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Abstract

The spherical functions of triangle buildings can be described in terms of certain two-dimensional orthog-
onal polynomials on Steiner’s hypocycloid which are closely related to Hall-Littlewood polynomials.
They lead to a one-parameter family of two-dimensional polynomial hypergroups. In this paper we
investigate isotropic random walks on the vertex sets of triangle buildings in terms of their projections
to these hypergroups. We present strong laws of large numbers, a central limit theorem, and a local
limit theorem; all these results are well-known for homogeneous trees. Proofs are based on moment
functions on hypergroups and on explicit expansions of the hypergroup characters in terms of certain
two-dimensional Tchebychev polynomials.
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1. Introduction

In this paper we transfer some Timit theorems on isotropic random walks on homoge-
neous trees to triangle buildings, that is, thick locally finite buildings of type A,. To
explain the results of this paper, we first recapitulate a method to analyze isotropic
random walks on certain graphs; we then specialize this approach to homogeneous
trees and triangle buildings.

Let T be the vertex set of some locally finite, connected, and undirected graph,
which carries the usual metric d. Assume there exists a closed subgroup G of the
automorphism group of (I", d) (which carries the compact-open topology) such that G
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acts transitively on I'. Then G is a totally disconnected locally compact group, the
stabilizer H, C G of any e € T" is a compact open subgroup, and we may identify
the discrete spaces G/H, = {gH. : g € G} and I'. Moreover, the discrete orbit
space ' := {H,(x) : x € '} may be identified with the discrete double coset space
G//H, := {H.gH, : g € G}. Let wy, € M'(G) be the normalized Haar measure
of H,. Then the space

My(G||H,) .= {u € My(G) : wy, * P *x wy, = 1)

of all H,-biinvariant bounded signed measures on G is a Banach *-subalgebra of
M, (G) with the convolution as product and the total variation norm as norm. More-
over, M,(Gl||H,) is isometrically isomorphic with the space M,(G// H.,) of all bounded
signed measures on G//H, ~ I'. Via this isomorphism, M,(G//H,) receives a
canonical Banach *-algebra structure with a convolution which admits almost all
properties of a group convolution. More precisely, (G//H,, *) is a discrete hyper-
group in the sense of Dunkl, Jewett, and Spector; for details on hypergroups see the
monograph [BH]. In particular, the convolution on M,(G//H,) is probability pre-
serving. The hypergroup structure on G//H, can be used to analyze isotropic random
walks on I'. A homogeneous Markov chain (X,).»o on I' starting at some vertex
e € I" will be called an isotropic random walk if

(L.1) P(Xor1 =x | X, =y) =P(Xp1 = g(x) | X» = 8(y))

forallx,y e I', g € G,n > 0. As all X, are uniformly distributed on all H,-orbits,
no information on the distributions of (X,),>¢ is lost under the projection

n:T~G/H, » G//H, ~ T,

More precisely, (Y, := m(X,))q>0 is a homogeneous Markov chain on G//H,, and
there exists a unique probability measure u € M'(G//H,) such that

(1.2) P(Y,sy=x|Y,=y)=uxé,(x}) forx,ye G//H,, n>0,

where §, denotes the point measure in y. In other words, (Y,).»¢ is a random walk on
the hypergroup G//H,. Clearly, Y, has the distribution 1", the nth convolution power
of u with respect to x. If G//H, admits ‘sufficiently nice features’, it will be possible
to derive limit theorems for (Y,),-0, Which can be regarded as limit theorems for
(X )axo0. In particular, if the convolution on G//H, is commutative (that is, (G, H,) is
a Gelfand pair), then one can use the spherical Fourier transform (that is, the Fourier
transform on the commutative hypergroup (G//H,, ¥)) to obtain limit theorems for
(Y.)n»o. This is in particular the case for the examples considered in this paper.
Assume now that I" is the vertex set of a homogeneous tree of valency g + 1 with
q = 1. Fixsome e € T". Then two vertices x, y € I' are contained in the same H,-orbit
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if and only if d(x, ¢) = d(y, e) holds. We hence may identify G//H, ~ ' with
No = {0, 1,...}. Moreover, simple counting shows that the hypergroup convolution
of point measures on Ny is given by
mAn—1
q-—1 q
(1.3) 8 *8p = ———————0jn-n + ————8imnit2t + ——8mtn
(g + Dgre=t7m™ ; (g + Dgme=k T g

for m, n € N; see [V1]. Notice that §,, * §, are probability measures for all m, n € Ny
and g > 1. In particular, the convolution * is commutative, and the spherical functions
of I can be described in terms of Bernstein-Szegd polynomials which are given by
Cl(x) =1 and, forn € N,

\ 2 1
(1.4) Cl(x) = qﬁx, Cl(x)Clx) = E‘i—lcffﬂ(x) + mCZ-n(x)-

These polynomials are orthogonal on [—1, 1] with respect to the weight function

V1 —x? qg+1
1.5 = —— ith = —
(1.5) wy(x) wi Xgq Wi

x2—x?
for details see [AW, BH, V1]. Notice that for g = 1 we have I' >~ Z and the C} are the
Tchebychev polynomials of the first kind, that is, C(cos?) = T,(cost) := cos(nt).
Moreover, (1.4) yields that

> 1;

1 1
(1.6) Cix) = W . (Un(x) - E n—Z(x)) (n>2,x €R),

where the U, (cost) := sin((n + 1)¢)/sin(¢) are the Tchebychev polynomials of the
second kind; see [AW, L2]. Most data of the commutative hypergroup (Ny, %) can
now be determined in terms of C?: The dual space

N\o = {a € Cp(Ny) : «R-valued and §,, * §,(a) = a(m)a(n) for m, n € Ny}
N
(C(Np) being the space of all bounded C-valued functions on Np) is
No = {o, 1 x € [—x4,x,], a,(n) = Cl(x) for n € Ny},

after identification of [—x,, x,] and @0, the Plancherel measure is w, (x)dA|_; 1)(x)
with A|;_; the Lebesgue measure on [—1, 1] and w, as in (1.5). Moreover, x,
corresponds to the trivial character; for further details on polynomial hypergroups see
[BH]. One can now use Fourier analysis to derive limit theorems for random walks on
(No, *). In particular, moment functions in the sense of Zeuner [Z1, Z2] were used in
Voit [V1, V2, V3] to derive limit theorems for quite general polynomial hypergroups
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which cover the examples above. Similar limit theorems for homogeneous trees were
given earlier by Sawyer [Sa]. Moreover, using asymptotic results for C? at x, based
on (1.6), Lindlbauer [L2] gave a central limit theorem for random walks on (N, *)
together with Berry-Esseen type rates of convergence.

In this paper we transfer the Fourier analytic approach above to triangle buildings.
We do not need formal building theory here and refer to [B, CMSZ, R, T] for details.
Informally, a triangle building A is a simplicial complex consisting of vertices, edges,
and triangles, where any two triangles are connect by a gallery of triangles. The
vertices and edges form a graph which is assumed to be locally finite. Let I be the
set of vertices; then each v € I has a type 7(v) € {0, 1, 2} where each triangle has a
vertex of each type. Thickness implies that each edge belongs to the same number of
triangles. We denote this number by g + 1 and call ¢ the order of A. Unlike the tree
case, A is not determined uniquely by g; see Tits [T].

Now take two vertices u, v € I". Then there is a subcomplex A of A withu,v € A
such that A is isomorphic to a euclidian plane tessellated regularly by equilateral
triangles. Moreover, there are unique m, n € Ny and rays (4o = u, u, ... , u,) and
(ug = u, uy, ..., ) in A with d(u,, v) = m, d(u, v) = n, and with t(u;y,) =
t(u;) + 1 (mod 3) and t(u;,,) = t(u;) — 1 (mod 3) for i > 0. Furthermore, m and
n are independent of A. Hence, for u € I" and m, n € N, the set S, ,,(4) consisting
of all v € I" with the properties above is well defined. Moreover, v € S, (1) is
equivalent to u € S, ,(v). Let G,, be the group of all ‘type-rotating’ automorphisms
of I, that means for each g € G,, thereis a ¢, € {0, 1, 2} with t(g(u)) = t(u) + ¢,
(mod 3) for all u € I'. Then the stabilizer subgroup H, of any fixed vertex e acts
on each S, ,(e). If G,, acts transitively on I" and H, acts even transitively on each
S».m{€) (which is the case in the examples discussed below), then the results mentioned
above imply that isotropic random walks on I" can be analyzed by considering their
projections which live on the associated hypergroup structures on

(1.7) Gu//He ~ (Syme) : n,m € No} = N2.

