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ABSTRACT

We connect two developments that aim to extend Voevodsky’s theory of motives over
a field in such a way as to encompass non-A'-invariant phenomena. One is theory of
reciprocity sheaves introduced by Kahn, Saito and Yamazaki. The other is theory of the
triangulated category logDM®® of logarithmic motives launched by Binda, Park and
Ostveer. We prove that the Nisnevich cohomology of reciprocity sheaves is representable

in logDM®f.
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Introduction

We fix once and for all a perfect base field k. The main purpose of this paper is to connect
two developments that aim to extend Voevodsky’s theory of motives over k£ in such a way as
to encompass non-A -invariant phenomena. One is the theory of reciprocity sheaves introduced
by Kahn, Saito and Yamazaki [KSY16, KSY22] and developed in [Sai20, BRS22]. Voevodsky’s
theory is based on the category PST of presheaves with transfers, defined as the category of
additive presheaves of abelian groups on the category Cor of finite correspondences: Cor has
the same objects as the category Sm of separated smooth schemes of finite type over k, and mor-
phisms in Cor are finite correspondences. Let NST C PST be the full subcategory of Nisnevich
sheaves, that is, those objects F' € PST whose restrictions F'x to the small étale site Xg; over X
are Nisnevich sheaves for all X € Sm. Voevodsky proved that NST is a Grothendieck abelian
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S. SAITO

category and defined the triangulated category DM®T of effective motives as the localization
of the derived category D(INST) of complexes in NST with respect to an A'-weak equivalence
(see [MVWO06, Definition 14.1]). It is equipped with a functor M : Sm — DM®? associating the
motive M(X) of X € Sm.

Let HIn;s C NST be the full subcategory consisting of Al-invariant objects, namely such
F € NST that the projection 7x : X x A! — X induces an isomorphism 7% : F(X) ~ F(X x
A%) for any X € Sm. We say that F' € Hlyj is strictly Al-invariant if 7y induces isomorphisms

et Hi (X, Fx) ~ Hi (X x A, Fxa1) for all i > 0.
The following theorem plays a fundamental role in Voevodsky’s theory.

THEOREM 0.1 (Voevodsky [Voe00]). Any F € Hlyis is strictly Al-invariant and we have a
natural isomorphism

Higio(X, Fx) ~ Hompygen (M (X), LA F[i]) for X € Sm, (0.1.1)
where LA" : D(NST) — DM is the localization functor.

Notice that there are interesting and important objects of NST which do not belong to
HIyjs. Such examples are given by the sheaves QF of (absolute or relative) differential forms; the
p-typical de Rham-Witt sheaves W,,Q’ of Bloch, Deligne and Illusie; smooth commuta-
tive k-group schemes with a unipotent part (seen as objects of NST); and the complexes
Re,Z/p"(n) with ch(k) =p >0, where Z/p"(n) is the étale motivic complex of weight n
with Z/p" coefficients and ¢ is the change of site functor from the étale to the Nisnevich
topology. For such examples, (0.1.1) fails to hold since 7x : X x A! — X induces an isomorphism
M(X x A') ~ M(X) in DM but the maps induced on the cohomology of those sheaves are
not isomorphisms.

The category RSCyis of reciprocity sheaves is a full abelian subcategory of NST that con-
tains Hlyis as well as the non-A'-invariant objects mentioned above. Heuristically, its objects
satisfy the property that for any X € Sm, each section a € F(X) ‘has bounded ramification at
infinity’ and the objects of HIyjs are special reciprocity sheaves with the property that every
section a € F(X) has ‘tame’ ramification at infinity.! Slightly more exotic examples of reci-
procity sheaves are given by the sheaves Conn! (for ch(k) = 0), whose sections over X are rank
l-connections, or Lisse} (in case ch(k) = p > 0), whose sections on X are the lisse Q-sheaves of
rank 1. Since RSCyjs is an abelian category equipped with a lax symmetric monoidal structure
by [RSY22], many more interesting examples can be manufactured by taking kernels, quotients
and tensor products (see [BRS22, §11.1] for more examples).

The main purpose of this paper is to establish formula (0.1.1) for all 7 € RSCyjs in a new
category which enlarges DM®f (see (0.2)). It is the triangulated category logDM*®? of loga-
rithmic motives introduced by Binda, Park and Ostveer in [BP(22]. Let 1Sm be the category
of log smooth and separated fs log schemes of finite type over k, and 1Cor be the category
with the same objects as 1Sm and whose morphisms are log finite correspondences (see [BP©)22,
Definition 2.1.1]). Let PSh'"™ be the category of additive presheaves of abelian groups on 1Cor
and Shvii,. € PSh'™" be the full subcategory consisting of those F whose restrictions to 1Sm are
dividing Nisnevich sheaves (see [BP()22, Definition 3.1.4]). It is shown in [BP(?22, Theorem 1.2.1]
that Shvlil. is a Grothendieck abelian category, and logDM®T is defined as the localiza-
tion of the derived category D(ShviL. ) of complexes in Shv'i%.. with respect to a O-weak
equivalence, where O is P! with the log structure associated to the effective divisor oo — P!

! This heuristic viewpoint is manifested in [RS21a, Theorem 2].
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(see [BP(22, Definition 5.2.1]).2 It is equipped with a functor M :1Sm — logDM* associat-
ing the logarithmic motive M (X) of X € ISm. Thanks to [BM12, Theorem 1,1}, the standard
t-structure on D(ShvliL, ) induces a t-structure on logDM®? called the homotopy t-structure,
and its heart is identified with the abelian full subcategory CIiL. © ShvliL. consisting of strictly
O-invariant objects in the sense of [BP()22, Definition 5.2.2].> We can now state the main result

of this paper.

THEOREM 0.2 (Theorems 6.1 and 6.3). There exists an exact and fully faithful functor

Log : RSCyys — CIiL.  : F — Fl°8 = Log(F). (0.2.1)
For X € Sm we have a natural isomorphism
HIZ‘\Tis (X’ FX) = I_IOInlogDMelcf (M(X7 tI‘iV), LiFlog [2])’ (022)

where L5 : D(Shvi. ) — logDM®! is the localization functor and (X, triv) is the log scheme
with the trivial log structure.

We remark (see Remark 5.6) that, for F' = QF, F'°8(X) for X € 1Sm whose underlying scheme
is smooth agrees with the sheaf of logarithmic differential forms of X at least assuming ch(k) = 0.4

We now explain the organization of the paper.

In §1 we discuss some preliminaries and fix notation. We recall the definitions and basic
properties of modulus (pre)sheaves with transfers from [KMSY21la, KMSY21b, KSY22, Sai20].
These are a generalization of Voevodsky’s (pre)sheaves with transfers to a version with modulus.
The category MCor of modulus correspondences is introduced. Its objects are pairs X = (X, D),
where X is a separated scheme of finite type over k equipped with an effective Cartier divisor
D such that the interior X — D = X is smooth. The morphisms are finite correspondences on
the interiors satisfying admissibility and a properness condition. Let MPST be the category
of additive presheaves of abelian groups on MCor. A full subcategory MINST C MPST of
Nisnevich sheaves is defined and there is a functor (see §1(20))

wCT: RSCnis — MINST.

For every F' € RSCyjs and X € Sm, it provides an exhaustive filtration on the group F(X)
of sections over X which measures the depth of ramification along a boundary of a partial
compactification of X: for (X, D) € MCor with X — D = X, we get the subgroups F (X,D) C
F(X) with F = w®'F such that F(X,D;) C F(X,Ds) if Dy < Ds.

In §2 we prove as a key technical input an analogue of the Zariski—Nagata purity theorem
[SGA2, X 3.4] for F(X, D) as above. This asserts the exactness of the sequence

F(X| —€)
ecpo F(Xe,€)

where X € Sm and D is a reduced simple normal crossing divisor, and where D(©) is the set of

the irreducible components of D and Y‘hg is the henselization of X at &. In [RS21b] this result

is generalized to the case where D may not be reduced under the assumption that X admits a
smooth compactification.

2 In fact it is defined in [BPQ)22, Definition 5.2.1] as the localization of the homotopy category of complexes in

Shv!{t. with respect to a O-local descent model structure.

