bubbles GQk: , k>0.

We begin with a simplifying computation. Using (5.4) and the relations in Q(z), we
have, for k > 0,

o’/
\,/J

Q
(

where there are a total of 2k closed Clifford tokens on alternating sides of the red strand.
For 4,5 € I, define

Yij = — Z (—1)p(i’k)p(j’k)S(uik)u,k’,j S Uq. (84)
k=max(,5)
Note that y;; is of parity p(,5). Next, for ¢,j € I, and m > 0, define

yz(jm) = (_1)P(i)P(j) Z (_I)ZL”’;E p(ie)+X 1ot p(in)plins1)

yanil T yim—l;iWL'

1=10,%1, 5 bm —1,Em =]

These are isomeric analogues of the elements defined in [BSW20, (5.15)].

Lemma 8.2. We have

F7, (‘P:) = Z Yij @ Eij, (8.5)

where we interpret the right-hand side as a natural transformation whose M-component,
for a Uy-supermodule M with corresponding representation par, is o, ey Pr(Yij) @ Eij.
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Proof. We have

F; (é\) =L 'oflipo(J®1)oflipoLo(1®.J)

= | Swr)@Ex | (10J) | D up@Ey | (1)

i<k i<l

= ZS(Uik)(X)Eik Zujl@’Eﬂ'ﬁl

i<k <l
== Z (—1)PERPERD S (g Yu g @ By ).
i<k>-l
Replacing | by —j yields (8.5). O

Corollary 8.3. We have

~ om
F® ((2 > =y eE;. (8.6)
2,J€L

Proposition 8.4. For m >0, the image of X »2m under (8.2) is

Z(_l)p(i)q2|i\72n71ygﬂ)' (8.7)

i€l

Proof. It suffices to compute the action of F, (X_»2r ) on the element 1 of the regular
representation. Using (8.3), this is given by

1520, S 1 g B 37 4 @ oy @uf o Fa(y) 3 (- 1)PO2ll-2n-10m)

kel i, k€I i€l

O

Proposition 8.4 is an isomeric analogue of [BSW20, (5.29)], giving the image of the
analogous diagrams for the affine HOMFLYPT skein category, which is the U,(gly)-
analogue of Q(z). On the other hand, Proposition 8.4 can also be viewed as a quantum
analogue of [BCK19, Theorem 4.5], which treats the degenerate (i.e. nonquantum) case.
In particular, the elements (8.7) are quantum analogues of central elements in U(q,,)
introduced by Sergeev in [Ser83| (see [BCK19, Proposition 4.6]). In the degenerate case,
these elements generate the centre of U(q,,) (see [NS06, Proposition 1.1]). It seems likely
that the elements (8.7) do not quite generate the centre of U,(qy), by analogy with the
case of Ugy(gl,,), where one needs to add one additional generator (see [BSW20, Corollary
5.11] and Corollary 3.4(b)).

Acknowledgements. This research was supported by Discovery Grant RGPIN-2017-
03854 from the Natural Sciences and Engineering Research Council of Canada. The author

https://doi.org/10.1017/51474748023000166 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000166

The quantum isomeric supercategory 1123

would like to thank Jon Brundan and Dimitar Grantcharov for helpful conversations, and
the referee for useful comments.

Competing Interests. The author(s) declare none.

References

[BCK19)

[BCNR17]

[BE17]
[BGJ+16]
[BJK20]
[BKOI]
[Brul7]
[BSW20]
[BSW22|
[CE21]
[CW12]
[EAS21|

[GIKK10]

[GRS22]
[HKS11]
[TK14]

[IN99]

[KT17]

[LWY22]

J. BrRunDAN, J. CoMESs AND J. R. Kujawa, A basis theorem for the degenerate
affine oriented Brauer-Clifford supercategory, Canad. J. Math. 71(5) (2019),
1061-1101.

J. BrunDAN, J. CoMES, D. NasH aND A. REYNOLDS, A basis theorem for the
affine oriented Brauer category and its cyclotomic quotients, Quantum Topol. 8(1)
(2017), 75-112.

J. BrunNDAN AND A. P. ELLIS, Monoidal supercategories, Comm. Math. Phys.
351(3) (2017), 1045-1089.

G. BENkArT, N. Guay, J. H. Jung, S.-J. KaNG AND S. WILcOX, Quantum
walled Brauer-Clifford superalgebras, J. Algebra 454 (2016), 433-474.

G. C. BrownN, N. J. Davipson AND J. R. Kujawa, Quantum webs of type @,
Preprint, 2020, http://doi.org/10.48550 /arXiv.2001.00663.

J. BrRunDAN AND A. KrEsHCHEV, Hecke-Clifford superalgebras, crystals of type
A% and modular branching rules for S,,, JAMS 5 (2001), 317-403.