In [CM], it was shown that, with no assumptions on G,, and H,, any triangle building
A gives rise to a hypergroup structure on Ng (the A,, , in [CM] correspond to (m, n) €
N(z,). In this context, an isotropic random walk on the vertices is defined to be one for
whichP(X,,, =y | X, = x) =: p,(x, y) depends only on the ‘coordinates’ of y with
respect to x. Thatis, if y € §,,(x) and v € §,,(u), then p,(u, v) = p,(x, y). It was
checked in [CM, MZ] that these hypergroups are commutative, and their dual spaces,
Haar measures, and Plancherel measures were determined. We use these results to
derive limit theorems for random walks on these hypergroups. For this, we recapitulate
several results of [CM, MZ] in the next section in the language of hypergroups. In
particular, we identify the hypergroup characters as orthogonal polynomials in two
variables which are orthogonal with respect to certain measures on the compact region
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Z, C C bounded by Steiner’s hypocycloid. These polynomials are closely related
to the Hall-Littlewood polynomials studied in [Mac2], and it follows from a result
of Miller Maley [M] that the orthogonal polynomials above, which depend on the
parameter g, actually generate polynomial hypergroups for all g € R withg > 1. The
results of this paper therefore hold for all ¢ € R with ¢ > 1 (where the limit case
q = 1 has to be treated separately sometimes).

In Section 3 we introduce 2-dimensional Tchebychev polynomials of the first and
second kind whose orthogonality measures are supported by Z,. These polynomials
are part of a more general class of ultraspherical polynomials studied by Koornwinder
[Kw]. We present expansions of our hypergroup characters in terms of these polyno-
mials. These expansions will be crucial for some asymptotic results which finally lead
to a central limit theorem in Section 6. Proofs of this central limit theorem as well as of
the strong laws of large numbers in Section 5 will be based in this paper on the concept
of moment functions on hypergroups developed by Zeuner [Z1, Z2]. We study these
moment functions in Section 4. In Section 5 we present a local central limit theorem
for random walks on triangle buildings; a similar result for homogeneous trees can be
found in [P]. We also mention a central limit theorem in [BG] for random walks on
N2 associated with disk polynomials.

We finally present examples of triangle buildings from [B, R] for illustration: Let g
be a prime power and F a local field with residual field of order ¢ and valuation v. Let
0 :={x € F:v(x) >0}and w € € with v(w) = 1. Let L be a lattice in V := F?,
that is, an &-~-submodule of V of the form {Z?=l a;v; : a; € O}, where {v;, v,, v3} is
an F-basis of V. Lattices L, L’ are called equivalent if L’ = ¢L for some ¢t € F. The
associated equivalence classes [L] will form the vertices of a building A ¢, where the
triangles consist of distinct vertices [L,], [L,], [L;] satisfying L, D L, D L3 D wL,.
Then G := PGL(3, F) acts on Ay by left multiplication in a type-rotating way,
and the stabilizer H, of any vertex e € I'r acts transitively on all S, ,.(e); see [CM,
Section 2]. Further examples of triangle buildings with prime power orders are given
in [CMSZ]. It is a long-standing open problem whether examples exist for ¢ not a
prime power.

A major part of this paper consists of the thesis [L1]. The research for this
thesis was carried while the the first author held a research position at the GSF-
Forschungszentrum fiir Umwelt und Gesundheit.

The authors would like to thank Don Cartwright and an anonymous referee for
some valuable hints. Don Cartwright in particular informed us about the connection
of the polynomials in this paper to the Hall-Littlewood polynomials, which leads to
the positivity results in Remark 2.3. After submission of the paper, we learned about
the paper [CW] which contains similar limit theorems for buildings of type A,,.
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2. Polynomial hypergroups associated with triangle buildings

Let A be a triangle building of order q. As explained in the introduction, this gives
rise to a hypergroup (N2, x) which has the following properties by [CM]:

PROPOSITION 2.1. The commutative hypergroup (N2, x) has identity (0, 0) and in-
volution (m, n)~ = (n, m) for m, n € Ny. The Haar measure w with w({(0,0)}) =1
is given by w({(m, n)}) = N, , with

Nog =1, Nmo = Now :=(q" + g + 1)g*"V,
Nun = (q" + ¢+ D@ + g™ P> (m,n2 1),

Moreover, the convolution of point measures on (N2, %) satisfies

o * 80,0 = e (@ + Dbamy + S0n-y) »
Sm.0) * 8.0) = pryp—— (@*8m+1.00 + (@ + Ddmory)
o Sm.my * 8010y = m (%8m+1.my + AOm-t.nsty + Simnny)
Sim0y * 801y = prp—— (@ + @dm1y + 8m-109) »
Som * 801 = Fratl (@80t + (@ + Ddany) .
S(mmy * 80,1y = 1 (@*8mns1y + @8imsrn-1) + Sm-r.m)

> +q+1
form,n > 1.

Induction on m + n shows that (2.1) determines the hypergroup convolution
uniquely, and that the Banach algebra M,(N}) of all bounded measures on N2 is
the closure of the subalgebra generated by 8(1.0) and (0.1). Therefore, multiplicative
functions f on (N2, x), which satisfy

Bmmy *8un)f)=f(m,n) - fk, 1) forall k,1,m,n € Ny,

are determined uniquely by their values at (1, 0) and (0, 1). It was in fact shown in
[CM, MZ] that for each z, w € C, there exists a (unique) multiplicative function f, ,,
with

q q
22 w(1,0) = ————2z and w0 1) = ———
€D Sl 0= FewO ) = o
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(where the normalization constant is irrelevant, but useful in view of later representa-
tions of these functions). By (2.1), the mappings

(z,w) = foulm,n) = C (z,w) (z,we Ny

satisfy the recurrence relations

Cg.n CfO = ((qZ + Q)C;I,, + Cg.n—l) ’

g’ +q+1

1
CroClo= Tm (@Crrio+ @+ DCi_y ),

Ci Cly= c. Con-1)
(2 3) m.n 1,0 q2+q+1 (q m+ln q m—1,n+1 + m,n—l)
) 1
.Gl = ——((4* c! c? ,
mot01 = (@ +DCai + Caio)
1
G.Coi = Fratl (°C e + (@ + 1)L, 1),
1
Cq C’l =————( an+l+qcm+ln I+Cm ln) (m,nZl)

m,n 0,1 qz + q _+_ 1
Induction on m + n shows that for m, n € Ny, C7  is a polynomial in z, w of degree
m+n having the form C7, , (z, w) = ¢} ,z"w" +p} ,(z, w) withdegp? , <m+n—1
and, form,n > 1,
qg __ 9 — 1 q —_ 1

m0 — ¢ m — s Cmn - —. .
DT T gm=2(g2 + g + 1) " gmini(g2 4 g) (g2 + g+ 1)

The C? , were constructed in [CM]. To describe this construction, put

S = {s = (51,52, 85) € C: 5158 = 1}.
Then the continuous mapping
(2.4) T:S— C, s> (2(s), w) = (s, +5,+55,5" +57" +57)

is onto (notice that for z, w € \C the polynomial X* — zX? + wX — 1 € C[X] has
Zeros sy, 52, $3 with s = (s, 52, 53) € S and z = z(s) and w = w(s)). Moreover, let
S be the group of all permutations of {1, 2, 3},

1

(@+D@*+q+1)’

2.5) K :=K(q) =

and

2o = (52 (5 (557

The following was shown in [CM, Section 3].
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PROPOSITION 2.2. Letq > 1. Thenthere is aunique family (C7, ) m.n of polynomials
with deg C7 | = m + n which satisfies (2.3) and

q

q —_ W
> +q+1

Cloz,w) = ——2
1.0( ) q2+q+1

and C§ (z,w) =

The C}. , are given as follows:
(1) Ifs € Swiths; #s; fori # j, then

C3 1(2(5), w(s)) = —— Zs:;'l 577€(So1, S52, 503)-

U€S3
™~

(2) Ifs € Swiths; = 53 # 51, then

m

N
C? (z(s), w(s)) = Kq~"*" [(kfz + "kEz)s—',,
2

m

+(k21+mk21) +(k22+(m+n)k22)s ]

with
oo @EDGg=5)?  al@+ D6 +sD) —2q  + Daisy
WOT T (s —s)r T (51 — 8,)? ’
—(g — 1)(519 — 52)(529 — Sn)

and | kyp = 5 5

(3) Ifs € Swiths, = s, = 53, then

Ci . (2(s), w(s)) = Ks7"™" Q(m, n)/(2¢™*")
with
Q(m,n) := (g — 1)’mn(@m + n) + (g — 1)’(q + 1)(m* + 4mn + n?)
+3(g—1)g+ D*m+n)+2(q+ 1)g*+q+1).