3 It is a logarithmic analogue of Voevodsky’s strict A'-invariance.

4 The assumption is necessary to use [RS21a, Corollary 6.8] proved in the case ch(k) = 0. We expect that it can be
dispensed with by using a forthcoming work of K. Riilling extending [RS21a, Corollary 6.8] to the case ch(k) > 0.
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In §3 we review higher local symbols for reciprocity sheaves constructed in [RS21c]. These
are an effective tool with which one can decide when a given element of F/(X) with F' € RSChxjs
and X € Sm belongs to F (X, D) as above. The construction of the pairing depends on pushfor-
ward maps for the cohomology of reciprocity sheaves constructed in [BRS22] (which means that
Theorem 0.2 depends on the result of [BRS22]).

In § 4 we prove the following result. Let MCor{isn be the subcategory of M Cor whose objects
are pairs (X, D) such that X € Sm and the reduced divisor D;¢q underlying D is a simple normal
crossing divisor on X and whose morphisms are modulus correspondences satisfying a finiteness
conditions instead of the properness condition (see § 1(5)). Then, for F' € RSCxjs, the association

Flog : (X, D) - QCIF(X7 Dred)
fin fin

gives a presheaf on MCory", which gives rise to a cohomology theory Hfog(—, Flog ) on MCory",
called the ith logarithmic cohomology with coefficient F (see Definition 4.4). The higher local
symbols for F' play a fundamental role in the proof of the result.

In §5 we prove the invariance of logarithmic cohomology under blowups. Let Afisn be the
subcategory of MCorfg’ whose objects are the same as MCor{isn and whose morphisms are
those p : (Y, E) — (X, D) where E = p*D and p are induced by blowups of X in smooth centers
Z C D which are normal crossing to D (see the beginning of the section). Then, for F' € RSChris
and p:)Y — X in Afgn, we have

p*: Hip (X, F) = H{ (V,F) Vi>0.

In §6 we prove Theorem 0.2, which is a formal consequence of the theorems in §§4 and 5.

1. Preliminaries

We fix once and for all a perfect base field k. In this section we recall the definitions and basic
properties of modulus sheaves with transfers from [KMSY21a, Sai20].

(1) Denote by Sch the category of separated schemes of finite type over & and by Sm the full
subcategory of smooth schemes. For X,Y € Sm, an integral closed subscheme of X x Y
that is finite and surjective over a connected component of X is called a prime correspon-
dence from X to Y. The category Cor of finite correspondences has the same objects
as Sm, and for X, Y € Sm, Cor(X,Y) is the free abelian group on the set of all prime
correspondences from X to Y (see [Voe00]). We consider Sm as a subcategory of Cor by
regarding a morphism in Sm as its graph in Cor.

Let PST be the category of additive presheaves of abelian groups on Cor whose objects
are called presheaves with transfers. Let NST C PST be the category of Nisnevich sheaves
with transfers and let

aYys : PST — NST
be Voevodsky’s Nisnevich sheafification functor, which is an exact left adjoint to the inclu-
sion NST — PST. Let HI C PST be the category of Al-invariant presheaves and put
HInis = HINNST C NST.

(2) Let SmP™ be the category of k-schemes X which are essentially smooth over k, that is, X is
a limit linz I X, over a filtered set I, where X; is smooth over k and all transition maps are
étale. Note that Spec K € SmP™ for a function field K over k thanks to the assumption
that k is perfect. We define CorP™ whose objects are the same as SmP™ and whose
morphisms are defined as [RS21a, Definition 2,2]. We extend F' € PST to a presheaf on
Cor?™ by F(X) :=lim, _ F(X;) for X as above.
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(3) We recall the definition of the category MCor from [KMSY21a, Definition 1.3.1]. A pair
X = (X, D) consisting of X € Sch and an effective Cartier divisor D on X is called a
modulus pair if X — D € Sm. Let X = (X, Dx), Y = (Y, Dy) be modulus pairs and I" €
Cor(X — Dx,Y — Dy) be a prime correspondence. Let I' C X x Y be the closure of T,

and let T — X x Y be the normalization. We say that I' is admissible (respectively,
left proper) if (Dx)gn = (Dy )pn (respectively, if T is proper over X). Let MCor(X,))
be the subgroup of Cor(X — Dx,Y — Dy) generated by all admissible left proper prime
correspondences. The category MCor has modulus pairs as objects and MCor(X,)) as
the group of morphisms from X" to ).

(4) Let MCor);, C MCor be the full subcategory of (X, D) € MCor with X € Sm and |D|
a normal crossing divisor on X.

(5) Let MCor™ ¢ MCor be the full subcategory of the same objects such that
MCorﬁn(X , V) are generated by all admissible finite prime correspondences, where finite
prime correspondences are defined by replacing the left properness in (3) by finiteness. We
also define MCorfiS“ = MCorf® NMCory,.

(6) There is a canonical pair of adjoint functors A\ 4 w:

A:Cor — MCor X — (X,0),

w:MCor — Cor (X,D)— X —D.

(7) There is a full subcategory MCor C MCor consisting of proper modulus pairs, where a
modulus pair (X, D) is proper if X is proper. Let 7 : MCor < MCor be the inclusion
functor and w = wT.

(8) Let MPST (respectively, MPST) be the category of additive presheaves of abelian
groups on MCor (respectively, MCor) whose objects are called modulus presheaves with
transfers. For X € MCor, let Zy(X) = MCor(—,X) be the representable object of
MPST. We sometimes write X' for Z,(X') for simplicity.

(9) In the same manner as (2), the category MCorP™ is defined and F' € MPST is extended
to a presheaf on MCorP™ (see [RS21a, §3.7]).

(10) The adjunction A 4w induces a string of four adjoint functors (A = w', \* = w;, \x =
w* w,) (see [KMSY21la, Proposition 2.3.1]):

|
w
—

MPST —- PST

—
Wy
—

where w),w, are localizations and W' and w* are fully faithful.
(11) The functor 7 yields a string of three adjoint functors (m, 7, 74):
ul

MPST 7~ MPST

Tx
—

where 7, 7, are fully faithful and 7* is a localization; n has a pro-left adjoint 7', hence is
exact (see [KMSY21a, Proposition 2.4.1]). We will denote by MPST” the essential image
of  in MPST.

(12) The modulus pair O := (P!, 00) has an interval structure induced by that of A! (see
[KSY22, Lemma 2.1.3]). We say that F € MPST is C-invariant if p* : F(X) — F(X @ O)
is an isomorphism for any X € MCor, where p : X ® [ — X is the projection. Let CI be
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the full subcategory of MPST consisting of all C-invariant objects and CI” ¢ MPST be
the essential image of CI under 7.
(13) Recall from [KSY22, Theorem 2.1.8] that CI is a Serre subcategory of MPST, and that

the inclusion functor i : CI — MPST has a left adjoint hOi and a right adjoint h% given
for F' € MPST and X € MCor by

hS(F)(X) = Coker(if; — i} : F(X ® O) — F(X)),
hY(F)(X) = Hom(hJ(X), F).

For X € MCor, we write hi(X) = hg'(Z:(X)) € CI, and by abuse of notation we also
write hi (X) for mhg(X) € CT".

(14) For F € MPST and X = (X, D) € MCor, write Fy for the presheaf on the small étale
site Xgy over X given by U — F(Ay) for U — X étale, where Ay = (U, D7) € MCor.
We say that F' is a Nisnevich sheaf if Fiy is also one for all X € MCor (see [KMSY21a,
§3]). We write MNST C MPST for the full subcategory of Nisnevich sheaves and put

MNST™ = MNSTNMPST", CI%, = CI' N MNST" .

By [KMSY21a, Proposition 3.5.3] and [KMSY21b, Theorem 2], the inclusion functor inis :
MNST — MPST has an exact left adjoint ay;s such that ay;(MPSTT) C MINST™. The
functor ay;, has the following description. For F' € MPST and Y € MCor, let Fy nis be
the usual Nisnevich sheafification of Fy. Then, for (X, D) € MCor, we have
aniF'(X, D) = lim  Fy p«p)nis(Y)
fiY—-X

where the colimit is taken over all proper maps f:Y — X that induce isomorphisms
Y —|f*D| = X — |D|.