J. BRUNDAN, Representations of the oriented skein category, Preprint, 2017,
http://doi.org/10.48550 /arXiv.1712.08953.

J. BRUNDAN, A. SAVAGE AND B. WEBSTER, On the definition of quantum
Heisenberg category, Algebra Number Theory 14(2) (2020), 275-321.

J. BRUNDAN, A. SAVAGE AND B. WEBSTER, Quantum Frobenius Heisenberg
categorification, J. Pure Appl. Algebra 226(1) (2022), Paper No. 106792.

K. CouLEMBIER AND M. EHRIG, The periplectic Brauer algebra III: The Deligne
category, Algebr. Represent. Theory 24(4) (2021), 993-1027.

J. ComEs AND B. WILsoN, Deligne’s category Rep (GLs)and representations of
general linear supergroups, Represent. Theory 16@12), 568-609.

I. ENTOVA-AIZENBUD AND V. SERGANOVA, Deligne categories and the periplectic
Lie superalgebra, Mosc. Math. J. 21(3) (2021) 507-565.

D. GranTCHAROV, J. H. JUNG, S.-J. KaNG AND M. Kim, Highest weight modules
over quantum queer superalgebra U, (g(n)), Comm. Math. Phys. 296(3) (2020),
827-860.

M. Gao, H. Rur anD L. SoNgG, A basis theorem for the affine Kauffman category
and its cyclotomic quotients, J. Algebra 608 (2022), 774-846.

D. Hirt, J. R. Kujawa AND J. SussaN, Degenerate affine Hecke-Clifford algebras
and type QLie superalgebras, Math. Z. 268(3-4) (2011), 1091-1158.

J. H. Jung AND S.-J. Kang, Mixed Schur-Weyl-Sergeev duality for queer Lie
superalgebras, J. Algebra 399 (2014), 516-545.

A. R. JoNEs AND M. L. Nazarov, Affine Sergeev algebra and g-analogues of the
Young symmetrizers for projective representations of the symmetric group, Proc.
London Math. Soc. (3) 78(3) (1999), 481-512.

J. R. Kusjawa AND B. C. THARP, The marked Brauer category, J. Lond. Math.
Soc. (2) 95(2) (2017), 393-413.

Y. Luo, Y. WaNG AND Y. YE, On the Harish-Chandra homomorphism for
quantum superalgebras, Comm. Math. Phys. 393(3) (2022), 1483-1527.

https://doi.org/10.1017/51474748023000166 Published online by Cambridge University Press


http://doi.org/10.48550/arXiv.2001.00663
http://doi.org/10.48550/arXiv.1712.08953
https://doi.org/10.1017/S1474748023000166

1124
[LZ17]
[LZZ20]
[MS21]

[NS06]

[NSS22]
[01592]
[RS19]
[Ser83]

[Ser14]

[Tur89|

A. Savage

G. I. LEHRER AND R. B. ZnANG, The first fundamental theorem of invariant theory
for the orthosymplectic supergroup, Comm. Math. Phys. 349(2) (2017), 661-702.
G. I. LEHRER, H. ZHANG AND R. ZHANG, First fundamental theorems of invariant
theory for quantum supergroups, Fur. J. Math. 6(3) (2020), 928-976.

Y. MoUSAAID AND A. SAVAGE, Affinization of monoidal categories, J. Ec. polytech.
Math. 8 (2021), 791-829.

M. Nazarov AND A. SERGEEV, Centralizer construction of the Yangian of
the queer Lie superalgebra, in Studies in Lie theory, volume 243, Progress in
Mathematics, pp. 417-441 (Birkhauser Boston, Boston, MA, 2006).

R. NacpraL, S. V. SAM AND A. SNOWDEN, On the geometry and representation
theory of isomeric matrices, Algebra Number Theory 16(6) (2022), 1501-1529.

G. I. OLsHANSKI, Quantized universal enveloping superalgebra of type @ and a
super-extension of the Hecke algebra, Lett. Math. Phys. 24(2) (1992), 93-102.

H. Rur anD L. SoNgG, Affine Brauer category and parabolic category O in types
B, C, D, Math. Z. 293(1-2) (2019), 503-550.

A. N. SERGEEV, The centre of enveloping algebra for Lie superalgebra Q (n,C),
Lett. Math. Phys. 7(3) (1983), 177-179.

V. SERGANOVA, Finite dimensional representations of algebraic supergroups, in
Proceedings of the International Congress of Mathematicians—Seoul 2014. Vol. 1,
pp. 603-632 (Kyung Moon Sa, Seoul, 2014).

V. G. TurAEv, Operator invariants of tangles, and R-matrices, Izv. Akad. Nauk
SSSR Ser. Mat. 53(5) (1989), 1073-1107, 1135.

https://doi.org/10.1017/51474748023000166 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000166

	1 Introduction
	2 The quantum isomeric supercategory
	3 The quantum isomeric superalgebra
	4 The incarnation superfunctor
	5 The chiral braiding
	6 The quantum affine isomeric supercategory
	7 Affine endomorphism superalgebras
	8 The affine action superfunctor