REMARKS 2.3. (1) For all indices g belonging to triangle buildings, (C7 )mrzo0
admit a product formula CY, C{; = 3, x hlnn ny.ry CF, With unique nonnega-
tive linearization coefficients which have the following interpretation in terms of an
underlying building I':

(2.7) h? Ne Spn (1) N 814 (V)|

(m.n). (kD (rs) = ﬂ: !
for any vertices u,v € I" with u € S, ,(v); see Section 1 for the notation. Notice
that (2.7) is independent of the particular triangle building and depends on g only (see
[CM]); this means that all buildings of some fixed order g lead to the same hypergroup
structure on N2.
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(2) A comparison of Proposition 2.2 (1) with [Mac2, page 208] shows that for any
q € R with g > 1, the (CZ ,)m.n>0 defined in Proposition 2.2 can be written in terms
of the Hall-Littlewood polynomials as CZ ,(z(s), w(s)) = Pinin.n0)(51, 52, 535 1/9).
[Mac?2, Chapter III.3] therefore shows that the linearization coefficients &, )« 1.¢rs)
are certain Hall polynomials (in g) up to certain positive normalization constants; see
[Mac2, Chapter II] for an extensive discussion of these polynomials. It was shown by
Miller Maley [M] that the Hall polynomials are in fact polynomials in (g — 1) with
nonnegative integer coefficients which in particular implies that all h{,, .\ 1 (.,) aT€
nonnegative for all g € R with g > 1. As all preceding results remain correct for all
q > 1, these polynomials define a polynomial hypergroup structure for each g € R
with g > 1. Without additional effort we therefore may assume from now on that
q > 1 holds (where sometimes the case g = 1 has to be excluded).

(3) For g = 1, the (C} )mnzo and the associated hypergroup are related to the
building that belongs to a regular tessellation of the euclidian plane by regular triangles.
To be more precise, consider the discrete subgroup L = {m + ne** : m,n € 7}
of (C, +) on which the dihedral group D; generated by the reflections on the lines
R-1,R-e*/? and R - e*/* acts as group of automorphisms. The semidirect product
G = L x Dj is a group of type-rotating automorphisms of the canonical graph
belonging to L with H := D; as stabilizer. Therefore, the associated hypergroup
according to (1.7) is just G//H.

We next present ’N\J(z, and the Plancherel measure for g > 1.

THEOREM 2.4. The dual space
= {a € Co(N}) : Sy * Sap-)(@) = a(m, n)a(b,a) Ym,n,a,b e No}

is given by ,N\o = {f.z:2 € Z;}, where Z, is the compact closed region in C bounded
by the closed Jordan curve y,(t) := e*' + (g +q e, t € [0,27). Moreover, the
mapping | : Z, — NO, 2 f,zisa homeomorphzsm (where Nz carries the topology
of pointwise convergence). If one identifies N2 and Z, (which we shall do from now
on), then the Plancherel measure  on ’N\g associated with w is the probability measure
dn(2) = R,(2)dzlz,, where dz)s the usual Lebesgue measure on C ~ R?,

T 1272
g*(q+1)(q* + q + DVAZ +72°) — 2522 — 1822+ 27
P @+ DA +D)—¢* 22— g2 (g* +49+ 1)(g* +q+ DzT+q(g* +q+ 1)’
and Z, C Z, is the compact region bounded by Steiner’s hypocycloid.

PROOF. By (2.1) and (2.2), a multiplicative function f, ,, on Nf, satisfies

f(m,n)7) = f((n,m)) = f ((m, n))
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for m, n € Ny if and only if w = 7 holds. It was shown in [MZ] (see also below) that
(2.8) M:={zeC:f,; boundedon N} =Z, > Z,.

This implies @3 = {f.z: 2 € Z,}. As the mapping [ is injective by (2.2), surjective
by (2.8), and continuous with a compact range, / is a homeomorphism. Finally, the
Plancherel measure 7w was determined in [CM, Proposition 5.2] (notice that the proof
there carries over to the case ¢ > 1). Finally, 7 is a probability measure due to the
normalization w((0, 0)) = 1. 0

We here notice that the identity character 1 € ’N\S is given by 1 = f, . with
z, := (g* + q + 1)/q, which belongs to the boundary*of Z,.

As the proof of (2.8) in [MZ] is quite long, we give a compact proof. According to
[CMS, page 230], the subset

Soym 1= {5 = (51, 52, 53) € Cisisss =151 +5+5 = sl'l +s{l +s3"}
of S can be described as follows:
LEMMA 2.5. Sym = H, U H, with

H, = {(e“", €, e ) 19,9, € [0, 27r]},
H, = {a (€, re, r'e™) 0 € 8§, r> 0,9 €0, 27r]}.

Moreover, we have the following description of the set M.

LEMMA2.6. If S, :={s € Sym : q7' < Isil < q for i =1,2,3), then M =
{si+s524+s53:5 €8,

PROOF. Let s € §,. If s, # s; for i # j, then by Proposition 2.2 (1), z(s) :=
51 + 52 + s3 satisfies

3

Z lc(snlv Sq2, saB)Iqm+n < o0

ae&

sup |C? (z(s), 2(s))| < sup

m+n
m.neNg m,neNy

and hence z(s) € M. The other cases follow similarly. To check the reverse inclusion,
consider s € Syym \ S,. By Lemma 2.5 and symmetry, we may assume that |s,| = 1,
Is2| > g and |s3] < 1/q. Then, by Proposition 2.2 (1),

N Kq?
C0(2(), ZN| = = |3 s, 2, 593)| > 0
q ages
as m — 00 since c(s3, 51, 53) + c(s2, 53, 5) # 0. Thus z(s) € M. O
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To complete the proof of (2.8), we claim that for r > 1 the set
Z =5y +85+55:(5,5,5)€S)
is the compact closed region in C bounded by the closed Jordan curve
ve(t) ="+ (r+r)e ™ (rel0,2m)).
For this, use Lemma 2.5 and write Z, = Z! U Z2 with
Zi={s; + 55+ 583: (51, 82, 83) € S, N H)

where, by the definition of H,, Z? = {y,(¢) : s €11, r], t € [0, 27]}. It can be checked
(see [CM, Proposition 4.5]) that Z! is the compact closed region in C bounded by the
hypocycloid y,. As for r > s > 1, y, is a Jordan curve contained in the interior of y,,
(2.8) follows.

REMARK 2.7. (1) Letg > 1 and p > 2. Then a character f,; € Q\oz belongs to
LP(N}, ) if and only if z € Z,1-2» holds. This follows readily from Proposition 2.1
and the methods in the proof of Lemma 2.6; this was already observed in [MZ] for
prime powers g.

(2) Let g > 1. Then the character f53 belongs to L? (N3, w) for all p > 2 and
is positive and in the support of the Plancherel measure. Therefore, by [BH, Theo-
rem 2.5.6], N2 has the Kunze-Stein property for any p > 2. This fact was derived in
a different way in [MZ].

REMARK 2.8. (1) (2.1) and induction yield, for m, n, k,l € N,
SUPP S m.nmy * 8tpy) C {(,v) ENJ:u—v=m—n+k—1 mod 3}.

This means that Ly := {(m,n) € Ny : m = n mod 3} is a supernormal subhyper-
group of NJ in the language of hypergroups; see [BH].
(2) (2.3) and induction imply that for alim, n € Nyand z € C,

o (62’“./32{\6—27”./32) —_ eZn(m—n)i/3CZLn (Z, E) :

see [CM, Section 3]. This equation is obviously connected with the supernormality
of L().