(15) By [KMSY21b, Proposition 6.2.1], w* and w, from (10) respect MINST and NST and
induce a pair of adjoint functors (which for simplicity we write w, and w*). Moreover, we
have

WaNis = a%isgl'
By [KSY22, Lemma 2.3.1] and [KMSY21b, Proposition 6.2.1a)], for F' € PST, we have

F € HI (respectively, F' € Hly;s) if and only if w*F € CI” (respectively, w*F € CI{;,)-
(16) We say that ' € MPST is semipure if the unit map

u: F— w'wF

is injective. For F' € MPST (respectively, ' € MNST), let [P €¢ MPST (respectively,
FsP € MINST) be the image of F' — w*w,F' (called the semipurification of F'. See [Sai20,
Lemma 1.30]). For F' € MPST we have

anis(FP) = (anis )P

This follows from the fact that ay;s is exact and commutes with w*w,. For F* € MPST"
we have F*P € MPST" since 7 is exact and w*wn = nw*w.

(17) Let CI™P C CI" be the full subcategory of semipure objects and consider the full
subcategory

CIL® = CI™*" N MNST’ C CI%, .
By [Sai20, Theorems 0.1 and 0.4], we have ay;,(CI™*P) C CIg:Y.
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(18) We write RSC C PST for the essential image of CI under wy (which is the same as
the essential image of CI™*P under w; since w; = wyn and w\F = w F*P). Put RSCyjs =
RSC N NST. The objects of RSC (respectively, RSCxy;s) are called reciprocity presheaves
(respectively, sheaves). By [Sai20, Theorem 0.1], we have

axs(RSC) € RSChis. (1.0.1)

We have HI C RSC which also contains smooth commutative group schemes (which
may have non-trivial unipotent part), the sheaf Q° of Kihler differentials, and the
de Rham-Witt sheaves W, (see [KSY16, KSY22)).

(19) NST is a Grothendieck abelian category by [Voe00, Lemma 3.1.6] and we can make
RSCyjs its full subabelian category as follows. We define the kernel (respectively,
cokernel) of a map ¢ : F — G in RSCyjs to be that of ¢ as a map in NST. Here we
need (1.0.1) to ensure that the cokernel of ¢ in NST stays in RSCyjs. By definition, a
sequence 0 — F — G — H — 0 is exact in RSCyjs if and only if it is exact in NST.

(20) By [KSY22, Proposition 2.3.7] we have a pair of adjoint functors

CI

CI “ RSC, (1.0.2)
where w€l = h%w* and is fully faithful. It induces a pair of adjoint functors
wCI
CI" - RSC, (1.0.3)

where W = nhlw* and is fully faithful. Indeed, let F' = nF for ' € CI and G € RSC.
In view of (13) and the exactness and full faithfulness of 7, we have

Homeyr (F,n h%w*G) ~ Homey (F, h%w*G)
~ HomMPST(F, W*G) ~ HomMPST(ﬂF,g*G) ~ Homggc(w F, G).

In view of (15), (1.0.3) induces a pair of adjoint functors
CI1

CIGP * - RSCy. (1.0.4)

2. Purity with reduced modulus

For FF € MPST, we put

F_; = Ker (Homygpgr((P! - 0,00), F) 5 F),

<k

FY = Ker (Homppsr((P*, 0+ 00), F) =5 F)
Note that if F' € CIZP, then F_y, ") € CIZP and
F)(X) = Hommps (g i (P, 0 + 00)°, Homygpgr (Zer (X), F)),
‘ o (2.0.1)
F_1(X) = lim Homyps (hg ap (P, 7 - 0 + 00)°, Homyypgp (Zix (X), F))

n

for X € MCor, where
hoﬁﬁ?s(Pl, n -0+ 00)’ = Coker (Z = Z,(Speck, ) A, hoii\?fs(Pl, n-0+ 00)).
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DEFINITION 2.1. For eq,...,e, € {0,1}, put
T(elv"'veT)F — 7—(67“) e T(el)F

M
where

fOF=F, and +WF=F,/FY,

where the quotient is taken in MPST.

The existence of retractions in the following lemma was suggested by A. Merici. It implies
rlene) e CIGY if F e CIEP.

1)

LEMMA 2.2. For F € Clgissp, the inclusion FEll) — F_1 admits a retraction sg : F_1 — F£1 such
that for any map ¢ : F — G in CI{;Y, the following diagram is commutative:
sk
Fy—— %
l ¢ \L ¢
Sp 1
G4 —— G(_%
In particular, TV F € CI{P if F € CIP.
Proof. In view of (2.0.1), this follows from [BRS22, Lemma 2.4]. O

THEOREM 2.3. Let F € CI{;’. Let K({ti,...,t,} be the henselization of K[ti,...,t,] at
(t1,...,ty,) and X = Spec K{t1,...,t,} and D = {t7*---t&» =0} C X with ey,...,e, € {0,1}.
For a subset I C [1,n] let iy : H — X be the closed immersion defined by {t; = 0}ier and
Dy = {Iljepm_rt;y =0} CH. Then
R”i!HF(X’D) =0 forv#q:=|I, (2.3.1)

and there is an isomorphism

(T(eI)F)(HJ)H) ~ qu!HF(X,D) with e; = (ei)iej € Zqzo. (2.3.2)
Proof. The proof is divided into two steps.

Step 1: we prove (2.3.1) and (2.3.2) for ¢ =|I| = 1. For v =0, (2.3.1) follows from the semipu-
rity of F' and [Sai20, Theorem 3.1]. Thus, it suffices to show (2.3.1) only for v > 1. Let
J={jel,n]|e; #0}and r = |J|. If dim(X) = 0, the assertion is trivial. If = 0, the assertion
follows from [Sai20, Corollary 8.6(3)]. Assume r > 0 and dim(X’) > 1, and proceed by the double
induction on 7 and dim(X’). Without loss of generality, we may assume

(‘) e1 7&0, and H = {tl :O} if H C ’D‘

Let ¢ : Z < X be the closed immersion defined by {t; = 0} and Dz = {t5*---t&" = 0} C Z and
D' = {t5*---t&r = 0} C X. By [Sai20, Lemma 7.1], we have an exact sequence sheaves on X,

0— Flxpy— Fap — L*(Fﬁef))(z,Dz) — 0,

which gives rise to a long exact sequence of sheaves on Hyjs,

(e1)

- — RYiy Fla pry — RViyFlx,py = RVipta(FYY) 200y — - - (2.3.3)
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By the induction hypothesis, R” i!HF( x,py = 0forv > 1.1t H # Z, we have a Cartesian diagram
of closed immersions

HNZ —= H
iHﬁZi \LiH
z s x

and we have an isomorphism
Ry F) (2,p,) ~ tR o2 (FY) (2.0.)-

By the induction hypothesis, RVZ'IHHZ(FS?))(Z,DZ) =0 for v > 1, noting that Fﬁell) € CI{P by
Lemma 2.2. So the desired vanishing follows from (2.3.3). Moreover, the assumptions (#) and
H # Z imply that H ¢ |D|. Then (2.3.2) (with ¢ = 1) follows from [Sai20, Lemma 7.1(2)].

If Z ="H, we have

RV i (F) 200y = B (F) (200,

which vanishes for v > 0. Hence, (2.3.3) gives the desired vanishing together with an exact
sequence

1 . .
0— (Fﬁell))(}LDH) — RIZI!HF(X7D/) — RIZ'!HF(XyD) — 0.
By [Sai20, Lemma 7.1(2)] we have an isomorphism
(F-1)py) = RriseFie )

through which 4 is identified with the map induced by the canonical map Ffell) — F_1. This
proves the desired isomorphism (2.3.2) for Z = H and completes step 1.

Step 2: we prove the theorem by induction on q assuming q > 0. Let I = {i1,...,i4} C [1,n]
and ) C & be the closed subscheme defined by {t;, = 0}. Let iy :  — X and iy y : H — ) be
the induced closed immersions. By step 1 we have R”i!yF( x,p) =0 for v # 1 and we have an
isomorphism

\
(r“F)(y.py) = RliyFiep) with Dy = {t{' -+t - 42 = 0} C I

Note 71)F ¢ CIy? by Lemma 2.2. Thus, by the induction hypothesis, we have
R”i%i7y7'(ei1)F(y7Dy) =0 for v # q — 1. By the spectral sequence

Eg® = Ry, R\ F v p) = R4, Flx p),
we get the desired vanishing (2.3.1) and an isomorphism
Ry Fx,p) = R iy y RYiy Fae py = RT Vi y(1 F) y py)
= (e (1O F)) 4 ) = (7100520 F) oy,

where the third isomorphism holds by the induction hypothesis. This completes the proof of the
theorem. ]

We say that X = (X, D) € MCor is reduced if so is D. The following Corollaries 2.4 and 2.5
are immediate consequences of Theorem 2.3.
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COROLLARY 2.4. Take F' € CI{P and (X, D) € MCor reduced. Let v € X™ with K = k(z)
and let X = X‘Z be the henselization of X at x. Then
H;(XNi&F(X,D)) =0 fori 7& n.
Choosing an isomorphism
€: X ~Spec K{ty,...,t,}
such that Djy = {t{'---t;» =0} C X with ei,...,e, € {0,1}, there exists an isomorphism
depending on €:
0 vz F(a) > HI(Xis, Fix,p))-

COROLLARY 2.5. For F € CI;Y and X = (X, D) € MCory, reduced, the following sequence is
exact:

P(X[t—&,0)

0— F(X,D) - F(X - D,0) — P FIXE
I3

£€eD)
The idea of deducing the following corollary from the above is due to A. Merici.
COROLLARY 2.6. Let X = (X, D) € MCor), be reduced.

(1) Assume given an exact sequence in MINST,

0—H -6 %P, (2.6.1)
such that F,G,H € CIlT\I’iSSp and that wyy is surjective in NST. If X is henselian local, then
0—-HX)—GX)—FX)—0

is exact.

(2) Let~:F — G be a map in CI{;" such that w7y is an isomorphism. Then F(X) — G(X) is
an isomorphism.

(3) For F € CI{P, the unit map u: F — w®w F induces an isomorphism F(X) = w®lw F(X).

Proof. To show (1), it suffices to show the surjectivity of G(X) — F(X). Let n € X be the generic
point and consider the following commutative diagram of the Cousin complexes:

00— HX) — H(p) — D

#(n) l H ()

0——> GX) — Q@) — D Hy(X,Gx)

zeX @)

¥(n) l Hy ()

0—> F(X) —> F() —> @ Hy(X,Fx)

zex @)

yex®@
|

@ Hf((Xv GX)
yEX(Q)

lHi(w)

@ Hy(X, Fx)
yeX(2)

By Corollary 2.4, the horizontal sequences are exact. By the assumption, ¥ (n) is surjective. By
a diagram chase we are reduced to showing the following claim.
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Cram 2.6.1.
(i) For z € X, the sequence
Hy(X,Hxy) — Hy(X,Gx) — Hy(X, Fx)

is exact.
(ii) Fory € X, H2(¢) is injective.

To show (i), by Corollary 2.4, it suffices to show the exactness of 7() H — 7()G — 7(€) F for
e € {0,1}. The case e = 0 follows from the left exactness of the endofunctor Homy;pgr (X, —)
on MNST for any X € MCor. We have a commutative diagram

¢ Y
W — G — sOF

- l o l w pw

sH sa
O — 70 — ;OF

where p, are the projections and s, is a right inverse of p, coming from the retractions from
Lemma 2.2. We have

popy =pao¢, Yopg=proy, ¢osy=sgop, Yosg=spou.
By a diagram chase, the case e = 1 follows from the case e = 0.

To show (ii), by Corollary 2.4, it suffices to show the injectivity of 7(&H — 7(&)G for e €
{(0,0),(0,1),(1,0),(1.1)}. The case e = (0,0) follows from the same left exactness as above, and
the other cases from this case thanks to Lemma 2.2.

To show (2), we may assume X is henselian local. Then it follows from (1).

Finally, (3) follows from (2) since wyu is an isomorphism. This completes the proof of the
corollary. 0O

3. Review of higher local symbols

In this section we recall from [RS21c] the higher local symbols for reciprocity sheaves, which
are a fundamental tool to prove Theorem 4.2, one of the main theorems of this paper. First we
introduce some basic notation. In this section X is a reduced noetherian separated scheme of
dimension d < oo such that X = X(d),

Let K be a field. For an integer r > 0, let KM(K) be the Milnor K-group of K. Let A be a

local domain with the function field K. For an ideal I C A, let fy(A, I) ¢ KM(K) denote the
subgroup generated by symbols

{l—i-a,bl,...,br_l} witha € I, b; € A*.

Let A be a ngetherian excellent one-dimensional local domain with function field I{ and residue
field F'. Let A be the normalization of A and S be the set of the maximal ideals of A. For m € S,
denote k(m) = A/m. Then we define

04 =Y Nmy(myp o0m : KNK) — KM (F), (3.0.1)
mes

where O : KM(K) — KM | (k(m)) denotes the tame symbol for the discrete valuation ring Ay,
the localization of A at m, and Nmy(m)/F is the norm map.
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For x,y € X, we write
y<x:<:>@§m, that is,yemandy;éx.
A chain on X is a sequence
z = (z0,...,2n) withxg <z < -+ < xp. (3.0.2)
The chain z is a maximal Parsin chain (or mazimal chain) if n = d and x; € X ;). Note that the
assumptions on X imply z; € m(l). We denote
mc(X) = {maximal chains on X}.

A mazimal chain with break at r € {0,...,d} is a chain (3.0.2) with n = d — 1 and z; € X;), for
i <7, and z; € X(;41), for i > r. We denote

me, (X) = {maximal chain with break at r on X}.
For x = (wo,...,74-1) € mc,(X), we denote by b(x) the set of y € X, such that
z(y) == (20, -+, Tr—1,Y, Tpy ., Tg—1) € mc(X). (3.0.3)

In the rest of this section we fix F = w©lG € CIyP with G € RSCy;s (cf. (1.0.4)). We also
fix a function field K over the base field k. Let X be an integral scheme of finite type over K and
assume d = dim(X) > 1. Recall from [RS21c, §5] that we have a collection of bilinear pairings
(cf. the convention from §1(9))

{2 xca + FUK(O) © KK (X)) = F(K)} e
The following properties hold for all a € F(K (X)) (see Remark 3.1 below).

(3.0.4)

(HS1) Let X — X’ be an open immersion where X’ is an integral K-scheme of dimension d.
Then, for all 3 € KY(K (X)),
(a,8)x/k2 = (@, B)x' /K -

(HS2) Let z = (zg,...,24-1,74) € mc(X) and Z C X be the closure of 2z = z4_1, and set 2/ =
(20, ...,24-1) € mc(Z). Assume a € F(Ox ;) and let a(z) € F(K(Z)) be the restriction
of a. Then

(@, 8)x/k2 = (a(2),0:8) 7/ for B € Kq' (K (X)),

where 0, : K)Y{(K(X)) — K} (K (Z)) is the map (3.0.1) for A = Ox_..