Finally, we introduce the Fourier transform of measures u € Mb(N(Z)) by
~ . = —~2
Ay = Y Chaz,Dulm,m) (z€ Z,~Ny).
m.neNg

As|C! (z,7)| < 1forz € Z,, the function /i is continuous on Z, with |||l < (x|
For further basic properties of the Fourier transform on commutative hypergroups we
refer to [BH].
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3. Expansions into generalized Tchebychev polynomials

Here we expand the polynomials C7 , in terms of certain Tchebychev polynomi-
als (Tnn)mn>o and (Un.n)m.nse Of the first and second kind respectively which are
orthogonal polynomials with respect to certain canonical measures on the region Z,
bounded by Steiner’s hypocycloid. We define these polynomials according to [Kw}.
Each z € Z, can be written as z = z(s, t) := €'* + e7" + €' =5t (5, t € [0, 27]). For
m,n € Ny, put

e:n(s’ I) = ei(ms+nt) + ei((m+n)s—nt) + ei(-—(m+n)s+ml)
+ ei(—m‘—ml) + ei(n.v—(m+n)l) i ei(—-ms+}m+n)t) (m n> 1)
enols, ) 1= €™ + 7™M 4 T ef (s, 1) = e o(t,5), (m=1)

egols,):=1 and ¢, =¢,,=0(m=>0).

In [Kw], Koornwinder derived the following result:

PROPOSITION 3.1. For all m, n € Ny there exist unique polynomials T, ,, U, , €
Clz, 7] such that for all z = z(s, t) in the interior of Z,

it ni1(S: 1)

Tm.n (z, -Z-) = e,:',, (s, 1) and Um.n (z, )= -
el‘l(s» 1)

holds with e{ | (s, t) # 0. The polynomials have the form T,, ,(2,7) = 2"7" + Tm., and
Unn(2,2) = 2"7" + Aipmn With Ty, , T € Clz, 7] of degree at most m +n — 1. The
(Tnn (2, D) m.nz0 and (Un 2 (2, Z))m.n>0 are orthogonal polynomials with respect to the
measures R,(z)dz|z, and R,(z2)"'dz|z, respectively on Z, with R, as in Theorem 2.4.

REMARK 3.2. (1) By WeylI’s character formula for S U(3) (see, for instance, [Si,
Theorem 1X.9.1]), we may regard {U,, : m,n > 0} as the set of all characters of
SU(3), where the character associated with U, , at some element of S U(3) with eigen-
values ', e~", '~ for 5, t € [0, 2] is given by U,, .(z(s, 1), z(s, t)). In particular,
the U, , admit a product formula with nonnegative linearization coefficients which
corresponds to the decomposition of tensor products of the associated irreducible
unitary representations.

(2) By Proposition 2.2 (1), the polynomials C!  and 7,,, are related by Crln,n =

m.n

7;"."/61 C,:,() = 7‘rr|,0/3v C(;m = 7;).'"/3, C(;'() = TO.O (mv n > 1)~
We now turn to the expansion of C}  intermsof T, , for g > 1.
PROPOSITION 3.3. The connection coefficients Ry, s = hpn.rs(q) Oof

Clw= hunrsTo (m,neNy

r.s€Ng
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satisfy Ry n.rs = 0.

A similar positivity result for quite general one-dimensional orthogonal polynomi-
als was given by [LR]. Proposition 3.3 follows from the following trivial observation
and Lemma 3.5 below.

REMARK 3.4. Consider the polynomial p(si,s2,53) = ¥, 5515555 With
0<m<I<k. Then fors,t € Rand (s, 55, 53) := (€, e7¥, &/ =5),

k-1

kol m

55080 ,8 s

a1%62%¢3 ol +
p(si, 52, 83) = E ——= = E o = €t 1w (8, 1)

i
N
oes (301502 03) oes, 003

Therefore, for each symmetric polynomial p € (s, s,, 53] with nonnegative coeffi-
cients there exist ng € N and coefficients h;; > 0 (0 < k, [l < ng) with

Nno
p(e"‘,‘e'", £ty = Z e Tei(z(s, 1), 2(s, 1)), Vs, teR.
k=0

Proposition 3.3 is now a consequence of the following lemma, which is Proposi-
tion 3.5 in [CM]. Note that the proof there needs correcting: the numerators s, ,x and
551x in the expression for F(x, y) in line 3 of the proof there should be 1. The lemma
also follows from [CMS, Proposition 3.1].

LEMMA 3.5. Let g > 1. For m, n € Ny, the rational function
S={seC:isis5s=1}>C, s Ci (s, + 55+ 853, 57" —I—sz_I +s3_l)
is a symmetric polynomial in s,, s, 53 with nonnegative coefficients.

REMARK 3.6. (1) Form,n € Npands € S withs; #5; fori # j,

(31) (S) _q Zsm+n " C(sols So2s 503)

geSs

is a polynomial in g of the form C" L(8) = Z,—oxj (g — 1)/, where the x;, = x;""(s)

are symmetric rational functions in sy, s, s3. It can be checked (see [CM]) that these

functions are polynomials in s, s, s3 with nonnegative coefficients (which leads to a
m+n n

further proof of Lemma 3.5). In particular, it is easy to see that x;"" =
p p y TES al 02
and x3" = Y S S st T g4 I particular,

xm "(e", —-u, e—i(.\'—l)) = 'I;"."(z(s, 1), z(s, t))

implies that fy pmn > K/q™*".
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(2) Eachx € Rwithx >3 canbe writtenasx = x(r) =1 4+ r 4 r~! withr € R,
r > 1; in this case,

> 0.

1 1
(3.2) Tan(x(r), x(r)) =r" + e r+ <+ rm

rm +n

Proposition 3.3 hence yields C? ,(x,x) > Oforg > 1 and x € R with x > 3.
Moreover, (3.3) implies that for n € [0, Ing] and m, n € N,

Tun(x(€"/q), x(e"/q)) = ™™™ T, ,(x(q), x(q)).
As C7 (x(q),x(q)) = 1form, n € Ny, we obtain for m, n € Ny,
(3.3) Ci, (x(e"/q), x(e"/q)) = ™" (n € [0, Inq]).

(3) The definition of the T,, , shows that |T,, ,(z, 2)| < T,...(3, 3) forall m, n € Ny,
z € Z,. It follows from Proposition 3.3 that forall g > 1,

(3.4) IC2,(z, D) < C2,(3,3) forall m,neNy, z€Z,.

(4) Computing T, ,(3,3) and C7 (3, 3) (see Proposition 2.2 (3)), we see that for
each g > 1 there is a polynomial Q7 € Rx, y] with

q
th,n,k,l S M for m,n € NO.
k.

qm+n
In Section 7 we need the following technical results about the A, , 1)

LEMMA 3.7. Let g > 1 and m,n € Ny withm > n.

(1) If im,n) € Ly, then h, 00 > 0. Moreover, if (m,n) € Lo\ {(0,0)}, then
Amnaa > 0.

2 Ifm—n=1 mod 3, then h,, .10 > 0. Moreover, if additionally (m,n) #
(1,0), then h,, ,02 > 0.

PROOF. By Remark 3.6 (1) it suffices to check that the corresponding coefficients
in x3" are positive, and this follows from Remark 3.6 (1) and Remark 3.4. O

We next turn to expansions in terms of the U, ,.

PROPOSITION 3.8. For q > 1, the polynomials C}, , satisfy

q q q q K 3
Coo = Upo, Ciy= qT:q——i——l—Ul‘o' G, = ;[q Ui —q(g+ 1],

K K
G, = Zl‘g[(fUz.l — @ (Uio+ Upa)l, Ciy= ?[(12(6] + Do —q(g+ 1)U,

K

G, = ;;[‘13 Uss — ¢*(Usp + Ups + Uiy +qUiy — 11
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Moreover, form,n > 3,

K
Coo = ;,;[qz(q + DUno = 9(q + DUn-21+ (g + 1) Un_spl,

K
Con = Ty (4’ Unt = @*(Un-22 + Un-1.0) + qUn-3.1],
C‘l _ [ 3U _ 2(U + U )
m.2 qm+2 q Un,2 q m+1,0 m-2.3

—q(q@—DUnr1 +qUps2 — Um—z,o].