(HS3) Let D C X be an effective Cartier divisor with Ip C Oy its ideal sheaf. Assume that X\ D
is regular so that (X, D) € MCorP™ and that a € F(X, D). For z = (x¢,...,24-1,24) €
mc(X), we have

—M
(CL, /B)X/K,g =0 for ﬂ € Kd (OX,wd_pIDOXJd_l)-
(HS4) Let 2’ € me,(X) with 0 <r < d— 1. For 8 € K}{(K (X)),
(a,B)x/K2'(y) =0 for almost all y € gg')

Assume that either » > 1 or r = 0, X is quasi-projective, and the closure of z; in X is

projective over K, where 2’ = (x1,...,24). Then
Y (@ B)x/kary) =0
yeb(z’)
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Remark 3.1. Properties (HS1)-(HS4) are slight variants of the (stronger) properties (HS1)-(HS4)
in [RS21c, Proposition 5.3], where the Milnor K-group K} (K gfg) of the iterated henselization

K% » of K(X) along the chain z is used instead of KM(K(X)). The version stated here follows

easily using the natural maps ¢, : K(X) — K ;L(x and the commutative diagram in the situation
of (HS2), -

O
KCIE/I(KQI(,;) - Kg/l—l(Kg@’)

-

EM(K(X)) —2= K} (K(2))

and the commutative diagram in the situation of (HS4),

Kév[fl(KA})l(,g’)

L£I
Ly

K}i\/I(K(X)) - K}ivl—l(K,l)l(,g’(y))

2/ (y)

where 0, (respectively, ¢y) is defined in [RS21c, (4.1.1)] (respectively, [RS21c, (3.2.3)]). We also
note that FE/I(OX@WI ,IpOx 5, ,) in (HS2) coincides with the Zariski stalk at z4_; of the sheaf
Vax|p defined in [RS21c, 4.4].

For a scheme Z over k, write Zx = Z ®y, K. If Zk is integral, we denote by K(Z) the function
field of Zx. We quote the following result from [RS21c, Proposition 7.3]. It is a key tool in the
proof of Theorem 4.2.

PropPOSITION 3.2. Let X € Sm and assume D is a reduced simple normal crossing divisor on X
with Ip C Ox its ideal sheaf. Let U C X be an open subset containing all the generic points of D.
Let a € F(X\D). Assume that, for all function fields K/k and for all x = (xo,...,%4-1,%q) €

mc(Uk) with x4 € Dgg), we have
—M
(CL,,B)XK/K72 =0 for all ,3 e K (OX,xd,pIDOX,xd,l)‘
Then a € F(X, D).

4. Logarithmic cohomology of reciprocity sheaves

For X = (X, D) € MCor),, we write Xpeq = (X, Dred) € MCory,. We say that X = (X, D) €
MCor,, is reduced if X = Xeq.

DEFINITION 4.1. Let F € MPST.

(1) We say that F' is log-semipure if for any X € MCor),, the map F(X;eq) — F(X) is injective.
Note that if F' is semipure, F' is log-semipure (cf. § 1(16)).

(2) We say that F' is logarithmic if it is log-semipure and satisfies the condition that for
X,Y € MCory, with X reduced and a € MCor™ (), X), the image of o* : F(X) — F()
is contained in F'(YVreq) C F().

Let MPST),, be the full subcategory of MPST consisting of logarithmic objects and put
MNST,,, = MNSTNMPST,,,.
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THEOREM 4.2. Any F € CI{;? is logarithmic, that is, CI§;Y C MINST),.
We need a preliminary lemma for the proof of the theorem.

LEMMA 4.3. Let F € CI{;". Let A% = Spec K[z1,...,xy| be the affine space over a function
field K over k and V = Spec K{z1,...,x,} be the henselization of A}, at the origin and L; =
{z; =0} CV fori € [1,n]. For an integer 0 < r < n, the natural map

K{z,41,...,xn}[x1, .. 2] = K{z1,..., 20}
induces a map in MCor?™ (cf. §1(9)):
pri (VLo -+ L) = (A, {12, = 0}) = (AL, 0)%" @ (S,0),
where S = Spec K{x;41,...,2n}. It induces
pr F(Ag {z1- 2, =0}) = F(V,.L1 + -+ + L;). (4.3.1)
Then F(V,Ly + ---+ L;) is generated by the image of p} and

v
FWV,.Li+--+Li+---Ly) fori=1,...,r

Proof. For Y € MCor, let FY € MPST be defined by FY(2) = F(Y ® Z). Clearly, we have
FY € CIY for F € CI;”. We prove the lemma by induction on r. The case r = 1 holds since
by [Sai20, Lemmas 7.1 and 5.9], p; induces an isomorphism

FALO(8)/ FAI(S) = F(V, £1)/F(V).
By definition £; = Spec K{x3,...,z,} and we have a map in MCor?"®,
(V. L1+ + L) — (AL0) @ (L1, L1 N (Lo + -+ Ly),

induced by the natural map K{z2,...,zn}[x1] = K{z1,...,z,}. By [Sai20, Lemmas 7.1 and 5.9],
it induces an isomorphism

FA L B FAO (L B) S5 F(V, Lo+ -+ L) F(V, Lo+ -+ L)
with E =L, N (L2 + -+ £,). By the induction hypothesis, F(4"0) (L1, E) is generated by
v
F(A170)(£1, E;) with E; = LN (Ly---+Lj+---L;) for j =2,...,7 together with the image

of the map
(FAO)YROTT (5) = FALOT () — FANO(£y, B)
induced by
(£17E) - (Agjl’ {1‘2 Ty = O}) = (A170)®T_1 ® (Sa @)
coming from the map K{z,41,...,2n}[x2,..., 2] — K{z2,...,24}. This proves the lemma. O

Proof of Theorem 4.2. By Corollary 2.6(3), we may assume F = w®IG for G € RSCy;s. Take
X = (X,D),Y = (Y, E) € MCor,, with X reduced, and let « € MCorf" (), X) be an elementary
correspondence. We need to show that o*(F(X)) C F(Yreq). The question is Nisnevich local over
X and Y. Hence, we may assume (X,D) = (V,Ly +---+ L;) € MCorP™ in the notation of
Lemma 4.3. If = 0, we have o € MCor((Y, ), (X,0)) by the assumption a € MCor (), X)
so that

a*(F(X)) = o*(F(X,0)) C F(Y,0) C F(Veea).
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Assume r > 0 and proceed by induction on r. By Lemma 4.3, we may then assume
(X,D) =M :=(A',0)®" @ (S,0) for S € SmP™.

On the other hand, by Corollary 2.5, we have an exact sequence

F(Yig - €7 Q))

0 — F(Y, Brea) = F(Y = Eyea,0) = P Vo)
g’

¢eE©)
Hence, we may replace Y with its Nisnevich neighborhood of a generic point £ of E. Using the
assumption that & is perfect, we may then assume the following condition (#). Recall that « is
by definition an integral closed subscheme of (Y — E) x (X — D) finite surjective over Y — F,
and its closure @ in Y x X is finite surjective over Y.

(#) Let Y’ be the normalization of @ and E' := F xy Y'. Then X, Y, E and E' are irreducible,
and o, Y/, Eeq and E/_; are essentially smooth over k.

Let g:Y'—Y and f:Y’ — X be the induced maps. We have E' = ¢g*FE > f*D as Cartier
divisors on Y’ by the modulus condition for «. Hence, these maps induce

F(X,D) L5 F(Y' B 2 F(Y, E).
We claim that o* : F(X,D) — F(Y,E) agrees with this map. Indeed, this follows from the
equality
I'yofI'y=a€ Cor(Y — E,X — D),
where ‘T, € Cor(Y — E,Y' — E’) is the transpose of the graph of g and I'y € Cor(Y’ — E’,
X — D) is the graph of f. By definition this follows from the equality
Ty xyr_plTy=ac (Y -FE)x(X-D)

which one can check easily, noting that Y’ — @ is an isomorphism over « since « is regular
by (#). Then we get a commutative diagram

FY' El )

lg

F(Y', Breq Xy Y') —= F(Y, Ereq)

|- |-

f* *
F(X, D) FIY,E) — "~ F(Y,E)

where the top inclusion comes from the inequality Eyeq Xy Y’ > E/ ; as Cartier divisors on Y’
thanks to the semipurity of F' (cf. §1(16)). Hence, it suffices to show f*(F(X,D)) C F(Y',E!_ ).
By replacing (Y, F) with (Y, E’), we may now assume that « is induced by a morphism f:Y —
X = A" x S. Then « factors in MCor as

(Y, E) — (A 0)*" @ (Y,0) — (A1, 0)°" @ (S,0),
where the first map is induced by the map
i=(prarof,idy):Y — A" XY,
and the second is induced by

idar X (prgo f): A" xY — A" x S.
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Note that ¢ is a section of the projection A" xY — Y. Thus, we are reduced to show-
ing i*(F((A',0)®" ® (Y,0))) C F(Y, Exeq). By Proposition 3.2 this follows from the following
claim. 0

CrLAIM 4.3.1. Take a € F((A',0)®" ® (Y, 0)). There exists an open neighborhood U C Y of the
generic point of E such that for every function field K over k and every 6 = (Jp,...,de—1,0.) €
mc(Ug) with € := 6.1 € E}?) and e = dim(Y'), we have

@)k Vviesis =0y € K¢ (Orieesme)
for the pairing from (3.0.4):
(= =vie/is : FIK(Y)) ® K3 (K(Y)) — F(K).
Proof. After replacing Y by an open neighborhood of the generic point of F, we may assume
that Y = Spec(A) is affine and Ey.q = Spec(A/(7)) for m € A and, moreover, that writing
A" xY =SpecAlzy,..., 1], (AL0)®" @ (Y,0) = (A}, {z1---z, = 0}),
we have
i(Y)= ﬂ {z; —u;m™ =0} with m; € Z>o, u; € A*.
1<i<r
Let 6 = (8o,...,0.) be as in the claim and put & = (8o, ...,0c_1) € mc((Ered)x). Put X =

A" x Y and F = {7 =0} C X. Note d := dim(Xg) = e+ r. Let z; for e <j < d—1 be the
generic point of

Zj: m {Jri—ummi:0}CXK
1<i<d—j
which lies over §.,° and w; for e =1 < j < d — 2 be the generic point of
Wj:FﬁZj_H:{ﬂ'zlblz"-:wd_j_l:(]}

which is contained in the closure of z; 1. Note dim(Z;) = dim(W;) = j and the section ¢ induces
isomorphisms

YK ~ Ze and (Ered)K ~ We—1~ (432)
Let o = (i(0"), we, . . ., Wq—2,M1,V) € mc()gK), where v is the generic point of X lying over 6., n;
is the generic point of Dy = {x; = 0} C Xk contained in the closure of v, and (') € mc(We_1)
is the image of ¢’ under (4.3.2). Take any v € FE/I(OYK,E,mg) and put
upm™mt — xq UpTTT — T M
W"‘.’W} EKd (OXK,V)’ (433)
where : KM(Oy,. 5,) — KM((’)XK ,) is induced by the projection Xix — Y. For ac
F((AY,0)°" ® ( ,0)) and its restriction ax € F((A',0)®" @ (Y, ()), we have
=

aK, )XK/K,o:_ Z (aK’IB)XK/K,(i((S’),we,...,wd_g,r,u)

reXP—{m}
T>Wq—2

= (0K B) Ry /K (806 e oiwvasvza 1)

= £((ar)| 241> B1) Zy 1 /K, (0(5") e 0a—9,201)

5 Although Y is assumed to be irreducible, Yx may not be so and possibly a finite product of schemes essentially
smooth over k, noting that k is perfect.
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U2 — T9 Upw T —

pr = {u(’Y)a xr} € K 1(07, 124 4);

ey
U2 UpTrMr

where ¢ : K}:VI(OYK@) — Kévl((’)zd_hzd_l) is induced by the dominant map Z;_ 1 — Yx induced
by the projection Xg — Yg. The first equality follows from §3 (HS3) applied to D; € X,

noting that 3 lies in FE/I(O , My, ) since (urm™ —xq) /urm™ € 14+ 210, . The second

Xr,m
follows from (HS4). The third equality holds since z4_ is the unique 7 € X}g) — {m} such that
T > wg—o and (a/K’/B)XK/K7(i(5/)7we,--~7wd72,7',1/) may not vanish, which follows from (HS2), noting
that ¢(v)r = 0. The final equality follows from (HS2). When 7 = 1, the last term in the above
formula is equal to ((ax)|v,,7V)vi/K,s by (4.3.2), so that the proof is complete. When r > 1, we
further get

0= ((ar)|2y_1>01) 241 /K (i(5") e 002,70 1)

=— > (@K )12y 15 B1) Zy 1 /K68 w5720 1)

TEZG(ll_>1 —{wd_z}
T>W4—3

= _((aK)\Zd_l s 51)Zd_1/K,(i(é’),we,...,wd_g,zd_g,zd_l)

- i((aK)\Zd—zv 52)Zd—2/K7(i(5’)7we7---7wd—372d—2)’

uzmmd — x3 UpTmT — 2,

LA

Bo = {Q(’Y)a } € Kclz/l—l(ozdfz,zdfz)v

ugmTms3 Up T

where 19 : Ké\/I(OYK’(;E) — Ké\/[(ozd,Q,zd,z) is induced by the dominant map Z;_5 — Yk induced
by the projection Xx — Yx. The above equalities hold by the same arguments as above, except
that for the third equality there are a priori two 7 € Zc(ll_)1 —{wg_9} with 7 > wy_3 for which
(@K )| 241> B1) Z4 1 JK(6(5") e, 0q_s,m,2q1) TAY DOt vanish. One is z4_ and the other is the generic
point 12 of Z;_1 N Dy with Dy = {z9 = 0} C Xk which is contained in the closure of z4 ;.
But ((GK)‘Zd717ﬁl)Zd,1/K,(i((sl)7w5,...7wd737n27zd71) f 0. Indeed, (aK)|Zd71 S F(SpeC<OZd_1mz)ﬂ72)
since Zy_1 and Do intersect transversally in Xy. Hence, the vanishing follows from (HS3)

applied to Z;_1 N Dy C Z4_1, noting that ((ugﬂm2 — acg)/ugwmQ)lZd_l €1+ 290z, |, so that

b1 € Kizv[(Odemz»mm)- Repeating the same arguments, we finally get

0= ((ar) |z, tr(V) z. /K (i(5),20) = ((OK)|vies V)i /K65

where ¢, : K}'(Oy, 5,) = KM(Og,.,) is induced by the isomorphism Z. — Y induced by the
projection Xx — Y and the second equality follows from (4.3.2). This completes the proof of
the claim and Theorem 4.2. O

DEFINITION 4.4. For F' € MNST,,, and an integer ¢ > 0, consider the association

Is

Hi,,(—, F) : MCor[* — Ab ; (X, D) — H'(Xxis, F(x,D,.))-

fin
Is »

By the definition this gives a presheaf on M Cor
with coefficient F'.

which we call the ith logarithmic cohomology
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5. Invariance of logarithmic cohomology under blowups
Retain the notation of §4.

DEFINITION 5.1. Let Afl® be the class of morphisms p: (Y, E) — (X, D) in MCorl® satisfying

the following conditions.

(a) pis induced by a proper morphism p : ¥ — X inducing an isomorphism Y\ E — X\ D and
E =p*D.

(b) Zariski locally on X, p:Y — X is the blowup of X in a smooth center Z C D which is
normal crossing to D.

Here, a smooth Z contained in D is normal crossing to D if, letting Dy,..., D, be the irre-
ducible components of D, there exists a subset I C {1,...,n} such that Z C [);c;D; and Z is
not contained in D; for any j ¢ I and intersects ) el D; transversally. Note that the condition
is equivalent to that called strict normal crossing in [BP©¥22, Definition 7.2.1].

THEOREM 5.2. For F € CIY and p:Y — X in A" we have
p*: Hip (X, F) = H{ (V,F) Vi>0. (5.2.1)

Proof. Write Y = (Y, E) and X = (X, D). First we prove the theorem for i = 0. We may assume
that D is reduced and F = p*D. By [KMSY21a, Proposition 1.9.2b)], p is invertible in MCor,
so that p* : F(X) = F()). Since this factors through F(Y, Eyeq) by Theorem 4.2, we get (5.2.1)
for ¢ = 0.