K
G,.= [q3 Um,n - q(q - l)Um—l,n—l - Um—2,n—2

m,n qm+"
- qz(Um—2,n+l + Um+l,n—2) + q(Um—3.n + Um,n—3)]-
PROOF. The cases m,n < 2 can be checked directly. For general m,n € N,

consider s, t € [0, 7] such that (s, 57, 53) := (€, e7", e7'67") satisfies 5; # s; for
i # j. The function C7 , defined in (3.1) is a polynomial in g with

Ce (51,52, 83) = Ao + x19 + &:4* + a3q°,

where the coefficients @, = a;"" (s, t) are given as follows. If m, n > 3, then

m+n n+1_2

Yoes, sgn(o)syi s, 3 52y
(52— 5003 —s)s —32) e (265:0.26.9).

mn __
a, =

We omit the arguments of U, ,. A similar computation shows that aJ"> = U,,_s.,
a(')"‘l =0, and a(',"‘0 = Up,_3¢ for m > 3. Moreover, for m,n > 3,

m+n

des, sgn(a) - s, 332(301533 + 8515528503 + 832503)
(52 = 51)(s3 — $1)(53 — 52)

_lnan (S D) F (s 1) e, (s, 0)

- ex—,l(s, 1)

= Um—3,n + ():n.n—3 + Um—l,n—l-

mn __

1 =

.. ) 1 .
and, similarly, a"* = Up_1 1 + Un-32 as wellas a}"' = U3, and a]"® = — Uy 21 +
U,.—3 0. Furthermore, form, n > 2,

m+n

mon Y ges, SgN(T) - 87 525(521503 + 501502503 + So152;)
“=T (52 — s1)(s3 — 51) (853 — 52)
Cniznt (5 D)+ €p 1,205, 0) + €, ,(s,0)
e (s, 1)
= ~(Un+1n-2+ Un-2n41 + Un-1.0-1),
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and, similarly, aJ"' = —U,_22 — Un_10 and a5*° = U, o — Uy,_,,,. Finally,
2 1 -
am_n _ ZoeS, Sgn(o) ) Sz’:l+n+ S:-{ _ em+l,n+l(s’ t) =U
3 = = - = Un,
(52 = 51)(s3 — $1)(83 — 52) er,(s, 1) "
for all m, n. Putting all results together, we obtain the proposition. O

4. Moment functions

Moment functions on commutative hypergroups are R-valued functions with addi-
tive properties similar to the multiplicativity of charagters; they generalize the func-
tionsx +— x"on (R, +). Asshownin [BH, V1, V2,Z1, Z2], they provide a useful tool
in probability theory. In many cases, they can be constructed as directional derivatives
in the dual space at the identity character 1. We thus need a suitable parameterization
of some neighborhood of 1 in the dual which will be identified with Z, according Sec-
tion 2. We restrict our attention to the case ¢ > 1 (¢ = 1 must be treated separately).
In contrast to previous parameterizations we now consider the mapping

7:CP> C, (&>t ted (e”’ + e_i”)
which maps {(¢,n) € C2 : £,Ren € [0,2x], |Imn| € [—Ing, Inq]} onto a neigh-

bourhood of 1 according to Section 2, where 1 correspondsto z, = 1+ g+ 1/g =
2(0, i In(g)). We are now ready to define moment functions.

DEFINITION 4.1. Forr, s, m,n € Ngand &, n € C, let
r+s

Con (2(x, ), m)

Orseqn(m,n) =i

ax’ay" (x.y)=(n)

The moment function m,, of index (r, s) € N is now defined by
mr,.v(mv n) = (pr..r,O.ilnq(mv n)‘

EXAMPLE 4.2. A short calculation using the explicit form of C, o and (| shows
that my, and m, o are given by

3q 1 1
mio(m,n) =m—n+ — [
q —_— 1 qm qn

+ 342 ( 1 1 )
(qz _ 1)(('12 +q+ 1) qm+2n q2m+n ’

q 11 ) 29(> +2q + 1)
) =m+n+ — 4+ — | =
mo,(m,n) =m+n 7 —1 (q,,, q (¢*—D(g*+q+1)

q* 1 1
+ 2 2 2 + 2 .
(q _ 1)(q +q+l) qm+n qm+n
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The expansion of the C, , in terms of the T, , in Section 3 leads to the following
representation of the moment functions.

LEMMA 4.3. For all m, n € Ny there exist real numbers d,, , 11 = 0 with

() > dpnra=1
k€T, K|+ <2(m+n)
such that for all r, s € Ny,
m,(m, n) = > A i tKL.

kleZ,\k|+|l1<2(m+n)

PROOE. Fix m,n € N,. Proposition 3.3 and the explicit representation of the
Tchebychev polynomials of the first kind in Section 3 imply that there exist constants
Cmnxt > Osuchthat forallE,np e C

- ey
Cun (2& M ZED) = 3 cmanie e,
k1€, |kl+|l)|<2(m+n)

As Cnn (24,Z4) = 1, the constants dy » .1 *= Cmnx1q’ > O satisfy (x) and

@D Cua(2EmMIEM) = D deasse e,

kel |k|+ll<2(m+n)
The lemma now follows by differentiation. O

We next collect some properties of the moment functions. We in particular obtain
that the pairs (mq |, mo 2) and (m, o, m, o) form pairs of moment functions in the sense
of Zeuner [Z2]; see [BH, Section 7.2].

PROPOSITION 4.4. The m, have the following properties for r, s € Ng:
(1) Forallm,n,k,l € N,

Bm.my * Bey) (m0) = Z (;)mj,o(m, nym,_; o(k, ).
j=o0

The same binomial formula holds for the moment functions my,,.

(2) miy<mandmg, < mg,.

(3) If¢ € Rand n € CwithIm(n) € [0,Inq), then ¢, ¢ ,(m,n) < (2(m + n))™**
and m,,(m,n) < 2(m + n))™**.

(4) For each r € N, there is a constant C = C(q, r) such that for all m,n € N,,
mg,(m,n) > C(m+n)".
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(5) For m,n,r € Ny, the function ¥"™"(n) = @q,0.in(m, n) is nonnegative and
increasing on [0, In q) and satisfies for 0 < n; < n, <Ing

mo ,(m, n) — ¥y """(n;) < mg,,(m, n) — Y""™"(n,)
Ing —m - Ing —n, .

PROOF. (1) This follows immediately from the multiplicativity of the hypergroup

characters and the Leibniz rule for derivatives.

(2) This follows from Lemma 4.3 and Jensen’s inequality.

(3) This follows from (4.1) in the proof of Lemma 4.3.

(4) This follows from Part (2) together with the &plicit representation of mg; in
Example 4.2.

(5) Write C?, as a nonnegative linear combination of the T;; as in Proposi-
tion 3.3. Differentiation and the definition of the Tk',’then show that ¥ is a non-
negative linear combination of nonnegative, increasing and convex functions. As

¥ (Ing) = my ,(m, n), the lemma is clear.
O

In the next section we shall use the moment functions above in order to introduce
a concept of modified moments of probability measures on N2. As a preparation we
need some further technical results. The following result is a consequence of Parts (3)
and (4) of Proposition 4.4,

COROLLARY 4.5. Let u € M'(N2). Then for any s > 1, ng mgdu < 00 holds if
and only ifng(m + n)’du(m, n) < 0o holds.

PROPOSITION 4.6. Let u € M'(N2) and N € N. Then

4.2) / (m+n)"du(m,n) < oo
N2

0

holds if and only if the function (€, n) — [i(z(§, n)) is N -times continuously partially
differentiable for (¢,n) € R x {z € C : Im(z) € [0, Inq]}. Moreover, if one of these
conditions holds, then

r+s

4.3) T

ﬂ(Z(Es ’I)) = (—i)r-H/ Prs.kn d/J'
Ng

PROOF. If (4.2) holds, then Proposition 4.4 (3), the dominated convergence theo-
rem, and induction on r and s yield that the mapping above is N -times continuously
partially differentiable and that (4.3) holds. Assume now that the mapping above is
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N-times continuously partially differentiable. Using induction, we may assume, by
Corollary 4.5, thatforO <s < N — 1,
f mo s(m,n)du(m, n) < 0o
NG
with

a . .
E_‘“(Z(O’ in) = / Po.5.0n A
n N2

for n € [0, Ing]. By Proposition 4.4 (5) we have

mon—1(m, n) — YN (n)

g =1 1t mgny(m,n) for nting,

where m, n € N,. Hence, by monotone convergence,

’

n=lngq

/Ng mon(m,n)du(m,n) = % (dd—;ﬁ(z(O, in))

where the right-hand side is finite. This completes the proof. O

5. Strong laws of large numbers

Assume again that g > 1 holds. Based on the moment functions we first introduce
modified moments of N2-valued random variables. We then use these modified
moments to derive some strong laws of large numbers. For practical reasons, it
suffices to consider modified moments of order at most two, that is, modified (two-
dimensional) expectations and variances.