To show (5.2.1) for i > 0, it suffices to prove Rip*F(y’ Freq) = 0. The problem is Nisnevich
local, so we may assume that p is induced by a blowup p:Y — X in a smooth center Z C D
normal crossing to D. By [KS21, Corollary 9], Nisnevich locally around a point of Z, (X, D) is
isomorphic to

(A L+ +L,)®W with W = (W,W™) € MCor,,,

where A€ = Speck][t1,...,t.] with ¢=codim,(Z,X) and L; =V (t;) for i=1,...,r with
1<r<¢ and Z corresponds to 0 x W. Hence, the theorem follows from the following
proposition. ]

PROPOSITION 5.3. Let F € CI{Y and W = (W, W) € MCory,. Let A™ = Speck|t1,...,ty]
and put L; =V(t;) for 1 <i<mn. Let p:Y — A" be the blowup at the origin 0 € A" and
L; CY be the strict transforms of L; for 1 <i<n and E = p~1(0) CY. For any 1 <r <n, we
have

RipW*F(YLH‘_MWE)@W =0 fori>1, (5.3.1)
where py = p xidy Y x W — A2 x W.
LEMMA 5.4. Proposition 5.3 holds for n = 2.

Proof. The case r =1 is proved in [BRS22, Lemma 2.13] and we show the case r = 2.5 Put
D = Ly + Ly. By the case ¢ = 0 of Theorem 5.2, we get

Fazpyew = pw«Fy i 4 iosmyow: (5.4.1)
Set

F = Fy iy bt Byow

6 The following argument is adopted from [BRS22, Lemma 2.13], but the present case is easier.
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and A%, = A2 x W with the projection p: A%, — W. Since Ripw.F for i > 1 is supported in
0 x W, we have
Rpw.F =0 <= p.Rpw.F =0
— (p*RipW*f)w =0 YweW
— H(Ajy, ,R'pw.F) =0 YweW,

where W, is the henselization of W at w. Hence, it suffices to show H O(A%,V,Ripw*]:) =0,
assuming W is henselian local. Then we have

HI (A%, Ripw.F) =0, Vi, j>1.

By (5.4.1) and [BRS22, Lemma 2.10],

H'(Afy, pwsF) = Hi(AIQ/I/7F(A2,D)®W) =0.
Thus, the Leray spectral sequence yields

H(AY,, R'pw.F) = H(Y x W, F), i>0,
and we have to show that this group vanishes for ¢ > 1. We can write

A? = Speck[z,y] and L;=V(z), Ly =V(y) C A%

Then we have

Y = Projk[z,y][S, T]/ (=T — yS) C A? x PL.
Denote by

m: Y « A? x P! — P! = Proj k[S, T|

the morphism induced by projection, and let 7 : Y x W — PIl/V be its base change. Then
induces an isomorphism E ~ P!, and we have

Ly =751 (0), Lo =my(c0). (5.4.2)
Set s = S/T = x/y and write
P!\{co} = Al := Speck[s], P'\{0} = Spec k[L].
Set U := Al x W, V := (P\{0}) x W and
U:=ALoyew, v.=PH\{0},0)aW.
We have
N U)=A,xU, 7 (V)=A,xV,

and the restriction of 7 to these open subsets is given by projection. Furthermore, E x W C Y
is defined by y = 0 on 7~ 1(U) and by z = 0 on 7~ }(V). In view of (5.4.2), we have

Fierwy = Fayoeus  Fla-1v) = Fla0ev- (5.4.3)
Thus, [BRS22, Lemma 2.10] yields
Rin,F=0 forj>1,

and it remains to show

H'(Pl,,mF) =0 fori>1, (5.4.4)
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where PIl/V = P! x W. For this consider the map
ag:Y — Al x P!

which is the closed immersion Y < A? x P! followed by the projection A2 — Al. Let a:Y x

W — Al x P! x W be its base change. In view of (5.4.2), the map a induces a morphism in
MCor,

a:(Y,Li+Ly+E)@W — (A},0) @ (P',00) @ W,
which is an isomorphism over (Al,0) ® (P*\{0},00) ® W. Setting
Fy := Hom(Z,(A},0), F) € CIGY,
it induces a map of Nisnevich sheaves on Py,
T (a®) 1 F1 p1 soyow — M F

which becomes an isomorphism over (P! — {0}) x W. Hence, (5.4.4) follows from

H' (P, Fi (p1 oo)ew) =0 for i > 1,
which follows from [Sai20, Theorem 0.6]. O

LEMMA 5.5. Let N > 2 be an integer and assume that Proposition 5.3 holds for n < N. Let
(X,D) € MCor), and Z C X be a smooth integral closed subscheme with 2 < codim(Z, X) =:
¢ < N. Assume

D=Di+---+D,+ D" withr<ec,
where D1, ..., D, are distinct and reduced irreducible components of D containing Z, and D' is
an effective divisor on X such that none of the component of D’ contains Z and Z is transversal

to |D'|. Let p: Y — X be the blowup of X in Z, let D; and D' C 'Y be the strict transforms of
D; and D' respectively, and let E; = p~1(Z). Then, for all W = (W, W) € MCor,,

RlpW*F(Kﬁl+“‘+DT+EZ+D/)®W - 0 fori Z 17
where pyy : Y x W — X x W denotes the base change of p.

Proof. This proof is adapted from [BRS22, Lemma 2.14]. The question is Nisnevich local around
the points in Z x W. Let z € Z x W be a point and set A := O;’(sz. For V.CY xW, we
denote V() :=V xxxw Spec A. By assumption we find a regular syst7em of local parameters
t1,...,ty of A, such that

(DZ’ X W)(z) = V(tl) for 1 <1< r, (Z X W)(z) = V(tl,. . .,tc),
(D' x W)y = V(ted - ) with ¢+ 1 < mgp < m,

(X X WOO)(Z) = V(t%%:ll <o tml) with mg < m; <m.

Letting K be the residue field of A, we can choose a ring homomorphism K < A which is a
section of A — K. Then we obtain an isomorphism

K{t1,...,tm} — A.
Let py : Ac — A° be the blowup in 0. By the above,
pw:(Y,Di+---4+D,+E;+D)W — (X, D)W
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is Nisnevich locally around z isomorphic over k£ to the morphism

(A L1+ + L, +E)@W — (A L1+ -+ L)@ W,

(= (e (117)))

induced by a map (;AVC, Li+--+L,+E)— (A%, L +---+ L,) as in Proposition 5.3. Hence,
the statement follows from the proposition for n = ¢ < N. O

Proof of Proposition 5.3. The proof is by induction on n > 2. The case n =2 follows from
Lemma 5.4. Assume that n > 2 and that the proposition is proven for A™ with m < n. Forr =1,
Proposition 5.3 is proved in [BRS22, Theorem 2.12]. Assume that » > 2. Let Z := L1 N Ly C A"
and Z C Y be the strict transform of Z. Denote by p/ : Y’ — Y the blowup of Y in Z, let
L),E' CY’' be the strict transforms of L, E respectlvely, and let E" = (p \=1(Z). Note that
Z L1 N Ly intersecting transversally with L + - - - + L, + E and codim(Z,Y") = 2. Hence, by
Lemma 5.5,

N ~ - o .
R pW*F(Y/,L/1+---+L;+E'/+E”)®W =0 for: > 1.

Since Theorem 5.2 has been proved for ¢ = 0, we have
/ — ~ ~
p*F(Y',i’l+~~+E;+E’+E”)®W - F(Y,L1+~--+LT+E)®W'

Hence, we obtain
Rsz*F(Y7E1+...+ET+E)®W = RZ(pp/)W*F(Y’,E’l+~~~+E;+E’+E”)®W' (551)

Denote by o : Y — A" the blowup in Z, let L; CY be the strict transform of L;, and let
Z=0"1Z). By Lemma 5.5 we get

RiO'W*F

Vit Eotm)ew = 0 for i > 1. (5.5.2)

Denote by o’ : Y/ — Y the blowup in Z = o~ 1(0) C E, let L}, & C Y’ be the strict transforms
of Lj, E respectively, and let 2" = o'~ 1(Z). Note that Z € L3N ---N L, N E and codim(Z,Y) =
n—1 and Z intersects transversally with L1 + Lg Thus, by Lemma 5.5 and the case i = 0 of
Theorem 5.2, we obtain

RU{’V*F(Y”i’l+--~+H+E’+E”)®W =5 byttborm)ow: (5.5.3)
Finally, by [BRS22, Lemma 2.15], there is an isomorphism of A" x W-schemes
' L,... L2 8)=x"L,. . L., E E". (5.5.4)
Altogether we obtain, for 7 > 1,
Row-Fiyiyrotiprmaw = B 0P W Fyr i st i e by (5.5.1),
= Ri(UU/)VV*F(Y/’L’I+---+DT+E/+E”)®W7 by (5.5.4),
= RiUW*F(Y,£1+-~+D+E)®W7 by (5.5.3),
=0, by (5.5.2).
This completes the proof of the proposition. O
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Remark 5.6. For simplicity, we write
H,, (=, F) = Hj (—,w°F) for F € RSCx.
By [RS21a, Corollary 6.8], if ch(k) = 0 and F = ¢, we have
Hf'og(—,Qi) = H'(X,Q(log|D|) for (X, D) € MCor,.

Hence, Hliog(—,F ) for F' € RSCljs is a generalization of cohomology of sheaves of logarithmic
differentials.

6. Relation with logarithmic sheaves with transfers

In this section we use the same notation as [BP()22].

Let 1Sm be the category of log smooth and separated fs log schemes of finite type over the
base field k¥ and SmlISm C 1ISm be the full subcategory consisting of objects whose underlying
schemes are smooth over k. Let 1Cor be the category with the same objects as 1Sm and whose
morphisms are log correspondences defined in [BP(?)22, Definition 2.1.1]. Let 1Corgmism C 1Cor
be the full subcategory consisting of all objects in SmISm.

Let PSh'"™ be the category of additive presheaves of abelian groups on 1Cor and Shviff\ﬁs C
PSh'" be the full subcategory consisting of those F whose restrictions to 1Sm are dividing
Nisnevich sheaves (see [BP(022, Definition 3.1.4]). It is shown in [BP©¥22, Theorem 1.2.1 and
Proposition 4.7.5] that Shvi, is a Grothendieck abelian category and there is an equivalence
of categories

Shvii. ~ ShviL. (SmISm), (6.0.1)

where the right-hand side denotes the full subcategory of the category PSh'*(SmlSm) of addi-
tive presheaves of abelian groups on 1Corgmism consisting of those F whose restrictions to
SmlSm are dividing Nisnevich sheaves.

We now construct a functor

Log : MNST,,, — Shv{i{y,. (6.0.2)

For X = (X, M) € SmISm, we put XM" = (X,0X%), where 0X C X is the closed subscheme

consisting of the points where the log structure M is not trivial. By [BP©®22, Lemma A.5.10],
%MP

0X with reduced structure is a normal crossing divisor on X, so that we can view as an
object of MCory,. For F' € MPST),, and X € SmlSm, we put

Flog(x) = F(xMP). (6.0.3)
Take 2 € SmlSm and « € 1Cor(9), X). By [BP022, Definition 2.1.1 and Remark 2.1.2(iii)], we

have
o € MCor™((Y,n - 99), (X,0%)) for some n > 0,

where n- 0% — Y is the nth thickening of 92) < Y. By the assumption F' € MPST,,, the
induced map

Flos(x) = F(XMP) 25 P(Y,n - 09)
factors through F'°8(9) = F(Y,02) C F(Y,n -92) and we get a map
o log . Flog(%) N Flog(@).
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Moreover, for a map v : F' — G in MPST),, the diagram

log 7 log
FO8(X) —— G8(X)

\L ot log \L o log

FR5(Y) ——= G5(Y)

is obviously commutative. Hence, the assignment X — F'°8(X) gives an object F'°% of
PSh'" (SmISm) and we get a functor

Log : MPST,,, — PSh'""(SmlSm), F — F'%. (6.0.4)

By the definitions of sheaves ([KMSY21a, Definition 1], [BP?22, Definition 3.1.4] and [KMSY21a,
Proposition 1.9.2]), this induces a functor

MNST,,, — Shv{ji;(SmlSm)

which induces the desired functor (6.0.2) using (6.0.1). By the construction, for F' € MINST,,
and X € SmISm with X = XMP € MCory,, we have

Hio(X, Fx) = Hlnio (X, F'°8) (F'% = Log(F)), (6.0.5)

where the right-hand side is the cohomology for the strict Nisnevich topology (see [BP()22,
Definition 4.3.1]).

THEOREM 6.1. For F € CI{SP, F'°8 = Log(F) € Shvlik,, is strictly O-invariant in the sense
of [BP?22, Definition 5.2.2]. For X € SmISm with X = XM" € MCory,, we have a natural
isomorphism

Hio (X, Fi) =~ Homyg pypern (M (), FI8[i]), (6.1.1)

where logDMelof is the triangulated category of logarithmic motives defined in [BP()22,
Definition 5.2.1].

Proof. Let %Sﬁ} be the category of log modifications ) — X such that P € SmISm (see [BP(22,
Definition A.11.12]) and %g{ﬂsc - %gﬁ} be the full subcategory given by those maps ) — X
that are isomorphic to compositions of log modifications along smooth centers (see [BP()22,
Definitions 4.4.4 and A.14.10]). We have isomorphisms

(6.05) . (+1)

HIZ‘\HS(X’ FX) = sNis(:{a Flog) hi)l’l H;Nis(g.)aFlog)

2)6 :{S m

divsc

*2 . *3 .
Dt @, 7o) L) i (x, Foe),

S
Vexin

where (%2) follows from [BP©?22, Corollary 4.4.5] and (x3) from [BP©¥22, Theorem 5.1.8], and
(x1) is a consequence of Theorem 5.2 in view of (6.0.5) and the fact that a log modification of
X = (X, M) € SmISm along smooth center is induced Zariski locally by a blowup of X in an
intersection of irreducible components of 9X so that it corresponds to a morphism in A{isn from
Definition 5.1.

Hence, the strict O-invariance of F'°8 follows from [Sai20, Theorem 0.6]. Finally, (6.1.1)
follows from [BP(22, Proposition 5.2.3]. O
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We now consider the composite functor
CI L
Log' : RSCyis — CIZP =% CIiL,.,

where CIi%. C Shvli%. is the full subcategory consisting of strictly C-invariant objects. By
BM12, Theorem 5.7], CI%.. is a Grothendieck abelian category.
dNis

LEMMA 6.2. Log and Log' have the same essential image.

Proof. This follows directly from the construction and Corollary 2.6(3). O
In what follows, we let
Log : RSCyjs — CINL. : F — Fl°8 (6.2.1)
denote Log' defined as above. By (6.0.3), we have
Fo8(X triv) = F(X) for F € RSCyi, X € Sm, (6.2.2)

where (X, triv) denotes the log scheme with the trivial log structure.

THEOREM 6.3. Log is exact and fully faithful.

Proof. First we prove the full faithfulness. Faithfulness follows from (6.2.2). Let F,G € RSChnis

and v : F1°8 — G'°% he a map in Shv'i%. . By (6.2.2) it induces maps vy : F(X) — G(X) for all

X € Sm. They are compatible with the action of Cor since by [BP(?22, Example 2.1.3(3)],
Cor(Y, X) =1Cor(Y, triv), (X, triv)) for X,Y € Sm.

Thus, vx for X € Sm give a map Yrscy,, : ' — G in RSCxis. To see Log(Yrscy.) =7, it
suffices by (6.0.1) to show that Log(YrRscy,, ) and v induce the same map F°8(X) — G°8(X) for
X € SmISm. If X has the trivial log structure, this follows immediately from the construction
of yrsc. The general case follows from this in view of the commutative diagram

Flog(x) 7 Glog (x)

| |

Flo8(X\0X, triv) SN G°8(X\OX, triv)

where j* are induced by the natural map (X\0X, triv) — X of log schemes and are injective by
the construction and the semipurity of wCIF. This completes the proof of the full faithfulness.
Next we show the exactness of Log. It suffices to show the following claim.

CLAIM 6.3.1. Given an exact sequence 0 — F — G — H — 0 in RSCyjs, the induced sequence
0 — F'8(%X) — G8(%X) — H'°5(%) — 0
is exact for every X € SmlSm with X henselian local.
Indeed, by the definition of Log, this is reduced to the exactness of
0 — QCIF(:{MP) _ QCIG(%MP) N QCIH(:{MP> N O7
which follows from Corollary 2.6(2). This completes the proof of Theorem 6.3. O
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