DEFINITION 5.1. Let X be an N2-valued random variable defined on some proba-
bility space (2, &, P) with distribution u € M'(N32). We say that the first moments
of X and p exist if ng (m + n)du(m, n) < oo holds. Denoting the usual expectation
by E, we then put \

Ei(X) := k() :=E(m, (X)) = /zml,odl/«

Ng

and E,(X) := Ey(u) := E(mg,(X)). Moreover, if fN%(m +n)?du(m, n) < 0o, then
we say that the second moments exist and put

Vi(X) 1= V(i) := E(my (X)) — E((X)?
and
Va(X) := Vy(u) 1= E(mg2(X)) — E2(X)*.
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The following properties of the modified moments follow from Section 4.

LEMMA 5.2. Let j1, 4, € M! (N ) having first moments.
() Ei(uy * p2) = Ei(uy) + Ei(uy) fori =1, 2.
(2) If the second moments of iy, W, exist, then, for i = 1,2, V;(u, * uy) =
Vi(pr) + Vi(uy) and Vi(u,) > 0.

PROOF. Part (1) and the addition formula in (2) follow from Proposition 4.4 (1).
The nonnegativity of the modified variance is a consequence of Proposition 4.4 (2)

and Jensen’s inequality. O
AN

We now study random walks on our hypergroup structures on N which are not
necessarily homogeneous in time. For this, let (v,),»; C M! (N ) be a sequence
of probability measures. Consider an associated Markov chain (S,),»o on N2 with
So = (0, 0) and the transitions

P(S, = (k, DI1S.-1 = (a, b)) = v, ¥ 8 py({(k, D). (neN, k,1,a,be Np).

(Notice that such random walks may be regarded as projections of isotropic random
walks on the associated buildings for prime powers g.) The following result is an
analogue of Kolmogorov’s strong law of large numbers.

THEOREM 5.3. Assume that (v,),>, and (S,).>0 are as above with finite second
moments. If (r,)nen C 10, 00[ satisfies lim,_, o r, = 0C and

—

Z —(Vi(va) + V3(va)) < 00,

T,

then

. (S _ (m, (sn);umz(s")‘ E» (S,) = E, (Sn)» —0 as

’l

PROOF. Proposition 4.4 ensures that the pairs of moment functions (my , mg,) and
(m, 9, ma) satisfy the conditions of [BH, Theorem 7.3.1] (see also [Z2]). This implies
that with probability one,

li

n—0oo

1(5,)) =0 and  lim ) — E2(S:)) =0

On the other hand, Section 4 implies that the functions mg,(m, n) — (m + n) and
m, o(m, n) — (m — n) are bounded by a constant independent of m, n. The theorem
now follows after a linear transformation. g
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If the random walk is stationary, the above conclusions together with [BH, Theo-
rem 7.3.24] (see also [Z2]) lead to the following strong law.

THEOREM 5.4. Let (S,),»0 be a stationary random walk on N} associated with v €
M (N2). Assume there exists a constant A € [1,2[ with ng(m +nm)* dv(m, n) < oo.
Then the modified expectations E,(v) and E,(v) exist, and

(Sn . (Ez(\)) ';' El(V), E2(v) ; IE1(1’))) 0 as.

In particular, for A = 1,
1
,.lir?o Sa/n = 2 (E2(v) + By (v), E2(v) — E4(v)) .

The following theorem shows that this is no longer true if the first moments of v do
not exist.

THEOREM 5.5. Let (S,)n=0 be a homogeneous random walk on N3 with E,(S;) = oo.
Then, for all a > 0, P({S,/n € [0, a)* infinitely often}) = 0.

For the proof we need the following technical observation.

LEMMA 5.6. There exists a constant xy € ]0, In(q)[ such that for all x € [0, xo],
2x):=1+¢€/g+q/e andm,n e N,,

Ci . (z(x), z(x)) = C; 41 (2(x), 2(x)) and
Ci (2(x), z2(x)) = Cp,, . (z(x), 2(x)).

PROOF. By symmetry it suffices to check the second inequality. By Proposi-

tion 2.2 (1) and a straightforward computation we have

mx (m+n)
x.q e
2 q2(m+n)

Ci (z(x), z(x)) R e e
(51) ‘ q3K = kl‘q (q2n+m q2m+n

1 1 1
x.q X.q
+ k3 ( + equn) + k4 ex(m+n)

with K defined in (2.5) and with

va . (€ =1(g* =)™ —q) R Gl D™ —¢q)
LT qlg—ei gt —er) P (g - e)gr - )
pa._ _@-D@ - =) . @) (g — )
P q*(q — e (g2 — ) ' YT g — et — e
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We now regard (5.1) as a function of m € R. It hence suffices to prove

(Kg*)™! ;’;C,‘Z,,,(Z(X), zx)) <0

for m > 0 and x sufficiently small. On the other hand,

e(m+n)x(1{q3)‘l (d/a'm)c:'l”l (z(x), z(x))

is equal to

ex 2n+m ex e‘ 2m+n
ki | —1In(g) (—) +In (—3) (—) —xky?
q q q N

N

2(m+n) m n
() (G) -8 (o (T) +x(3))
q q q q

where k7', k3, In(e* /q*) < 0 holds for x € [0, (In g)/2]. Therefore,

e(m+n)x

iC,‘,’,',,(z(x), z(x)) < k(= In(q) + In(e*/¢*)) — xk;“

52
(5-2) Kg* dm

+ k3 In(e* /") (e /q*)™" — k3 (In(q) + x)
As In(e*/g?)k, (e /q*)™*" < 0, the claim follows if we prove that
k! (—In(q) + In(e* /%)) — xky* — k3 “(In(g) + x)

is negative. For this, we muitiply this term by ¢>(q — €*)*(¢* — €*) and denote this
term by f,(x). A simple calculation shows that f,(0) = 0 with

[0 :=(g* = (g — D((ng)q(q* +4g + 1) = (@ = DL + g +¢%).
As f(;(O) < 0 for g > 1, the claim follows. a

PROOF OF THEOREM 5.5. By the Borel-Cantelli lemma it suffices to show that for
any a > 0, Y 02 P({S,/n. € [0,a)*}) < oo. Letz(n) = 1+ €"/q+ q/e" be
given as Lemma 5.6. As the ™" defined in Proposition 4.4 (5) are convex, and as
C,,,,,,(z(n), z-(n—)) = ¥*™"(In(g) — n), monotone convergence implies

E (€L (). 20n)) - E (5, 2(0), 200D )

d -
%[E (CE' (z(n), z(n))) o :=1,§§]1 ;
i <1lf°'s' (Ing) — 1//"'*(0))
=—1limE
nting Ing —n
= — E2(8) = —o0.
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As (de @ /dn)|,.0 = —(a + 1), we find some 7, € 10, Ing[ with
e“rIE (C3, (z (o)) € 10, 11
Moreover, Lemma 5.6 together with (3.3) imply

P({Su/n € 10,aF}) < P ({CL () Z Clupar iy @10))})
< P({CL(c(n) 2 ¢ Hmlvim})
< Alnal+hmp (Cg" (Z(rl())))
— Hlnal+hno [IE (C‘S’l (Z(no)))]"
< [ez(a+l)no|p_ (C;’l (z(no)))]'l .

Hence, Y72 P({S./n € [0, a]*}) < 0o, which completes the proof. a

6. A central limit theorem

We keep the setting of the last section with g > 1. Let (Sp)n20 = (X, Ya),50 be
a stationary random walk on N(Z, (with Ny-valued components (X ,)n>0 and (Y,),20)
which is associated with some distribution v € M I(N(z)). We prove the following
central limit theorem.

THEOREM 6.1. If v has second moments, then

1 ~ ~
—Xa—n(+w /2, Y —n(—p)/2)
vn
tends in distribution to the two-dimensional normal distribution N (0, L) with the
positive semidefinite covariance matrix

5 ,__l 07 +2(B — mit2) + of o5 — o} )
T4 o}r—o? 07 —2(B — mp2) +0?
with u; == E;(v), 6} :=V,(v) (i = 1,2), and B := E(m,;(v)).

In the proof we use the notations C? ,(z) := C¢ (z,7) and Z(§,n) = & +
e~* (e + e~™) from Section 4. We need the following result.

LEMMA 6.2. Forx,y € R with |x| + |y| = 0,

sup |Cun(Z(=x,ilng — y)) — "N = O(|x| + |y]).

m,llENo
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PROOF. Put s := e7%*, 5, := qe'™* and 53 := €'*7"/q. Then
Z2(—x,ilng —y) = 51 + 5 + 53,

and the assertion follows readily from Proposition 2.2 (1); notice that five of the six
summands there have order O(]x| + |y|) independent of m, n for ¢ > 1, and that the
sixth summand

3 S;”
c(s3, $1, 82) =7
52

satisfies sup,, ,en, | R(m, n) — e/m=mx+m+nn| = O(|x| + |yl). O

K
R(m,n) := d

m+n

-
PROOF OF THEOREM 6.1. We shall prove that for all x, y € R,

6.1) lim E (euxn—Yn—nu.)x/ﬁ+i<xn+yn—nuz>y/~/ﬁ) — - oGy

n— 00

with £ = ( ﬂ—fmz £ ':2""). In fact, (6.1) together with Lévy’s continuity theorem
imply that

(Xn - Yn _nI“Ll,Xn+ Yn —nl’LZ)/ﬁ

tends in distribution to N (0, £), and that £ is positive semidefinite. The theorem now
follows after a linear transformation.
We now turn to the proof of (6.1). Lemma 6.2 implies that

,IIH{,LIE (‘CS,, (Z( _ X/\/ﬁ, ilnq _ y/ﬁ)) _ ei((X,.—Yn)x/ﬁ+i()(..+yn)y/\/'_')

)=o.
Therefore, it suffices to prove that for all x, y € R,
lim ¢~ HeIVAE (Cg, (2 (—2x/+/A, ilng — y//n))) = e”16EE,

n-—+00

By the multiplicativity of the Fourier transform, this is equivalent to
(6.2) nlino)c e~ ity RE (Cs. (z (—2x/ﬁ, ilng — y/ﬁ)))" — e-%(x.y)i(x.y)"
In order to check (6.2), we first notice that for n — o0,

e T — (1 — (X + pay)//n — (uix + u2y)?/(2n) + O(n™%))"

Moreover, Taylor’s formula and Proposition 4.6 imply that

(oo )

| hax tpy (0 + pu3) x2 + 2Bxy + (0F + 1) ¥ »
=1+ T > +o(n)) .

Equation (6.2) is now clear, and the proof of the theorem is complete. O
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REMARK 6.3. With some additional technical effort, the methods above can be used
to derive Berry-Esseen-type orders for the convergence in the central limit theorem. In
the case of certain one-dimensional polynomial hypergroups, such qualitative results
can be found in [L2] and [V1].

7. A local central limit theorem

In this section we derive a local central limit theorem. More précisely, forv €
M'(N2) we search for sequences (¢, = ¢,(v))nen C 10, 00[ such that

lirg) V" ({(r, )]

exists for (r, s) € N2 and is positive at least for one (r, s) € N2. As Lo = {(m,n) €
N2 :m = n mod 3} is supernormal in N2, a nontrivial limit above cannot exist for
v e M'(N)) withsuppv C L; :=={(m,n) e N] :m —n =i mod3}fori=1,2.
Moreover, the case supp v C L has to be treated separately. Therefore, the conditions
of the local limit theorem below are quite natural.

In this section we use the parameterization z(s, t) := €' + e~ 4+ ¢~/“*"9 (5,1 €
[—n, m]) for the support Z, of the Plancherel measure on @3. Notice that 3 = z(0, 0)
corresponds to the unique positive character in Z;.

THEOREM 7.1. Let v € M'(N}) with v # 8. Then the mapping (s, t) >
U(z(s, 1)) is infinitely often differentiable at (0, 0) and admits a Taylor expansion with

1) s ) =0+ % (s2 = st+2) + O (Us| + 1t)?) (5.1 — 0)

with constants 6 = o (v) = v(z(0,0)) > 0and kx = x(v) < 0. Moreover, if

11 2 o0 oo
_ _9'(g+ D +q+1)/ / £(—srted)
C=CW):= (q — D)o2an? - €

x (4s® — 1253 — 35*1* + 26571 — 357t* — 12s1° + 41%) ds d1,

then the following holds:
(i) Ifsuppv is not contained in L; for i = 0, 1,2, then for all (r, s) € N,
nt -
lim —"({(r, 9)}) = Cong(((r, NCL, (20,0, 20,0)).
n—oc O
(ii) Ifsuppv C Lo, then for all (r,s) € Ly,

4

lim &w({(r, $)}) = 3Cwng({(r, HHCY, (z(O, 0), z(0, 0)) .
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The proof of Theorem 7.1 follows the ideas of the proof of a corresponding local
limit theorem for homogeneous trees in {P]. We use the following notation: For a
domain E C R* and f € C'M'(E), put

N

N n
(595 + 0 £ (5, Dlisouy = Y (k>s"tN_ka (85 Dliso.t0)-

k=0

The proof of Theorem 7.1 will be decomposed into the following steps:

(A) Find afinite set S C Z, with3 € Ssuch thatforallz € Z, \ S, f)(z)l < b (3).
(B) In aneighbourhood U C [—7, w]? of (0, 0) one has the Taylor expansion

D(z(s, 1)) = D(3) + (sds + t31)*D(z(s, D)ooy + O ((Is| + 111)°)

(C) Apply the inversion formula for the Fourier transform on N2.

Step (A) is decomposed in some lemmata. The first one is obvious.

LEMMA 7.2. Letn e Nand z,,... ,z, € C. Then |Y|_ zi| = ¥1_, |zl if and
only if arg(z;) = arg(z;) forall i, j € {1,... ,n}.

LEMMA 7.3. Let v € M'(N2) with v # 800. Then, forall z € Z, \ {3¢*™3 : k =
0, 1,2}, [9(z)| < D(3). Moreover, ifsuppv ¢ L, fori =0, 1,2, then |[0(3eX")| <
U(3). Otherwise, |V (3¢ /%) = 1(3).

PROOF. Letz € Z, \ {3¢*7/3 : k =0, 1, 2}. We prove that

(7.2) |G} (2.2 < CF .(3,3) for (m,n) # (0,0).

mmn

The first statement is then clear. To prove (7.2) for (m, n) # (0, 0), consider the T;;
appearing in the expansion of Proposition 3.3. If (m, n) € L, then, by Lemma 3.7 (1),
T\, appears. Therefore, as |7, .(z,2)| < Tnn(3,3) form,n € Nyand z € Z,, it
suffices to check

(7.3) [T1.1(z, 21 < Tha (3, 3).

According to Section 2, we write z = z(s,t) = " +e " + e '“ with s, t € [0, 27].
As T (z(s, 1), z(s, 1)) is equal to

e—i(.\'—ZI) +ei(.\'—2!) +ei(2.\‘—1) +ei(—2.\'+l) +e—l(.\’+l) +ei(.\'+l)
and as |7\ ,(z(s, 1), 2(s, ))| = T,.,(z(0,0), z(0,0)) = 6, Lemma 7.2 implies that

s.te2n/3-Zands+t € mw-Z. Hence,s =2m —t = krr/3 fork € {0, 1, 2}, that is,
we obtain the three exceptional points, and (7.3) and thus (7.2) are clear. If (m, n) € L,,
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then by Lemma 3.7 (2), T, o appears with a positive coefficient, and it suffices to check
ITio(z, D < Ti0(3,3). As Tio(z(s, 1), 2(s, 1)) = 2(e” + ™ + ¢/“~), we again
obtain the three exceptional points above which proves (7.2) in this case. The case
(m, n) € L, follows by symmetry. This completes the proof of the first statement.

Now consider v withsuppv ¢ L, fori = 0, 1 or 2. Then take (m,, n) and (m», n,)
from supp v with (m, — n,) # (m, — n,) mod 3. Remark 2.8 (2) and Lemma 7.2
then yield for z := 3¢**™ that

|Ca, 0 @ Dy, n)Y) + C2 L (2, DV({(mg, n2)})]
< C& G 3){(my, n)}) + CZ . (3. 3)v({(my, n2)}).

my,m

As |C] (2,2 = 1CE,(3,3)| forall z € Z; and m, n € Ny, the second statement is
clear. The final statement follows from Remark 2.8 (2). O

We next turn to Step (B) of the proof.

LEMMA 7.4. For each N € Ny there exists a constant Ky > 0 such that for all
m,n k,l e Ngwithk+1 < Nandalls,t €[0,2r]

ak+1
(7.4) S G (26.0,7600) | < K.
Moreover,
K+l
askor! Con (Z (s, 1), z(s, t)) loo =0 for k+1=1.

PROOF. Remark 3.6 (4) implies that

k+ k+l

askatlc (Z (s, 1), z(s, t)) = th,n,i,j%?ﬂ'j (Z (s, 1), z2(s, t))
ij

with ), j Pmnij < Q7(m,n) /q™*" where Q7 is a polynomial. The definition of the
T;; shows that

1, (26,0, 56.0)| £ 62 +
askaql 1 z(s, 1), z(s, < i+ .
Hence,
ak+l Q (m n)
q k+1
377 Gl (z (s,1), (s, t)) 62 =
As g > 1, the first part of the lemma follows. Finally, as
] — 9 —_—
Py ’ [y El = —7-; ] ’ ! ) [ t ‘ = O,
sT" (z(s 1), z(s t))’(o,m 37 L (z(s ), z(s )) 00
the second assertion is also clear. O
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We are now ready to derive the following Taylor formula.

PROPOSITION 7.5. Let v € M'(N) with v # 8. Then o := 9(z(0,0)) > 0, and
there exists k < O such that

V(z(s, 1) =0 + g (s2 — st + t2) + 0 ((lsl + It|)3) for s, t — 0.

PROOF. Remark 3.6 (2) yields ¢ > 0, and by Lemma 7.4 there is a constant K > 0
such that for all m, n, k,l € Ny withk + 1 < 3,
ak+l

—_— < K.
askor! -

C,. (z(s, 1), Z(s_t))

Dominated convergence hence implies that the derivatives
k+1 R
35531l V(z(s, 1))
exist for k + ! < 3 with

ar+t o+ _,
3sk3t,'v (z(s, 1) = / 35557 Con (z(s, 1), z(s, t)) dv(m, n).
NG

As Lemma 7.4 leads to

9 . J .
8_sv (z(s, ) oy = FTd (z (s, 1)l =0,

we obtain
b (2(s, 1)) = D (2(0,0)) + (535 + 13d)? D (z (5, ) ooy + O ((Is] + 111)°) .

A simple calculation gives for T; ;(z) := T;;(z, 2)

2 ' 32
353 T @5, ) looy = —4 (P+ij+jY)= 72 1 @5, D) oo

and
2

J . . .
3257 T @D ooy =2(% + i +7).
Hence, by Proposition 3.3,

2

a I
k= 2= Ch, (z(s, 0,76, t)) loo) <0
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with

2 2

0 —_
3G (26.0.26.D) low = kmn = =25~

Can (26.0,76.0) oo

Therefore, as v # g0, K := ng Knmdv(m, n) < 0 with

2 2 2
kK= 5};‘3(2(& Nloo = 5}39(2(5» Nloo = _28sat V(z(s, )00
The lemma now follows from the Taylor expansion above. O

We now turn to Step (C) of the proof.

LEMMA 7.6. Let v € M' (N2), n € N, and let the function c be given as in (2.6).
Then the n-fold convolution power of v is given by

g+ D@+ q+1)

V(DY) = o o) [ [ i
dsdt

|k(ei.r’ e—il’ e—i(s—l))ll

x Cyy (z(s, 1), z(s, t))
forr, 1 € Ny, where w denotes the Haar measure.

PROOF. The inversion formula (see [BH, Theorem 2.2.36)) yields
vI({(r, D)) = o({(r, l)})/ 0"(x 4+ iy)Cl(x + iy, x —iy)R(x + iy)d(x, y)
Z,

with R as in Theorem 2.4. The transformation
x = cos(s) + cos() + cos(s — 1), y = sin(s) — sin(t) — sin(s — 1),

and a short computation as in [CM, Section 5] now yield the lemma. O

We now complete the proof of Theorem 7.1. Let v, k, o, and C be given as there
where C < oo obviously holds. Let n € N and /,r € Ny. Consider the points
(s1,4) = (0,0), (52, ) = 2 /3, —2n/3) and (83, ) = (—27/3,27/3). Fore > 0
andi =1, 2, 3, let

Ue:={(s,1) €[~m, 7wl :|s —si| <€ |t = 1] <e)
and
Ue = [—7[, ”]2 \ (Ul.e U Ul,e U U3.e) .

https://doi.org/10.1017/51446788700008995 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008995

330 Marc Lindlbauer and Michael Voit [30]

If w(s, t) := |k(e, e7", e7'¢")|72, the integral in Lemma 7.6 is given by

//ﬁ"(z(s,t))C,‘f,(z(s,t),z(s,t))w(s,t)dsdt

3

= <Zf +/ ) D" (z(s, 1)) CY, (z(s, 1), z(s, t)) w(s, t)d(s, t)
i=1 Y Uie Ue

=: I\(n) + L(n) + I3(n) + L4(n).

We now check Part (1) of the theorem. Assume that supp v is not contained all L.
According to Lemma 7.3 there is a constant 1, <o with D(z(s, t)) < n, for all
(s,t) € U,. Hence, |I4(n)|] < n" and lim,_ o n*c"1,(n) = 0. Lemma 7.3 also
implies

4 4
lim —L(n) = lim = IL(n) = 0.
n—oo ght n—oo gt
In order to handle I,(n), we observe that s> — st + > > 0 and conclude that we find
an € > O such that for k < 0 as in Proposition 7.5 and all |s| + |t| < €,

K K
(7.5) 1+ > (s=st+)+O0(Usl+ 1)) <1+ yy (s* = st+ 1)

< e“% (s2 —xt+!2)

Hence, by Proposition 7.5,

(o (z (s/+/m, t/ﬁ)))n )

g

Moreover, the function w above is C*, and a computation shows that

k+1

Ww(s, t)l(o‘o) = O for k+ | < 5,

and that g(s, t) := (6!)~'(sds + 131)5w(s, t)|(,0) satisfies

6
(7.6) g(s,1) = (Ll) (45° — 125%1 — 35*12 + 26571 — 3s71* — 1258 + 41%)..
q p—

A Taylor expansion at (0, 0) thus implies

(1.7) w(s, 1) =g(s, 1)+ O (sl + 1))
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Using the transformation s > s/+/n and ¢t — ¢//n and the abbreviation C/,(z) :=
C}/(z,7), we may write

4””’””/ f ins: ”C"( (f f)) (f f)d“”
f f a5 D8 (s, ’)C"( (f f>)"“”

(2 (s/v. r/ﬁ)))" |

with

o

h.(s, 1) = 1[_,,6‘,,512 (

t
gn(s t) ‘=hn 1[ nfﬂ(]zw( )
V' /n
Equation (7.5) yields that

Kk s2~st+1° "
Lionenc (1 + o T2 4 sl e (n—m))

hn at -
(s, D)l 7

< eﬁ (s*—st+1?)

and lim,_, o h, (s, 1) = €3 /24 —: p(s. t). Moreover, (7.6) and (7.7) imply that
there is a constant K > 0 with

|gn(s, t)l =

+ (Isl + 1th7 0 (n"”))}

1
1[—ne,ne]2 —(s3s + t3t)6g(s, t)
6! ©.0)

~

Sa(s'f‘t)

Therefore, [* [ e/ (& =s1+) (5 4 )8 ds dr < 00 and the dominated convergence
theorem lead to

n—oC

lim o ™"n*1(n) = C}, (z (0, O))/ / h(s,t)g (s, 1) dsdt.

This implies the first part of the theorem.
Now assume that (r, l) € Ly = and supp v C L. In this case, the arguments at the
end of the proof of Lemma 7.3 show that
" (2(=2/3m +5,2/3n + 1) C (2(=2/37 +5,2/37 + 1))
= "(2(s, ) C (z(s, D).
Moreover, w(—2/3m + 5,2/37 + 1) = w(s, t) implies I,(n) = I,(n). In a similar

way, we have I;(n) = I,(n). As the limits for /,(n) and I,(n) are the same as in the
previous case, the second part of Theorem 7.1 follows readily.
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